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‘This thesis can be broadly divided into two parts. The first part deals with
the question of finding a series in QQ which converges to different preassigned
p—adic munbers whereas the second part deals with infinite p—adic series
involving factorials, namely series of the following three types:
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In what follows we briefly describe about the thesis chapter wise as well
as broadly outline main results of cach chapter.

In Chapter 1 we introduce p—adic norms, convergence with respect to
those norms as well as with respect to the usual norm. We also define alge-
braie element over a gencral ficld F. However in the later chapters we restrict
the study of algebraic element over the field Q only.

Burger and Struppeck [2] have obtained a series in Q converging (o pre-
assigned p—adic numbers as well as real number with respect to respective
norms. In Chapter 2 we have a computationally efficient algorithm as well as
an clementary proof for the existence of a series converging to given p—adic
numbers as well as real numbers. Using this efficient algorithm we have com-
puted first few terms of a series converging to 0 with respect to p—adic norms
as well as converging to ¢ with respect to the usual norm.

In Chapter 3 the question of the rationality of the series of the type
Sy n¥(n + j)! for fixed positive integers k, j has been studied. Murty and
Sumner [4] have proved that the question of rationality of the sum of the
p—adically convergent series Y oo n¥(n + j)i is linked to the question of
“non-vanishing of Uppulari-Carpenter numbers.” We explore the work of
Murty and Sumner. Also it has been found that Stirling numbers, Kurepa's
number and certain polynomials (see section (3.3)) etc. could help in our
study of the p—adic series. So we introduce and study these numbers as
well as polynomials. We also study the approach taken by Dragovich (1] and
obtain a simpler proof of some of the result of Murty and Sumner [4].



Using ideas similar to the well known proof for the transcendence of the
sum Y oo 27" (using Liouville’s criteria) Suter [3] has obtained an elemen-
tary proof for the transcendence of the p—adic sum > . We begin
fourth chapter by including the proof of transcendence of the p—adic sum
o>, P as given by Suter. Using Liouville’s theorem Burger and Struppeck
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tal number with respect to p—adic norm as well as the usual norm on Q. In
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et} converges to transcenden-

[2] have shown that the series > oc (

n!
Chapter 4 we give a proof for transcendence of the sum » o7 (Tﬁ)
As these results depend heavily upon Liouville’s theorem, we include a proof
of this theorem as well.
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Preface

p—adic numbers were first studied systematically by Kurt Hensel (1861-
1941) in the first decade of the twentieth century. Though these numbers ap-
peared strange compared 1o the familiar real and complex numbers, Hensel's
idea of completing the rationals with respect to the p—adic distance on the
rationals (which he himself introduced), put these numbers on a firm mathe-
matical footing. Though Hensel's ideas had their origin in Kummer’s remark-
able work on yelotomac fields, it was only when Ostrowski(1918) showed that
the p—adic numbers behave like the real numbers in a number of ways that
the significance of the p-adic numbers became clear.

T he realization that the field of p—adic numbers (for each rational prime
p) is as natural as the field of real numbers has had a profound influence
on the development of number theory as the growth of class number the-
oty and  adelic ideas testifies. One of the crowning achievements in this
respect was the discovery of the p—adie Riemann Zeta function by Kubota
and Leopoldt in the sixties through their interpretation of Kummer's Con-
grucnces of Bernoulli's numbers. In the seventies Iwasawa was able to find
remarkable connection between cyclotomic fields and p—adic L-functions. In
fact, one can say without any exaggeration, that the proof of Fermat's Las!
Theorem by Wiles, using elliptie curves, has been made possible by the exten-
sive work on p—adie L-functions and p—adic modular forms, among others.
carnied out in the last forty years.

At another level, p—adic methods have been successfully used in deriv-
mg congruences ivolving bhmomeal coefficients. Bernoulle's numbers, Apery
numbers, Stirling numbers ete. modulo powers of primes. For example, the
determination of certain binomeal coefficrents modulo p* by Chowla, Dwork
and Evan 28] depended on the p—adic Gamma function and the Gross-



Koblitz formula for Gauss sum. Hahn and Lee [29] nsed similar technigues
to prove generalisations of such congruences (this type of congruences go
back to Gauss, Jacobi and Eisenstein). On the other hand, Washington [19)]
has used properties of p—adic L-functions to generalise classical congruences
for sums of powers of integers mod p. Thus there is ever-increasing use of
p—adic methods in the study of various aspects of elementary number theory
too.

In the last few years, p—adic numbers and techniques have been used
by several physicists to give new interpretation of some ideas from physics.
Apart {rom application in Quantum mechanics, one can cite a new model of
space-1ime which uses p—adic concepts. On the other hand. recently there
Lias been some path-breaking work in geneties using p—adic methods.

In fact, p—adic methods, hecause of some inherent propertics of p-adic
numbers, are suitable for studying structures or phetniomena in which tree-like
formations or hierarchical formations are encountered. This explains some
attempts Lo apply p—adic analysis in economics and social sciences.

As far as p—adic analysis is concerned, p—adic functional analysts has
witnessed a tremendous growth recently. On the other hand, there has heen
a growing nlerest in understanding various aspects of series of 1ationals
which converges p—adically for every prime p. This dissertation is basically
a study of certain questions about some such series.

Broadly speaking. we study the following three topics in this dissertation.

(a) the development of an efficient procedure for computing a series of
rational numbers which not only converges p—adically to any given
p—adic numbers for each prime p, but also converges (with respect to
the usual norm) to any given real number;

(b) the study of the rationality questions of certain series with factorials
which converges p—adically for every prime p;

(¢) the study of the question of the transcendence of certain series with
factorials which converges p—adically (for each prime p) as well as with

respect to the usual norm.

Now we give a brief description of the contents of each of the chapters of
ow dissertation. '
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The first chapter is introductory in nature. In this chapter we have in-
troduced basic notions like valuation of 1nlegers, p—adie norms, convergence
wnth respect to p—adic norms, algebraic element over the field Q cte.

Burger and Struppeck {11] have described a procedure for obtaining a
setics which converges not only to pre-assigned real number but also to pre-
assigned p—adic numbers (with respect to every p—adic norm, p being a
prime). In the second chapter we modify the proof of Burger and Struppeck
as well as, obtain an algorithm through which we could compute a series
in Q converging to pre-assigned number of the type mentioned above. This
algorithm is much simpler to handle as compared to Burger’s construction.
This simplification is due to the fact that, the new algorithm does not involve
the Chinese Remainder Theorem. We also include a few computational work
hased on the new algorithm at the last portion of this chapter.

In the third chapter we study series of the type > oo n*(n + ;)! where
k., ) are non-negative intcgers. We also look at a few special cases. We
have connected the general series Y 2 n*(n + j)! with the series 3 n!
using certain polynomials ax(j),bx(y) (where j is an indeterminate ). The
polynomial ax(7) has the property that if ax(7) has an integral root )y (sav)
then 3777 n*(n + jo)! would be a fixed p—adic integer whatever be the value
of the prime p.

Murty. Sumner [22} and Dragovich [3] have studied the series
Z:“,”71"’(11 + )L In fact Murty and Summer have explicitly expressed the
sum Y ntal in terms of the sum Y00 n! using Stirling numbers.  We
study the series -7 n*n! using the technique developed by Murty, Summer
and Dragovich and a few other preliminary techniques. This study leads to
a simplified proof of some of the results of Murty and Sumner. Apart fiom
Stirling numbers (as will be clear from the results in second chapter) that
Kurepa's numbers, Bell numbers ete. helps in concluding rationality of the
s Y07 nfal

We begin the fourth chapter by introducing a few preliminary as well as
known results. One of these is “the series >_o7 p™ converges p—adically 10 a
{ranscendental number”. Liouwile’s theorem-is an important tool for the next
result of the fourth chapter. We include a proof of the Liouville’s theorem
both in the real case as well as in the p—adic case. Burger and Struppeck

13
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have used Liouville's theorem to show that the series Y o, (ﬁ)
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converges to a transcendental number. The proof can be easily modified

113
. o n! "
to show that the series 3 R converges to a transcendental
A\ n!
nuwber for every & > 3. In this chapter we show that the sum of the series

nt?
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\ " —_— 1s also a transcendental number.
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Chapter 1

Basic concepts

1.1 Introduction

In this chapter we introduce some basic concepts mainly from p—adic anal-
yeis. We also include results which are needed for this survey, most of them
without proofs. The proofs can be found in standard books on p—adic anal-
vais such as Koblitz {25].

1.2 Normed fields

To be able to do analysis in a field, one introduces a metric space structure
on the field through the concept of a norm. As usual, R denotes the ficld of
real numbers while RZ denoles the set of nonnegative real numbers. Also. for
any ficld F. we shall denote hy Op and ly as the additive and multiplicative
identity of F respectively.

Definition 1.2.1. Let F be a field. A mapping |.| : F — R2 is a norm on F
provided it satistied the following;:

(a) For every x € F, || = 0 if and only if » = Op.
(b) For every v,y € F,
eyl = |yl

(¢) For every x,y € FF.
Lo+ yl < ol + gl



(d) 1f, instead of condition (¢), |.] satisfies the stronger inequalitv

yl}

thien the norm on F is said to be a non-archimedean norm.

lr + y| < max {|r

In fact. a non-archimedian norm on F satisfies the “isosceles triangle
property” which savs
lr 4yl = max {|r|. |y[} (1.1)

for every r,y € F with || # |yl
Ivery field F has a framal norm given by

o] 0 ifr=0€F

x| =
1 ifr#0.

To take another example of a norm, if F = R or Q. the field of rational

nnmbers. then the wusual norm on F is given by the familiar absolute value.

Tlms for every r € F the value of the usual norm of & is the absolute value

ol r that is:
r i r>0
lrf = .
—r ifr <0

Coming hack to the discussion of norms on an arbitrary field F. observe
that |1.1] = |1]|L]. where 1 is the multiplicative identity of F. Siuce the norm
of rin F is zero il and only if » = 0, and in a field F, 1 # 0, it follows that
i1 =1.

Also note that in a field (=1).(=1) = I; taking norms of hoth sides of
the equality and then taking the square roots of the equality of real numbers
thus obtained, we see that |—1| = £1. However, the norm of every element
being nonnegative, we conclude that |—1] = 1. Thus,

H=]-1]=1

It also follows that for any y € F, |—y| = |-1|.]y| = |y|. Thercfore, for a
non-archimedcan norm, for any »r,y € F we sce that

|r £ y| < max{|r|, |y} (L.2)



There is a simple criterion for determining the non-archimedecanness of
the norm on a field. We introduce some notation before stating this cri-
terion. Given a field F, we'let n = nlp = 1p + --- + 1y (by an abuse of
notation). which is 1g added to itself n times. Thus, from now ouwards. 1
will be the multiplicative identity lg of F (Similarly, we shall let 0 stand
for additive identity). Here is the criterion for checking whether a norm is
non-archimedean or not,

Theorem 1.2.2. A norm |.| on a field F 1s a non-archimedean norm 1f and
only 1f
In| <1

for cvery postlive integer n.

Proof. I |.| is a non-archimedean norm, then for any positive integer n

=114 1+1+ -+ 1| <max{|1].|1l,---|1]} = 1,

proving the theorem one way. To prove it in the other way, assume that
[n| < 1 for every nonnegative integer 7. In particular, for a positive integer
n, the norm of the binomial coefficient cannot exceed 1. Thercfore, for a
positive integer m and any r,y € F. by the binomial expansion (which is
valid in any commutative ring) of (r + y)™ we have

lr+y™ = (x+ )™

m m
7 _
5 (7)o
!
=0

m

S by

1=0

IN

IN

where to derive the second inequality we have used both the multiplicative
property and the triangle incqualitv satisfied by the norm. However, note
that

[2]"|y]" ™" < max{|z|™. |y|™}

for any nonnegative integer + < n.

[
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IL. therefore, follows from the preceeding inequality that for any arbitrary
positive integer i,

lr + 4™ < (m+ 1) max{|r]™, |y["}.

Taking the m** roots of both sides of the above inequality of nonnegative
real number, and then letting m — oo, we finally obtain the inequality

|+ y| < max{]e|, |y|}.

as from elementary calculus we know that lim,, . (1n + 1)1/ m=1.
The proof of this theorem is complete. O

The preceding theorem immediately shows that the usual norm on R or
on Q cannot he a non-archimedean norm. In the following section, we <hall
see that there is an infinite famnily of non-archimedean norms on Q. the field
ol rational numbers. To see that these norins are esscntially different, we
need to introduce the concept of  equivalent norm on a field. The following
brief discussion leads to that conceept.

Given a norm on a field F the norm induces a distance function on F as
follows: for any .r.y the “distance™ d(r,y) is given by

d(z,y) = |r -yl

Using the defining property of the norm |.|. it can be easily shown that d
s a metric on F and so it induces a topology on F. Thus analytic concepts
are available in [F (but with respect to the norm). For example a sequence
{r,} of clements of F is a Cauchy sequence with respeet to the norm |.| if
given any real number ¢ > 0 there is a positive integer Al such that whenever
m.n > M
|2y, — 1| < €.

It is also clear that {r,} converges to | € F with respect to |.| if the
sequence oy, — ] of real numbers converges to 0 with respect to the nsual
nornt on R. We say that two norms on a field F are cquivalent if they induce
the same topology or metric space structure on F.

For practical purposes, the {ollowing proposition is more useful in deter-
mining equivalence of norms.

<



Proposition 1.2.3. Two norms |.|; and |.|, on the field F are equivalent if
a sequence mn F 1s Cauchy with respect to |.|, of and only of 1t 1s Cauchy wnth
respect 1o |.],.

We give an alternate but equally uselul criterion. Let ||, and ||, be two
norns on a field F. Then ||, and |.|, are equivalent if and only if

{reF: |, <1} ={reF:|r, <1}

We define complete melrie space as in any standard textbook on analysis.
we say that a field F with a norm is complete {with respect to the norm) if
every Cauchy sequence in Fois a convergent sequence. 1t is well known that
the tield of rational nuubers is not a complete metric space with respect
to the usnal absolute value norm. Similarly in the next section we shall
introduce another norm on Q which is not complete.

