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This thesis can be broadly divided into two parts. The first part deals with 
the (juestion of finding a series in Q wliich converges to different jjreassigned 
p—adic nunibers whereas the second part deals with infinite p—adic stories 
involving factorials, namely series of the following three types: 

• 

• 

• 
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In what follows wc briefly describe about the thesis chapter wise as well 
as broadly outline main results of each chapter. 

In Chapter 1 we introduce p - a d i c norms, convergence with respect to 
those norms as well as with respect to the usual norm. We also define alfjr-
brnir demeni over a general field F. However in the later chapters we restrict 
the study of algebraic element over the field Q only. 

Bmger and Slr\ippeck [2] have obtained a series in Q converging to pre-
assigned p—adic numbers as well as real number with respect to respeclive 
norms. In Chapter 2 we have a compiitationally efficient algorithm as w(>ll as 
an elementary proof for the existence of a series converging to given p—adic 
munbers as wcdl as real numl:»ers. Using this efficient algorithm we have com­
puted first few terms of a scries converging to 0 with respect to p - a d i c norms 
as well as converging to e with respect to the usual norm. 

In Chapter 3 the question of the rationahty of the series of the type 
X^J^o "*("• + J ) ! for fixed po,sitive integers k,j has been studied. Murty and 
Sumner [4j have proved that the question of rationality of the sum of the 
7?-adicaIly convergent series X ] ^ o " ' " ( " +•^)- ^^ finked to the question of 
"non-vanishing of Uppulari-Carpenter numbers.'" We explore the work o'i 
Murty and Sunmer. Also it has been found that Stirling numbers, Kurepa '.s 
number and certain polynomials (see section (3.3)) etc. could help in our 
study of the yj—adic series. So we introduce and study these immbers as 
well as polynomials. Wc also study the approach taken by Dragcjvich [1] and 
olitain a simpler proof of some of the result of Murty and Sunmer [4]. 



Using ideas similar to the well known pr.oof for the transcendence oi' 1 IK; 
sum Yl^=n 2~"' (using Liouville's criteria) Suter [3] has obtained an elemen­
tary proof for the transcendence of the p-adic sum X^j^oP"'- We begin 
fourth chapter by including the proof of transcendence of the p—adic sum 
ll^r^oP"' '^^ given by Suter. Using Liouville's theorem Burger and Struppeck 

. . , , - 3 

[2] have shown that- the series Yl'^=o { "jo^— ) converges to transcenden­

tal number with respect to p—adic norm as well as the usual norm on Q. In 
?;! 

Chapter 4 we give a proof for transcendence of the sum Yl'^=o \ 12 

As these results depend heavily upon Liouville's theorem, we include a proof 
of this theorem as well. 
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Preface 

p—adic numbers were first studied systematically by Kurt Heusel (18(51-
1941) in the first decade of the twentieth century- Though these numbers ap-
pe.ued strange compared to the familiar real and complex numl:)ers, Hensel's 
id(>a of completing the rationals with respect to the p—adic distance on the 
lationals (which he himself introduced), put these numbers on a firm mathe­
matical footing. Though Hensel's idetis had their origin in Kummer's remark-
al)le work on (tjclotonnc fields, it WHS only when Ostrowski(1918) showed that 
the /J—adic numbeis behave like the real nimibers in a number of ways that 
the significance of the p-adic numbers became clear. 

1 he realization that the field of/;—adic numbers (for each rational piime 
/;) is as naluial as the field of real numbers has had a profound influence 
on the development of number theory as the growth of class number tlu^-
oiy and adelic idcvis testifies. One of the crowning achievements in this 
rc\spect was the discovery of the p—adic Ricmann Zeta function by Kul)ota 
and Leopoldt in the sixties through their interpretation of Kumnvr's Con-
qntcnccs of Bernoulli's numbers. In the seventies Iwasawa wa.s able to find 
lemarkable connection between cyclotomic fields and p—adic L-furict/oiis. In 
fact, one can say without any exaggeration, that the proof of Fermat's Last 
Thton ni by Wiles, using elliptic curven, has becni made possible by the c^xlcni-
si\'e work on p—adic L-functions and p—adic modular fonns. among others, 
cairied out in the last forty years. 

At another lev(>l, p—adic methods have been successfully used in deriv-
mg c'ongruencc\s involving hmomial coefficients. Bernoulli's numbers. Apertj 
uvmbers, Stnhrig numbers c4c. modulo powers of prinres. For example, the 
determination of certain binomial coefficients rrrodulo p'̂  b> Chowla, Dwork 
and Evan [28] depended on the p—adic Gamma function and the Gross-



Kohlitz fonmila for Gaass sum. Hahn ami Lee [29] used .similar teclmi(jue,s 
lo i)rove generalisations of such congruences (this type of congruences go 
hack to Gauss, Jacobi and Eiscnstein). On fhe other hand, Washington [19] 
has used properties of p-adic L-functions to generahsc classical congruences 
for sums of powers of integers mod p. Thus there is ever-increasing use of 
/>—adic methods in the study of various aspects of elementary number theory 
too. 

In the last few years, p—adic numbers and techniques have been used 
l)v several physicists to give new uiterpretation of some ideas from physics. 
Apart from application in Quanium mechanics, one can cite a new model of 
spac(-1nnr which uses p—adic concepts. On the other hand, recently there 
has been some path-breaking work in genetics using p—adic methods. 

In fact, p—adic methods, because of some inherent properties of p-adic 
niunbers, are suitable for studying structures or phenomena in which tree-like 
formaticms or hierarchical JormatwiJS are encovmtered. This explains some 
atU^nipis (o apply p—adic analysis in economics and social sciences. 

As far as p—adic analysis is concerned, p—adic functional analysi', has 
witnessed a tremendous growth recently. On the other hand, there has hccn 
a growing mterest in understanding various aspects of series of lationals 
wliich converges p—adically for every prime p. This dissertation is basicalh-
a study of certain questions abovit some such series. 

Broadly speaking, we study the following three topics in this dissertation. 

(a) the development of an efficient procedure for computing a series of 
rational numbers which not only converges p—adically to any given 
p—ndic numbers for each prime p, but also converges (with respect to 
the usual norm) to any given real number; 

(b) the study of the rationahty questions of certain series with factorials 
which converges p—adically for every prime p; 

(c) the study of the question of the transcendence of certain series with 
lactorials which converges p—adically (for each prime p) as well as with 
respect to the usual norm. 

Now we give a brief description of the contents of each of the chapters of 
out disseitation. 



The first chapter is introductory in nature. In this cliapt(n- we have in-
(roduccd basic notions hke valuation of viiegers, p-adic norms, convergence 
with respect to p~adi.c norms, algebraic element over the field Q etc. 

Burger and Struppeck [11] have described a procedure for obtaining a 
seiics which converges not only to pre-assigncd real number but also to pre-
a-ssigned p-adic numbers (with respect to every p-adic norm, p l)eing a 
prime). In the second chapter we modify the proof of Burger and Struppeck 
as well as, obtain an algorithm through which we could compute a series 
in Q converging to pre-aiisigned number of the type mentioned above. This 
algorithm is much simpler to handle as compared to Burger's construction. 
This simplification is due to the fact that, the new algorithm does not involve 
the Cliinesc Remainder Theorem. We also include a few computational woik 
based on the new algorithm at the last portion of this chapter. 

In the third chapter we study series of the type X ,̂̂ |̂)n'̂ (?j + /)! wheie 
k,i are non-negative integers. We also look at a few special cases. We 
have connected the general series J ^ T ^ O ^ H " + j ) ' '̂'̂ ^i t-̂ ^̂  series X^J^^o"! 
ushig certain polynomials (it^{j), bi,.{j) (where j is an indeterminate ). The 
polynomial ak{j) has the property that if afr(j) hfv6 an integral root jo (sav) 
then X Ĵ̂ Q n'''{n + jo)' 'would be a fixed p—adic integer whatever be the ^•alue 
of the prime p. 

Murty, Sunnier [22] and Dragovicli [3] have stiidied the series 
X]^-o"*(" +.7)'- 111 fa<^'t^ Murty and Sunmer have explicitly expressed the 
sum X^j^o"'''^' ill terms of the sum X^,^f)"' using Stirling numbers. We 
study the series X],^(, î n̂,! using the technique developed by Murty, Sunmer 
and Dragovich and a few other preliminary techniques. This study leads to 
a simplified proof of some of the results of Murty and Sumner. A])art fioni 
Stirling numbers (as will be clear from the results in second chapter) that 
Kiiu'pa's nmiihers. Bell nimihers etc. helps in concluding rationality of the 

'̂1111 Er=o"*" ' -
We begin the fourth chapter by introducing a few preliminary as well as 

known results. One of these is "the series X ^ ^ Q P " ' converges p-adically to a 
transcendental number'. Lioumlle's theorem-ia an important tool for th(> next 
ri>sult of the fourth chapter. We include a proof of the Liouville's theorem 
both in the real case as well as in the p—adic case. Burger and StrujjjK'ck 
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toiiverges to a trausccndental number. The proof can be easily niodiiiefl 

( n\ y-" 
to show that the series Y f̂̂ n —^. I converges to a transcendental 
number for every k > 3. In this chapter we show that the sinn of the series 

X .̂T-n I ~r^—7 1 i'"* «l''̂ o a transcendental number. 

IV 
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Chapter 1 

Basic concepts 

1.1 Introduction 

111 this chapter we introduce some ba.sic concepts mainly from /;—adic anal­
ysis. We also include results which arc needed for this survey, most of them 
without i)roofs. The i)ioofs can be found in standard hooks on p - a d i c anal-
\sis sui'h as Kobhl/ [25]. 

1.2 Normed fields 

l b hv able to do analysis in a field, one introduces a metric space structure 
on the field through the concept of a norm. As usual, R denotes the field of 
real numbers while R - denotes the set of nonnegative real numbers. Also, for 
any held F. we shall denote by Oj- and IIF as the additive and multiphcative 
identitv of ¥ respectively. 

Definit ion 1.2.1. Let F be a field. A mapping |.| : F -^ R - is a norm on F 
piovided it satished the following: 

(a) For every ,/• E F, | j - | — 0 if and only if r = Op. 

(1)) For every .r,y e F, 

') I'"or every .r, // E F. 

l-'7y| = kl |y | -

I-'" + !/\ < k l + l?y|-

3 



(d) If. iiLslead of coiicliLion (r), |.| satisfies the stronger inequality 

l-J' + ,'y| ^ max {|x|, |y|} 

(hen the norm on F is said to be a noTi-arclinnedean norm. 

In fact, a non-archiniedian norm on F satisfies the ''isoscdes Irianqh' 
property' which says 

\j' + y\— max {|.r|. |(/|} (f.I) 

for every x,y G F with \r\ / \y\. 
fOvery field F has a trivial norm given by 

f 0 if T = OF e F 

' ' I 1 iix^O. 

To lake another example of a norm, if F = R or Q, the field of rational 
niunbers. then the usual norm on F is given by (he familiar absolute value. 
Tluis for every .r G F the value of the usual norm of x is (he absolute value 
of X that is: 

f .?• if .r > 0 

k = \ 
[ -X if X < 0. 

Coming back to the discussion of norms on an arbitrary Held F. observe 
(hat |1.1| — |1||1|. where 1 is (he multipHcative identitv of F. Since the norm 
of X in ¥ is zero if and only if x — 0, and in a field F, 1 7̂  0, it follows that 
il| = l. 

Also note that in a field (—1).(—1) = 1; taking norms of bo(h sides of 
the e(iuali(y and then (aking (he square roots of the equality of real numbers 
thus obiained, we see (hat | —1| = ±1 . However, the norm of every element 
being nomiegadve, we conclude (ha( | —1| — 1. Thus, 

|1 | = 1-11 = 1. 

I( also follows that for any y G F, \—y\ = | —l|.|y| = \y\. Therefore, for a 
non-archimedcan norm, for any x,y &¥ we see (hat 

|.r ± (/I < max{|,r|, |.(/|}. (f-^) 



There ih a simple criterion for determining the non-archimecleanness oi 
tli(> norm on a field. We introduce some notation before stating this cri­
terion. Given a field F, we' let n = nlf = I F + • • • + fr (by an abuM^ of 
notation), which is Ijr added to itself 77 times. Thus, from now onwards. 1 
will l)e the multiplicative identity Ip of F (Similarly, we shall let 0 stand 
for additive identity). Here is the criterion for checking whether a norm is 
non-atchimedean or not. 

T h e o r e m 1.2.2. A rioiiTt |.| on a field ¥ is a non-arrhirnedean rwrm if and 
only IJ 

l"l < 1 
foi ('vcrij positive integer n. 

Proof. If |.| is a non-archimedean norm, then for any pc:)sitive integer 7; 

J7;| = | 1 + 1 f 1 + - - - + 1 I < m a x { | l | , | l | , - - - | l | } = 1, 

proving the theorem one way. To prove it in the other way, assume that 
|/(| < 1 for every nonnegative integer ii. In particular, for a positive integer 
;?, the norm of the binomial coefficient caimot exceed 1. Therefore, for a 
positive integer ?/; and any .r,y G ¥. by the binomial expansion (which is 
valid in any conunutative ring) of (.r + ?;)'" we have 

|j- + ?y| = l(j- + .'y) i 

< c (7)..-.v"-i 
ni 

^ X * I I' I \m~i 

< 2^ \A \y\ > 

where to derive the second incYiuality we have used both the multii)licative 
property and the triangle ineciuality satisfied by the norm. However, note 
that 

I i n \in~i ^ r I tnj I im 1 

|.7-| \\j\ < max| | . r | , |(/| ) 

for any nonnegative integCT / < 77). 
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It. therefore, followh from the preeeeding iiieqiiahty that for any arbitrary 
positive integer in, 

I-'' + yl'" < ("' + 1) niaxdj-l™, lyl'"}. 

Taking the ?(i"' roots of both sicies of the above inequahty of nonnegalive 
leal niunber, and then letting ni -^ oo, we finally obtain the inetjnalitv 

!•'• + y| < niax{|.r|, |?/|}, 

a.s iroiu elementary ealculus we know that lim,„_>oc("' + 1) ' / ' " = 1. 
The prt)of of this theorem is eomplete. D 

The preeeding theorem innnediately shows that the usual norm on R or 
on Q cannot be a non-archimedean norm. In the following seel ion, we shall 
see that there is an infinite family of non-arehimedean norms on Q, the field 
oi rational numbers. To see that these norms are essentially tlifterent, wv 
need to introduce the concept of eqviva!(rit norm on a field. The following 
brief discussion leads to that concept. 

Given a norm on a fiekl ¥ the norm induces a distance fimction on F as 
follows: for any .r,y the "distance" d{.r,y) is given by 

d{x,y) = \.r — y\. 

Using the defining [)roi)ei-ty of the norm |.|. it can be easily shown that d 
IS a metric on ¥ and .so il induces a topology on F. Thus analytic concepts 
are available^ in ¥ (but with respect to the norm). For example a sequence 
{r,,} of ekniients of F is a Cmirhy sequence with respect to the norm l.j if 
given any real number f > 0 there is a positive integer M such that whenever 
111. J) > M 

\ V — r <" r 

It is also ck^ar that {.(•„} converges to / e F with respect to |.| if the 
seciuence |.;-„ —/| of real numbers converges to 0 with respect to the usual 
norm on R. We say that two norms on a field F are equivalent if they induce 
the same topologv or metric space structure on F. 

For practical purposes, the following projjosition is more useful in dc^ter-
miuiug ecjuivalence of norms. 



Propos i t ion 1.2.3. Two mmns |.|j and |.|2 on the field ¥ are equivalent if 
a sequence m ¥ is Cauehy with respect to |.|j if and only if it is Cauchy with 
respect to j .lj . 