Tlicre is a standard construction in analysis of the completion of a metric
space. For example, the completion of Q equipped with the usual absolute
value norm is the field of real nuinbers. In the case of a normed field we can
claborate this construction process as follows: given a field F with a norm
[.|. we can construct a field K such that F is a subficld of K and such that
the norm || can be extended to a norm on K: Morcover, K is complete with
respect to the extended norm. We shall not go into the details here but shall
develop these ideas in the next section.

1.3 The p—adic norm

Let p be a fixed prime in Z. For any nonzero integer ¢, let v,(c) denote the
highest power of p dividiug ¢. Note m,(p) = v,(—=p) = 1 whereas v,(q) = 0
for any prime ¢ distinet from p.
Next, given a rational number r € Q,.r # 0, we can represent r as a
unique fraction a/b where a and b are relatively prime integers and 0 > 0
The requirement that a and b are relatively prime ensures that such a
fractional representation is a unique one. Thus, if

r=a/b,

where a and b are integers with b > 0 and (a.b) = 1, then (without loss of
any ambiguity). we may define

v (1) = vp(a) — vp(h).

7
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Clearly v,(r) is an integer.

Definition 1.3.1. Let p be a prime. Define |.| on Q as follows: For € Q,

o] 0 ifr=20;
T ==
P p~ ") whenever x # 0.

That ||, is a norm on Q is a routine verification; we omit it. Further,
note that for any nonzero integer n, v,(n) is a nonnegative integer, so that
p~" < 10Tt follows from Theorem (1.2.2) that |.|, is a non-archimedean
norm on Q.

Proposition 1.3.2. Let p be a prime. Then |.|, on Q is a non-archimedian
norm on Q.

H,, is known as the p—adic norm on Q. This p-adic norm provides an
interesting metric space structure on Q, which is radically different from
the one induced by the usual absolute value norm. For example, 2—adic
distance between 0 and 2 is 1/2 whereas 2—adic distance between 0 and 25
is 1. Loosely spcaking. the higher the power of a prime p dividing a — b for
two rationals @ and b. the smaller the distance between a and b.

To take another example, note that the p—adic norm of p™ is p=™. It
follows that the sequence {p"} converges p—adically to 0. On the other
hand. if ¢ is a prime distinet from p. then it can be easily shown that {¢"} is
not even a Cauchy sequence with respect to the p—adic norm. Also observe
that {p"} cannot be a Cauchy sequence in @ with respect (o the usual norm
of Q. Thus we have outlined the proof of the following result.

Proposition 1.3.3. The p—adic norm on Q is not equivalent to the q—adic

norm if q is a prime distinct from p. It is also not equivalent to the usual
norm on Q.

Though we shall not require it, we state the classical theorem of Ostrowski
about the possible norins on Q. At this point, we introduce a notation which

simplifies certain statements about norms on Q. We let || _ denote the usual
norm on Q).

Theorem 1.3.4. (Ostrowski) Any nontrivial norm on Q is cquivalent to ei-
ther l-l,, Jor some prime p or for p = oc.

8



A basic result of real analysis states that Q is not complete with respect
{0 the usual absolute value norm and that the completion of Q. with respect
to that norn, is the field R of real numbers. The norm on Q also extends to
what we call as the nsual norin on R.

A shmilar situation occurs when we consider Q with respect to the p—adic
norn for a fixed rational prime p. To show that Q is not complete with
respect to the p—adic norm (for a fixed prime p). consider the sequence {5, }

in Q given by
n
|
S, = E .
7=0)

Since for positive integers m,n with m < n, we have

jS,, — S,,,lp — ]p(m+l)' I ‘*'p”!l];

S I]]?]X{lp(er])'lp’ Tt lp“‘]p}

= mux{p_(m“)'. ceep "'}

— pf(m H)'.

It follows by choosing m large enough that we can make |S, — S,,| , as
small as we like. Thus S, is a Cauchy sequence with respect to the p—adic
norm but we shall show in a later scction (see Theorem (3.2.2)) that {S,}
cannot converge 10 a rational number. Therefore for every prime p. Q is not

complete with respect to the p—adic norm.

1.4 Q,, the field of p—adic numbers

In this section we give a brief description of @, the completion of @ with
respect to the p—adic norm (for a fixed but arbitrary prime p), focusing
on some important features. We state several results without proofs: their
proofs can be found in Koblitz [25].

The clements of Q, are, technically speaking, equivalence classes of Cauchy
sequences in Q with respect to the p—adic norm: two Cauchy sequences
{rn} and {y,} arc equivalent sequences, if the scquence {a, — yn} is a
null sequence, i.e., o, — y,| ,— 0 (as a sequence of reals). Thus given any
a € Q). o has a representative Cauchy sequence. say {r,}. in Q. For exam-
ple. 0 € Q, is the equivalence class of any sequence in @ which converges to

9



0 € Q. In fact, we can identify Q as a subset of Q, by identifying any a € Q
with the equivalence class of the constant sequence {a} in Q. By standard
arguments used in the process of completion, one can show that Q, is the
smallest complete field contaming Q as a subfield.

One mtroduces a norm in Q,, , which we shall also call as the p—adic norm
and denote it by [, as follows: Given a Cauchy sequence {x,} in Q, with
respect to the p— ddl(‘ norin, the sequence {|r,| l} is a Cauchy sequence of
nonnegative reals, for |lr,], = |rml,| < oy = 2mf,. Thus, {|x,],} converges
to a nonnegative real. Morcover it is casy to see that if {I,,} and {y,}
are equivalent Cauchy sequences in @, then limy, |1,,l = lim,,_,s |1/,,(
Therefore, for any a € Q, with a representative Cauchy sequence {z,} in Q
we Can define, without any ambiguity, the p-adic norm of a as

lal, = lim l.r,,}p. (1.3)

The {ollowing proposition gives the important properties of @, with respect
to |4,
I)

Proposition 1.4.1. As defined m (1.3), the norm ], 18 @ nonarchimeaden
norm on Q,, and ecxtends the p—adic norm on Q. Moreover, Q 1s a dense
subfield of Q,, with respect to the metrie mduced by |.|p on Q,.

Since the newly introduced norm on @, extends the p—adic norni on Q,
we ate justified in denoting the new norm as |. [

Q, is called the field of p-adic numbers. Noto that the value group of the
p-adic norm on Q, remains the same as the one of the p-adic norin on Q. i.c..

{lal, sa € Qp} = {|e], - r € Q}.

The next result is a collection of some useful facts. Note that the ring Z
of rational integers, being a subring of @, is also a subring of Q-

Proposition 1.4.2. (a) If p™ does not dunde a where a € Z then lal,, >
P

(b) For.r € Q, if |r], <1 then r = a/b for some a.b € Z salisfyng Ihe
condilion p does not dinde b.

(() F()T r & Q]) ?f }J"Ip S 1 /}I(ﬁ l]‘ +Ilp S 1
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(d) Fora,beZ, ifa=b (modp") then la— b, <p™".
The mnit closed disc in the metric space Q,, is denoted by Z,,. Thus

Zp={a€Q,:|a], <1}

P =

The clements of Z, are called p-adic integers. The next proposition col-
leets the basice facts about Z,,.

Proposition 1.4.3. (a) Z, is an integral domain unth
P={a€Z,:lal, <1}

as the unique mazimal ideal. In fact, Z, is a PID whose nontrivial
ideals are precisely

P ;—pZP D) Z)QZ[) o QPHZ)J ...

(b) Z, is the topological closure of Z in Qp. FEvery clement of Z, 1s the
Lanil of a sequence of rational integers; in fact we can choose terms
of the sequence 1o be nonnegalive rational integers. Conversely, every
Cauchy sequence of rational integers has a limit in Z,,.

The second part of the proceeding proposition follows from an important
technical lemma which can be stated as follows.

Lemma 1.4.4. For o € Z, and a positive integer m. there is an integer
Ym € Z with 0 <y, < p™ = 1 such that

‘(V — Ym ‘p S PA"l'

This approximation lemma, applied successively, allows us to express any
« € Z, as a special kind of series in Q,, (see next seetion for details of series in
Q@,). To he precise, given « € Z,,, we can find nonnegative integers a, < p—1
such that
o =dy+ a\p+ a2p2 + o

This is not a formal power series: the series on the right actually converges
toa inQ,,. Suppose now that a € Q,, with l"ll,, = p" . Then p”a € Z, and 5o
the preceding series expansion leads to what is known as the p-adic expansion
of elements of Q,,. This expansion is similar to the decimal expansion of real
nuiubers.

11



Proposition 1.4.5. Any p-adic number o has a unique p-adic expansion
= ~1 o2
O =t pyyp " taspT Fag+aptap” +-

where cach of the nonnegative inlegers a, is less than p and n s a finde
mteger. Furthermore |a'{17 = p™ and thus o € L, if and only +f a, = 0 for
1 < 0.

Considering the partial sums of the p-adic expansion of a € Z,. we sec
that o is represented by a Cauchy sequence of rational integers {b,} such
that

(@) 0<b, <ptl,

(D) by = by (niodp™th).

Another conclusion, we can draw from the preceding proposition is that
for any integer n > 0 |

p'Z, = Wii(ap” + "+ Ve

Then a standard argnment. shows that Z, is a compact set . Since Z, is a
neighbourhood of 0 € Z, and o + Z,, is a neighbourhood of any o € Q.
it follows that Q, is locally compact. We end this section by discussing
congruences in Z,. Taking a cue from Proposition (1.4.2) part (d), we can

define, for any o. 3 € Z,,

a=73 (mod p")if and only if jo — g|, < p™". (1.4)

Thus, congrucnces modulo powers of p can be introduced in Z,: it is clear
that if o, are actually in Z. then the congruence o = 3 (mod p") in Z,
implies that p” divides o — 3 in Z.

1.5 Convergence in Q,

As Q, is a metric space with respect to the p—adic norm, the usual results
about convergence of sequences and series in metric spaces also hold in @,,.
We now discuss the additional features of p-adic convergence which arise out.
of the fact that the p-adic norm on Q, is nonarchimedean norm. A word
about terminology: when a series converges in Q,, we shall sometimes say
that the series converges p—adically.

12



As in any 1netric space, a sequence {a,,} in the field Q, is said to be a nall
sequence if the sequence converges to 0 in Q,. Thus {a,} is a null sequence
in @, if the sequence of real nimbers ka,,&i, converges to the real number 0
with respect to the usnal norm on R.

As the next two propositions show, the non-archimedcanness of the p—adic
norm on @Q,. resulis in some simpler criterion for convergence of sequences
and series in Q.

Theorem 1.5.1. A scquence {a,} in Q,, 1§ a Cauchy sequence ( and hence
a convergent sequence) 1f and only 1f the sequence {b,} 15 o null sequence
where b, = a,, — a,, _,.

Proof. We nced to prove only that if the sequence {b,} is a null sequence in
Q,. then the sequence {a,} is a Cauchy sequence. Assuming b, to be a null
sequence, for a given real number ¢ > 0 there exist a positive integer Al such
that
I(ln — (171~1lp < €

whenever n > M. Therefore, for any positive integers n and m such that
n > > M, by the stronger triangle wnequality for the p-adic norm, we see
that

|”11 - am‘p < max {‘nn - (ln-llp- ‘an—l - 0n—2|p« o l”nH] - ”mlp}

< €.

O

The neat theorem shows that checking the convergence of p-adic series is
even simpler.

o @)
Theorem 1.5.2. A4 series 3. ° Ja, wtth a, € Qp, converges in Q, 1f and
only if the sequence {a,} 1s a null sequence in Q,. m which case

20
]Z anlp < 1]11‘51)(’(17,]1,-

n=A)

. . . ') . . .

Proof. The series Y >° - a,, converges if and only if the sequence of partial
—n s

swws S, = 3" a, converges. But a,, = S, — S, _1. It follows from Theorem

(1.5.1) that «, tends to 0 il and ouly if the series converges. For proving

13



the inequality given in the theorem. assume that > oa, converges. If
S0 o an = 0. there is nothing (o prove. Otherwise there exist an integer A
such that for every n > A,

o] oc
|Zan - Sn,p < 'Z (ln’p

n=0 n=0

which, because of the isosceles triangle propertly of the p—adic norm, implies

that -
lZ anlp = [Sarp-

n=(

On the other hand, by the strong triangle inequality for the p-adic norm it
15 clear that

|Sarly < max {la,]p|l < n < M} < maria,,.

The preceding two expression completes (he proof. O

We now present a couple of examples illustrating the use of Theorem
(L.50.2). Since [2"|, = 27" whereas 27| = 1 for p # 2, it therefore follows
from Theorem (1.5.2) that Y7 12" converges in @ but diverges in all other
Q])'

One of the simplest example of a convergent series in R is provided by
e ;:—, Again by the preceding theorem. this series diverges with respect
to every p—adic norm. However, some other scries involving factorials give
us a rich supply of series which converge with respeet to every p-adic norm.
We begin with the simplest result of this kind.

Proposition 1.5.3. For fired nonncgatwe mtegers k and 3, the seres
¢
*. .
g n"(n+ j)!
n-=0)
converges p—adically for every prome p.

Proof.
|p"!lp = |p‘*1!lpp\" <ph

14


http://Otherwi.se

For a given positive integer n, we can choose a positive integer b such that
b > > pr 1 So, for a fixed nonnegative integer 7 it is clear that
k — R ("D
It + ), = "+ 1) - (n 40,
A
< ip,
<ph

Thus we have
; N =
lim ."~’,, 0.

Hence by Theorem (1.5.2) the result follows. O
Corollary 1.5.4. The series

Z n!

n=>{

converges p—adically.

We now discuss the convergence of a series with factorials that we study
later in fourth chapter.

Proposition 1.5.5. For a fired positive integer j and a fired nonnegative

mtcger k. the scries
0 n! (n"y*
> (1)

n=0
converges p-adically for every prime p.

Proof. By the definition of p—adic norm, for every n > p, it is clear that (as
p does not divide n¥ + 1)

In] n!
] = |———1.
P41 »
It follows that
n! . msiany
' = lim |n!] =0. -y
n—ooinll +1 P n-—o0 P

However. for every mteger n > p.

n! <1
nby 1] — 7
p




Therefore

71' (n‘)
(nf)1+1

n! i
1 )
ntl 41
P P

Henee
n'* \
. n! -0
n . 1” +1 n—oo| nl7 4 1 »
Thus by Theorem (1.5.2) the result iollows a
Corollary 1.5.6. The serics
yard n'? 4+1

converges m Q, for cvery prime p.

For certain applications, we need a better estimate of lp"!lp. In the rest
of this section, we derive such cstimates. We begin by recalling the following
well-known result,

Theorem 1.5.7. For any nonnegative integer n, the follounng holds:

vp(n!) = 1’#

where Sy(n) denotes the sum of the p-adic digits wn the unique p—adic cr-
pansion of n.

Proof. Let
n=a+mp-+ (]'_)])2 + a3p"’ 4+ akp"
be the unique p—adic expansion of a nonnegative integer n, where the p-adic
digits @, satisfy the condition 0 < @, < p — 1. Then it is clear that
n—=S,(m =a(p—1)+ay(p® — 1)+ - + ar(p* — 1).

Then a routine caleulation shows that

n—Sy(n)

b1 =aj+ay(p+ )+ ay(p*+p+ )+ +a(pt L +pF 2 p ).
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For a nonnegative integer n, de Polignac’s well-known formula (see [15]) for
evaluating v,(n!) is given by

k
op(nt) = 3 ln /).

1=1

Now, for 1 < j <k, the p-adic expansion of n shows that
(n/P7] = a;, + a1 p' + ayqop® + - appt .

It follows that
vp(nl) = ay + ax(1+ p) + a;(1 +p+p)Fotap(L+p - + kb,

The theoren follows. O

Corollary 1.5.8. I'or any positive mleger n, we have
_n SB(H)
]n”p =p v

In particular,
A

I R A

'(p )‘lp :]) vt
This corollary also allows us to evalnate the p-adic norm of the binomial

coclficients.

Corollary 1.5.9. For any positive integer n and inleger v such thal 0 < r <
n,
Spln-1)}+Sp(r)- Sptn)
"Cl, =p P
Choosing n = p* in Corollary (1.5.8), it is clear that
) S, (P~ 1)+ S,(r) — 1
e -
e, =p p-1

Using S,(»* ~ r) + S,(r) > 2, we have l"kCrlp < 1. Hence the following
corollary holds.

Corollary 1.5.10. For positive inegers k and v, where v < p*, Oy s divis-
ihle by p.

In the last chapter of this thesis, we shall examine whether certain p—adic
numbers are algehraie (or transcendental) over Q. In this section we state
the basic results from field theory that we require.
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1.6 Algebraic numbers

Let K be an extension of a field F. An element a € K is called an algebraic
clement over F if a satisfies a nonzero polynomial (which forces the poly-
nomial to be non-constant as well) over the field F. If no such polynomial
exists then o € K is franscendental over F.

If a € K is algebraic over IF, then choose the monic polynomial of the least
positive degree over F that a satisfies. It turns out that this is an irreducible
polynomeal and that « determines this polynomial uniquely. This unique
monic, irreducible polynomial is called the minimal polynomial of a over F.

If a is algebraic over F such that its minimal polynomial m(r) has degree
d, then we say that o is algebraic of degree d.

Let aj,a, -+ a4 be the roots of m(z) in some suitable extension of
F (say in the algebraic closure or in the splitting field of m(xr) over F).
Then o = ay,as, -+, aq are called the conjugates of a over F and norm of
a. Ngse(a) can be given by

d 1/d
NK/IF(“) = I[I](Y,

Recall that if a field F has characteristic 0 ( nly # 0 for every positive
integer n). then the roots of any irreducible polynomial over F arc distinet.
Thus the minimal polynomial of @ € K over F has distinct roots (in some
suitably chosen extension of F) or equivalently. the minimal polynomial can
be factored into a product of distinet lincar factors over such an extension.
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Chapter 2

Series converging to given
numbers

2.1 Introduction

Koblitz [25] posed the question as to whether or not there exists a series
of rational numbers which converges with respect to every (non-equivalent
norm ) on Q. Thix question was answered in the affirmative by Burger and
Struppeck [11]. For a precise statement of Koblitz’s guestions. we nced the
following notation:

e . denotes the A" rational prime; so that p; = 2, p2 = 3 ete.
o Vg =1{,2,3,...,p.... }.

Koblitz's query actually leads to the following questions:

Question 1 : Does there exist an infinite series of non-zero rational num-
hers, such that for each p € Vg, the series converges (with respect to [.{, ) in
Q,?

Question 2 : Does there exist an infinite series of non-zero rational num-
bers so that the series converges to a rational number in Q, for cach p € Vig?

Burger and Struppeck [11] have answered these questions by proving the
following proposition.

Proposition 2.1.1. Gwen o, m Q, for cach p € Vg, there ertst a serics
x
Y on o of rational numbers such that the followmg two condition are salis-

fied:
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(a) a, 1s positive for any posiive iteger n;
(b) 3 a, converges to v, for all values of p € Vg.

We present two alternative proofs of Proposition (2.1.1) in this chapter. In
section 2.2, we give a modified version of the procedure Burger and Stiuppeck
[11] have outlined. Our version is simpler and avoids the ambiguity inherent
in their procedure. In Section 2.3, we give an entirely different procedure
for finding such a seties. Compared to the first one, the second procedure is
dircet and avoids the Chinese Remainder Theorem.

2.2 The first proof

¥ . . . x .
Let Sy denote the B partial sum of the required series Y ay,. that is
S =apg+ay+ay+ag+ay+ -4 ag,

where each a; is a rational number, to be determined in such a way that
OO o N \ 3 -1 . y . J 29}
the series Y% o a, converges to a, with respect to the p-adic norm for each
pE ‘Q
We begin by seliing
S() = Qpn == [(1%] — 1 (21)

Next, assuming that & > 0, we define the partial suim S, inductively in
such a manner that the following two inequalities will be satisfied:

oo — 1/2V71 < 8} < pe — 1/2F; (2.2)
leap, — Skll,, < p* for every 1 <1 < k. (2.3)
For this inductive procedure, assume that ag,aq,....a, 1.z have been

defined; we now describe a method to determine the rational nmuber a; 4y
such that the partial sum

Siel =agtay+ag+az+ag+ -+ ang

satisfies Inecualities (2.2) and (2 3) simultaneously. But first we fix some
notations needed for our procedure. For any tixed nonnegative integer k and

20



any positive integer @ < k -+ 1, let

Mi410 = Gp, — Sk,
Appr = {ofl <o < k4 Land jmygl, > 1}

I pit gl if Ak # 6

My = 1A 11
I pr! if Ay =9,
1
Rk:”oo—sk_gp
1
L]\- = Oy — S;, - 'Qt’l'

Lot us fix an integer 2,4 such that 74 satisfies the following two conditions:

Zt1{Basr — Lig) > My

and
g.C.d(zhpr, pip2 - pri) = 1.

(2.4)

(2.5)

Observe that z4; = 2" 1M, + 1 is one of the integer which satisfyv the
conditions given in Inequalities (2.4) and (2.5): to avoid ambiguity we fix

Sept = 22TAL )+ 1L Next, we define gq . as follows:

~h+1 IT ‘7nk+l,] 'p] if Ak+1 7é (46
Q1 = 1€81 1 -
Zk41 if Ay = .

It is clear that for any positive integer 1 < b + 1,
f Appr # ¢
lq1\+1|p, = lnlk ‘Hv"f)r
1 if Appr = ¢
We claim that for any fixed positive integer 1 < &+ 1,

Qs 1Miy 14 € Ly, .

To prove our claim. we first consider the case whe bl .
[o prove our claim first der tl > when Ay b

{tig 410, > 10 on the other hand Eqn.(2.6) shows, in this case, that

gl 1
4 , = T,
it P |mk+l.1lp,
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It follows that
’(II:-H ,p, !7771\4—1,1 lp, = 1.

In case Agyp = ¢, we have [my ,,], <1 and |gigal, = 1. So. in this case

|(1k+17”k+1,7|p, <1l

Thus. in both the cases, Eq.(2.7) holds proving our claim. Since Z is a dense
subset of Z,,. it follows that for the integer 7, we can find a rational integer
d; 4y, to approximate the p,-adic integer gxy1Mmys1, in the following manner:

Qk+11p,

{s1mig1, = digralp, < 4211y, : lp ; (2.8)
N
13

Observe that the right hand side of Inequality (2.8) is the p,-adic norm of
i .
T’::—;— which itself is a positive integral power of p,. After choosing the
€ P, . .
integet dyyy, for cach positive integer i < k + 1. we consider the [ollowing

svstem of A + 1 linear congruences in Z for i = 1,2....,k + 1t

pk +1
Iiyy = dyyr,  (mod ———). (2.9)
s +11,

By the Chinese Remainder Theorem, there exists a solution of the system of
congruences unigque modulo Ay, as

h+1 pf‘+1
[/ |
=1 ’Qkﬂip.

Note that for any solution 4y of the system of congruences (2.9), the In-
cqualities (2.8) show that

Qk+1|p,
|rgr = 7”L+1.lqk+l|])1 < ———‘ = |p . (2.10)
pk+1
1

On the other hand, our choice of ¢4, implies that

Ga1(Ripy — Lyy1) > Mgy

Therefore one can chioose a solution rgy of the preceding svstem of A + 1
congruences. satisfying Inequality (2.9), such that it also satisfies

Q1L <y < G B (2.11)
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Finally, we set
Qg1 = 7‘A-+1/ qk+1-
Then, by the definition of 14, and Inequality (2.10), we can conclude that

lal>, - Skq\llp, = [ap, - Sk - ak+]‘]),
Tk T T
k41 .

Also. by Inequality (2.11) and the definitions of az41, Ly and Ry. we see that

1 . 1
O — S -—§;<(L;‘+1 <(koo-—b/\~'2k—+—l.
that is,
1 s 1
Qe — EZ < Ok41 < (g — _Q_ATI—

The preceding inequalities show that the partial sum Sy satisfies the
Inequalities (2.2) and (2.3). So the proof of Proposition (2.1.1) is complete.

As an example of our procedure as outlined in the preceding proof, we
determine the first few terms of a series of rational numbers which converges
to 0 with respect to the p—adic norm for every rational prime p and at the
sanie time converges to the well-known real number e with respect to the
usual nornt. Thus, if each of the S is a partial sum of the required series.
then by Eq.(2.1),

So=[c]—-1=1

Following the inductive steps of our proof, we determine the next three terms:
we colleet the results of our caleulations in the following table:

A @ - 3,
1| 2 5 5 2
21 36 145 | 40 66,29
37727000 | 216001 | 7446 | 15646500/6264029

We remark, without proof, that the procedure of determining the partial
sums Sy that we had described in our proof, can be so modified that if .S,
satisfies the inequality

lap, = Sell,, <p7'7* for every 1 < i <k, (2.12)



even then Sp converges Lo given p—adic numbers for each p € V. As the
preceding inequalily is weaker than Inequality (2.3). it turns out that the
sizes of the digits of integers involved in Sy are smaller so that it is possible
for us to list more terms. For example, going back to the question of finding
the partial sums of a series that converges to 0 with respect to the p-adic
norn for each prime p and to e with respect to the usual norm, we can give
the following table for the partial sums if the partial sums are chosen to
satlisfy Inequality (2.12):

T J[k qr I S;.
1 2 5 5 2
2 12 49 22 120/49
3 360 2881 240 357480/(49 - 2881)
| 4| 75600 | 49 - 1209601 | 3554280 | S3+ 3554280/(49 -3704401)

Of course. as before Sy is given by

AQ():{F]*lzl.

2.3 The second proof

In this section, we present another proof of Proposition (2.1.1). This clemen-
tary proof does not involve the Chinese Remainder Theorem: we also derive
a simplified algorithm for determiniug the partial sums of the required series
which converges to given a, € Q, for primes p € Vg (sce Section 2.1 for the
relevant defimitions). We need the following notation for our proof; A denotes
a positive inleger:

oy (A): a rational number obtained from the p-adic expausion of a, by sum-
ming the terms upto the k™ power of p. Observe that for a prime ¢
different from p, |a,(k)|, < 1.

7, ¢ the product 2-3-5-7--- p, of the first k primes.
27 T Zf:,(ﬂk/l),)k,

Shoor b oy, (R).(m/p)M.
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As in section (2.2), let Sy denote the k' partial sum of the required scties

X0 o
Y oo, a,. that is

Sp=a0 tayt+az+agtast+---+a,

whate each q; is a rational nnmber, to be determined in such a way that
the series Y- @, converges to a, with respect to the p-adic noim for cach
»elg.

We construct the required series by setling

So=ay= {aoo] —1

where [r] denotes the greatest integer less than or equal to x. For A > 1. let

gh+1 k-1
d; = [—-—L’”) ] m 4o+ 1 (2.13)
ax
—1/2" Vo —
¢ = [dk. (00 — 1/ . o E‘J 4 1. (2.14)
s

Let Sp be the solution of the following linear equation

{r— (k) =+ + {x — a3(k) e + o H{r = ay, (/L)}lA = /dy, (2.15)

3t Py

[or cach positive integer A. We claim that as & — oo, Sk approaches a,, for
every p € by
We establish this claim by proving the following proposition.