Wo give an alternate bnt equally useful eriterion. Let |.|j and l.],̂  l:>e two 
norms on a field F. Then |.|j and |.|2 are equivalent if and only if 

{ . r G F : |.r|, < 1} = {.r e F : |.r|2 < 1}. 

We define complete melnc space a.s in any standard textbook on analysis, 
we say tlrat a field F witli a norm is complete (with respect to t,lic norm) if 
every Cauchy sequence in F is a convergent seciuence. It is well known that 
the tield of rational munbers is not a complete metric space with respect 
to the usual absolute value norm. Similarly in the next section we shall 
introduce another norm on Q which is not complete. 

There is a stancfard construction in analysis of the completion of a metric 
space. For example, the completion of Q equipped with the usual absolute 
value norm is the field of real numbers. In the ctise of a normcd field we can 
elaborate this construction procc^ss as follows: given a field F with a norm 
|,|. wc can construc-t a field K such that F is a subficid of IK and such that 
the norm |.| can be extended to a norm on K: Moreover. K is ccmiplete with 
respcx't to the extended norm. We shall not go into the details here but shall 
develop thc\se idea.s in the nc^xt section. 

1.3 The p—adic norm 

L(̂ l /; be a fixed prime in Z. For any nonzero integer r, let Vp{c) cienote the 
highest powcT of /; dividing c. Note i'ji{p) = !>(—/)) = f whereas i'p{q) = 0 
for any i)rime q distinct from p. 

Nc>xt, given a rational nuinbc>r .?• G Q, ,r 7̂  0, we can represent x a.s a 
\miciue fraction ajh where a and h are relatively prime integers and 6 > 0 
. The rc>quirement that a and h are relatively prime ensures that such a 
fractional reprc^sentation is a unicjue one. Thus, if 

X = a/h, 

where a and b are integers with 6 > 0 and [a.h) = 1, then (without loss of 
any ambiguity), we may define 

7 
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Clearly (',,(./•) is an integer. 

Definit ion 1.3.1. Let p be a prime. Define |.| on Q a.s follows: For x e Q, 

l-̂ lp 
0 if T = 0; 

j;~"i'('') whenever x ^ 0. 

That |.| is a norm on Q is a rontine verific'ation; we omit it. Further, 
not(> that for aiiy nonzero integer 77, Vp{n) i-s a nonnegative integ(;r, so that 
p-M^') < 1. It, follows from Theorem (1.2.2) that |.|p is a non-arehimedean 
norm on Q. 

Propos i t ion 1.3.2. Letp he a prime. Then |.| on Q is a non-archimedian 
norm on Q. 

\.\^^ is known as the p—adic norm on Q. This p-adic norm provides an 
interesting melrie spaee structure on Q, which is radically different from 
the one imhiced by the usual absolute value norm. For example, 2—adic 
distance l)etween 0 and 2 is 1/2 whereas 2—adic distance between 0 and 25 
is 1. Loosely speaking, the higher the power of a prime p dividing a ~ b for 
two rationals a and b. the smaller the distance between o and b. 

To take another example, note (hat, the ;;—adic norm of p" is p~^\ It 
follows that the sequence {//'} converges 7;—adically to 0. On the other 
hand, if q is a prime distinct from p. tluui it can be easily shown (hat {</"} is 
not even a Caucliy seriuence with respect to tlie p—adic norm. Also observ^c 
(hat {p") cannot be a Cauchy sequence in Q with respect to the usual norm 
of Q. Thus we have outlined the proof of the following result. 

Propos i t ion 1.3.3. The p—adic norm on Q is not equivalent to the q—adie 
norm if q is a prime distinct from p. It is also not equivalent to the usual 
norm on Q. 

Though we shall not recjuire it, wc; state the classical theorem of Ostrowski 
about the possible norms on Q. At this point, we introduce a notation which 
simplifies certain statements about norms on Q. We let | . | ^ denote the usual 
norm on Q. 

T h e o r e m ] .3 .4. (Ostrowski)Any nontrivial norm, on Q is equivalent to ei­
ther \.\^^ for some prime p or for p — oc. 

8 



A bahir result ol real analysis states that Q is not complete with respect 
to the usual absobite value norm and that the completion of Q. with respect 
to that norm, is the fi(>ld R of real nmnbers. The norm on Q also extends (o 
what we call as the usual norm on M. 

A similar situation occurs when we consider Q with respect to the p - a d i c 
norm for a fixed rational prime p. To show that Q is not comj)lete with 
respect to the p - a d i c norm (for a fixed prime p). consider the se(iucnc(> {S„} 
in Q j2,iven bv 

7=0 

Since for positive integers m,n with m <n, we have 

< max{ |p ' " '+^) ' |p , - . - . |p" ' | J 

= nmx{p-(™+') ' . - - - ,p-" '} 

It follows l)y clK)Osing in larg(> enough that we can make |S„ — Smlj, '<^^ 
small as we like. Thus 5„ is a Canchy seciuence with respect to the p—adic 
norm but we shall show in a later section (see Theorem (3.2.2)) that {S,,} 
cannot converge to a rational number. Therefore for every prime p. Q is not 
comi)le1e with respect to the/>—adic norm. 

1.4 Qp, the field of p—adic numbers 

In this section we give a brief description of Q,,, the completion of Q with 
respect to the p—adic norm (for a fixed but arbitrary prime /;), foctising 
on some important features. We state several results without proofs; their 
j)roofs can l)e found in Koblitz [25]. 

The elements of Qp are, technically speaking, equivalence classes of Cauchy 
se(juenc(>s in Q with respect to the p - a d i e norm: two Cauchy sequences 
{.r,,} and {//,)} urc equivalent, seqvcnccs, if the sequence {.r„ — y„} is a 
null sequence, i.e., | j„ — y„\^^ —> () (as a setjuence of reals). Thus given any 
a G Qp,(t has a representative Cauchy se(]uence, say {.7-„}. in Q. For exam­
ple, t) G Qp is the efjuivalence class of any sequence in Q which converges to 



0 € Q. In fact, we can identify Q as a subset of Qp by identifying any a G Q 
with the ecjuivalence class of the constant secinence {a} in Q. By standard 
aignnients used in the process of completion, one can show that Q ,̂ is Iht 
f'fiialh'sf complete field (oniammg Q at, a subfieJd. 

One nitroduces a norm in Q,, , which we shall also call as the;7—adic iioim 
and denote it l)y |.|̂ ,̂ as follows: Given a Cauchy sequence {T,,} in Q, with 
respect to the p-adic norm, the sequence {|jri|p} î  a Cauchy sequence of 
nonnegative reals, for \\3-u\j,- |-i'm|p| < k,, - .v„^\^. Thus, {\x„\p] converges 
to a nonnegative real. Moreover, it is easy to see thai if {x,,} and {?y„} 
are eciuivalent Catichv sequences in Q, then hm„_,To k'nL, = lini,i_^oo L'/NI,, 

Therefoie, for any a G Qp with a representative Cauchy sequence {x„} in Q. 
we (an dehne, without any ambiguity, the p-adic norm of a fvs 

\n\p ^ hni I A, I (1.3) 

The following proposition gives the important properties of Qp with respect 

to Mp-

Proposition 1.4.1. /Is defined in (1.3), tJi'e norm |.| 7.s a nonarchnncadcn 
norm on Qp and extends the p—adie norm on Q. Moreover, Q is a dens( 
suhfiehl ofQi, wttit le'-pect to the metric mdwed l)y |.| on Qp. 

Since the newly introduced norm on Qj, extends the p—adic norm on Q, 
we aie justified in denoting the new norm as |.|,. 

Qp is called the field oip-adi.c numbers. Note that the value group of the 
;>-adic norm on Qp remains the same a.s the one of the 7>adic norm cm Q. i.e.. 

{ |« lp :« tQp}-{ | -dp- - -^ -eQ}. 

The next result is a collection of some useful facts. Note that the ring Z 
of rational integers, being a subring of Q, is also a subring of Qp. 

Proposition 1.4.2. (a) If p" does noi divide a where o 6 Z then \a\ > 

(b) For ./• e Q, if \r\^^ < 1 then .r ~ a/b for some a J) € Z solisfyinq lh( 
condition p doc^ not divide h. 

(i) Foi .r e Qj, if \x\^^ < 1 th(n |1 + j - | ^ , < 1. 
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(d) For a.b^Z. if a = b (mod 7/') Ihen \a - b\^ < p " " . 

The unit closed disc in (lie metri(^ space Q,, is denoted by Z,,. Thus 

Zp={aeqj,:\al<l}. 

The elements of Z^ are called p-adic iniegers. The next proposition col-
l(H'ts the basic facts abcmt Z,,. 

Propos i t ion 1.4.3. (a) "Lp is nn integml domain with 

P={aeZ,:\al<l} 

as the unique maximal ideal. In fact, Zp is a FID whose nontrivial 
ideals are precisely 

P = /;Z,, D p%, D • • • D p"Z,, D • • • 

(b) Z,̂  ?.s ilie topological closure of X -in Q,,. Every clement of Zp is the 
laiiil of a sequ,cnce of rational integers; in fact we can clioose tenas 
of the sequence lo be noniiegative rational integers. Ccmversely, every 
Cauchy sequence of rational integers has a limit in Zp. 

The seccjnd part of the [)roceeding proposition follows from an important 
lechuical lemma which can be stated as follows. 

Leninia 1.4.4. For n E Zp and a positive integer m. there is an integer 
y,„ e Z with 0 < y,„ < p"' - 1 sxi.ch that 

I ' v - y ^ l p <p'"'-

This api)roximation lemma, applied successively, allows us to express any 
o e Zp as a special kind of scries in Qp (see next: section for details of series in 
Qp). To he precise, gi\'cn a e Zp, we can find nonnegative integers a, < p-l 
such that 

a = (/() -I- a ip + a2p^ H 

This is not a formal power series: the series on the right actually convergers 
to o in Qp. Suppose now that a G Qp with |<j;| = p'" . Then p"'o G Zp and so 

p 
the preceding series expansion leads to what is known as i\w.p-adic expansion 
of elements of Qp. This expansion is similar to the decimal expansion oi' real 
numl)(>rs. 
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Proposition 1.4.5. Any p-adic number a has a unique p-adic expansion 

a = a-rnP"'" H + «-iP"' + "0 + a\p + a^p"^ -\ 

viicre each of the nonnegulive integers a, is less than p and ni is a finite 
inieger. Furthermore \a\ = j / " and thus a E "Lp if and only if a, = 0 for 
1 < 0. 

Considering the partial sums of the p-adic expansion of o G Z^. we see 
that o is represented by a Cauchy sequence of rational integers {b,,} such 
that 

(a) 0 < / ; „ < p " + i , 
(ft) ft„ = /;„H (modp"+'). 

Anotlu^r ct)nc.lusion, wc; can draw from the preceding proposition is that 
for any integer n > i) . 

p"Zp = UrJo{ap"+p"+')7^p. 

Then a standard argument, shows that Z,, is a compact set . Since Zp is a 
neighbourhocxl of 0 e Zp and a + Z,, is a neighbourhood of any o € Qp. 
it follows that Qp is locally compact. We end this section by discussing 
congruences in Z,,. Taking a cue from Proposition (1.4.2) part, (d), wc can 
define, for any f>. li 6 Zp, 

n = 3 (mod p") if and only if \a - fi[, < p~". (1.4) 

Thus, congruences modulo i>owers of p can be introduced in Z,,: it is clear 
(hat if (y.3 are actually in Z. then the congruence a = p (mod// ') in Zp 
imphes that ]>" divides (v - p in Z. 

1.5 Convergence in 
tp 

As Qp is a metric space with respect to the p-adic norm, the usual results 
about convergence of sequences and series in metric spaces also hold in Qp. 
We now discuss the additional features of p-adic convergence which arise out, 
of the fact that the 7>-adic norm on Qp is nonaxchimedean norm. A word 
al)out terminology: when a series converges in Q,,, we shall sometimes say 
(hat (he series converges p-adically. 
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Ah in any metric space, a sequence {o„} in the field Q,j is said to be a nail 
^vqvnxr if the sequence converges to 0 in Q,,. Thns {o„} is a null sequena 
in Qj, if the secinence of real numbers |a„|^, converges to the real number 0 
witli r('y[)oct to the usual norm on M. 

As the next two proposil ions show, t he iion-archimedeanness of 1 he /?—adic 
nc>rui on Qp. results in some simpler criterioir for convergence of sequences 
and series in Q^. 

T h e o r e m 1.5.1. A H(qucncc {a,,} in Q^, is a Cauchy sequence ( and hence 
a eoniujyent sequence) if (wd only if the sequence {b,,} is a null sequence 
ichcr( b„ = a„ — r7„_]. 

Pioo). We need to prove only that if the seciuence {6,,} is a null seciuence in 
Qp. then the sequence {a,,} is a Cauchy sequence. Assuming b„ to be a null 
seciuence. for a given real number f > 0 there exist a positive integer M such 
that 

wheiK>ver n > .'\/. Therefore, for any positive integers n and m such that 
n > It) > yl/, by tlie stronger triangle inequality for the p-aeWc norm, we see 
t h a t 

k'71 - OT»IP < U iax {|0„ - fl„-l!p, | a , i _ i - On-'i l , ; , • • • • k'm-H - fim\r) 

< (. 

D 

Tlie next theorem shows that checking the convergence of/?-adic series is 
even simpler. 

Theorem 1.5.2. A seria X^J^uO,, wilb a„ € Qp, converges in Qp if and 
orilij if the sequence {»„} is a nvU sequence in Q,,, in whicli case 

\2Z""\p ~ in^ l̂""!;'-
)):^0 

Proof. The series X l ^ o " " converges if and only if the sequence of partial 
sujuh S„ =- jy,'^(ia, converges. But «„ = 5'„ -5„ -_ i . It follows from Theorem 
(1,5.1) that (ii, tends to 0 if and only if the series converges. For pro\ing 
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(he ineciuality given in tlie theorem, assume that ^J^o '^" converges. If 
Y^^^^^dn = 0. there is nothing to prove. Otherwi.se there exist an integer M 
such that for every n > M, 

whirh, because of the isosceles triangle property of the jo-aclic norm, implies 
that 

oo 

On the other hand, by the strong triangle inequality for the ;)-adic norm it 
]s clear that 

\SA/\P < max {|fl„|p|l < n < 1^1} < ma.r|fl„|p. 

The preceding two expression completes the proof. D 

We now i^resent a coui^le of examples illustrating tlie use of Theorem 
(1.5.2). Since |2"|^, = 2~" wheretis |2"|p --= 1 for p ^ 2, it therefore follows 
from Thcori>m (1.5.2) that Xlr^o^" converges in Q2 but diverges in all otlu^r 

One of the simplest example of a convergent series in R is provided l)v 
S^-o ^- •'̂ g'liii l>.y tli(' preceding theorem, this series diverges with respect 
to every yj—adic norm. However, some other series involving factorials give 
us a rich supply of series which converge with respect to every 7>-adic norm. 
We begin with the simplest result of this kind. 

Proposition 1.5.3. For fixed normcgative miegers k and j , the series 

oc 

converr/f.s p—adiailly for every prtnie p. 

PI oof. 
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For a given positive integer ??, we can r'hoose a positive integer k such that 
/ / > It > p^ ' . So, foi a fixed nonnegative integer ? it is clear that 

< \p% 

<p 
-k 

Thus we have 
Hm I A?! I = 0. 

Hence liy Theorem (1.5.2) the result follows. 

Corollary 1.5.4. The scries 

D 

E"' 
coiineiges p—udically. 

We now dihcuss the convergence of a series with factorials that we studv 
later in foiiith chapter. 

Propos i t ion 1.5.5. For a fired positive integer j mid a fixed vomieijative 
iJitigci k, the series 

eonnerijfs p-adieolly foi every prime p. 