Proposition 2.3.1. Let k be a fired positive mnteger and Sy be (he solution
of Bq. (2.15). Then for ceery positive mteger 3 < k, the followimg hold:

(a)

(b) oy —1/2"1 < 8 <y — 1/24,

Sk —ap,(F)lp, < mar {])J_L‘p; lay, ‘P;.}'

Proof. We begin our proof by multiplving Eq.(2.15) by #f and then rear-
ranging the terms of the ecquations, so that we can rewrite Eq.(2.15) as

[(

A k
¢
> (m/p)t =Y ap (k).(mi/p) = 5
=1 =1
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It is. therefore. clear that the solution Sy of Eq.(2.15) is given by

i (m)* + 54 _ ce(me)* + di By

(2.16)
T dek

S =

Now it is easy to see, by the definitions of oy, dy and 7 that both gy, and dy
are relatively prime to m.. Therefore, for any positive integer i < k, we have

](Tk]p, =1 (217)

and

\dil,, = 1. (2.18)

We also note that the definition of 7 gives

Imhlp, = 7. (2.19)

1
Now, going back to the definition of «,, (k), it is easily seen that «, (k). in
general, is a rational mmmber with certain nonnegative power of p, as its
denominator. Thus, for any positive integer 7 such that i # 7, one has
g, (F)]p, < 1.
It follows. from the preceding equations. that
k. —k . —k
T o, ()], ST

Therclore. the relation

k.
S = gy, ()] = > (i /p) (k) = o, (k)
) =1 P,
implies that
[Xh — anop,, ()], < max {pj""',p‘}_"'}apj(l.r)lpl}. (2.20)

On the othier hand, one can conclude from Equalities (2.16).(2.17) and (2.18)
that

Sk = ag, (W), = lew(m)" + di(Ek — ap, (F)aw)ly,.
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It. therefore, follows from Eqs.(2.19) and (2.20) that
1Sk — ap, (K)|p, < max {pj‘k,p]‘kl(y,,,(k)|p]}.

We note that |ay, (k) = ay [, < p,™*. Thus

oy, (K) = ay, |,,J }

< max {|Sk — ay,, (k)]
< max {])J"‘.p;k[up,(/\')(p,}-

lSk - O‘P,lp,

Finally. using the fact that p—adic norm of a p—adic number is p—adic norm
of the s of its first few terms in the padic expansion, that is
lay, (M, = |y, |, « we have

1Si = ap, |, < max {pj_k,ll;k|aw|m}

which proves part (a) of the proposition. In order to prove part (L) of the
proposition, we need to show that Si satisfies the inequality

A — 1/2"71 < S < gy — 1728

However. by the definition of Sy given in Eq.(2.16),

%(Trh)k + Ek N ('k(ﬂ'k )l' + (l},E;‘
[ea) N (lkUk .

Sy, =

An easy calculation then shows that Sy satisfies the required inequality if the
rational numbers ¢; and dy, satisfy the following inequality

LK) < 4 Jdy < R(k), (2.21)

where
R(F) ={(0voo — 1/2")(7k — X Hme) b
and

L{k) = {{oveg — L/22" Doy = T M m) 7%

Thus, part(h) of the proposition will be proved once we show that the rational
muubers ¢ and dy. as defined by Eqns. (2.14) and (2.13), satisfy inequality
(2 21). Since for any real number r. the greatest integer function {x] > »—1.

it follows from (2.13) that
Tk

k- h
2k

d,, > 2.
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On the other hand, the definitions of B(k) and L(k) makes it clear that

T

ok
28my

R(k) ~ L(k) =

which, combined with the preceding inequality, implies that
i (R(k) — L(k))'> 2.

Therefore, we see that
dy R(k) > [dy L(F)] + 2.

However, the definitions of ¢, given in Eqns. (2.14), readily implies that
cp = [dp L(A)] + 1. It then follows from the preceding inequality that

Cr

R(k) > & (2.22)
dy,
Next note that the relation ¢p = {dy L(k)] + 1 also implies that
CL > (/AL(/\‘) —1+1.
Therelore
Ck o
— > L(k). (2.23)

(IA
The Inegualitios (2.22) and (2.23) show that ¢ and dy, do satisfv inequality
(2.21). Thus. the proof of the proposition is complete. O

2.4 Explicit computations with more terms

In [L1). an explicit computation of a series which converges to the real number
¢ with respect to the usual norm but which converges to the p—adic numiber
0 with respect to every p—adic norm has been given. However, the choice
of terms of the series in that computation is ambiguous. We now determine
such a series hased on the procedure we have outlined in Section 2.2. Our
computation of the series avoids ambiguity; also, it involves considerably less
calculations.
Recall that the first term of the series is given by

ar=la]—=1=l]=1=1
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and using a, = 0 it is clear that %, = 0.

k Tk dk C SL

1 2 11 [ 10 22.5/11

2 13 716 23.33/91

3 4591 31| 14 7.21.3% . 53/142321

4 [ 149482321 | 211 | 43 | 43-27. 3757 - 71/(149482321 - 211)

We have not gone any further because of technicalities in computation
and also the size of the computation.

Note that, in our procedure, the numerator of the k' partial smn S;
involves atleast k' powers of each of the first & primes and the denominator is
relatively prime to these primes . This ensures p-adic convergence. However,
it is still possible to ensure p-adic convergeuce if lesser powers of primes
are involved in S;. It turns out that we can modify our procedure given
in Section 2.2 to achieve that end. In what follows, we show that we can
define the partial sums Sy in such a manner that it involves the product of
the decreasing powers of the first k& primes, but the corresponding series still
converges to the prescribed numbers.

We begin by considering the equation

{rp — (12(1\7)}511‘7 +{r, — (1/3(1\')}377_—1

which determines Sy in place of the fundamental Eq.(2.15) of Section 2.2
Then S, is given by

1
o oy =y (RB)}— = ¢ /dy,
. Pk

Sk = {(ex/dp)m(k) + Ly} fow

where

(A)__r)kgk lrk Dk,

w(k w(k
O = ;A) + 35—1) + r)l\( 3+.H+—[(7k—)’
Sy = W;ﬂu;(ﬁ) 35“ (A)+§,‘(_]‘_3(vs(kl)+~ T]()Z) ap, (K),

dy = 2" o m (k) + (k) + 1,
(oo — 1/25" Yo — £y,
(k)

(‘;‘-:[

]
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In this case we have the following table for w(k), oy, ¢4 Si:

k s (243 L SA*
TF 2
1| 2 1 9
i
2773
2| 12 | 7T | 32
257
375
30 360 | 157 | 388 T
: 157 - 19°
384107 3 52 7
4 | 75600 | 21319 | 55364
" PN 1923 173737 - 577

The values of S5, S, S7. Sy and the values of the corresponding o’s ete. have
been not included in the table hecause of their big size but we have computed
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these values and given helow.
7(5) = 17463000
o5 = 47 - 605329
oy = 13- 1427 - 4073
5 — 131427 -4073-2° -3 -5 - 72 - 11
e 174636001 - 47 - 605329

7(6) = 5241319080000
o6 = 573955156153
ce = 3% 411453 - 319607
41 - 1453 - 319607 - 26 . 39 . 5. 73112 - 13
149 - 32189 - 1093441 - 17 - 33762068009

Se =

7(7) = 2677277333530800000
o7 = 9299611 - 21710673421
cr =313 - 149 - 93902705682067
S - 149 - 93902705682067 - 27 - 37 - 5° . 74 113 . 132 - 17
927640943 - 23 - 125483209 - 9299611 - 21710673421

7(8) = 25968760179275365452000000
ox = 20914797 - 61229485526479799
ey = 47 - 503 - 181922776566716745473
<47 - 503 - 181922776566716745473 - 2% . 37 . 5% . 75>

Sy =
§ 41 - 45469123373 - 13929989136157 - 256914797

114.13%-.172 - 19
61229485526479799

Sy has been recorded in two rows.

2.5 Some questions

Our investigations into series converging to preassigned nunibers have led us
to formulate the following questions:
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Question 1: Can the algorithm given in Section 2.3 be further simplified?

Queslion 2: Can the proof given in this chapter be turther modified so
as to allow the series to tend to infinity for various p € Vg and to diverge
(because the limit of the sequence of the partial sums does not exist) for
other p € V457

Question 3: Given o, € Q, for each p € Vg, is it possible to find a
sequence of nonzero a, € Qv > 1) such that if

Ay =ay-aq---ay

» » al A% o / 7
then Ap converges to a, for every p € Vg?



Chapter 3

A few series and Stirling
numbers

3.1 Introduction

Quite frequently one comes across p—adically convergent series whose terms
are rational integers. The sums of such series are in Q,,. This chapter deals
with a fascinaling aspect of p—adic analysis, mainly the study of rationality
ol sums of such series. We begin by looking at the series Y < n*p" which
generalizes the familiar series 32\ p". There are many series for which the
sums of the series are not explicitly known one such example is the sum
Soont (4 ) where k. j are arbitrary but fixed integers. Dragovich has
investigated series of the type Zn—o“ (n + j)!. He has shown that if the
st of the series 377 n!is a rational number then the sum cannot be the
same rational number for every prime p. We have produced a different proof
of this statement using Kurepa’s left factorials.

Stirling numbers are inherently connectéd to factorials; in fact, n! (ctc.)
can be expressed as the sum of Stirling numbers of the first kind. Since these
nnmbers have been found to throw light on Y27 n*n! we have included
several results on these numbers as well.

Murty and Sumner [21] have shown that if k = 0 or 2 (Ill()d 3) then under
the assumption that "7 'n!is an irrational number, 3777 n*n! would also
be an irrational number. By exploring the work of Dragovich we are able (o
produce a different and simpler proof of the result obtained by Murty and

n=_(
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Sumner.

3.2 Series of the type Zf,ozo a,p"

The simplest example of a p—adically convergent series converging to ratio-
nals are given by the series of the type Y oo a,p" where cach a,, is an integer.
The standard convergent series, considered in the following proposition, may

be called the p—adie geometric series.

Proposition 3.2.1. > p" converges i Qp, to the rational number (1 —
p) 1. However. for a prime q diffevent from p the series does not converge i

Q-

Proof. The well-known formula for the geometric progression allows us to
express the partial sums of the series Y7 p" as follows:

‘ pitl —1
1+p+p2+p3 +""“|‘])n: v
p—1
)n+l
But [>——| = p~®*U which tends to zero as n tends to infinity.
p—1,
Sol+p+p*4 pP+---=~-1  arational number.

R . X p=1 .
For a prime ¢ different from p, it has been shown in Chapter 1 that the
. ) . . . . .
series 1+p+p*+p3+- - - does not converge g—adically; in fact, this conclusion
follows from the fact that a serics Y. 7 a, converges p—adically if and only

it hm, . Jayl, = 0. O

The preceding proposition, in fact, provides the p—adic expansion (see
Chapter 1) of the rational number (1 — p)~': the p—adic digits in this ox-
pansion are all equal to 1. We now present a general result which relates the
pattern of the p—adic digits in the p—adic expansiou of an element of @, to
its rationality.

Theorem 3.2.2. A p—adic number a 1s a rational number 1f and only 1f
p—adic erpansion of a s evenlually perodic (perodic after a certmn stage).

Proof. Given « in Q,, let

a = (10[)‘" +a|p7111—1 4o
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be the unique p—adic expansion of a. Assume that a has a repeating p—adic
expansion that is, after a certain term, in the expansion, say corresponds to
p*. the p—adic digits appear in a repeating block. Let

g1, Q42,70 s ket

he one such repeating p—adic block. In other words. the p—adic expansion
of & can be given as

- - - - t
app n d e mp n+h + (0k+1]’ n-+h+1 4ot ot P n+h+ )
4 (ak+1p—n+k+t+l doeee 4 UA-HPAH H.+2!) ...
Rearranging the terms of this p—adic expansion. we obtain
a=agp " 4 ap"tF
- A1 — A+t t 2t 3t
+(opp "™ b T Y T T ).

As { > 1. it is clear that

. 1
1+pf+p2t+pdf+...:l— .
D

It follows that
a = (H)])An 4+t {1”)—71 rk + ((l},.;][)'nHH G 4 n}.+f[)_n+"+l)/(1 . ])f)-

(learly a is a rational number.

Conversely, assume that « = a/b, b > 0. a rational number such that
(n,b) = 1. Without loss of generality. we can assume that p does not divide
0. By the division algorithm a/b can be expressed in the form

q+r/b

where =0+ 1 <r <0 and ¢ € Z. Now, simply multiplying and dividing r /b
by p™" — 1. we can express /b as follows:

) _
P G

1 — potd)



Using the equality

_ Bb) 4 26(6) | 36b) 4 .
= o 1+p7 4 p +p +

in Q,,. it is clear that

(f)(h)__l .
r/1=(~7‘)(p b ){1+p"”"’)+-~}

= (-r) (p———d)(b)b_ 1) +(=7) (ﬂ%——l> P4 (3

As (b, p) = 1. it follows from Fermat's theorem that

P 1
b

is an integer Again by the assumption —b+1 < r < 0,0 > 0 it is clear that

A(bY __ 1
0< (=r) <7’ ——) < p*®.

b

Henee its p—adic expansion is given hy

,)(/)(l)) — 1
(—‘7) (!—T = qp - a;p _+ﬂ...+(1({)(h)> lprﬁ(l'))vl

Py _q
and substituting the value of (—r) <2T—> in (3.1), we have the p—adic

expausion of 7/b. Moreover. it is clear that the p—adic expansion of r/b is
repealing,.
Observe that for a p—adic integer 3 with its p—adic expansion

Cy + C1p + (’2p2 + (3])3 +-
p—adic expansion of —,3 is given by
Pt p—1-c)p+(p-1—-ep* +(p—1—c3)p*---

and thus % has a 1epeating p—adic expansion if and only 1f —,3 has a repeating
p—adic expansion.
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Thus if r/b is an integer then we have nothing to prove (as a positive
integer is having a repeating p—adic expansion with 0 being repeating digit).
Otherwise there exist an integer [ > 0 such that |g| < p' and #"term in the
p—adic expansion of /b is non-zero.

If ¢ is negative then the sum of g with the first ¢ term(s) in the p—adic
expansion 7/b is positive and less than ptt! and we p—adically expand this
sum (a positive integer). Thus it is easy to see that upon addition of ¢ to the
p—-adic expansion of r/b, p—adic expansion remains unaffected from a term
containing p'*!' onwards. Thus ¢+ 7 /b possess a repeating p—adic expausion.

If g is positive then as —r/b is having a repeating p—adic expansion, we
can show by a siinilar argument that —g — r/b is having a repeating p—adic
expansion and thus ¢ + r/b is having a repeating p—adic expansion.

In cither case we have proved the required result. d

N s 5 N s 20 702 . < n!
Corollary 3.2.3. p—adically convergent sertes such asd .- p" ord = p
do not converge to a rational number.

We now consider series of the type

oG

Z nnpn

n=—=0
where @, need not he p-adic digits.
Proposition 3.2.4. For a fired nonnegative integer k. the series

o

§ ”kpn

n=0
converges in Q,, to a rational number.

Proof. Note that as
‘77‘7)"!,7 < p—n’

the p—adic norms of n¥p" tend to zero as n tends to infinity. It follows that

the series
oc
E nk P
n=0)
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converges p—adically.
Let o
o(k) = Z nhp"
n=0

be the sum of the series in Q,. We prove the proposition by induction on k.

It 1s clear that
Zp (1-p)!
n=0

i> a rational number. We may assume that & > 1 and that o()) is a rational
number for 0 < ) < k= 1. To evaluate a(k). we split o(F) as follows:

p—1
a(k) L ntp" + Ln .
n=0 n=p

Changing the index of second summation by setting n — p = m on the right
hand side of the above equation we obtain

p-1 00
o(k) = Z ntpt 4 Z(?h + p)rprir. (32)
n=0 m=0

Expanding (n + p)* binomially and then rearranging the terms of the infinite
series of the right hand side of Eq.(3.2). we can express the infinite series as

3 (D

m=0 r=0

Observe now that the sum of the series Y b= p™ is precisely

a(h —1) Hence equality (3 2) can be put in the form

p—1 A

I8

k) = ot 4 P ok —r)p"

=Dty otk =1
n=0 1=0

We break the second sum on the right haud side into two paris to oblain

p—1 h
A n ]) ,‘ )p =7 7'
E n'p" +plo(k) + 2 (7_)(7( r)p

n=0 r=1
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It therefore follows that

o(k) = (1 —p")~ {pin" " Z( ) -

n=0

By the induction hypothesis, each of the sums
o(0),0(1),0(2), - ,olk = 1)

15 also a rational number. Henee the preceding expression shows that o(k)
is also a rational number, completing the prool. U

Corollary 3.2.5. Let f(x) be a polynomaeal unth integral coefficrients. Then
the series 32 o [(n)p™ converges p—aduwcally lo a rational number.

We conclude this section Ly posing two questions which we believe to be
open to the best of our knowledge and illustrate the difficulty in dealing with
the rationality question:

o ls > 1n”p" a rational number?

o Is ", nlp" a rational number?

Note that both these series are p—~adically convergent.

3.3 Series of the type S oo, n"(n+ j)!

In this section as well as in the next section. we investigate serics with fac-
totials such as -7 n*(n + ))! for fixed nonnegative integers b and ). As
mentioned in the Introduction of this chapter, Dragovich [3] along with Murty
and Summner [21] have considered such series with factorials mainly with ref-
erence Lo the rationality of such sums.

We begin by recalling from Chapter 1 that for n > p™, the p—adic norm

m

It (n +ll, <P

so anv series of the type Y07 nh(n+))! converges p—adically to some clenient
of Q. In particular. the sum of the series

i n! (3.3)

n=0
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is in Q,, for every prime p. We shall denote the sum as a; note that the
p—adic sum « actually depends on the prime p. This series has attracted a
lot of attention but very little is known about it. For example, as mentioned
in the introduction of this chapter. the following question has been around
for a long time non without a satisfactory answer:

o Is 0 € Q. a rational number for any prime p?

In contrast, as we shall see shortly, the p—adically convergent series
Yo n(n + 1) converges to a fixed integer. In fact

Z n(n+ 1) = —1.

n=0

This peculiarity has prompted us to consider the p—adically convergent series
o ont(n+ )l In this conneetion note that Murty and Sumner [21] have
imvestioate < b . i ; — > ; - eongder:

investigated ;,,:o" n! relating it to a = Y>>, n!. We begin by considering
the seties 377 n(n + j)! for a fixed nonnegative integer 7. Observe that

4+ =m+j+1).(n+ )
=n.(n+ )+ +1{n+7)

However - .
DA D=l = (0 1420 4 )
n=0 n=0

and
o< 0
DA ="l — (04 2+ (= 1)
n=0 n =()

Kurepa's left faclorial, K(m), for a nonnegative integer m, is given hy
K(im)=0 itm=0
=004 114 214 - - (m — DVif m is a positive integer.

It then follows that

Do+ =>4+ =G+ (0 +)
n=0 n=() n=0

=a—~K(+1)~(+1I{o—K()}
= —ja—K(j+1)+(+DK().
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For reasons which will be clear in a moment, we let

j) = ~K(j + 1)+ (j + DK().

Therefore we can express Z?:()n(n 1) as

> n(n+ ) = a(i)a + bi()). (3.4)

n=0
We are now ready to present the main result of this section.

Proposition 3.3.1. For integers k > 1 and j > 0. define a,(y) and by())
recursively as follows:

a(j)=—j
hi(j) =K@ +1)+ U+ DK0)
and for k > 2
() = a1 (J +1) = (G + Dax-1(5)
b(J) = b1 (4 1) = (F + Dbg-i ()

Let k > 1 and j > 0 be fized integers. Then there are integers ay(j) and
bi(J) such thal

o

Z11k(71+ I =ap(G)o + b(4)

n=0

Proof. The proof is by induction on k. The case k = 1 has already been
worked out. So we may assume & > 2 and that the proposition holds for k.

x o o0
Zn"(n +i+ )= Zn"'“(n + 1+ +1) an(n + !
n=0 n=() n=~0

Thus using 307, n*(n + 7)! = ar(j)a + be(j) we have

ar(j+ 1) = (7 + Dar(j) = ars1(j)

and
be(j+ 1) = (j + Dbr(j) = b ()

This completes the proof. O
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Corollary 3.3.2. If for a given pawr k. j of nonnegative inlegers the equality
ar(j) = 0 holds then the series Y oo, n*(n + j)! converyes to an infeger.

We give a table for the first few values of ag(j) for £ =1.2,3.4,5.6

k ak(])

1 —J

2 21

3 -7 +35+ 1

4 Y652 -4 +2

5 10+ 102107 -9 |
6 | j®— 155"~ 2053+ 30,2+ 54j +9 |

We observe that a,(0) = (0. Thus, we have

o0

Zn-n!

n==0

is a fixed integer. Similarly,

ZnQ(n +1)!

n=0

is a fixed integer. The following is an open question.
e Given &, what are the values of j for which a,(j) vanishes.

3.4 On the rationality of >~ n!

Lt this section as well as in the following ones, we deal with the series 37 nl.
mainly on the question of its rationality. As mentioned in the Introduction,
Dragovich [4] proved the following result to partially answer a question raised
by Koblitz [25] in 1970. We give two proofs the first one is an illustration of
Dragovich's prool whereas in the second, we use a result about Kurepa’s left
factorial for a simple derivation.

Theorem 3.4.1. If the p—adic sum of the series Y oo, nl is a rational num-
ber. then it cannot be the same rational number wn Z,, for every prime p.
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™ 23 — o0 M . 3 e gy« )
Proof. Let a = 3> ntin Q, for a prime p. (Rec al.] that o Tiay assum
different values for different primes p). Suppose, if possible, there is a rational
. —OC
nuniher a/b, where a and b are integers, b > 0, (a,b) = 1 such that >, n!
converges 1o a/b for every p—adic norm on Q, p # oo. Let

k

Sy, :Zn!

n=0
be the &' partial sum of the series Y - n!. Since
a—=S,=n+D{1+n+2)+n+2).(n+3)+---}

and since for a given prime p, the quantity inside the braces is a p-adic
integer, we have
—vp(n+1)
lo = S,l, <p™*7 .

Multiplying this inequality by Iblp, and observing that |b], < 1. we obtain
|ba — l)S,,lp < pruelnF !

which gives the following congruence in Z,,:
a = bS, (modpPrtHY,

_Recall from Chapter 1 that if two infegers are congruent modulo p* in Z,
then they are congruent in Z. Therefore, the preceding congruence between
hS, and a is a congruence in Z. In other words ;n”"(““)' divides 6S,, — a for
auy positive integer n. Since p is an arbitrary prime and (n + 1)! can be
expressed as a product of prime powers (the power being v,(n + 1)!) we sce
that (n + 1)! divides bS, — a in Z that is,

a = bS, (mod(n + 1)!). (3.5)
We now claim that there exist some positive integer N such that
bS, < (n+ 1)!
for everv n > N. In order to establish this claim, we consider the inequality

bS,, < b(n!) + 2b(n — 1), (3.6)
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using the fact that S, = S,_1 + n! and b > 0, it is easy to see that the
preceding inequality is equivalent to

S, <2(n -1 (3.7)

It can be easily shown by induction that the preceding inequality and hence
(3.6) will hold for n > 1. Also for sufficiently large n. we sce that

h(n!) + 2b(n — 1)! < (n+ 1)L (3.8)
Inequalities (3.6) and (3.8) imply that
0<bS, < (n+1)L (3.9)

This proves our claim. Consider the case a < 0. Then 0 < bS,, —a < 2(n+4 1)!
which along with Congruence (3.5) yields that

bS, —a=(n+ )

for all n > N, Tt follows from preceding equality that

bS, 41 —0S, = (n+2)! = (n + 1)!
for all n > N + 1 that is,
bn+ 1) =(m+1)(n+1)

Since b is a fixed integer, we get a contradiction. If @ > 0 then a similar
argument leads (o a contradiction. This completes the proof. d

It can be mentioned here that Dragovich [3] proved a more general 1esult,
namely. that for an integer z, Y .o nle™ cannot be same rational number
in Q,, for all primes p. We prove the following two lemmas before giving an
alternative proof for the result if 27’;0 n! is a rational number then it cannot
be the same in all Z,. We need a couple of preliminary results for our proof
of Dragovich’s Theorem (3.4.1).

Lemma 3.4.2. Let r be a nonzero rational number. Then Tr| = 1 where
the product runs over all norms on Q.
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Proof. For r = %1, the statement is trivially true. If o # 0.%1 then r can
be uniquely as the finite product

R k k,
r=pi'p2 2“‘])1’

where each of the p, is a distinct primme and &, is a nonzero integer. By
propertics of norms, we have that

—k, -
D, if p=np,:
lzf, =< £z if p=ooc;
1 otherwise .
Hence the lepnna follows. |

Lemma 3.4.3. Lef 1 be a rational number. If |r|, = 1 for every odd prime
p and irl, = 1/2, then r = £2.

Proof. We know that every rational muuber r can be expressed in the form
a/b where a,b € Z and (a,b) = 1. Since for any odd prime p. [r|, = 1. It
follows that (a.p) = (b,p) = 1. On the other hand |r|, = 1/2. this implies
that 2]a . (b.2) =1 and (a/2,2) = 1.

Henee a = 32,0 = £1. Thus a/b = £2.

Alternatively, using Lemma (3.4.2) for a nonzero rational muuber r. we

+1
have r I || = W == +2. Since
Tl

r| =1 for auy cvery prime p, the lemma
P2 I ' '

follows. 0
Recall that for a nonnegative integer n, Kurepa’s lefi factorial is given by

K(0) = 0.

n—1

K(n) = Zk!,n e N
k=0

Clearly W(n) is the (n — 1)th partial sum of the series Y>> n!. Barsky
and Benzaghou [9] have recently proved what was known as “Kurepa's left
Jactoral congecture.” The following is the statement of the conjecture.

Theorem 3.4.4. The following slalements hold
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(a) For every n > 2,
(W(n).n)=2.

(b) n does not dinde K(n) for every n > 2.
(c) p does not drnde K(p) for every odd prime p.
(It can be shown that (a), (b). (¢) are equivalent ).
Baisky and Benzaghou [9] proved Theorem (3.4.4) by showing that p does
not divide J,_1 — 1 (for the definition of g, the n'" Bell number we refer to

Detinition (3.6.6). However, from Corollary (3.6.8) I{(n) is related to Bell
nubers 44, through the following congruence:

K(p)=f,-1—1 (mod p)
Now, for an odd prime p, using Theorem (1.5.2) it is clear that

la = K(p)|, <1/p.

Hence, we have o = K (p) (mod p). for every odd prime p. Thus laf, =1 for
an odd prime p.
Let ns assume that o is an arbitrary but fixed rational number independent
of the norm, that is. o = ¢ where (a,b) = 1 but
lalg = |00+ T4+ 20+ 31+ - -5

=10 + 4! + 51 4+ 6! + - - -],

=1/2[54+ 412 +51/2+61/2+ -+ |, = 1/2.
Thus by lemma (3.4.3), a = £2.
That is,

either « —2=00r, v+ 2=0

Which gives either
F20 30441451 4. =0 (mod 16)

Or .
24004+ 421431+ -.. =0 (mod 16)

Neither of these assertions holds.
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3.5 Y - ,n! and subfactorials.

- . . . . o
In this section, we explore the relationship between the series D >~ n! and
certain interesting sequences of rational numbers known as subfactorals.

Definition 3.5.1. For a positive integer n the subfactoral, S(n) is detined
as follows:

S(n) =n! i(—l)k/k!.

k=0

S(n) can also he characterized as the number of derangements of n ele-
ments which is also the number of permutations of n clements without anv
fixedpoints. We now list a few interesting properties of S(n).

S(ny=nS(n - 1)+ (—=1)"
S(ny=(n-1Sn-—1)+Sn-2)

The following proposition due to Bernd C. Kelluer [6] relates subfactorials
to Kwmepa's left factorials.