Pi()of. By the definition of p—adic norm, for eveiy 77 > ;;, it is clear that (as 
;) does not divide nV \- 1) 

(77!)' 4 1 

It follows that 

hni 
77! 

77p + 1 

However, for ever>' integer n > p. 

n\ 
v\^ \ 1 

15 

Mm |7?!| = 0. 

< 1. 

%f^'"-''-^*^. 



Therefore 

HeiiC( 

n\ 
(n!) '4 1 

{"') n^ 

< m 
77P + 1 

lim 
n -•CXJ 

n! lim 
T7—»00 

?l! 

n\^ + 1 
= 0. 

Thus by The^orem (1.5.2) the result, follows. 

Corollary 1.5.6. The series 

,1 

n 

E m 
71=0 

eovveiyes in Q,, /or rcf'r.y prime p. 

Vov certain applications, we need a bettor estimate of |j/!|p. In the rest 
of this section, we derive such estimates. We begin by recalling the following 
well-known result. 

Theorem 1.5.7. For (my norinegalive integer n, the following holds: 

V - Spin) 
Vp{nl) = 

p - 1 

iiihcie Spin) denotes Uu stim of the p-adic digits in the miique p—adie ex­
pansion of n. 

ProoJ. Let 
n ^ ao + (iip + a-jp^ + ay// -\ 1- a^-// 

be the unique j9—adic expansion of a nonnegative integer n, where the p-niWc 
digits a, satisfy the condition 0 < « , < / ? — 1. Then if is clear that 

/) - Spiv] - a,(p - 1) + (liip"^ - 1) + • • • + OAI//' - 1). 

Then a routine calculation shows that 

n ~ Spin] 
p~\ 

= «i + 0 2 ( P + 1) + «;i(p + P + 1) + h flfr(p*"' + / -̂  + • • • p + 1 
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For a noimegalive integor n, de Polignac's well-known formula (see [15]) for 
(n-aluatiiig ?',j(n!) is given by 

k 

7 = 1 

Now, for 1 < j < k, the />-adic expansion of ?i shows that 

[n/{P] = (ij + f/j+ip' + aj-i2P^ + ••• + a;,//"'-'. 

It follows (hat 

?',,(»!) - - « ! + (12(1-h p) + as(1 +p + p^) f ••• + aA(l f / M • • • + / " ^ ) . 

The theorem follows. • 

Corollary 1.5.8. For any positive mleqer n. we. hane 
« Spin) 

l"'ip =P " ' • 

In jHirt'irular, 

\ipV-\p = p' " • • 

This corollary also allows us to evaluate the /;-adic norm of the binomial 
^oi'flicients. 

Corollary 1.5.9. For any positive integer n and integer r such that 0 < r < 
n. 

Choosing 71 = j / ' in Corollary (1.5.8), it is clear that 

SAP' ~ >•) + S,{r) - 1 

<p 

Using Sp(;/' - ;•) + S,,{i-) > 2, we have p''''Cr|j, < 1. Hence the following 
corollary holds. 

Corollary 1.5.10. For positive inegars k andr, where r < p'', ^ Cr '•''' divis-
ilile Irij p. 

In the last chapter of this thesis, we shall examine whether certain j^—adic 
nHin))ers are algel>raic (or transcendental) over Q. In this section we state 
the basic results from field theory that we rec^uire. 

17 



1.6 Algebraic numbers 

Lf'( K be an extoiisiou of a field F. An element o € K is called an algebraic 
element over F if a satisfies a nonzero polynomial (whirli forces the poly­
nomial to he non-constant as well) over the field F. If no such polyixmiial 
exists then a £ K is transcendental over F. 

If o G K is algebraic over F, then choose the manic polynomial of the; least 
positive degree over F (hat o satisfies. It tnrns t)nt that this is an irreducible 
polynomial and that a determines this polynomial uniquely. This uniqu(> 
monic, irreducible polynomial is called the minimal polynomial oi a over F. 

If a is algebraic over F such that its minimal polynomial m{x) luus degree 
d, (hen we say that o is algebraic of degree d. 

Le( ai,o'2,--- ,Od l)e the roots of m{x) in some suitable extt;nsion of 
F (say in the algebraic closure or in the splitting field of iv{.r) over F). 
Then n = ai ,ao, • • • ,0^ are called the conjugates of a over F and norm of 
n. Av/i7(o) can be given by 

l/d 

Recall that if a field F has characteristic 0 ( rdj,' 7̂  0 for every positive 
integer /;). then the roots of any irreducible polynomial over F are distinct. 
Thus the minimal polynomial of O' G K over F has distinct roots (in some 
suital)lv chosen extension of F) or cquivalently, the minimal polynomial can 
be factored into a product of distinct linear "factors over such an extension. 
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Chapter 2 

Series converging to given 
numbers 

2.1 Introduction 

K()})lit/ [25] posed the question as to whether or not there exists a series 
(jf rational nmnbers which converges with respect to every (non-cqui\a]ent 
norm ) on Q. This cjuestion was answered in the affirmative by Bnrger and 
Sliuppeck [11]. For a precise statement of Kobhtz's questions, we need the 
following notation: 

• /;/• denotes the A'"' rational prime; so that pi — 2,p2 = 3 etc. 

. r Q - { 3 0 , 2 , 3 , . . . , p , . . . . } . 

Kobhtz's cjuery actually leads to the following questions; 
Quesliov 1 : Does there exist an infinite series of non-zero rational mun-

bers, such that for each p G VQ, the series converges (with respect to |.|p ) in 

h'^ 
Questwi} 2 : Does there exist an infinite series of non-zero rational num­

bers so that the series converges to a rational number in Qp for each ;; G VQ? 
linrger and Struppeck [11] have answered these questions by proving the 

following proposition. 

Proposit ion 2.1.1. Gweri a,, m Q,, for each p G VQ, there exist a sencs 
X îî o* '̂" of rat I oval numbers such tliat the following two condition are satis-
fi( d: 
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(u) (i„ /.s positive for any positive integer n; 

(h) X^,7l()0„ converges to o-̂  for nil valuers of p € VQ-

Wo present two altern;ilive proofs of Proposition (2.1.1) in tliis chapter. In 
section 2.2, we give a modified version of the procedure Burger and Stiupj)e(k 
[11] have outhned. Our version is sinijiler and avoids the aniliignity inherent 
in their procechire. In Section 2.3, we give an entirely different procechue 
foi- finding such a seiies. Compared to the first one, the second procedure is 
(Ur(>cl and avoids the Chinese Remainder Theorem. 

2.2 The first proof 

Lei Si^ denote the A;''' pHrtiHl sum of the required series X^j^Qf'Ti- that is 

where each O), is a rational number, to be determined in such a way that 
tlie s(Tics X^j^^Qa,, converges to a,, with respect to the ;>-adic norm for ea(h 
pE VQ. 

We begin l)v setting 
Si) =- an =- [aj\ - I . (2.1) 

Next, assuming thnt k > 0, we define the partial sum S^ inductively in 
such a manner that the following two inequahties will be satisfied: 

«oo - 1 /2 ' - ' < 5A < f>^ - 1/2^ (2.2) 

hp, - Sk\\^^ < p;' for every I < i < k. (2.3) 

For this inductive procedure, a.s.sume that ao, « i , . . . . OA.-]• «i have been 
defined; we now descri))c a method to df>termine the rational uTunber OA+I 
such that the partial sum 

Sk+i -=«() + «i + 02 + «3 + a.) H 1- «A,+i 

satisfies Inequalities (2.2) and (2 3) simultaneously. But first we fix some 
notations needed for oiu' procedure. For any fixed nonnegative integer k and 
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an> posi l ivc integer t < k + 1, l(>t 

' "A+1 ,1 = f*p, ~ ^\j 

A;t+i = {'|1 < « < ' • • + 1 and |WA + I,,|^,_ > 1}, 

J-+ii 

A/; fc+1 — 

n p,\mk+iAp, if AA-+I /</> 

n̂ + ̂ pr if A , + t = (/., 

-Ri = rv^, - Si- ~ 

LI a . S A -

2*-' 
1 

L(-t ub fix an integer zi,+i such tha t z^.+i satisfies t h e following two eondi t ions : 

z,+i{R,+i - U+,) > Ah+^ (2.4) 

and 

g.c.d{zk+\,p\P2---Pk^i) = 1- (2-'3) 

()l«erve that c^+i — 2*+'A4+i + 1 is one of the integer which satisfy the 
(onditions given in Incqnahties (2.4) and (2.5): to avoid ambiguity we fix 
c .̂+i = 2''+'A4 + | + 1. Next, we define fŷ +̂i a.s follows: 

<li.-+\ •= 

zt,+x n \mi,+ 
; 6 A n i 

^,]\pj if A^.+i ^ <t> 

zk+i if AA,+I = 0 . 

It is clear t h a t for any p o s i t i \ e integer ? < A: + 1, 

1 

l9A-fl|;), — •< \'^^k+]Ap, 
if Afr+i / r̂  

(2.6) 
_ 1 if Afc+i = <j). 

WQ claim tliat for an\' fixed positive integer i <k+l, 

qk+\mk+\.^ G 1,,,. (2.7) 

' l b ])rove our claim, we first consider t h e case when AA.+] ^ (h- T h e n 

\ifik\\,i\ih > I- on ( '̂if o the r h a n d Eqn. (2 .6) shows, in this case, that 

1 
Vh+i\p, 

Wk+i.Ap, 
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It follows thiit 

111 case Afr+i = (1), we have |7»?An,,|p, < 1 and \qf.+i\p = 1- So. in this case 

k7A+l"U+l,«l!J, < 1-

Thus, hi both the cases, Eq.(2.7) holds proving our clahn. Since Z is a dense 
subset of Zp,. it follows that for the integer ?, we can find a rational integer 
dj,+),, to a])proximate the p,-adic integer (jk+i>'n+],i i" llie following manner: 

I I t ^ \Qk+i\p, . /r, o\ 
K/A+l^'A + l,, - (k + l.,\p, < T H " ' '-'^•^'' 

Observe that the right hand side of Inequality (2.8) is the pr'Mlic norm of 
1 1 1 

—' which itself is a iiosilive inlegial power of p,. After choosing the 
inli'gei (//,+!, for each positive integer / < k + I. we consider the following 
s\steni of A + 1 linear congruences in Z for / = 1, 2 . . . . , A' + 1: 

. a + j = 4 + i , ( n l o d • ^ ^ ^ - ) . (2.9) 
l'7* + l|;', 

By the Chinese Remainder Theorem, there exists a solution of the system of 
congruences unique modulo M^+i- as 

A+l pj+' 
A 4 4 i - n 

Note that for any solution .i\^i of the system of congrnences (2.9), the In-
cqu.dities (2.8) show that 

|-a-+i - trik+i.iqk+\\p, < — r r r - (2.10) 

On the other hand, our choice of q>,+i implies that 

(/A + l ( / ? i+ | ~ I A 4 I ) > ^ 4 + 1 -

Therefore one can choose a solution r^+i of the preceding system of k + 1 
(ongniences. satisfying Inequahty (2.9), such that it also satisfies 

fft+iLA+, < a + i < Qk+iBk+i- (2.11) 
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Finally, we set 

Then, in- the definition of rnj.+ ,,, and Inequality (2.10), we can conclude that 

Ofc+l I 

mk+i,iqk+i - Tk+\ 

?A-|1 

< ,k+\ 
P, 

Also, by Inequality (2.11) and the definitions of a^+i^Lf, and Hk- we see that 

— 5|i, -- - ^ < (ik+i < Ojo — Sk ~ 2A-H-

that is. 

1 c ^ 

The preceding inef}nalities show that the partial sum 5A (-j satisfies the 
Ine(iualities (2.2) and (2.3). So the proof of Proposhion (2.1.f) is conipk^te. 

As an example of oiu' proeechue as outlined in the preceding proof, wv 
determine' the first few terms of a series of rational numbers which converges 
to 0 with respect to the /;—adic norm for every rational prime p and at the 
same time converges to the well-known real mmiber e with respect to the 
usual norm. Thus, if each of the Sk i« a partial sum of the required series, 
then by Eq.(2.1), 

S',, = [r] - 1 = 1. 

Following the inductive steps of our proof, we determine the next three terms: 
we collect the results of our calculations in tlie following table: 

/ , • 

1 
2 
3 

M, 
2 
36 

27000 

Qk 

5 
145 

21G001 

''A; 

5 
40 
7446 

Sk 
2 

66/29 

15646500/6264029 

We remark, without proof, that the i)rocedure of determining the partial 
sums Sk that we had described in our proof, can be so modified that if .S'A 
satisfies the ineciuality 

pf'"' ' ' for every 1 < z < k, (2.12) - Ski < 
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even I hen S^ converges lo given p—adic numbers for each p € VQ. AS the 
preceding inecjuahty is weaker than Inequahty (2.3), it turns out that the 
"̂ izes of the cUgits of integers involved in S^ are smaller so that it is possil)le 
for US to hst more terms. For example, going back to the question of finding 
th(> partial sums of a series that converges to 0 with respect to the j>-adic 
noiui lor each prime /) and to e with respect to the usual norm, we can give 
ilie following table for the partial sums if the partial sums arc chosen to 
satisfy Inequality (2.f2): 

h 
1 
2 
3 
4 

MK 

2 
12 
360 
75G00 

<]k 

rj 

49 
2881 

49 • 1209G01 

I'k 

5 
22 
240 

3554280 

s\ 
2 

120/49 

357480/(49 • 2881) 

S-,+ 3554280/(49 -3704401) 

()1 course, a.s before S'o is given by 

So = [P] - 1 =: 1. 

2.3 The second proof 

In (his section, we present another proof of Proposition (2.1.1). This elemen­
tary proof does not invoHe the Chinese Remainder Theorem; we also derive 
a simj)lihed algorithm for determining the partial sums of the recjuired series 
\\-hi(h (XHiverges to given Oj, G Q,, for primes /; e VQ (see Section 2.1 for the 
relevant definitions). \\'(> need the following notation for our proof; k denotes 
a i)ositive integer: 

nj,{l.): a rational numl)er obtained from the ;>-adic expansion of Op by sum­
ming the terms uplo the A'"' pf)wer of p. Observe that for a prime (/ 
difierent from/;, |op(A:)|q < 1. 

TTji : the product 2 • 3 • 5 • 7 • • • p^ of the first k primes. 

Â : Ef=,(^A/ft)^ 

S* : ELi"P-(^-)-(^^-/?0^ 
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As in soflion (2.2), let 5A denote tlie k"' partial sum of the required seiies 

S^; = ac f fli + 02 + flj + "4 + • • • + "A 1 

wlu^ie ecK'h oj is a rational number, to be determined in such a way thai 
the series X^,^o«» eonverges to Op with respect to the p-adic noim for each 
pe VQ. 

We construct the ie(|uir(>d series l)y setting 

wheie [x] denotes the greatest integer less than or equal to x. For A. > 1, let 

r2*+'(7r,J^-'" 
d, = 

Ch di-

TTA + TTA + 1 . 

4 
4 1. 

(2.13) 

(2.14) 

Let S). he the solution of the f(jllowing linear equation 

{'• - <^2{k)]7^j + {-T - a3(A,-)}^ + • • • K {.r - Q,„ik)}^ - rjd^, (2.13) 

ior (̂ ach positive integer k. We claim that as A- —' oo, S^ approaches Op for 
ex'cry p € li^,. 

We establish this claim by proving the following projjosition. 

Proposition 2.3.1. Let k be a fixed positive integer- and Si, be the solution 
of Efj. (2.15). Then fen every positu-e niteqer j < k, the follownig hold: 

(a) |.S'A-ap,(A-)|p^ < max {p/ , /? ;* jopj^^'}. 