Proposition 3.5.2. For any wnteger n > 2,
K(n)y=(-1)""'S(n—1) (modn)

Proof. The proposition is trivial for n = 2. Consider an integer n > 3. The
definition of S(n — 1) then gives us

n-—1
(=) 'S =1) =) (=1 (" N 1>(n ~ 1=k (3.10)

k
=0

Changing, the mdex of summation. & by n — 1 — & and noting that

(") =Gk

Eq(3.10) can be written as

-1
(-1 —1) = 3 (- 1) (” . 1>k!.


file:///n-l-k

Now, for 0 < k < n — 1, one has

(—1)" ( k 1)’“ (=1 = 1) (0 = K)
= k! (mod n).

Therefore
n—1
(=)™ 'S =1)=> (-1 A'( )
k=0
= ZL' (mod n)
k=0
which proves the proposition. O

The following proposition gives a« = Y o n! as the limit of subfactorials.

Proposition 3.5.3.
= — lim S(2" - 1)

n—x

considermg convergenee with respeet to 2—adic norm.

Proof. By proposition (3.5.2), we have

K2 =-S(2"-1) (mod?2") (3.11)
where K(n) denotes the Kurepa’s left factorial function.
Also
a = lim K(n),
in Q.

It follows from the congruence (3.11) that
o = —Hlm S(2" - 1)

-
i QQ. ]
It is elear by a similar argument that

o = —lim S{p" — 1)

n-—o00

considering p—adic norm for any prime p.
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3.6 Factorials and Stirling numbers

The Stirling number of first kind, s(n, k) for positive integers n, k is defined
as the number of ways to arrange n objects into & cycles and denoted as
s(n, k). It can also be characterized by the recurrance relation

s(n,ky = —1)s(n—1Lk)+s(n—1.k=1).

For analvsing Stirling numbers further, we require the concept of falling
factorial and rising factorial. For a real number & and a positive integer &
falling factorial r* and rising factorials £* are defined as.

r=rlz—D(r—2)--(r =k +1).

A=+ D) +2) (e k=1

Stirling number of the first kind can also be characterized as the coeflicients
of [alling factorials that vield ordinary powers. Stirling numbers can generate
factorials as given by the equation

n

Zs(n,k) =nl. (3.12)

A—0

Swinming up this equation as n takes the values 1,2.3,--- ,m ,we have

m m h—n
E n! = E E s(n, k).
n=1 n=1 k=(

Thus stirling numbers of the first kind are the building blocks for series with
factonals.

However we are more interested in another kind of Stirling numbers
called Stirling numbers of second kind and denoted as S(n, k). Unless we
explicitely mention by Stirling numbers we mean Stirling numbers of the
second kind. Stirling numbers of second kind S(n, k) can be defined in a
number of ways. The following gives these numbers based on partition. A
partion of a set {1,2,3,--- ,n} is a collection of non empty pairwise disjoint
subsets of {1.2,3,--- ,n} called blocks whose union is cqual to {1,2,--- ,n}.
For example {1.2}. {3, 4} is a partition of {1,2, 3,4} into two blocks. Stirling
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number of second kind, S(n, k) is the number of ways in which we can parti-
tion a set with n elements into exactly k subsets. However in this dissertation
we would be mainly regarding these numbers as the numbers generated by
certain recurrence relation given helow:

Sn+1,j) =8 = 1) +35(n,))
where n and j are positive integers and
S(1,1)=1,5(1,0) = 0.

This 1ccurrence relation is similar to the recurrence relation for the binomial

coefficient :
n+1 _(n N n
r+1/) \r r+1

except for the coefficient j occurring in the first relation. 'The following
proposition relates powers of x with falling factorials through Stirling num-
bers.

Proposition 3.6.1. For any positive integer n

n

"= z S(n, kot

k=1
where v stands for an imdeterminate.
Proof. The proposition can be casily proved by induction on n. O
Now, noting that
(—)r == 'rlr+1)(@+2) (2 +n-1),

we obtain from Proposition (3.6.1) the lollowing relation:

k=n
7 =S k)(—1)" Rk
k=1
This can be put in the form
k=n

=N "8 (nk)(~ 1) Rt (3.13)
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Taking » = 1,2,3,- -+ successively in (3.13), multiplying the resultant equa-
tions for r = j by 3! and finally addding up, we get

1" -1 1! + 211-12|
= SN S(n k) (~ )" MM+ ST S k) (- 1) Rkt
(3.14)
The preceding scries comverges in Q,, because of the fact that the series
>y n! converges in Q, and the following observation:

a1
1k'77’:(]+k—1)!.

and thus equality (3.14) is valid in @,. Thus we have

h=n k=n

1 hponTiatgy L = ZS(H,A‘)(—I)""‘A'!—%Z S(n, ) (=D M+ 1)+

Assembling the coefficicnt of nl, (n + 1), (n +2)!,--- and observing that the
coctlicient of each of these factorials is the alternating sum

S(n,n)—=Sm,n—1) -+ (=1)"S(n. 1),
we have

1:1—11!+271—12!_+

={S(n,n)-Sn,n—-1)+ -+ (_1)'115(7]‘ N} Z,O;, Nt (3.15)

whete ¢, is a constant depending on n. Just for notational convenience, we
replace n by & to get the following equation

[N LR L]

={S(k k)= Sk k—1)+ -+ ("1)"5(/\', 1)} Z?_O—_L o (3.16)

Let us set, using the notation of Murty and Sumner [21],

o0
g nfn! = ara + by.

n=()



where a;. by are unique integers and o = 37 n!(as an element of Q, Now.

assume there is a prime p for which 3720 - n*n! is a p—adic irrational. Com-
paring coefficients of 1 and « in equation (3.16). we have

h+1

ae = (=D)*S(k + 1,2). (3.17)

=1

This relation is due (o Murty and Sumner [21] and will be used repeatedly
in what follows.

Lemma 3.6.2. Y | n*n! can be the same rational number m all Q, of and

only 1f
A+1

S (=D)MS(k+1,2) =0

=1
IProof. Proof follows using the fact that o cannot be same rational number
independent of prime p. 0

The preceding lemma shows that Stirling numbers could play an impor-
tant role in answering rationality of p—adic series.

Proposition 3.6.3. For every pair n.k of positive mntegers

}‘ .
S(n, k) = Z%(’]‘).ﬂ'<~n"‘*’.

=0

Proof. Denote the sum on the right hand side of the above equation bv
a(n. k). Since o(1.1) = S(1.1) = 1 and ¢(1,0) = S(1,0) = 0. It suffices
to show that a(n, k) satisfies the recurrence relation for Stirling number of
second kind.

Now, a(n + 1,k + 1) is given hy

k+1

o(n + 1,/{+1):Z

7=0

1 +1 A1
n -1 41—y
R
which 1s the same as

(]{—}—1)"“ k _Jju(_l)k—;
(k+1)! k41—

on+1,k+1)= (3.18)

g==0) (
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Writing —j as k + 1 — j — (k 4+ 1), it is clear that
-j 1 k¥l
(k1= (k=D . (B+1-=7)Y

Multipling this equation by j7(—1)*~7 and then summing up with respect to
j it is clear that

k

oo - n h-

=jj" =Dk Jr (=t G (=17
7RI TS k4 1)——r
;(/‘ + 1=l ?‘;(k—J)U ;( )(/»+1—1)"

Observe that one of the term on the right hand side is o(n, k) and so using
(3.18) we get

N (R )P N o ) L AP
o(n + LA +1)~~—————(k+1)! (k+1)§(. '!j!+ (n, k).

The first two term on the right hand side of previous equality when added

gives us

(:I\: + l)"+1 )"’_7 htt 4'71(___1)Ir+l‘]
(7 1) ‘“‘“Zwl TP DAy

which is nothing but (& + )o(n, k 4 1).
Hence the result follows. U

Before proving next proposition we give a table for the first few values of
S(n.k). We assume S(n,m) =0 for m > n and 5(0.0) = L.

n | Sn.0) 1 Smn,1)|Sn2)|Sn3)|Shd)|Sn>5)]Sh,G6)
0 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
2 0 1 1 0 0 0 0
3 0 1 3 1 0 0 0
4 0 1 7 1 0 0
) 0 1 15 25 10 1 0
6 0 1 31 90 65 15 1
7 0 1 63 301 1 350 140 21




Looking at this table, one can guess that if 2 < j < p — 1 then the Stir-
ling numbers S(p, ) are divisible by p for a prime p less than 8. The next
proposition confirnis our guess.

Proposition 3.6.4. Lel p be an odd prime and k be an integer such that
2< k< p—1 then
S(p,k) =0 (mod p).

Proof. By Proposition (3.6.3), we have

k

s = 3 3 (£) -

J=1

On the other hand, by Ferinat’s Little theorem, for any integer j,

£ =7 (modp).

It follows that

k
S(p. k)k! = Z ( ) )*=75 (mod p).

j=1
Observe that
k k
. k-1 o
Z( ) 1) '7::2(. )(—1>‘ =0,
J=1 =1 M !

The required congruence follows from the fact that for 2 < & < p — 1,
(Kl.p)=1. d
The following is a result stated by D. Barsky and B. Benzaghou [9].

Lemma 3.6.5. For a prime p and any positive integer j such thal 1 < 5 <
p—1
Sp-1)=(p-1-~ 7)) (mod p)

Proof. We prove the congruence by induction on j. By Wilson's theorem,
oue has

(p—2)=1 (mod p).
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Since S(p — 1,1) = 1, the lemma holds for j = 1. Assume that the lemma

holds for some j > 1. So using the congruence S(p,k) = 0 (mod p) for
2 < k < p—11in the following recurrence relation

S(p.j+1)=S(p—1,4) +(+1Sp-15+1), (3.19)

we oblain

Sp—-1,5)=-(+1)S(p-1.7+1). (3.20)

Ising our induction hypothesis, S(p—1,7) = (p—1—j)! (mod p), it is clear
that

(p-1=7)'={p=(+DISp=1j+1) (wodp) (3.21)
Cancelling p — 7 — 1 the induction argument is completed. O
We now introduce Bell numbers.

Definition 3.6.6. For any positive integer n the nt" Bell number, /3, is the

total number of partitions of a set with n clements into disjoint subsets.

For example, B3 = 5 because we can partition {1,2,3} into subsets as
follows:

{re3h{12u {3k {1.3)u {2 {1} u{2,3}: {1} U {2} U {3}
The first few Bell numbers arc as follows:
1,2,5,15,52,203,877,4140, - - -

The values of some more Bell numbers can be found at Sloane’s Ounline
Encyclopedia of integer sequences (see AO00L10). We now state some of the
results without proof. The fundamental recurrence for Bell numbers is given

hyv:
n n\
ﬂn+l = Z (]\‘) ﬁ/}n—k

A=0
We arc interested in Bell numbers as they are related to Stirling numbers.

Proposition 3.6.7. Let n be a postlwe mteger then 3, =3 _, S(n. k).

[}
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Proof. The proof is clear using the definition of Bell number aud the defini-
tion of Stirling numbers through partitions. O

Corollary 3.6.8. Lct p be a prime number then

p—1
B —1= Z(p —1-7)! (mod p).
1=0
Proof. Proof follows from Lemma (3.6.5) and the definition of ,3,_;. |

3.7 Stirling numbers and their alternating sum

Recent works by Murty and Suminer {21] has shown the relevance of alter-
nating sums of the Stirling numbers of the sccond kind with the question
of rationality of p-adically convergent serics with factorials. For a posititve
integer n, we shall denote by w,, the following alternating sum:

n

w, = Z(—l)’S(n.j).

=0
It is clear from the definitions of a,, and u, that
an = (—=1)" Mg
The first few terms in the sequence {a, } are
1,~-1.0,1,1. -2, -9. -9, 50, 267, 413, —2180, - 17731, —50533, - - -

This sequence is the sequence A000587 of Sloane’s Ou-Line Encyclopedia
of Tnteger Sequences [24]. The integers of these sequences are also called
Uppulari-Carpenter or Complementary Bell numbers with the generating
function exp(1 — ¢*). These numbers count the excess of the number of par-
titions of {1,--- .n} into an even number blocks over the number of partitions
into an odd number of blocks. It is interesting to note that this sequence
appears in Example 5(2) of Section 8, Chapter 3 of Ramammjan’s Sccond
Notebook. By Eq. (3.17), it is clear that if

k+1
a =Y (1)K + 1,4)

=1



is nonzero then "> n*n! is an irrational number p—adically whenever
S on!is an irrational number p—adically. Now we consider certain special
values of & for which a; is nonzero.

Proposition 3.7.1. For a fized prime p assume thal o = 3 " n! 15 a
p—adic rrational number. Then for every natural number I,

[
o
E n? iy

n=0@
15 also a p—adic irrational number.

Proof. Wannemacker [29] has proved that for positive integers n, b where
1<k <2m,
?’2(5(2”. k)) = (72(]5’) -1

where v,(n) denotes the highest power of 2 dividing n and oy(k) denotes the
number of 1 in the 2-adic representation of k. We observe that oa(h) = 1 if
and onlv if & = 27 for some nonnegative integer 3. Therefore

S2" k) =1 (mod?2) ifk=2
=0 (mod 2) otherwise.
1t therefore, follows by putting & = 22" — 1 in (3.17) that
2217)
(gom _y = Z S5(2*™.5). (mod 2)
1=1
=1+1+---1 (mod?2)

where 1 added to itself 2m 4+ 1 times. Recall that

xX0
— 2%
} % T Inl = aga_jor + bon .

n=0

Since the preceding congruence implies that age 1+ # 0, it follows that
2h . . - . . . .
Yon* Inlis p-adic irrational nunber il « is assumed to he a p-adic -
rational. 0



The rationality questions for some other series, though similar to the
ones we have considered in the preceding proposition, can be settled using
different techuiques as shown in the following,

Proposition 3.7.2. Lel p,q be two dishimel primes.