(b) a ^ ~ l / 2 ' - ' <S\ < « o c - l / 2 ^ 

Prooj. We begin our proof by multiplving Eq.(2.15) by n'l and then rear­
ranging the terms of the equations, so that we can rewrite Eq.(2.15) as 

^-Yl^'^'-M' - T.^P.(k).{n-/Pr)' - y ^ . 
!^ l 1--1 
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II is. therefore, clear that the solution Sk of Eq.(2.15) is given by 

S,= 
(Tk dkf^k 

(2.16) 

i\ow it is easy to see, by the definitions oiak,dk and TTJ. that both cr̂  and (k 
are relatively prime to rr̂ . Therefore, for any positive integer i < k, we have 

and 

)"^A.); . = 1 

| 4U=1 . 
We also note that the definition of TT/,. gives 

\4\v. = pr"-

(2.17) 

(2.18) 

(2.19) 

Now, going back to the definition of «p,(A-), it is easily seen that (i'p,{k). in 
giMieral. is a rational number with certain nonnegative power of p, a.s its 
denominator. Thus, for any positive integer i such that, i -/" j , one h;is 

|«„,(A-)|p, < 1. 

1( follows, from the preceding equations, that 

Therefore, the relation 

A-

V , -f^A-ap.lA-Olp^ = E(^^-M)'(o>,(^-)-'v,,(A:)) 
4=1 P, 

implies that 

|SA -T/.Op^(A-)|p^ < max {)9/,p/'|rtp,(A;)|p,}. (2.20) 

On the other hand, one can conclude from E<iuahties (2.10),(2.17) and (2.18) 
that 

|6'A- - fhM')\,, =" k'A-(̂ A)*' + 4 ( S A . - cyp^{k)ak) U'j-
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It. tliorefoi-e, follows from Eqs.(2.19) and (2.20) that 

\Sk - Ap̂ (A-)lp, < niax {pj'^,p'/\a,„{%l 

We note that [Op^ik] - rtpjp, < Pj"'*'- Thus 

\St. - ttpjp^ < max {\Sk - npj{k)\pjA»p,if'') - ' ^ P J P J 

< max{7j;\p-^|ap,(A-)|„,}. 

Finally, using the fact that yj—adic norm of a /;—adic numl)er is yj—adie noini 
of the smn of its finst few terms in the /wdie exjjansion, that is 
l'^;',(''^l;', = hpjj ' j ' we have 

|5A -Qp,\pj < max {p/ ' ,p ; ' '>pjp,} 

which proves part (a) of the proposition. In order to prove part (b) of the 
proposition, we need to show that Sk satisfies the inequality 

Q ^ - 1 / 2 * - ' <S, < « ^ - l / 2 * . 

However, bv the definition of Si, given in Eq.(2.16), 

C "I 

rrk (h-(Ji 

An easy calculation then shows that 5j satisfies the required ine(}uahty if the 
rational numbers a and C/A. satisfy the following inecjuality 

L{h)<c,l(h<R{k), (2.21) 

where 
i?(A-) = {(ooo-l/2*)fT,-EA}(7r,) ' 

and 
L{k) = {{a^-il2^-')a,~T.,){T:,rK 

Thus, part(b) of the proposition will be proveil once we show that th<> rational 
numl)ers (\ and r/j,, as defined by Eqns. (2.14) and (2.13), satisfy inequahty 
(2 21). Since fcjr any real number x. the greatest integer fimction [.v] > x — 1, 
it follows from (2.13) that 
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Oil the other hdiul, the definiticnis of B{k) and L{k) makes it clear that 

im - L{k) = 2W' 
which, conibinecl with the preceding incriuahty, imphes that 

(k(n{k) - L{k))> 2. 

Therefore, we see that 

c],H{k)>[d,L{k)] + 2. 

However, the definitions of Ck, giAcii in Eqns. (2.14), readily implies that 
f'A = [<^kL{k)] + 1. It then follows from the preceding ineciuality that 

H{k) > —. (2.22) 

Next note that the relation r^ — [df.L{k)] + 1 also implies that 

n >d^Lik)-1 + 1. 

Therefore 
^ > L{k). (2.23) 
" A 

Th(> Inequalities (2.22) and (2.23) show that CA, and C/A do satisfy inecjuahty 
(2.21).Thus, the prot)f of the j)ro])osition is comi)lete. D 

2.4 Explicit computations with more terms 

In [11], an explicit computation of a series which converges to the real number 
( with respect to the usual norm but which converges to the p—adic nunil)er 
0 with resjject to every /;—adic norm hfus been given. However, the choice 
of terms of the seri(̂ s in that computation is ambiguous. We now determine 
such a series based on the procedure we have outlined in Section 2.2. Our 
computation of the series avoids ambiguity; also, it involves considerately less 
calculations. 

Recall that the first term of the series is given by 

«(i =" [« ^] - 1 =- [('] - 1 = 1 
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arifi using a,, = 0 it is clear that Ej. = 0 . 

k 
1 
2 
3 
4 

(^k-

2 
13 

4591 
149482321 

dk 
11 
7 
31 

211 

Ck 

10 
6 
14 
43 43-2^ 

SK 

2'^-5/11 
2^ • 3V91 

7-24 • 3^ • 57142321 
3'* •5-* • 77(149482521 • 211) 

We have not gone any further because of technicalities in computation 
and also the size of the computation. 

Note that , in our procedure, the numerator of the k"' partial sum 5A 
involvf^s atleast k"' powers of each of the first k jnimes and the denominator is 
relatively prime to these primes . This ensures j>adic convergence. However, 
it is still possible to ensure /j-adic convergence if lesser powers of primes 
are involved in SV- It, t.urns out that we can modify our procedure given 
in Section 2.2 to achieve that end. In what follows, w(! show that, we can 
deiine the partial sums 5A- in such a manner that it involves the product of 
the decreasing powers of the first k primes, Ijut the corresponding series still 
converges to the prescrilied numbers. 

We begin by considering the equation 

{•'•k-02ik)}~ f{ . rA. -o-3(^- )} 
1 

3̂ -
+ Uk-np,{k)}— = cul(h. 

wliich determines 5A in place of the fimdamental Eq.(2.15) of Section 2.2 
Then 5A is given by 

5V = {(a-/4)7r(A-)-hSA}/a, 

where 

:,fco*-- irfc~2 7r(^-) = 2''-3* - 0 - ----p, 

TT{k) T:{k) Tr{k) 
CTA-

2̂ - + 3^-1 + 5A-2 + Pk 

d, -[2^+V<TA.]7r(A-) + 7r(A0 + l , 

Pk 

Ck = 
rdki(yoo-l/2'-')a,-^ 

^ 7r(A0 
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In this rase we have the following table for 7r(A-), o-̂ ., a . 5/;: 

Li 
1 

2 

3 

4 

^K 

2 

VI 

360 

75600 

OK 

1 

7 

157 

21349 

^•k 

9 

32 

388 

55364 

s,. 
3'-̂  • 2 

11 

2^-3 

25-7 

2« • 3^ • 5 

157-19̂  
13841 • 2" • 3-' • 5^ • 7 

19-23-173-37-577 

The vahies of 5r,, St,, S-;. Ss and the values of the eorresponding a's etc. have 
been not inehuled in the table beeanse of their big size but, we have eoniputed 
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these values and given below. 

7r(5) = 17463000 

ar^^47- 605329 

r-5 = 13 • 1427 • 4073 

13-1427-4073 •2''-3^-5-*-72-11 
5r, = 

174636001 • 47 • 605329 

7r(6) = 5241319080000 

cr,i ̂  573955156153 

r,i = 3^ • 41 • 1453 • 319607 

_ 41 • 1453 • 319607 • 2" • 3'̂  • 5' • 7'' • 11'-' • 13 

'' "̂  149 • 32189 • 1093441 • 17 • 33762068009 

7r(7) - 2677277333530800000 

ay ^ 9299611 • 21710673421 

rr = 3 • 13 • 149 • 93902705682067 

149 • 93902705682067 • 2^ • 3^ • b^ • 7^ • IV' • 13'* • 17 
5r-

927640943 • 23 • 125483209 • 9299611 • 21710673421 

7r{8) = 25968760179275365452000000 

an -= 25914797 • 61229485526479799 

CH = 47 • 503 • 181922776566716745473 

_ /47 • 503 • 181922776560716745473 - 2^ - 3^ - 5" • 7' 

' ^^ \ 41 • 4546972:3373 • 13929989136157 • 25914797 

/ 11'-13''-17'̂ -19 \ 

' V61229485526479799/ 

.SH lias been reeordecl in two rows. 

2.5 Some questions 

Our investigations into series converging to preassigned numbers have led us 
to fornnilate the following questions: 

31 



Qtieshori 1: Can the algorithm given in Section 2.3 be fuithei hinij)Hti(>d.'' 
Qufshort 2: Can the proof given in this rhapt(T be further modified .so 

as to allow the .series to tend to infinity for varions /; 6 VQ and to diverge 
(because the limit oi the sequence of the partial sums does not exist) for 
other p e VQ? 

Qneshon 3: Given Op € Q^ for each p G I 'Q, is it possible to find a 
secinence oi nonzero o, 6 Q(/ > f) such that if 

then AA converges to a ,̂ for every p G V'Q? 
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Chapter 3 

A few series and Stirling 
numbers 

3.1 Introduction 

Quite frequcnlly one comeK across p—adically oonvcrgent scries wiiose terms 
an> rational integers. The sums of such series are in Qp. This chapter deals 
with a fascinating aspect of 7;—adic analysis, mainly the study of rationality 
of sums of such series. \Vc begin by looking at the series 5]^,^(| n''j>" which 
generalizes the familiar series YlV^oJ'"- There are many series for which the 
sums of the series are not explicitly known one such example is the sum 
5Z,^()"^(" "t i ) ' where k.j are arbitrary but fixed integers. Dragovich ha.s 
investigated series of the type X ^ ^ o " ' ' ( " + j ) ' - ^^' li'̂ *̂  shown that if the 
sum of the series J^jilo'^'' ''̂  '̂^ ratiotial number then the sum cannot be the 
same rational number for every prime p. We have produced a different proof 
of this statement using Kurepa's k'ft factorials. 

StirHng numbers are inherently connected to factorials; in fact, n! (etc.) 
can be expressed as the sum of Stirling numbers of the first kind. Since these 
numbers have been found to throw light on J ] , ^0" ' ' ' ' ' ! w'c have included 
several results on these numbers as well. 

JMurty and Sumner [21] have shown that if A- = 0 or 2 (mod 3) then under 
the assumption that Yl'^-^i"^- î  ^̂ " irrational number, X^J^o^'*"' would also 
be an irrational number. By exploring the work of Dragovich we are able to 
l)rochicc> a tlifferent and simpler i)roof of the result ol^tained by Alurty and 
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Sumner. 

3.2 Series of t h e t y p e 5]]̂ ^Q a„p" 

Thf simplest example of a p-adical ly convergent series converging to ratio-
nals are given liy the series of the type YlT=o '^"P" ^^'here each a„ is an integer. 
Tl'he standard convergent series, considered in the following proposition, may 
be called {\\p p—adic geometric sene'^. 

Propos i t ion 3 .2 .1 . X .̂T n̂?-*" convenies in Qp /o the ratiorinl nari)her (1 — 
//) ' . However, for a prime q different from p the series does not eonverye iii 

Proof. The well-known fornmla for the geometric prcjgression allows us to 

express the partial simas of the series X^^oJ^" ^^ follows: 

ri + l _ I 

1 +p + p^ + ; / } f/ j" = —• 
P- 1 

But 
//'"• 

P-I 
~ p ("+'), which tends to zero as n tends to infinity. 

V 

So I ^^ J) + p^ -\ p^ + • • • = — ~ . a rational number. 
For a prime q different from p, it has been shown in Chapter 1 that the 

series l + ; H 7 ^ ' + ; / + - • • does not converge g—adically; in fact, this conclusion 
follows from the fact that a series Yl'^^a '̂ n converges ;;—adicallv if and onlv 
ii hm„_^!o„ |p = 0. D 

Th<> precechng proposition, in fact, provides the p—adic expansion (see 
C'liapler 1) of the rational number (1 — p ) " ' ; (he ;;—adic digits in (his ex-
])ansion are all ecjual to 1. We now present a general result which relates the 
pattern of the ;;—adic digits in the /;—adic expansion of an element of Q,, to 
its rationality. 

T h e o r e m 3.2 .2 . A p—adir, number n is a rational number if and only if 
p—adic expansion of n is eventually periodic (periodic after a certain staye). 

Proof. Given a in Qp, let 

a = ooP " + flip "'^' + •• 
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be the unique p—adic expansion of a. Assume that a has a repeating p - a d i e 
expansion that is, after a eertain term, in the expansion, say eorrespomis to 
/ / . the j^—adic chgits appear in a repeating block. Let 

be one such repeating /)—adic l)lock. In other words, the /;—adic ex[)ansion 
of (V can be given a.s 

a,!'-" + ••• + rnp-''^' + (o,+,7r"+^+' + • • • + «fe+jr"+^+') 

Rearranging the terms of this p—a(Hc expansion, we obtain 

As / > 1. it is clear that 

l+p' + / * + ?)•" + • • • = 

It follows (hat 

a - a,p"' + ••• + a,p-"'' + {a,,,/r"^* +' + • • • + fl,+,/r"+*+')/(l " 'P)-

Clearly a is a rational munber. 
Conversely, assume that a — a/b, b > 0. a rational number such that 

[a J)) — 1. Without loss of generality, we can assume that p does not divide 
b. By the division algorithm a/b can be expressed in the form 

q + r/b 

where —b-\- 1 < r < 0 and q € Z. Now, simply multiplying and dividing r/b 
by //""'^ - 1. we can express r/b as follows: 

'p<l>W _ 1 

r/b^{-r 
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Using the equality 

1 l 4 . / ( " ) 4 / * ( ' ' ) + p 3 * ( 6 ) _ ^ . . . 
1 - p'^W 

in Qp. it ib clear that 

,i'H'') _ 1 \ 
r ^ = ( - r ) ( ^ ^ l ^ ^ j { l + / / ' " U . . . ) 

H - 0 ( ^ - ^ ) . ( - r ) ( ^ - ^ ) p - ^ (3.1) 

As {h,p) — 1. it follows from Fermat's theorem that 

p''^'^ - 1 

b 

is an integer Again by the asKnmption —b+l<r< 0,b > 0 it is clear that 

Hence its /;—adic ex\)ansion is given hy 

(-') r—j^ J - «n + ")P + • • • + «..(/.)- i/̂ '̂"' 

/ , / ( ' ' ) _ 1 \ 
and snhslituting the value of (—r) I 1 in (3.1), we have the p—adic 

exi)ansi()n ol ?//;. Moretwer. it is clear that the p—adic expansion of r/b is 
lepcating. 

C)l»ser\'e that for a ;;—adic integer /i with its p—adic expansion 

Ol + ('iP + C'lP^ + c.̂ //̂  -̂  , 

7)-adic expansion of — ,i is given hy 

P - (\, + (/; - 1 - (•i)p ^ (73 - 1 - r2)p'^ + { p - l - Ci)p^ • • • 

and thus ,i has a lepeating /j—a(Uc expansion if and only if —/i has a repealing 
/>-adic expansion. 
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11ms if r/h is an integer (hen we have nothing to prove (as a i)ositive 
integer is having a repeating/;—adic expansion with 0 being repeating digit). 
Otherwise there exist an integer / > 0 such that \q\ < p' and t"'{enn in the 
p—adie exi)ansion of r/b is non-zero. 

If q is negative then the sum of q with the first t term(s) in the ;>—adie 
exjjansion r/b is positive and less than p'+' and we p—adically expand this 
sum (a positive integer). Thus it is easy to see that upon addition of (/ to the 
p—adie expansion of r/b. p—adie expansion remains unaffected from a term 
containing p'"*"' onwards. Thus q + r/b possess a repeating ;;—adic expansion. 