Assume that a =

Yoo gnt s a p—adic wrrational number. Then for any posilive amicger m,
~ m
S n? tnlus also a p—adic irrational number.

Proof. Since

1t follows that

n=0

ann! = Z(n + D F1)

n=0 n=0

= Z(n + 1) n!

n=>0

oo k41 R
= Zi (k—:l)nrn!,

n=0 r=0

o oo 0 h-1 ]m’% 1
Zn“ln!:—~k271"n!—22( . )nrn!.

n=0) n=0 7=0

Hence the relation 7% n*n! = apa + by yields that

k-1

kE+1
@10 + by = —k(aga + by) — Z ( :r )(uru +b,).

r=0

Assuming a to be irrational for at least one prime and since «v, 1 are linearly
independent over Q comparing rational and irrational part of the preceding

equalily, we obtain

and

(3 22)

L1
k+1
WGy = —hay — Z ( ;F >ar

r==0

(3.23)

k-1
k+1
byt = —kby — Z ( ;L )b,.

=0
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m p”'+]) —

Taking & = p™ and observing a; = 0 , ( . = 0 (mod p) for r =
2,3.4,--+-k — 1 and reducing (3.22) modulo p we have

aymy =—1 (mod p).

We conclude that apmyy is a nonzero integer. Hence the proposition follows.

g

Before proving next theorem on irrationality of the series Y% nfn! we
have the folowing lemma proved by Murty and Sumner [21].

Lemma 3.7.3. If k =2 (mod 3) then 3y 1s even. otherunse 3 15 odd.

Proof. The proof is based on induction 3y = 1 and 3 = 1 and 3, = 2 . s0
(hat lemma holds for & = 0, 1, 2. Suppose the lemma is true for y < k. Recall
the recursion relation for gy

bk
ﬂl.+l - Z (J)ﬂr

7=0

By the induction hypothesis. if 7 = 2(mod3) then /3, is even. otherwise J, is
odd. Hence the recurrence formula becomes

> (ﬁ) = (i) + (D(mod‘z).

J=1.2( mod 3) 7=0{ mod 3) 7=1{ mod 3}

Let ¢ be a non-real cube root of unity. Adding binomial expansion of (1+7r)*
as 1 takes the values 1, (. ¢? we get

)=h

z (lj)fj(l O+ = A+ (4 + (L + Ca)h

1=0

Let v =1 then



Using ¢* = Land 14 ¢ + ¢2 = 0. It can be casily shown that

0 otherwise.

1+(’+<21:{

1 if k = 0(mod3)
¢F=1{¢ if k= 2(mod3)
¢z if k= 1(mod3)

Now for the other sum. Consider

Adding these together gives

J=h

7=0

Let =1

k‘ .
> C)“ O ) = 25 (L4 O 4 (1 ¢
j=0 >

Now

L+ ! +C21*2:{

0 otherwise.
Hencee

7f
1=0 7=1( mod 3)
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3 if j = 0(mod3)

3 ifj—1=0(mod3)

> (i) AFE ) =1+ 0+ GO+ o)k ¢+ )b

Z(/;)(l+<]‘l+<2-"2)=3 St =2 r R



Using 1+ ¢ + ¢% = 0 repeatedly, we get

3% oy =2 4 U OF Y

1=1(1mod 3)
- 2k + (_l)k{cwx‘ +2 + (:}H—l'}

But ¢? is a conjugate of ¢ and thus
A. .
3 Z C, = 2% + 2(—1)*( real part of ¢¥*"). (33.25)
1= 1(mod 3)

Let us note that

1 if k41 =0(mod3)
ML= ¢ if k41 =1(mod2) (3.26)
¢ if A+ 1 =2(mod3)

combining the information in equation , (3.24), (3.26) .we see that if

k = 1(mod3)

then
Sy = 0(mod?2),
and if
k = 2,3(mod3)
then
Gy = 1(mod?2)
proving the required lemma. 0

AMurty and Sumner [21] uses the above lemma to prove the following
theorem on alternating sums of Stirling numbers.

Theorem 3.7.4. Let k be a positive integer such that k = 0 or 2 (mod 3)
then ay 5 0. and S o n*nlis a p—adic irrational provided « is also a p—adic
irrational.
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Proof. We have by (3.17) and definition of Bell numbers hased on Stirling
nmnbers

A1
Wy = ZS(k +1,7) = Bry1(mod?2) (3.27)
1=1
Hence the theorem follows. O

However. we have another simpler proof of Theorem (3.7.4) as shown
helow. Consider the series 07 nb(n — 1)nl. By simple calculation, we have

x x ’ 00
Zn‘(n— Ln! = Z(n+2)‘(n+1)(n +2)! = Z(n+2)k“(n+l)2n! (3.28)
n={) n—0 n=0

Recalling the notation Y07 nFn! = ara + by and  expanding
(n +2)*1(n + 1) as powers of n and then comparing the coefficient of «
(assuming a {o be irrational), we get

k1
gy — A = Z 2’”'“‘r(a,+2 + 2a,41 + a;) (3.29)

=0

which upon reduction modulo 2 gives
ap = ay43(mod?2) (3.30)

Now
ay =0,
as = S(3.3) — S(3.2) 4 S(3.1) = —1,
azy = S(4.4) - S(4,3) + S(4.2) - S(4.1) =1
Thus we have
—1(mod2)  whenever & = 2(mod3)
ar = ¢ 1 (mod2)  whenever & = 0(mod3)
0 (mod2)  whenever & = 1(mod3)

Hence the theorem follows.
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Other congruences on alternating sum of Stirling numbers have also been
obtained hy Wannemacker like

a, ? 112 (mod 4) (3.31)

Ay = Gy 448 (I]lOd 8)
and in general .
ay = (l(”+3 1h~l) ( IIlOth ) (?32>

However, proof of this general congruence result (as given by Wannemacker)
depends on concepts like companion matrix. Jacobson canonical form. ete.
Using equation (3.29) we could possibly have an clementary proof of the
general result namely congruence equation (3.31). Murty and Sumner [21]
have obtained an expression for alternating sum of stirling numbers as e times

sum of an infinite series with usual norm. The following lemma occurs in
[21].

nh+
Lemma 3.7.5. (—1)fu, =32, n—'(—l)"

Proof. By equation (3.17). we have

(*1)’{”1‘ = Z(—l)‘]S(]\ + 15/)

121
-S> EE S cya -
721 I 0<r<y
_ (-1)’ .
P07yt
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3.8 Some questions

The material covered in this section throws up several questions whose an-

: . o
swers, as far as we know, are not known. It is clear that the series -7 n*n!
converges in every Q, for every prime p.

. . OO . .
Question 1 : Does therc exist a k € N, k > | such that 37 n*n! is a
rational nunber in every Q,7 We can generalise the previous question and
ask the question,

Question 2 : What are the integers k. j such that 320 n¥(n + j)lis a
fixed rational number?
Recall that a,(j) are defined inductively on & as follows for & > 2

ap(j) = api (G +1) = ( + Dag-1())
and
01(.7) =-J
h(j)=-K(G+1)+ (G +1)K()

We have the following question

Question 3 : For a fixed positive integer &, what are the roots of the
equation ai(7) = 07
Recall that Kurepa’s left factorials, K (m) are defined by

Kim)=10 ifm=0
=00+ 1+ 214+ o+ (m — 1)1 il m is a positive integer.

Barsky has shown that the remainder left out when A'(p) is divided by
p is a nonzero quantity. We can further investigate this result and ask the
question;

Question 4 : What is the least positive remainder when K(p) is divided
by p?
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Chapter 4

Transcendental numbers in R
or Q)

4.1 Introduction

It is often easier to decide whether a p—adic series converges or not as com-

pared to deciding whether a real series converges or not. Thus the problem of

convergence of a p—adice series is easier to handle but it is not easy to decide to

what kind of number (rational or algebraic or transcendental) the p—a(li("b(‘—
n!

nt? 4+ 1
converges p—adically to a rational number even for a single prime p. Burger

ries converges. For example, it is not known whether the series Y7

w2 +1
ing in Q, for everv prime p as well as for p = 00, is a transcendental number.
In this chapter, we show, using Lionville’s theoreni. that the sum
n!

nt?
s {
=0 121

in the literature. We begin by treating the question of transcendence of cer-
tain simple series by elementary means.

3
1 n!
: ) n!
and Struppeck [11] have shown that the series > { } , CONVerg-

is transcendental number. We have not seen this recorded



4.2 The series Y > p"

Liouville. one of the pioneers for investigating transcendence of real numbers.
. . —!

had shown that the real number to which the series 02 ((—1)"27"" converges

is transcendental over Q. Suter in [13] gives a p—adic version of the proof

given by Liouville to establish the following proposition.

o . - e o , i 20 n!o, -
Proposition 4.2.1. For every prime p, scries y o p'" converges in Q, to
a transcendental number.

Proof. Using the fact that p—adic norm of the terms of the series >0 '
are tending (o zero it is easy to see that the series 7 p" converges in Q..
Now.
let
o
=
n=0
and [ = Zﬁ:o p™ be the A™ partial sum of the series > p"'.
We prove that /3 is transcendental over Q by the method of contradiction.
So assume that /7 is algebraic over Q. We note that 4 is not a rational munber
as there is no repetition in the p—adic expansion of 3. Clearly n the degree
of .7 must be greater than 1.
[t
fO) = apr™ + "+ ag

be an irreducible polynomial over Z satisfied by /3.

Write !
q(r) = —(‘J,)T}éf“”—)

which can be shown to be a polvnomial over Z using the fact that if 7 is a
. . PRI . .
positive integer then Ty s polvnomial over Z. Clearly

‘(I(Xj)lp <1l

Also it is easy to sce that

LS(3) = F(B, = 18 = Al la(B),, (4.1)
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Choose a positive iuteger Al such that

n n
P> max ZIa,LZIaza,I,--- Jarasas---ay) 3. (4.2)

=0 =0
1]

where |.] is the usual norm on Q. Note that the highest power of p appearing
. . . | .
in f(.5) is p". so we may write

,(,3k) — anpl\-'n + blpw +e a.

Here b is a sum of the a,, and p* is the next highest power in the expanded
form of f(/%). It follows hy the properties of the usual norm that

k'n+ A
f( jk) < llt(,_}k)l < pAIJrk‘n +pl\]+1u 4. +p1\[ < Z 1)1!.
=0
Therefore,
f(//il\‘) < (pL!nHJr,’\l . 1)/(}7 _ 1) < pk"n+1+1\l.

Hence p~ G+ < (o) — fle)l, < 3-8, < p~ DL However as k
approaches infinity p~*+9" tends to zero much faster than p~*n+14A)  Thug
the preceding inequality is not valid for sufficiently large A. O

4.3 A proof of Liouville’s theorem

In this scction we prove Liouville’s theorem both in the p—adic case as well
as 10 the real case.

Theorem 4.3.1. Let p be cither a rational prime orp = oco. If a € Q, 1s
alacbraze of degree d over Q. then there exst a positive conslant ¢ such that
for every rational number r/s # a with (r.$) = 1 and s > 0, the following
holds:

| — 7‘/s|ph(r/s)d > ¢,

where

h{r/s) = max{jr|,|s|}.
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Note that the definition of k(r/s) involves the usual norms of the integers
r and s and so hi(r/s) is a positive integer.

Proof. We assume first that a is a p—adic algebraic number of degree d. In
other words, o is in @, and satisfies a monic irreducible polynomial of degree
d over Q. Consider the case when d = 1. Then a must be a rational number.
The proof of the theorem in this case follows the one given by Calegari [12].
We begin by letting «v = a/b. Choose any rational number r/s such that
r/s # a with (r.s) = 1. If the integers as and br are incongruent modulo p.
then p does not divide (as — br) so |as — br|, = 1. Thus

las — br|ph
|b""|p
h{r/s)

sl

1

- ‘bs|p'

v —r/s| h(r/s) = (r/s)

As the p—adic norm of the integer bs is always less than or equal to 1, the
theorem 1s vetified in this case. So we can assume that as, br are congruent
modulo p. Since

a = afb # r/s, it follows that as — br is a non-zero integer and for any
nonzero integer n,

1
Inlp 2 . (4.3)
n
S0 )
las —br| > ——.
P as — br

Using the Inequality (4.3) we then sec that

(o — r/s| /sy = 195 =BTy 0y
! |bslp
1

= Jas = br|jbs|,

h{(r/s). (4.4)

However

las —br| < h(r/s)(la| + |b}).


file:///bs/p
file:///bs/p

So using the fact that for a non-zero integer s, |bs|, = [blu|sl, < [blp. it follows
that
las — br||bs|p, < h(r/s)(ta| + |b])]blp.

The required inequality of the theorem then follows from Inequality (4.4).
Hence the proof follows in this case. To complete the proof of Liouvilles
theorem in the p—adic case, we next assume that « is a p-adic algebraic
number of degree d > 1. Let a = ay,ag,a3,--- ,aq be all the conjugates of
a over Q. Therefore, by the elementary theorv of field extensions if

f() =ag+ayr+ agr® + -+« Fag,rtt 4 2f (1.5)
is the minnnal polynomial of a over @, then

flo) =(r—a)(r—a))(x —az) - (r — ay). (4.6)

For an arbitrarv rational number r/s where r, s are relatively prime integers.
it is clear that

J(r/s)=(r/s —a ) (r/s —ay)-(rfs— )
and s0
sUf(r)s) = (r = sa)(r — savy) - - (r — sag).
That is,
sf(r/s)
(r—sag) - (r = sa,)
Now, it is clear that if / is the lem of the denominators of ag,ar, -+, aq_;
then (s!f(r/s) € Z. Next note that if n is a nonzero integer then |n| n|, > 1.
Since degree d of « is greater than 1, it follows that
1
s f(r/s)], > = (4.8)
P s f(r/s)l

Note that for any nonnegative integer & < d,
st < (/o))

By using Eq.(4.5) and then the triangle inequality for the quantity in the
right hand side of Inequality (4.8), we have

o« f(r /s {I{lag] + ar] + lag] + - + lag-a| + 1}
el = {h(r/s)}

= C{h(r/s)} ¢ (4.9)

= (r/s —a)s. (4.7)
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Where C' = {I(Jao)+]ay] +]aa] +- - +]aa—1 +1])}7! is a quantity independent
of r/s. Using Inequalities (4.7). (4.9) and the non-archimedean property of
p—adic norn, we have
¢
77 (/) } T Zymaz{{rl, [slolo ], }
Cy
2 =
{h(r/s)} I Zomar {1, oy}

as |n], < 1 for n € Z. Now for a given a its conjugates are fixed and thus

slplr/s —al, 2

H’ amar{l,|a,| }

is a constant. Hence the theorem follows in the p—adic case.