If q is positive then as —r/b is having a repeating p—adic expansion, we 
can show by a similar argument that —q — r/b is having a repeating p—adic 
exi)ansion and thus q + r/b is having a repeating /;—adic expansion. 

In either case we have proved the retjuired result. D 

Corollary 3.2.3. p—adically convergent senes such as X ^ ^ Q P " ^^' Y1^-=()P" 
do not cov7'erqe to a rational number. 

We now consider series of the type 

oc 

where a,, need not l)e />-adic digits. 

Proposition 3.2.4. For a ji.red vonnegotwe integer k. tfie .neries 

E"V 
(onvergci in Qp io a rational number. 

PI oof. Note that a.s 
,A„7 , 

. A -

''V'lp<P"", 

the p-adic norms of ifp" tend to zertj as ;( tends to infinity. It follows that 
t he series 

E"V 
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rouvoiges ;;—aclically. 
Lot 

1)0 the sum of the series in Qp. We prove the proposition by inchietion on A'. 
It IS elear that 

is a rational nninher. Wo may a.ssnnie tliat A' > 1 and that (J{J) is a rational 
number for 0 < y < A" — 1. To evahiate <T{h). we spHt a{k) as follows: 

Changing the index of second summation by setting n — p = m on the right 
hand side of the above equation we obtain 

; ' - 1 oo 

71-0 (1)^0 

Expanding (/;/ I /))'' binomially and then rearranging the terms of the inhnito 
seiies of the right hand side of E(i.(3.2), we can express the infinite series â s 

TO k 

.k — r i ^ 111 

.71-n 1—n V ' n(~0 r=0 

Observe now that the sum of the series X^,^^,,/»* ' ; / " is })reciselv 
rr(h — I) Hence eciuality (3 2) can be put in the form 

p - i k 

a{k) = E "'/'" + ?'"E ('0̂ (̂ - - '•)̂ '̂'-
77=0 7=0 ^ ' 

We break the soccmd sum on the right hand side into two parts to obtain 

' ' - ' •'̂  /A-\ 
a{k) = E n'f + fc,{k) + // E ( . ) '̂ ^̂ ' - '•)^' • 

n = 0 r_- 1 ^ ^ 77=0 r ^ l 
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It therefore follows that 

B> (he induction hypothesis, each of the sums 

CT(0),a(l),a(2),--- ,(7{k-l) 

IS nlso a raticjnal number. Hence the preceding expression shows that a(k) 
is also a lalional number, completing the proof. D 

Corollary 3.2.5. Let /(.r) he a polynomial with integral eoeffinents. Then 

flu scr/cs X^J^^t,/(?07^" converges p-adieally to a rational number. 

We conclude this section by posing two cjuestions which we believe to be 
open to the best of our knowledge and illustrate the difficulty in dealing with 
the ralionahty cjuestion: 

• ^^ S T ^ I " " P " ci rational numf)er? 

• I*' X^JT^O"'/-"" '^ i"ational number? 
Note that both these series are p-adical ly convergent. 

3.3 Series of the type J^^o n^{n + j)! 

In this section as well as in the next section, we investigate series with fac-
(oiials such a.s Yl^={)"''i" + / ) ' f̂ 'r fixed nonnegative integers k and j . As 
mentioned in the Introduction of this chapter, Dragovich [3] along with Murty 
and Sunmer [21] have considered such series with factorials mainly with ref­
erence to the rationality of such sums. 

We Ix'gin by recalling from Chapter 1 that for n > / /", the p - a d i c norm 

\n'{n+jy.\^^<p-"' 

so anv series of t he tvi)e Yl^^n " ' '( '* +./)' converges p—adicallv to some element 
of Qp. In particular, the sum of the series 

^ 7 , ! (3.3) 

j)=n 
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is ill Qj, for cveiy i)rinit' p. We shall denote the sum as a; note that the 
/;—adic snni a actnally depends on the prime p. This series has altraeted a 
lot of attention but very little is known abont it. For example, as mentioned 
in the introduction of this chapter, the following question has been around 
lor a long time non without a satisfactory answer: 

• Is o 6 Qp. a rational number for any prime ]>? 
Jn contrast, a.s we shall see shortly, the p—adically convergent series 

X^,^()"(" ^ i ) ' f'onverges to a fixed integer. In fact 

This peculiarity h<is prompted us to consider the /)—adically convergent series 
X],T^(i"''(" + y)!- In <his connection note that Murtv and Sumner [21] have 
investigated J^^o"'^?'! relating it to a - Xjir=o"'- ^^^ begin by considering 
the scenes X^J^,)«(n + j)! for a fixed noimegative integer j . Observe that 

(n4 J + ! ) ! - ( / ( + j + l).(?/ + j )! 

= n.(n + j)! + (j h l ) ( r )+ j ) ! 

However 

and 

Y^in 4 ./ f 1)! = ^ n\ - (0! + l! + 2! + • • - + j ! 
»=o ji=n 

E ( " ^ •?)' = E "•' - ("•' 4 1! + 2! + - • • + (.7 - 1))! 

Ktirepa's Ufl fdrlonal. K{m), for a nonnegative integer ;??, is given by 

K[r))) = 0 if m = 0 

= 0! + 1! -f 2! 4 • • • h (;?/ - ])! if m is a positive integer. 

It then follows that 
" O o o CXD 

^ 77(77 +./)! = Ylin + j + l)\- U + 1) J2i" ^ j) 
u^O n=0 11=0 

= a~K{j + l)-U + l){a-K{j)} 

= -ja-K{j + l) + {j + l)K{j). 
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For loasons which will be clear in a moment, we let 

"i(.y) = -J 

6,0) = - A ' 0 + l) + 0- + l)A-(.7). 

Tlier(>fore we can express X^J^()"(" "̂ 1)' '"^^ 
oo 

^ n ( n + j ) ! = o, ( j )" + ^i(.7)- (^-4) 

We are now ready to present the main resnlt of this section. 

Proposit ion 3.3.1. Fun- ivlegers k > i and J > 0. define ai,{j) and bk{j) 
reeursu'eiy as fnlloivs: 

aiO') = -J 
/ ' i ( j ) - - / v ( j + l) + (j + l)A'0) 

and for k > 2 
n,,0) = Uk-^iij + 1) - (j + l)ck.-i(j) 

^;.(j) = ^^.-iO- + i ) - ( . y + i)/;/.._,(j). 

Lei k > I and j > 0 be fixed integers. Then there are integers '''/i(j) and 
Ih-ij) sueh that 

oo 

n=0 

Proof. The proof is by induction (jn k. The ca.sc k ^ I has already been 
worked out. So we may ass\une A- > 2 and that the proposition holds lor k. 

J2"'("+J + ^)- = Yl "^""(^+•^')- + (•̂ ' +1) 5Z"'("+J^ " V " I .J 

71=0 n = ( ) ) ' = 0 

Thus using Yl'^^o "'''(" +.?')' = a^.ij)a + /;/,(.7) we have 

«A(,7 + l ) - ( . 7 + lK(.7) = «/.+i(.y) 

and 

ITiis complel es t he proof. H 
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Corollary 3.3.2. If for a given pair k.j of nonrmjaiive integers ihe equably 
(ikij) = 0 holds then Ihe series X^^^o"''^" +•?)'• converges to an inleger. 

We give a table for the first few values of ak{j) for k = 1,2, 3.4, 5, G 

A: 
1 
2 
3 
4 
5 
6 

a-kU) 
-J 

f - 1 
-f + 3,7 + 1 

. ; * - G / ^ - 4 i f 2 
-f i- lOf + 10,?'^- 10.7 - 9 

f - Voj'^ - 2{)f + '.iOf + 54y 4- 9 

We observe that ai(0) — 0. Tims, we have 

oo 

y V • nl 

is a fixed integer. Similarly, 
oo 

is a fixed integer. The following is an open question. 
• Given A', what are the values of j for which ak{j) vanishes. 

3.4 On the rationality of / ^ J^ n\ 
In this section as well a.s in (he following ones, we deal with (he series ^,^^|, /'!, 
niahdy on Ihe question of its rationahty. As mentioned in (he Introduction, 
Dragovich [4] proved the following result to partially answer a question raised 
by Koblitz [25] in 1970. We give two proofs the first one is an illustration of 
Dragovich's proof whereas in the second, we use a result about Kurepa's left 
fac(orial for a simple derivation. 

Theorem 3.4.1. If ihe p—adic sum of the series Yl^^a " ' '•'* "• ration-al num­
ber, then, il eannot be Ihe same rational number in Z ,̂ for every prime p. 
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Proof. Let a = J2T=i)"^- i" ^ P ^"^ ^ prime p. (Recall (hat a may assume 
different values for different primes p). Suppose, if possible, (lif>re is a rational 
numl)er a/b, where a and 6 are integers, 6 > 0, {a,b) — 1 such that X^jT-^o"' 
converges to a/h for every p—adic norm on Q, p ^ oo. Let 

k 

he (he k"^ partial sum of (he series J2X=()'"-'- Since 

a - Sr, - (n + 1)!{1 + (77 + 2) + (n + 2).{n + 3) + • • • } 

and since for a given prime p, the quantity inside the braces is a ;^adic 
integer, we have 

l«-5„|,,<?r'>("+>)'. 

Multiplying this inequahty by \b\ , and observing that |6|p < 1. we obtain 

which gives the following congruence in Z,,: 

a = 65,, (mod/A("^ ' ) ' ) . 

K(>CH11 from Chajiter f that if two integers are congruent modulo ;/' in Z^ 
then (hey are congruent in Z. Therefore, the preceding congruence between 
bS„ and a is a congruence in Z. In other wOrds p^rl'i+i)' divides bS„ — a foi 
any positive integer n. Since p is an arbitrary prime and {v + 1)! can be 
ex])ressed a.s a product of prime powers ((he power being ?),,(;; •+ 1)\) we see 
tlia( (7; f 1)! divides bS„ — 0 in Z (,ha( is, 

aEE?>5„(mod(7J + l)!). (3.5) 

We now claim thai there exist some positive integer N such that 

bS„ < {n + 1)! 

for (>very n > N. In order to establish this claim, we consider the inequality 

/75„ </)(77!)+2/;(77-1)!, (3.G) 
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using the fuct thai 5„ = 5„_i + n\ and 6 > 0, it is easy to see thai the 
preceding ineciuaHty is equivalent to 

Sr,-, < 2{n - 1)!. (3.7) 

It can IK^ easily sliown by induction that the preceding inequahty and hence 
(3.6) will hold for /( > 4. Also for sufficiently large /;. we see that 

h{n\) + 2b{r!~ 1)! < (n + 1)!. (3.8) 

Inequalities (3.0) and (3.8) imply that 

0 < bS„ < {n + 1)!. (3.9) 

This proves our claim. Consider the ca.se a < 0. Then 0 < bS„ — a< 2(»4 1)! 
which along with Congruence (3.5) yields that 

bSr, -o = {n -f i ) ! 

for all I) > i\. It follows from preceding eciuality that 

bS„+, - bSn = {n + 2)! - {ri + 1)! 

for all n > N + [ that is, 

b{n + iy. = (i( + l )(n + ])!. 

Since /; is a fixed integer, we get a contradiction. If a > 0 then a similar 
argument leads to a contradiction. This completes the proof. D 

It can be mentioned here that Dragovich [3] proved a more general lesult, 
namelv. that for an integer x, X ^ ^ o " ' ^ " <'fi"n()t be same rational number 
in Q,, for all primes /;. We prove the following two lemmas before giving an 
altetnative prool for the result if X^j^,, n! is a rational number then it cannot 
i)e the same in all Zp. We need a couple of preliminary results for our proof 
of Dragovich's Theorem (3.4.1). 

L e m m a 3.4.2. Let .r be a nonzero rational number. Then n| .r | = 1 wfiere 
the produet runs over all norms on Q. 
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Proof. For .r — ±1 , the statement is trivially true. If x ^ 0, ±1 then x can 
be uniquely as the finite product 

where each of the /j, is a distinct prime and A', is a nonzero integer. 15y 
properties of norms, we have that 

{/;;*•' i f / ) - / ) , : 

±.x- if /; = cx); 

1 otherwise . 

tlence the lemma follows. D 

Lemma 3.4.3. Lri r be a rafiotial rniTn,her. If \r\ = I for every odd prime 
p and |r|2 ~ f/2, then r — ±2. 

Proof. We know that every rational nunjber ;• can be expressed in the form 
a/b where a, 5 G Z and (fl,6) = I. Since for any odd prime p. \r\ = 1. I( 
follows that {a.p) = {b,p) = 1. On the other hand |/-|2 = f/2. this imphes 
that 2|fl . (6.2) = 1 and (o/2,2) = 1. 
Hence a = J-2, b = ±1. Thus a/l> =- ±2. 

Alternatively, using Lenmia (3.4.2) for a nonzero rational number /•, we 

have r II |?l = --— = ±2. Since \r\„ — 1 for any every prime />, the lemma 
P/-2' 'P |r|._, ' ''' . 7 . 1 

follows. D 

Recall that for a nonnegative integer n, Kurepa's left factorial is given i)y 

A'(0) - 0, 

A'(„) = J2k\,ri e N 

Clearly A'(//) is (he (r? — 1)///, partial sum of the series X^J^o"-'- Barsky 
and Benzaghou [9] have recently proved what was known as "Kurepa'.s left 
faelornil eonjeeivre." The following is the statement of the conjecture. 

Theorem 3.4.4. The following slalemenis hold 
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(d) For eviry n>2, 
{K{n),n\)-^2. 

(b) n does not divide K(7i) for every n > 2. 

(r) p does riol divide K{p) for every odd prime p. 

(It can ho shown that (a), (b). (c) are equivalent). 

l^aihky and Bonzaghoii [9] proved Theorem (3.4.4) by showing that p does 
not divide Jp_i - 1 (for the definition of /i„ the n"' Bell number we refer to 
D(-finition (3.6.6). However, from Corollary (3.6.8) K{ri) is related to Bell 
mnnl)ers /i„ through the following congiuence: 

K{p) = ;'?p_, - 1 (mod p) 

Now, for an odtl prime p, using Theorem (1.5.2) it is clear that 

k> - A'(p)|p < 11 p. 

Hence, we have (\ = K{p) {mod])), for every odtl prime 7). Thus \a\ = 1 for 
an odfl prime p. 
Let us assume that o is an arbitrary l)ut fixed rational immber independent 
of the norm, thai is. a = ^ where {a,b) — 1 but 

|a|2 = |0! + l! + 2! + 3! + ---|2 
= | l ( ) + 4 ! + 5! + 6! + ---|2 

= 1/2|5 i 4!/2 + 5'/2 + 6!/2 + • • -12 = 1/2. 

Thus i)y lemma (3.4.3), a = ±2 . 
That is, 

either rt - 2 = 0 Or, « -f 2 = 0 

Which gives either 

f 2! f 3! + 4! + 5! + • • • = 0 (mod 16) 

Or 

2 + f)! + 1! + 2! + 3! + • • • EEE 0 (mod 16) 

N(ither of these assertions holds. 
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3.5 X^^o^' ^^^ subfactorials. 

Ill this section, we explore (he relationship between the series X^ ,^o" ' '̂ ""̂ ^ 
ceitaiu interesting sequences of rational numbers known as subfactorntJs. 

Def in i t ion 3 .5 .1 . For a positive integer n the suhfaciorial, S{ri) is dehiied 
a.s follows-

7/ 

5(,0 = "!5](-1)VA-!. 

.S'(/;) can also be chaiacterized as the number of derangements of n ele­
ments which is also the number oi pcrmviaiions of n elements without anv 
hxedpoints. \\V IK)W list a few interesting properties of S{n). 