Next we consider a to be a real number. As in the p—adic case, we star(
the proof by assuming a o be an algebraic real number of degree 1. Clearly
a = a/b lor some relatively prime integers a, b, b # 0 then

las — br|

_ 2}*1(7‘/8) — W—h(r/s).

But as — br is a nonzero integer hence |as — br| > 1. Thus
a r 1 1
2 (8 > —h(r/s) > —
G Shrs) 2 phtr/) 2

Hencee Liouville's theorem follows for an algebraic number o € R, of degree
1. To complete the proofl in the real case we assume a to be an algebraic real
nuniber of degree greater than 1. Let

f(r) = ag+ ayr + agr®* + - 414

be the minimal polvnomial of a over Q.
Now by the Lagrange’s Mean Value Theorem, there exist € such that

—[(r/s) = [(a) = f(r/5) = (@ = r/s)f(£) (4.10)

where cither r/s < £ < a or v < € < 1/5 If our choice of rational munber
r/s leads to Ja — &} > 1 then

| —r/s| > 1.
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Thus
lov — 7 /ss > 1.
Now, one can assume that Jo — &] < 1. Since f/'(€) = f'(é —a+«), ['(&) can
be considered as a polynomial in variable o — €. Thus f(£) can be bounded
above by a number ¢ depending on a only. It then follows from Eq.(4.10)
that
=/ (r/s)]

\f/(g)—l__ > |=f(r/s)le. (4.11)

Note that f is an irreducible polvnomial of degree greater than 1. Therefore.
a calculation. similar to the derivation of Inequality (4.8) shows that

s (/o)) > 1.

o= rfs| =

Using (4.11). we thus obtain
I
lov —7/s| > ~t
Hence the theorem holds in this case too. J

Liouville’s theorem for the case degree of a being equal to 1 gives a
criterion for rationality of a. The following lemma gives a criterion for irra-
tionality of n € @Q,,.

Lemma 4.3.2. Lel {p,/q,} be a sequence of rational numbers with p,.q, €
Z.qy # 0 and with the. sequence {q,} unbounded and suppose there exists a
d > 0 such that

1
b, (771(1.r{|p,,[. |}

for sufficiently lavge n then o is an irrational number.

Pn

Un

<

(1

(1.12)

4.4 Liouville’s number

A nuniber o is said to be Liwouwille’s number if there exists,
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(a) an infinite sequence of distinet rational numbers in the lowest form
given by

Pi/Qu Pa/Qq, P3/Q3, -

and
(b) an infinite sequences of positive numbers
{A1, A2 A Ay}
tending to mfinitv, such that
0<la—=P/JQu <H™ (n=123"")
where H,, — max(|P,].]Qx]).
Lemma 4.4.1. Lrouwlle’s numbers are transcendental.

Proof. Note that |a = P,/Q,|HS < HI=* . However H A tends to zcro as
n — nc. The lemma follows by Liouville’s theoren. O

However there are certain transcendental number which are not liouvilles
nuniber at all mnany of the well known constants like 7, e ete. are not Liou-
villes number. As an application of Liouville’s theorem, we have

Example 4.4.2. Y>> k="' is a transcendental number for & in
Z\A{L,—1.0}.

The proof will follow by using the partial sums of this series and showing
that for a given d. ’

lim |o — s,,|ph(s,,)" =0
n—oc

As another application of Liouvilles theorem we have a proof of irrational-

- x 2 . .
ity of 370 (0" S22 p* where 1, denotes the n'? term of the fibonacdi
sequence

Proposition 4.4.3. > > P s an wrational number p—adically
Proof. Let a =352 p% . Q, = S0, p"

Then
la — Q. lp

!p(u-f-l)z + p(n+2)z 4 p(n+-5)2 4. |

N p
— p—(n—H)‘

-1
o



Thus
n
2 ZZ
o = Qul Q) =p™ "> p
1=0

2 2
< p—(n+1) (” + 1)pn
— (77 + 1)])72n—1
which tends to zero as i tends to infinity. Thus by Liouville’s Theorem
o0
2
T
>_p
n=0
is an irrational number p—adically. O
Proposition 4.4.4. Let u, denotes the n'" Fibonacer number. Then the sum

o Uy g Fnyery b \ , _ N
ST P s an irrational number p—adically.

Proof. Let

00 n
2 _ § : u,
o = E p n~Q71 = P

n=0 i=0
Then
e |l e, (T .
o= Q,, == [phern 4 pherd 4 pheed |
g ])_“\l D
Hence

v — inph(Qn)
tends to zero as n ends to infinity. Thus by Liouville's Theorem Y7 p* is
an irrational number p—adically. U

00 ! 12
4.5 Transcendence of the sum »_ 7 (—55)"

In this section, we show that the p—adically convergent series

e n! nt2 e , ’ 3 ae woll ac n — ’ ' . adic
Y nzolGg)" (for any prime p as well as p = 00) converges to a p—adic
ninuber {ranscendental over Q. We begin by a preparatory results.

Lemma 4.5.1. For any real number ¢ > 1 and a positive inlcger k., there
exists a nonnegative integer N such that for every n > N,

n S



Proof. By the well known formula for binomial expansion. we have

g=0 >
Now for ¢ > 1 each term of the preceding sum is positive, so for n > 2k

qn >7’C’2/~ (q . 1)2!:

n(n—1)---(n—2k+ 1)

@) (¢ —1)*.

Next we choose
n > 4k —2;
note that as & > 1, this choice of n is still possible under the previous
condition n > 2k then it is casy to sce that for such n
(n—=2k1t1)>n/2
so that for anv nonnegative integer j such that 3 < 2k — 1 we have
(n—j)>n/2
Henee we may conclude that

712}.

n(11—1)---(n—2k—|—1)>§27.

Thus o o
w0 (g 1)
22k (28)!

Thercfore if n is chosen large enough such that

24 (9171
> s fon -, 200

(g —1)*
then
2%
7 o
q' > S —1)2
! 2~"~(2k)!(q )
> nk.

Hence the desired result is obtained. O
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Corollary 4.5.2. Let ¢ > 1 be a real number, n be a nonnegative mleger
then there exists N sueh thal for every n > N,

q" > (n+ Dk

Proof. By the above result there exists an integer N such that ¢" > (n)**
for every n > N but for n > 2,n? > n + 1 and thus ¢" > (n + 1)* for every
n>N>2 OJ

Lemma 4.5.3. Let d be a fixed positive integer, ¢ > 1 be a real number. we
define ,
P(n) = {II=0(i1? + 1)}
Ryn) = (¢
Then

J
lim P(n)

= 0.
n—oo [te(n) -

Proof. Tt is clear from the definition of R,(n) that

11)‘1(” + 1) _ q{(11+1)(n+‘.2)2—n}(n+1)!2
Ry(n)

- q{n3+5112+7n+4}(n+1)!2'
Note that for every positive integer n.
460 +Tn+42>nm? + 50+ 7).

It {follows that
R,(n+1)
IR, (n)
Therefore Corollary (4.5.2) with k = 8d together with the preceding inequal-
ity (for sufficiently large n) implies that

(( n)(n+1)!'z(nz+5n+7)

Y

By(n+1) 2\4dY (n+1)2(n? 45
RRUAY > n+1 dy (n+1)!(n +on+7).
o 2 ()

Ohserves that

N2+ T>n? 45 (n+1)2>2n+ 1)
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Thus we have

R,(n+1)

> 2 +1 2\2d (n+1)12(n?+5n)
e R ORI

However

{(n + D2 > {4 DY ((n + DB > ((n+ 1P

This shows that

]fq(n + 1) 2 1y (n+1)n
— el > ) e+ 1)°
P(n 41) .

Py

Thus .
R,(n+1) S 2I (n+1)

R,ny — P(n)

Iy(n +2) > 92 Ry(n)
Pn+2y = P(n)

and

Thus for n > N

Rq(n) S 271_NR,,(N)

P(n) — P(N)
Thus tor a fixed N as n approaches to infinity, we have
R,
lim ﬂ =
n—oc P(’I?)

and hence the lemma is proved.
We are in a position to prove our main theorent.

Theorem 4.5.4. The sum of the convergent serres

o

- 'II! n'2
Z‘(71!2 + 1)

n=0

wilh 1cspeet Lo every norm on Q is a lranscendental number.
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Proof. Let

> Ti! 2 - l' 212
=2 (i@ o) 2 G

n="_ 1=0

Since for a positive integer ¢,

7!
<1/,
W2 4+1 - /
it follows that )
7! 12 < J/ 1
el S
which gives
x
T < L 1/#! = e, the well known constant. (4.13)
=0
Let )
I, = =02 4 1)
then -
n i’ _H'n
2o TN
., (12 +1)
" I,

(,71 . . o, . . . .
Let r, = — where a,,. b, are relatively prime positive integers then b, divides
n
I1,, so

2

1<b, <IIZ(PH 1)

and
1<a, <elZ03% 4+ 1)

Recall for a,, > 0,0, > 0 and (a,,b,) = 1, I(r,) is given by
h(r,) = max {a,, b,}.

Thus ‘
hr,) < {eIl=R (it 4 1)™ ). (4.14)

We know that
lim |or — 7| = 0.
ko r
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Thus there exists an integer A, such that for every k& > Al,,
2
la =], < |(n+ 1)1+ |- (4.15)
However, for k > n. the non-archimedean property of the p—adic norm yields

) ’ k4 1) ' .
)("+1)Z_§_... (_(i_l__)(Hl)zl (4 16)

(n - 1)!
|7 —"1:§,,*:|(( (k-+1)1241

n+ 112 +1 »

Observe that for n > p, 7 € N,
(n+7+ 1P +1] =
Hence Equality (4.16) reduces to

ll-A - 1-”lp = max {l((,n + 1)!(n+1)|2|
< |((n T 1)!(,:“):2‘

(ke + 1)HEED)

»’

(4.17)

r

Thus for & > mar{n+ 1, AL}, using equality (4.15) and (4.17), we have

loe =71, € max {jo = rif e = ra ]} < (0 4 1)! "*”'ZIP. (4.18)
Hence using Inequalitios (4.14),(4.18) we have
= 7l () < (o DI LT (2 4+ 1) )
Using the formula for [n!] from Chapter 1 it follows that
Spnt i)y, 12
|” . 7'"|;,h(!',,)d SP{ e }( D } {Hz~n |2 + 1)7|2}d
For k€ N . il we choose ng = p* — 1 then —M:,w = —-l—}'i_*—l
SO
0= Pyl ) < LB G 4 1)y (g 17
=e"P(ny)/R(ny)
which tends to zero as ny — oo by Lemma (4.5.3).
]
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Lemma 4.5.5. Forn.k € N, k > n the following incquality holds in R

(” + 1 (1) (]L' + 1)' (k+])'2
—_ . Wm [ TR (U O A, 4
‘ﬂn+UW+1} e e ) |
< 2{ (II + 1 }(n+1

(n+1)124+1

Proof. Using 2(n + D!(n2 +1) < (n)Y(n + 1)!? + 1 (which is true for every
€ N ) we obtain

(n+ 1) 1/2 n!
(m+1)12+1 7~ 7" n2+1
thns
S (U ) Yo DE N /24 1/ 184 -
G |_{<(n+ ) 2 141
. (n+ 1) }("+]
m+1)2+1
J
Proposition 4.5.6. > > 11,2’;1)”!2 15 a transcendental number when the

convergence is considered with respect to the usual norm.

Proof. Proceeding as in Theorem (4.5.4)and using previous Lemma (4.5.5).
we have

. d (II + 1 (n+ l)'z 1“71 |A. 2
1 2 12
<92 (n+1)! =" 1) d
— {(,n 4 1) } { 1= ()( + ) }

Again it can be shown that

lim { e LT @ 1)) = 0.

nh (n+ 1)
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4.6 Some questions

Burger and Struppeck [11] have shown that the power series
00 | n'?
n n
nt? 41 L
n=0 :
comverges 1o a transcendental numbers for cvery rational number ¢ # 0 and
with respect to every p—adic norm on Q.
Question 1 : Does there exist an irrational number r such that the sum

n! n*

n? 41
Recall the definition of Liouville's numbers given in section (4.4)
Question 2 : Is the real number

n

of the power series Y 7™ in R is a rational number?

[ 13

S {at
12
—~ nts+1

a Liouville’s nnmber?
It is easy to see by the standard comparision test that the series

converges 1o a real number.
Question 3 : Is the real nuniber

o

1
Z n'

n=0

a trauscendental number?
~ . . .
Let f(r) =73 a.r" be a power series whose domain of convergence is
R.
Question 4 :  Does there exist a sequence of irrational numbers {a,}
sich that for a fixed but arbitrary r € Q, f(r) is a {ranscendental nunber”

n'?

. n! : . .

If we write the sum Y7 {'Z—H} in the usual decimal expansion
n!

of a real number given by
ay.aag...
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than is it true that g, never vanishes?
i - p wies x 1 - 2 Taeh i s _
It is known that the scries )~ ° (= converges to 7°/6 which is a tran
scendental number.
Question 5 : Doces the series

= (-1
E) (2n + 1)5

converges to a transcendental number or even an irrational number?

The sum -
> o
“— (2n + 1)2

is known as Catalau’s constant.
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