5 ( n ) = / ) 5 ( ? ! - l ) + ( - ! ) " 

5(70 ={n - \)S{n - 1).+ S{n - 2) 

The following proposition due to I3ernd C. Kellner [6] relates subfactorials 
to Kuiepa's left factorials. 

Propos i t ion 3 .5 .2 . For any mteger n > 2, 

A ' ( n ) E E ( - I ) " - ' . 9 ( r / - 1) (mod 77) 

PI oof. The proposition is trivial for n = 2. Consider an integer n > 3. The 
d(-hnition of S{7i — 1) then gives us 

{-iy'-'Si„ - 1) = ^ ( - l ) " - i - ^ ( ^ " - l ^ ( , , - 1 - ^•)!. (3.10) 

Changing the index of summation. A- by ?; — 1 — A- and noting that 

7? - 1\ _ / n-1 

k J ~ \n-l-k 

Eq(3.1()) can be written as 

(-ir'5(.-i)^xi(-i)'C'/)^-

47 

file:///n-l-k


Now, for 0 < A; < ;? — 1, one has 

(_ l )^(^"-^y. ! = (_l)'^(„_ ! ) . . . („ -A:) 

= A:! (mod n). 

Tliercforo 

-i)"-vs>-i)=x:(-i)'^-'("/) 

= 2_] k\ (mod n) 

wliich proves the proiiosition. d 

The foUowing pro})osition gives a = XliTln"' ^̂•'̂  '̂ ^ '̂ ' '""* of subfaelorials. 

Propos i t ion 3 .5 .3 . 
a = - hm 5(2" - 1) 

covs/dcrnig convergence iiiith respect, to 2—adic norm. 

Proof. By proposil-ion (3.5.2), we have 

7^(2") = - 5 ( 2 " - 1) (mod 2") (3.11) 

where K{n) denotes the Kurepa's left factorial fmiction. 
Also 

o — hin A'('n), 

ill Q;,. 
It follows hom the eongrnenee (3.11) that 

o = - lim 5(2" - 1) 

in Q2. • 

It is clear by a similar argument thai 

a - - l i m 5 ( p " - 1 ) 

considering ;J—adic norm for any prime p. 
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3.6 Factorials and Stirling numbers 

The Stirling number of first kind, s{n,k) for positive integers ri,k is defined 
a.s the nunif)er of ways to arrange n objcets into A- eyoles and rlenoted as 
.s(/?, k). It can also be chaiaclerized by the rccurranee relation 

s(», k) - {i, - \)s{u - 1. A-) + .s(n - 1. A- - 1). 

For analysing Stirling numbers furth(>r, we recjuire the concept of falling 
factorial and rising factorial. For a real ^wmber .r and a positive integer A-
lalliug factorial x- and rising factorials x*' are defined as. 

.r* - . r ( . r - ] ) ( j - 2 ) - - - ( j - - A - + l ) . 

/ = j-(.r + l)(.r + 2 ) - - - ( . f + A- -1) . 

Stirling number of the first kind can also be characterized as the coefhcients 
of falling factorials that yield ordinary powers. Stirling numbers can generate 
factorials as given bv the equation 

^,s(?7,A-) = ?7!. (3.12) 

Sunnning up this equation as n takes the values 1,2,3, • • • , m ,we have 

711 in A - J J 

,i=i „=i k^i) 

Thus Stirling numbers of the first kind are the building blocks foi series with 
factoruxls. 

Hov\ever we are nioie interesterl in another kind of Stirling numl)eis 
calletl Stnling numbers of second kind and denoted as S{iKk). Unless we 
explicit(>ly mention by Stirling numbers we mean Stirling numbers of the 
second kind. Stirhng numbers of second kind S{n,k) can be defined in a 
number of ways. The following gives these mmibers based on pariifion. A 
partion of a set {1,2, 3, • • • , ?(} is a collection of non empty pairwise disjoint 
subsets of {1, 2, 3, • • • ,??} called bk)cks whose union is equal to {1, 2, • • • , n} . 
1M)I example {1.2}, {3,4} is apar t i t ion of { f ,2 ,3 ,4} into two blocks. Stiihng 
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nuniher of second kind, S(n, k) is the number of ways in which we can parti­
tion a set with ii elements into exactly k subsets. However in this dissertation 
we would be mainly regarding these numbers as the numbers generated l)y 
certain reciUTence relation given below: 

S{n + l,j) = S{n,j-l)+jS{n,,)) 

where n and j are positive integers and 

5'(1,1) = l , 5 ' ( l , 0 ) - 0 . 

This lecnrrence relation is similar to the recurrence relation for the binomial 
coefficient 

,r + l j " \r) ^ Vr + 1, 

except for the coefficient j occurring in the first relation. The following 
proposition relates powers of x with falling factorials through Stirling nmn-
l:)eTS. 

Proposition 3.6.1. For any positive integer n 

n 

.r"==^5(//,A-)/-

wlirre .r stands for an indeterminate. 

Proof. The proposition can be easily prov(>d by induction on n. D 

Now, noting that 

(_,,)ii = (-])".r(.r + l)(.r + 2) • • • (.r + n - 1), 

we obtain from Proposition (3.G.f) the following relation: 

k—n 

.T" = ^ 5 ( 7 ; , A - ) ( - ] ) " " V . 

This can be put in the form 
A-—n 

J^5(»,A;)( - l )"-V/ .7- . (3.13) .r"-' 
k^\ 
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Taking s = 1,2,3, • • • buccossively iii (3.13), multiplying the resultant equa­
tions foi .r = J by j ! and finally addding up, we get 

1"- '!! +2"-^2! + ---
- Y^'lZ" Sin.k)(-l)"-'^]^l\/l + ^21^" S{n.k){-ir '•2^21/2 4 ••• 

(3.14) 
The piereding series ec)n\eiges in Q,, heeause of the fact that the series 
X^^lo"' converges in Qp and the following observation: 

A ^ = (7 + A,--l)!. 
J 

and thus equality (3.14) is valid in Qp. Thus we have 

k—Jl k—1l 

r - ' l !+2" - ' 2 !H ••• = ^5(7;,A-)(-l)""*A-! + J]S'(/7,/.-)(-l)""*(A- + l)! + ---

Assembling the eoeflficient of n\, (n -f 1)!, (// + 2)!, • • • and observing that the 
(oefheient of each of these factorials is the alternating sum 

S{n, n) - Sin, // - 1) f • • • + {-l)"S{v. 1), 

we have 

l" - i l ! + 2"^'2! 4 • • • 
- {5(77,77) - S{n,r, - 1) + • • • + (-l)"5(r7, J)} E : t „ '! + O, ^'^'^^^ 

where r„ is a constant depending on 77. Just for notational convenience, we 
replacx' ;7 Ijy A,- to get th(> following ecjuation 

!'• ' i ! -f- 2*~'2! ~f • • • 

=={S{kJ-)-S(k,k-l) + ---i (-l)^5(A-,l)}E:^;^z! + a ^ -̂̂ ^^ 

Let us set, using the notation of Murty and Simmer [21], 

00 

j ? = 0 
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where o^. b), are unique integers and a = Y^=^ "!(a-s an element of Q,j Now. 
assume there is a prime ii for whieh X^J^o"*" ' iw ti /.»—adic irrational. Com-
paring eoeffieients of 1 and n in eciuation (3.16). we have 

k+\ 

afr = 5 ^ ( - l ) ^ + ' - ' 5 ( A - + l , / ) . (3,17) 
! = 1 

This relation is due to Murty and Stunner [21] and will he used repeatedly 
in what follows. 

L e m m a 3.6 .2 . X^,^()"*"! can be the same rational vambei in all Qp if and 
only if 

A + l 

^ ( _ l ) * + i - 5 ( A - + l , j ) = 0 

Pi oof. Proof follows using ttic faet that a eannot be same rational numhei 
independent of prime p. D 

The pieeeding lemma shows that Stirling munbers could play an impor­
tant lole in answering rationality of/>—adic series. 

Propos i t ion 3 .6 .3 . For every pair u,k of positive integers 

k 

^ (̂".'•)"EsC)'"'-"'-" 
J=0 

Proof. Denote the sum on the right hand side of the above equation bv 
a{irk). Since ( T ( 1 . ] ) = 5(1.1) -= 1 and (T (1 ,0 ) = 5(1,0) = 0. It suffices 
to show that a{n,k) satisfies the recurrence relation for Stirling inmiber of 
second kind. 
Now, n{n + 1, A' + 1) is given by 

'(-U. + i) = EiFM^'"'<-" 
7=0 

which is the same as 

k 
I /L- - I - i I " ' ' 

a(n + 1,A-+ 1 
(A- -I- 11! 

l ^ n y r + A. (,+1 _,)!,!• (̂ -î ) 
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Writing — j as A' + 1 — / — (A: -j- 1), it is clear that 

-J 1 A- + 1 
{k+i-j)\j\ ik-j)\j\ . {k + l-j)[j\ 

iMultipling this equation by j"(—1)*""^ and then summing up with respect to 
j it is clear that 

Observe that one of the term on the right hand side is a(n, k) and so using 
(3.18) we get 

The first two term on the right hand side of previous equality when added 
gives us 

{k + 1) 

{!>• 

which is nothing but (A- + l)(j{n, k + 1). 
Hence the result follows. D 

Before proving next proposition we give a table for the first few values of 
S(n.k). We assume S{n,in) — 0 for m > ii and 5(0.0) — 1. 

/; 
0 
1 
2 
3 
4 
5 
6 
7 

,S'(?(.0) 

1 
0 
0 
0 
t) 
0 
0 
0 

SivJ) 
0 
1 
1 
1 
1 
1 
1 
1 

S{n,2) 
0 
0 
1 
3 
7 
15 
31 
63 

Sin,3) 
0 
0 
0 
1 
G 
25 
90 
301 • 

S{vA) 
0 
0 
0 
0 
1 
10 
G5 
350 

S'(/),5) 

0 
0 
0 
0 
0 
1 
15 
140 

5(/),6) 

0 
0 
0 
0 
0 
0 
1 
21 
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Looking at, this table, one can guess that iS 2 < j < p - 1 then the Stir­
ling nuni])ers S{p,j) are divisible by p for a ])rime p less than 8. The next 
proposition eoufirnis our guess. 

Proposition 3.6.4. Lei p be an odd prime and k be an integer snch Ui.at. 
2 < A- < p - 1 then 

S{p,k) = i) (modp). 

Proof. By Proposition (3.6.3), we have 

k 

'̂̂ /̂ '̂ -̂E^Q)/(-i) k\ \i I-
.7 = 1 

On the other hand, by Fcrniat's Little theorem, for any integer /', 

f = J (mo<l P)-

It follows that 

k 

5(p,A-)fc!EE^Q(-l)'^-'j (modp) 
j = i 

Observe that 

A: / , X k 

EC)(-.)-,^I:C::;)(-..'--O^ 

The required congruence folkjws from the fact that for 2 < A; < p — 1, 
(A-!.p) = l. D 

The following is a result- stated by D. Barsky and B. Benzaghou [9j. 

Lemma 3.6.5. For a prime p and any positive integer j sueh that I < j < 
p~l 

5 ( p - l , j ) = ( p - l - j ) ! (modp) 

Proof. We prove the congruence by induction on j . By Wilson's theorem, 
one lia,s 

( p - 2 ) ! = l (modp). 
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Since S{p - 1,1) == 1, (he lemma holds for j = I. Assimie that the lemma 
holds for some j > 1. So using the congruence S{p,k) = 0 (mod p) for 
2 < k < p — 1 m the following recurrence relation 

S{p,j + 1) = S{p - l , j ) + (; + l}S{p - l , j + 1), (3.19) 

we ol)lain 
S{p - 1,.7) = -U + l)S{p - hj + 1). (3.20) 

Using our induction Inpothesis, S(p- 1, j ) = (p- 1 - . / ) ! (mod p), it is clear 
that 

(/; - 1 - j)\ = {p - (j + 1)}5(;; - 1,.; + 1) (mod p) (3.21) 

Cancelling ]> — j — I the induction argument is completed. D 

We now introduce Bell numbers. 

Definition 3.6.6. For any positive integer u the /("' Bell number, /:?„ is the 
total number of partitions of a set with n elements into disjoint subsets. 

For example, i^i^ = 5 because we can partition {1,2,3} into subsets as 
follows: 

{ 1. 2.3}: {1,2} U {3}; {1.3} U {2}; {1} U {2,3}; {1} U {2} U {3} 

The first few Bell numbers arc as follows: 

1,2,5,15,52,203,877,4140,-•• 

The values of some more Bell numbers can be found at Sloane's Online 
Encycloi)edia of integer sequences (see AOOOllO). We now state some of the 
rc>sults without proof. The fundamental recurrence for Bell numbers is given 
bv: 

E(:).v.-
1 —n N / A,=0 

We are int(>rested in Bell numbers as they are related to Stirling numbers. 

Proposition 3.6.7. Let n be a positive integer then /?„ = Z]A=(I'^("'^O-



Pioof. The i^roof is clear using the dpfinitioii of Bt>ll iiuml:>('r and the defini­
tion of Stilling numbers through partitions. • 

Corollary 3.6.8. Let p be a pmne number then 

p - i 

/ V i - l = ^ ( p - l - j ) ! (mod/;). 
, = 0 

Proof. Proof follows from Lemma (3.G.5) ajid the dehnition of ^ip^l• • 

3.7 Stirling numbers and their alternating sum 

Recent works by Murty and Sumner [21] has shown the relevance of alter­
nating stuns of the Stirling rmmhers of the second kind with the fjuestion 
of rationality of p—adically convergent series with factorials. For a posititve 
integiT ti, we shall denote by v^ the following alternating sum: 

II 

It is clear from the dehnitions of a„ and w'„ that 

o„ = ( - l ) " ' ' »V,+ i. 

I 'he hrst few terms in the sequence {a,,} are 

1, - 1 . 0 , 1 , 1 . ~ 2 , - 9 . - 9 ,50 ,207 ,413 , -2180 , -17731 , -50533, • • • 

This sequence is the sequence .4000587 of Sloane's On-Line Encyclopedia 
of Integer Sequences [24]. The integers of.these sequences are also called 
Uppulari-Carptniter or Complementary Bell nimibers with the generating 
function r.rp(l — (••''). These niunbers count the excess of the number of par­
titions of {1, • • • . r?} into an even number blocks over the number of partiticjns 
into an odd number of blocks. It is interesting to note that this sequence 
ap]j(^ars in Example 5(2) of Section 8, Chapter 3 of Ramamijan's Second 
Notebook. By Eq. (3.17), it is clear that if 

fc+i 

a,^Y.{-lf+'-\S{k + h: 
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is nonzero then ^Ij^^o"*"' ''̂  ^" irrational number /^-adically whenever 
^,^^„7t! is an irrational number p—adically. Now we consider certain special 
values of k for which aj is nonzero. 

Proposition 3.7.1. For a fixed prime p assume that a — X],Ttn"' '•** " 
p-adic irrnlional number. Thev for everij natural number k, 

/,s also ap—adie irrational number. 

Proof. Wanncunacker [29] has proved that for positive integers n,k where 
\.<k< 2". 

V2{S{2\k)) = a.,{k)-\ 

where vAn) denotes the highest power of 2 dividing n and a2{k) denotes the 
numl)er of 1 in the 2-adic representation of A'. We observe that a^ik) = 1 if 
and only if /.• = 2' for some nonnegative integer j . Therefore 

5(2",A-) = 1 (mod 2) if A-= 2̂  

= 0 (mod 2) otherwise. 

It tlK>refore, follows by putting A" = 2^"' - 1 in (3.17) that 

a22,n - 1 = 5 ] ] 5(2'-^"', j). (mod 2) 
7 = 1 

= 1 + 1 f • • • 1 (mod 2) 

wJiere 1 arlded 1o itself 2m + 1 times. Recall that 

n=rO 

Since the preceding congruence implies that n2n i 7̂  0, it follows that 
^ / H " "'/;! is p-adic irrational number if a is assumed to be a p-mWe n-
lational. D 
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The iatif)iiality questions for some other series, though simihir to the 
ones we have cousideied in the preceding proposition, can be settled using 
(hfferent te(hni<iues as shown in the following. 

Propos i t ion 3.7.2. Ld p,q hi' Iwo chstntcl primes. Assume that a — 
X],^-()"' 's a p—adie irrational nvmber. Tti.en for any positive integer in, 
X^,^,i/'''"'^^n! IS also ap~adu: irrational nvmber. 

Proof. Since 

^ 7 , S , ! = ^ ( „ f 1)^(„ f 1)! 
ri=r() 

= f2{n + irhrl 
71=0 ri=r() 

?i=n 

n^O r=() ^ 

n'lA, 

it follows that 

oo A —1 

T)=0 71=0 71=0 7 = 0 ^ ^ 

Hence the relation X ^ ^ o " * " ' = '̂'̂ •̂  + '''̂  yields that 

r = 0 ^ ^ 

Assuming o to be irrational for at least one prime and since cv, 1 are linearly 
independent over Q comparing rational and irrational part of the preceding 
eciuality, we obtain 

7- = 0 

and 

ei,+:=~ka,-Y^i ^ ]a, (3 22 

'^' a- + i 
r 

r = 0 

5 , , i - - A ' 6 , - ^ ^ U , (3.23) 
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Taking A- = p'" and observing a] = (J , C'",.^') = 0 (mod/)) for r = 
2, 3,4, • • • A- — 1 and rrdiicing (3.22) modulo p we liavc 

Qp̂ .̂ î = — 1 (mod p). 

We conclude that Upm+i is a nonzero integer. Hence the proposition follows. 
D 

Before proving next theorem on irrationality of the series l^ j^o"*^ ' ' we 
have the folowiug lemma proved i)v Murty and Sunmer [21]. 

L e m m a 3 .7 .3 . If k = 2 (mod 3) //ten Pt; is even, oihernnse ,'̂ A /,S odd. 

Proof. The proof is i)ased on induction /% = 1 and /̂ i = 1 and ih ~~ 2 . so 
that lennna holds for A- — 0 ,1 , 2. Sup])ose the lenmia is true for j < k. Recall 
the recursion relation for /i .̂ 

J = 0 txy 
By the induction hypothesis, if j = 2(mod3) then /?, is even, otherwise d^ is 
odd. Hence the recurrence formula becomes 

J : E ] , 2 ( ino<13) ^ • ' ^ 7S0( mod 3) "̂̂  ^ j = l ( mod 3) "̂̂  ^ 

Let (̂  be a non-real cube root of unity. Adding binomial expansion of (1 + 7-r)'' 
a.s t takes the values 1,CX^ we get 

^ (^')x'(i+c'+e.i) =̂  (1+xf f (1+of-+(1+e.rf-
7--0 ^ • • ' ^ 

Let ,(• --- 1 then 

E H (̂  + '̂ + <'') = 2' + (1 + 0' + (1 + C')'. 
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Using C'' =" I a'ul 1 + ( + Ĉ  = f̂- It f«n 1̂ ^ crtsily shown that 

l + ^; + ^^2 ,^f3 ifj = 0(mod3) 
10 otherwise. 

!

1 if A- s 0(mod3) 

C if k = 2(niod3) (3.24) 

(2 if A-= l(mod3) 

Now for the other sum. Consider 
A,-

, = ( ) ^ ^ ' 

Adding these togetfier gives 

,—11 \ ' / 

Let .r - i 

A-

Now 

Hence 

1 + C ' ' t C ' ^ ^ ' - ^ r ^ i f j - f = 0(mod3) 
I 0 otherwise. 

E Q ( I + Ĉ "' + C '̂"') = 3 E V,^2^ + ĉ (i + c)̂ - + ai^c^ 
/ ^ " ^ ' ' ^ j = l ( m o d 3 ) 
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Using I + C + C^ = 0 r(^peat,odly, we get 

j~l{ mod 3) 

= 2' +{-if ie''^+ ('•''.} 

But (^ is a r(jnjngatc of C and thus 

3 J2 ''^J = 2*- + 2 ( - l ) ^ ' real part of C^+'; 
. ;= ! ( iiicxi ,!) 

f3.2[ 

Let us note tlint 

c k+[ 
' 1 if A- + i = 0(uiod3) 

C if A' + l = l(raod2) (3.2G) 
(2 if A- + 1 =2(mod3) 

eoml)ining the information in equation , (3.24), (3.26) ,we see that, if 

k= l(mod3) 

then 
/4+, EH 0(mod2), 

and if 
A'= 2,3 (mod 3) 

(hen 
/ V i = l(mod2) 

proving the recjuired lenmia. D 

Murty and Simmer [21] uses the above lemma lo prove the following 
theorem on alt.ernating sums of Stirhng numbers. 

Theorem 3.7.4. Let k he a positive i^iteger such that k = 0 or 2 (mod 3) 
llicnai,. ŷ  0, nndY^^^^^n'"n\ is ap—adic irrational provided a is also a.p—adw 
irrational. 
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Fioof. Wo hn\-c by (3.17) and definition of Bell numbers bci.sed on Stirling 
iinnibers 

u, = J ] 5 ( A - + l , j ) = /4+,(rnod2) (;3.27) 

Hence the theorem follows. D 

However, we have another wimpler proof of Theorem (3.7.4) a^ shown 

below. Considei I he series Yl^^n " ' ' ( " " I ) " ' - ^>' *'i"ipl'^' ealculation, we have 

DO DC OO 

^ 7 / ( H - l ) ? ; ! - = ' ^ ( n + 2 ) ' ( / i + l)(// + 2)! = 5 ^ ( n + 2)''-+'(/7 + l)^7?! (3.28) 

Recalling the notation ^ J ^ ^ n ' ' / ? ! = a^.o + 6*,. and expanding 
(r? f 2)*'+'(» + 1)^ as powers of /; and then comparing the coefficient of a 
(assuming a to be irrational), we get 

a,+i --a,^Yl '^'^'"'{"r+2 + 2a.+, + «.) (3.29) 
r-:() 

which upon reduction modulo 2 gives 

0;̂  = «A+.j(niod2) (3.30) 

Now 

(h -= 0, 

02 = 5(3,3) - 5(3,2) ^ 5(3.1) = - 1 , 

a-i = 5(4,4) - 5(4,3) + 5(4,2) - 5(4,1) = 1 

Thus we have 

- l ( m o d 2 ) whenever A: = 2(mod3) 

(ii^ = < [ (mod2) whenever k = 0(mod3) 

0 (mod2) whenever k = l (mod3) 

Hence the theorem follows. 
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Oilier congnunices on alleriiat.ing sum of Stirling nunibern have also l)een 
oblained by Wanneniaeker like 

o„ = «nfi2(niod4) (3 31) 
o„ = a„+48(niod8) 

and in general 
a„ = fl(„+:j I'-i) ( mod2' ' ) (3.32) 

However, proof of (his general congruenee resvdt (a.s given by Wanneniaeker) 
depends on eoneepts like eompanion matrix. Jacobson eanonieal form. etc. 
I'sing equation (3.29) we could possibly have an elementary proof of the 
general result namely congniejiee e(juation (3.31). Murty and Sumner [21] 
have ol)tained an exjjression for alternating sum of stirhng numbers as e times 
sum of an infinite series with tisual norm. The following lenmia occurs in 
[21]. 

L e m m a 3.7 .5 . ( - l ) V = p'Z'^=o-^i-'^T 

I'rooJ. By equation (3.17). we have 

(-l)S,,-2[;(-l)-'5(/.- + l,.y) 
7j : i 

{-\y 
.7>l 0<r< : j 

'•>0 ,7>r 

1 v - ( - l r ^ . „u-+i yiyiLii_(^_r)*-

e 
Tl 

r )=() 

D 
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3.8 Some questions 

The material covered in this section throws up several ciuestious whose an­
swers, as far as we know, are not known. It- is clear that, the series X ,̂71o "*"! 
converges in every Qp for ev(Ty prime /;. 

Qvestinn I : Does there exist a k eN, k > L such that J2^=Q"''"^- î  " 
rational number in every Qp? We can generalise the i)revious ciiicstion and 
ask the (juestion, 

Qveslion 2 : What are the integers A:,j such that X]^,)?'*(" +.'/)! î  « 
hxed rational number? 

Recall that ai,.{j) are defined inductively on A; as follows for /.• > 2 

« , ( j ) = a A . ^ i ( j + l ) - ( j + f)afr_,(j) 

and 

« i O ) = -.-/• 

h\{:i)^-K{:j + l) + {:i + \)K{j) 

We have the following question 

Qucsi'iori S : For a fixed positive integer A% what are the roots of the 
e(iua,tion rt^,(j) = 0? 

Recall that Kure])a's left- factorials, K{m) are defined by 

K{iv) = [) ifm- = 0 

-- 0! + l! + 2! + • • • + [m — 1)! if m is a positive integer. 

Barsky has shown that the remainder left out when A'(p) is divided l)y 
]) is a nonzero (juantity. ^\'e can further investigate this result and ask the 
(juestion; 

Qveslion 4 •' What is the least positive remainder when K{p) is divided 
by p^ 
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Chapter 4 

Transcendental numbers in R 
or MP 

4.1 Introduction 
It is often easier to decide wlielliei a p—adic series eoiiverges or not as eorii-
pared to deeiding whether a real series converges or not. Thns the problem of 
convergence of a ;;—adic series is easier to handle hut it is not easy to decide to 
what kind of number (rational or algebraic or transcend(>ntal) the p—adic se-

ries converges. For example, it is not known whether the series X],Tt(i 
»r-' + 1 

c(;nv(Tges p—adically to a rational number even for a single prime p. Burger 
f "! V" and Slruijpeck [11] have shown that the series YlT=o { ~r^—7 f > ('(^iiverg-

ing in Q ,̂ for everv prime p as well as for p — oo, is a transcendental number. 
In this chapter, we show, using Liouville's theorem, that the sum 

y^T~n \ —r7. / is transcendental number. We have not seen this reeordinl 
'^"-" [n\' \r 1 J 
ill the literature. We begin by trc^ating the (juestion of transceiulence of cer­
tain sinii)le series Ity elementary means. 
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4.2 The series J2ZoP"' 
Liouville. one of (lie pioneers for investigating transcendence of real ninnl)ers. 
had shown (hat the real number to which the series X^,^o(~ 1)"2~"' converges 
is transcendental over Q. Su(er in [13] gives a p—adic version of (he jiroof 
given by Liouville to establish (he following proposiiion. 

Propos i t ion 4 .2 .1 . For every prime, p. series Yl'^=oi'"' ^'onverges in Qj, to 
a transeenderiial number. 

J^roof. L'sing the fact that p - a d i c norm of the terms of the scries XIT^O^'" ' 

are tending to zero it is easy to sec that the series Yl^^o'P"^' coi'verges in Q,,. 
Now. 

let. 

and ;4 •= J2n=oP"' '̂ *'' ^^''' ^'"' P^irtial simr of the series ^ j ^ , , ; / ' ' . 
\Vc i^rove that /:* is transcendental over Q by tlie method of contradiction. 

So assume that [-I is algebraic over Q. We note that ;i is not a rational nrunber 
as there is no repetition in the /;—adic expansion of ,3. Clearly ri (he degree 
of >i nuist be greater than 1. 

Lei 
/ ( . r ) = o , , r " + H„_i.r" ' ' + --- + ao 

be an irreducible polynomial over Z satisfied by /i. 
Write 

, , .fir) - filh) 
•r - A-

wliich can be shown to be a polynomial over Z using the faci (hat if i is a 

positiv(> in(eger (lien ~ 7 ^ i*̂  '̂  polynomi;d over Z. Clearly 

ky(/^)l; ,<i-

Also it is easy to see that 
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Chooso a positive integer M such that 

M p' > max < 2_/l^'l'Z_/l"'"'i' • • • , |ttia2«;r • • o.n\ 
!=0 l==0 

> . (4.2) 

wliere |.| is the usual norm on Q. Note that the liighest power of/) appearing 
in / ( ' 4 ) iw /'''''"• «> we may write 

f{A) = o„p''" + thP'" + ••• + "()• 

Here b^ is a sum of the «,/,, and /)"' is the next highest power in the expanded 
form of fii^k)- It follows by the properties of the usual norm that 

khi+M 

1=0 

Ther(-ibre. 

Hemv ;r(^'"+'+'") < !/((>) - / (aOI^ , < If-I - 0^\j, < p-(*-+'''. However ais A-
a])proaches infinity p-<''"+')' tends to zero nmeh faster than j,-(*!"+H .U) ^hus 
the i)reeeding inecjuality is not valid for sufficiently large A'. D 

4.3 A proof of Liouville's theorem 

In this section we prove Liouville's theorem both in the /;—adic case as well 
as in the real ca<se. 

Theorem 4.3.1. LH p be ciihcr a rational, pnme or p = oo. If a e Q,, /.s 
olfKbrnir of degree d over <Q, then there exist a posilire eonslant e siieh thai 
for every rational number r/s -f- a with (?•, .s) = 1 and s > {), the folloivnifj 
holds: 

\a-r/s\h{r/sf>e, 

adhere 
h{r/s) =- 7aax{|rj,|,s|}. 
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Note that the definition of h{r/s) involves the usual norms of the integers 
r and .s and so fi(r/s) is a positive integer. 

Proof. We assume first that a is a yj-adic algebraic number of degree d. In 
(jthei woids. o; is in Qp and satisfies a monie irreducible polynomial of degriH' 
d over Q. Consider the case when f/ = 1 . Then a must be a rational number. 
The proof of the theorem hi this case follows the one given l)y C'alegaii [12]. 
We Ijegin by letting (\ — ajh. Choose any rational number rjs such that 
r/.s ^ o with (r, .s) — 1. If the integers as and hr are incongruent modulo ]). 
then p does not divide (r/.s — hr) so \as — 6r|p = 1. Thus . 

_ Kr/s) 

\bs\p 

1 

\bs\p 
> 

As Ihe y)—adic norm of the integer bs is always less than or ecjual to 1, the 
theorem is veiiiitnl in this case. So we can assume that as,br are congruent 
modulo ;). Since 
a — (i/b ^ r/,s, it follows that (!.s - /;/• is a non-zero integer and for any 

non/ero integer n, 

S(; 

i " l , > > ^ - (-1-3) 

, , 1 
|os — Or I > |os — br\ 

Using the Inequality (4.3) we then sec that 

\n - r/,s | ^,(/-/,s) = |. I ''h{r H) 

\as-br\\bs\^, 

However 

\as-br\ < /;(r/,s)(ifl| + \b\). 
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So using the fad that for a non-zero integer .s, \bs\j, = |/>|p|sip < \b\p, it follows 
that 

|«.s - br\\bs\p < h{r/s){\a\ + \h\)\bl. 

The refjuired ineciuality of the theorem then follows from Ineqiiahtv (4.4). 
Hence the proof follows in this ca.se. To complete the proof of Lionville's 
theorem in the p—iid\c case, we next assume that a is a p-ndic algebraic 
numhei of tlegree d > 1. Let a = Oi, 02,03, •• • ,04 be all the conjugates of 
o ov(T Q. Therefore, by the elementary theory of field extensions if 

f(.r) =• oi) + ai.r 4 o-i-f̂  H f o^^i.r''"^ + x'' (4.5) 

is the minnnal polynomial of a over Q, then 

fix) = (.r - Qi)(.r - 02)(x - cy,) • • • {x - a,i). (4.6) 

For an arbitrary rational number r/,s where r, s are relatively prime integers. 
it is cleai that 

/ ( r / . s ) = (r/.s - ai)ir/s - a2) • • • {r/s - c^) 

and s(j 

•s'',/•('•/.'-') = (r - •s-cvi)(;- - .SO2) • • • (r - so^)-

That is, 

r = (r/.s - a)s. (4.7) 
(r - S02) • • • (r - .sarf) 

Now, it is clear that if / is the 1cm of the denominators of ooi^i, • • • ,«rf-i 
thi>n Is''f {r/s) G Z. Next note that if 7) is a nonzero integer then \n\ \n\ > 1. 
Since degree d of a is greater than 1, it follows that 

\ls'[r{r/s\ > - ] (4.8) 
" \ls''f(r/s)\ 

Note that for any nonnegative integer k < r/, 

|r|%s|' '^* < {Hr/s)}''. 

By usuig E(i.(4.r)) and then the tiiangle inecjuahty for the quantity in the 
right hand sitle of Ineciuality (4.8), we have 

{/(|Qu| + |«i| + |a2| + --- + |»,f-i| + l ) } ~ ' 

{h{r/s)y< 

Cihir/s)}-" (4.9) 

09 
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WhereC = {/(|oo| + |" i | + |«2lH h|arf_] f 1|)}"^ is a quantity independnil 
of r/s. Using Inecinalities (4.7). (4.9) and the non-archimodean property of 
p—adic nt)rni, we have 

| / , s | J r / , s -QL> ^ ' 
'p - / ; , / , . /oMrfrP='^, 

> 

{h{r/s)Yn]zimax{\rl,\s\p\(^i\r} 

a.s |;;1,, < 1 for ;; 6 Z. Now for a given o its conjugates are fixed and thus 

n; :^ /7m.r{l , |a ,^ 

is a constant. Hence the theorem follows in the p—adic case. 
Next we consider o to be a real muub(>r. As in the p—adic case, we start 

the proof l)v assuming a to l)e an algebraic real nnml)cr of degree 1. Clearly 
o = (i/b for .some relatively prime integers d,b,b -7̂  0 then 

(I r 

b~li 
h{r/s) = \!!^l^hir/s) 

But as — br is a nonzero integer hence \as — br\ > 1. Thus 

Henc*̂  Liuuville's theorem follows for an algebraic number o € M, of degree 
1. To complete the pioof in the real case we assume a to be an algebraic real 
numlx-r of degree greater than 1. Let 

./"(•'•) = "0 + a i J ' 4 " ' iJ '^ H 1- -'•'' 

l)e the minimal polynomial of n over Q. 
Now l)y the Lagrange's Mean Value Theorem, there exist. ^ such that 

-./•(r/.s) - f{a) - f{r/s) = (a - r / , s ) r (0 (4.10) 

wheic^ eilliei r/.s < ^ < o or (\ < ^ < r/s If our choice of rational number 
r/.s leads (o |a - ^| > 1 then 

|« - r/.s] > 1. 
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Tims 
|a - 77.s|s'' > 1. 

Now, one can assiinie that. \Q - ^| < 1. Since / ' ( O = / ' ( ^ - " + " ) ' / ' ( O '̂ '̂ "̂  
be considered as a polynomial in variable n - ^. Thus /'(C) t'an be bounded 
above by a mmiber r depending on a only. It then follows from E(}.(4.1()) 
(hat 

| o ~ / 7 . s | = ^ / ^ > | - / ( r A s ) k . (4.11) 

Note (hat / is an irreducible polynomial of degree greater than 1. Therefore, 
a calcula(ion. similar (o (he derivation of InequaHiy (4.8) shows that 

| / . s ' / ( r / . s ) | > l . 

Using (4.11). we thus oli(rain 

\(^-r/s\ > —. 

Henc(^ the theorem holds in this case too. D 

Liouville"s theorem for the case degree of o being equal to 1 gives a 
crherion for rationahty of a. The following lemma gives a criterion for irra-
(ionahty of a £ Q,,. 

L e m m a 4 .3 .2 . Lei {pn/q,,} he a sequence of rational numbers withpn.q,, € 
Z,q„ -/: 0 and with the,sequence {ry„} unbounded and suppose there e:xists a 
6 > 0 such that 

Pr, 
a 

'JTI 

( X 

for sufficiently lanjc n then a is an irrn.tional number. 

p-("'«.r{|p„|. |<7„|})H.^- ^^•^^' 

4.4 Liouville's number 

A niuuber o is said (o he Liouville's number ii there exists, 
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(a) an infinite sequcnco of distinct rational niunbcrs in the loweht fonn 
given l̂ y 

I\lQi.PilQ2,PilChr--

and 

(i)) an infinite setiuences of powitive numbers 

{Ai,A2.A.5,A4,---} 

tending to nifinitv, sudi that 

0 < i n - P „ / Q „ | < / / , 7 ^ " ( 7 7 - l , 2 . 3 , - - - ) 

wlieie H„ - max(|P„| . \Qn\)^ 

L e m m a 4 .4 .1 . LiouviJle's innnhers are Ironscendcrital. 

Proof. Note tliat \a - P„/Q„\Hl[ < Hll"^". However Hf''^" tends to /,ero as 
// —> rKj. The lemma follows by Liouville's th(X)reni. D 

Howe\'ei there are certain transcendental number which are not liouvilles 
nmnber at all many of the well known constants like vr, e etc. are not Liou­
villes number. As an aj)phcation of Liouville's theorem, wc havc^ 

E x a m p l e 4 .4 .2 . X^J^^QA-'"' is a transcendental nmnber for k in 
Z \ { f , - 1 , ( ) } . 

The i)roof will follow l̂ y using the partial sums of this series and showing 
that lor a gi\'en d. 

lim | o - , s „ I / ;( , .„) ' '= f) 

As another application of Liouvilles theorem we have a proof of irrational-
itv of Y2^={^P" • Yl^^oP"" where ?(„ denotes the ??"' term of the fibonacti 
sequence 

Propos i t ion 4 .4 .3 . YlT=(jP" '-̂  " " irrai/onal nvmher p—ndwally 

Proof. Let a -= E ,7 -o / ' "^Q. ' = E ; ' -nF ' ' 
I 'hen 

|o - Q„\^ = !p("+i)' +pin+2y+pin+.iy + . . .|^ 



Tims 
V 

= (n + l ) / r2"- ' 

which tends to zero as ;; toads to infinity. Thus by Liouville's Theorein 
oo 

Y.r'" 
T7=0 

is an irrational number p—adieally. tH 

Propos i t ion AAA. Let n„ denotes the n"' Fihmiaeci number. Tlien tlie sum 

X^n^()/'"" '"̂  " " irrational mim.her p—adically. 

Proof. Let 
CO ) i 

11=0 iM) 

Then 

— «"">' • '̂  

Hence 

tends to zero as n ends to infinity. Thus by Liouville's Theorem Yl^^o'P"" î  
an irrational number p—adically. D 

4.5 Transcendence of the sum X]?^o(;7!^) 

In this section, we show that the /;—adically convergent series 
Z^iT=o(„|2'_'n)"' (for '>ii.V prime p as well as p = oo) converges to a p—adic 
number transcendental over Q. We !)egin by a preparatory results. 

Leninia 4 .5 .1 . For any real number q > I and a positive integer A', tttere 
e.rists a nonnegative integer N sueli tliat for every n > N. 
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Pfoof. By (he well known formula for binomial expansion, we have 

J=0 

Now for fy > 1 each term of the jjreeeding sum is positive, so for ii > 2k 

g " > " ^ 2 A ( g - i r 

» ( n - ! ) • • • ( » - 2 / M 1) , , 

(2A-)! ^ ' ' 

Next we choose 
n > -ik — 2; 

note that a>> A- > 1, this choice of n is still possible under the previous 
con(li(ii)n n > '2k then it is ea.sy to see that for such ?; 

(n -2k \ 1) > n/2 

so that for any nonnegative integer j such that j < 2k — 1 we have 

(n - ./) > 71/2 

Hence we may conclude that 

2A 

nin-l).-.{n-2k+l)>^. 

Thus 

^' " 2'̂ '' (2A-)! 

TJierefore- if n is chosen large enough such (hat 

7(*' > max | ( 4 A - - 2 ) \ 

then 

Hence the desired result is obtained. D 
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Corollary 4.5.2. Let q > 1 be a real number, n be a nonnegahve mleqcr 
then there ex?.si,s N such that for every n > N, 

q" > {v + if-

Proof. By the above result, there exists an integer N such that, g" > (z;)'̂ '̂ 
for every ri > N Init for •;? > 2,n'^ > /; + 1 and thus q" > {n + 1)^' for ever\' 
u > A' > 2. D 

L e m m a 4.5 .3 . Let. d t)e a fixed positive integer, q > I be a real number, wi­
de fine 

P{n)^-{\l\z:i{i? + lfY 

Thin 

ji-»oo liq[n) 

Proof. It is clear from the definition of Rq{n) that 

_ {n-''+5„^+7n+4}(7i + l)!^ 

Note that for every positive integer /?. 

n'-^ + bn'^ f 7r( + 4 > n{n'^ + 5n + 7). 

It follows that 

RJn + n Pq(n + I) , ,(„+|)|2(„2_^5„_^7) 

Therefore Corollary (4.5.2) with k = 8d together with the preceding inccjual-
ity (for sufhcicntly large ii) iniphes that 

01)serves that 

71^ + rm, + 7 > v'^ + 5?7„ (?? + 1)^ > 2(7? + i) 



Thus we have 

-^^'/(" + ^) > ((2(ri +l)^)^"^}^""^''"^"'"**^"^ 

Hcnvever 

{(/7 + ])'}"+•• > { (»^ i)!}2. ((7, + i)P)2'^ > ((77 + 1 ) ! - + 1 ) " . 

Tliih hhows that 

_ / > _ 0 ) . 

Thus 
/^ . ( " + 1) ^ o ^ > + l ) > 2-

and 
^?.;(" + 2) ^ 2 M ! ) 
P(7( + 2) - P{n) 

Thus for n > N 

Pin) - PiN) 
J'hus tor a tixt'd A' a.s n approaches to infinity, we have 

Inn ——— = 00 
)j-*oo P (7? ) 

and hence the lennna is proved. • D 

We aie in a i)Ositi(Mi to ])rove oiu" main tticoreni. 

T h e o r e m 4.5.4. The fium of the convergent series 

I 

/7)!2 + l^ 
7? 

n = 0 

Willi n "^pcci lo cvrrij norm on Q is a iron seen denial nvmher. 

76 



Proof. L(>l 
,1 .. " i\ 

n=-() 7=0 

Since for ii positive integer /, 

y! 
< IM, 

it ibllowH lliat 
?! , , , a 

! ^ ^ > " s i/'K 
wincli gives 

Tn < / ^ 1/?! = P, tlie well known constant. (4.13) 
;=n 

Let 

(hen 

7' = 1 

n 
" 7 1 

Let r„ -^ -— where a„.h„ are relatively prime positive integers then /;„ divides 
n„ so 

and 

i < a 7 , <fn;z[ ; (*P + i ) ' ' ' 

Recall for «„ > (),/;„ > 0 and (a,j,/)n) = 1, /((r„) is given by 

/i(r„) = max {o„,6„}. 

11ms 

/'('•,7)'<{rn;z;;(.P + i)'''r^ (i.u) 
We know that 

lini |a - n \ = 0. 
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Thuh there exists an integer A/„ sneh that for every A- > M„, 

\<y-n[,<\{n + i)\^"+'y'\,, (4.15) 

How(n'er, for k > T>. the non-archimedean property of thep—acHc norm yields 

' ' ' '" ' ' ' '^(» + l ) ! 2 f l ^ + ^^(^•+1)!2 + 1^ ; ^ > 

Observe thai for n > JJ,.; € N, 

|(77+J + l ) P + l | p = l. 

Hence Eqnahty (4.16) reduces to 

\n - r„|„ =- max {|((n + l)!^""^''"!,, • • • , |((^- + l)!)^'-^-'^"!,} 

< l ( ( " + l ) !^" ' " " | , . (4.17) 

Thus foi k > inar{ii + 1, M„}, using ef^uality (4.15) and (4.17), we have 

\a - r„\^, < max {\a - n^. \n - r „ | J < \{r, + 1)!'"+"'%, (4.18) 

Hence using Inequahties (4.14),(4.18) we have 

|o - r„[Mrj' < \in + l)!"'+'^''|p{pn;r/(.!'^ + 1)'"}^'. 

Using the formula for j?,'!]̂  from Chapter 1 it follows that 

Foi A' 6 N . if we choose 7?̂  =-]/ — ! then JU+l-5p(»l H) " t 

p—1 p—1 

l'> - r ,J„Mr,J '^ < {e.Ulz'l^iA' f l)^'^}V(g"0'"'^'' ' '} 

= c'^P(770//i'("fc) 

which tends to zero as n^ —» oo bv Lemma (4.5.3). 

n 
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Lemma 4.5.5. For v.k G N, A: > n the following inequality holds in R 

'\77 + l)!2 + l-f ^ ^ '̂ (A- + l)P + r ' 

< or ( " + ! ) ' • T(>.+i)!^ 
- ^ 1 ( „ + l)!2 + i t 

Woo/. Using 2(/; + 1)!(7)!̂  + 1) < (")!(?? + 1)!'-̂  + 1 (which is true for every 
/; € N ) we ()l)tain 

{n + 1)!2 + 1- ' nP + 1 

thus 

(̂?7 + l)!2 + l^ 

D 

Proposition 4.5.6. X^^o(n!"+i)" '"̂  ^ transcendental mirnher u'hen the 
convenience is considered with respect to the usual norm. 

Proof. Proceeding as in Theorem (4.5.4)an(l using previous Lennna (4.5.5), 
we have 

I" ''''"'''^'"^'" 2{(,;+i)!2 + i}'"-^'' '^W=[;(7p + 1 ) " ! ^ 

(" + i) 

Again it can b(> shown thai 

<nT^]''^'''\cix^^'>{^' + ifY 

D 
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4.6 Some questions 

Burger and Struppcck [11] have shown that the power series 

converges to a tiaiiseendental miinbers for every rational number q ^ ^ and 
with respect to every p—adic norm on Q. 

Question 1 : Does there exist an irrational number r such that the sum 

of the power series Yl^=o i '~r> 7 } ">'" i" ^ î  ^̂  rational number? 

Recall the definition of Liouville's numbers given in section (4.4) 
Qticstion 2 : Is the real number 

a Liouville's number? 
It is ea.sy to see by the standard comparision test that the series 

^ 1 

71=0 

converges to a real number. 
QiKslion 3 : Is the real numbei 

2^ „"' 7/'' 

a tiauscendental number? 

Let /(.(•) — X^^-^o^'"-'" '*'' '̂̂  power series whose domain of convergence is 
R. 

Queshov 4 • Does there exist a secjuence of irrational numbers {a,,} 
such that foi a fixed but arbitrary /• € Q, / ( r ) is a transcendental number''' 

f "! V" 
11 we wiiie the sum Y^^n \ —r̂  \ in the usual decimal exi:)ansi(jn 

'^" ' [//!'̂  + 1 J 
of a r(>al number gi\en by 

O o - " i a 2 . . . 
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than is it tnie that a, iifvor vanishes? 
It is known that the seiies X^j^o ^7 <"onverges to TT'-̂ /G which is a tran­

scendental number. 
Queslion 5 : Does the series 

~ ' -11" 

ri=0 
(2/1 + 1)2 

converges to a transec^ndental number or even an irrational number? 
The sum 

(-1)" 
., (2n + 1 

is known as Catalan's constant. 

i'2n + 1)2 
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