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PREFACE. 

Polynomial and power series rings were classical objects of 

study. These concepts have been generalised to polynomial and 

power series modules. It is impossible to study even a 

substantial portion of the work.carried out in this field. In 

this dissertation a very small portion has been studied and a few 

specimen results have been recorded in each chapter. 

Chapters 1, 2, 3 are almost independent of each other. 

Chapter O is basically aimed at introducing terms and 

notations which are used in later chapters. Those terms which 

are of standard usage have been used without prior introduction. 

Chapter 1 studies the conditions under which* Hilbert Basis 

Theorem has a generalisation to polynomial and power series 

modules over rings not necessarily containing identity 

element. Knowledge of Noetherian modules is assumed. 

Many a time it has been observed that on imposing certain 

conditions on a ring, various properties of the ring so obtained 

carry over to the respective polynomial, and to some extent, power 

series rings. These properties like Baer rings, P.P. rings, P.S. 

rings and regular rings have been the subject of study in chapter 

2. (These concepts have been defined in chapters O and 2 . ) . In this 

chapter, our rings are associative but usually non-commutative. 

Zero-divisors and nilpotent elements of polynomial and power 

series rings turn out to be of considerable interest. Although 

the final chapter has been entitled "Polynomial and Power Series 



Rings Over Commutative Rings ", only the above- mentioned aspects 

of these rings have been studied in some detail. 

No originality is claimed for any of the material (except for 

a few remarks which we did not find recorded in the literature). 

This work is a survey of some research done by the following 

algebraists: K. Varadarajan, W. Xue, E. Armendariz, M.W. Evans, 

S. Endo, P. P i11 ay, W.K. Nicholson, J.F. Matters, W.R. Scott, 

D.E. Fields, R. Gilmer, E. Snapper and others. Detailed mention 

of the debt is made at the end of each chapter. 

The Bibliography has been divided into two parts: (I) Books and 

Monographs and (II) Research papers. A book may be cited as CX 11] 

OS as CXYZ3; here CX3 or CXYZ3 will denote the initial letter(s) 

of the names of the author(s). A memoir may be cited eg.,as 

CXYZ:533; Here 53 gives the year in which the paper was 

published. This will give an approximate idea of when the 

research was carried out. 
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CHAPTER 0 

SOME PRELIMINARY DEFINITIONS AND NOTATIONS. 

Introduction. 

This chapter is more or less an introduction to the 

dissertation. It consists of notations, definitions and 

conventions which will be followed consistently (unless mentioned 

otherwise) in the rest of the dissertation. Some definitions 

which are of a general nature are also given here. This chapter 

also helps to set a link between the other chapters of the 

dissertation. For unexplained concepts, we refer to standard 

books, e.g., CAFD, CLD, CS], CJI] and others. 

§0.1 Some conventions and notations. 

In this section we fix some convent ions and notations. We 

shall try to adhere to these throughout the dissertation. Note 

that all our left—sided concepts and results have right-sided 

counterparts. ^ 

0.1.1 CoTojeyxttort. Unless mentioned otherwise, by a ring we 

shall mean an associative ring with an identity element. The 

letter R will always denote a ring. In Chapter 1 rings will be 

associative but they need not have identity element. 



0.1.2 Notation. By a module M, we mean a left R-module and by 

a module M we mean a right R-module. 

0.1.3 CorL-OGntion.. An ideal will mean a two-sided ideal. A left 

or right ideal will be specifically mentioned. 

§ 0.2 Basic Definitions. 

The definitions to be used in this dissertation are given 

below. 

0.2.1 De/inition. By a domain we mean a (possibly 

non-commutative ) ring in which the product of non-zero elements is 

non—zero. 

0.2.2 Definition. A ring R is called a prime ring if for ideals 

A, B the equality AB = O implies A = O or B = O. (Clearly, 

domains are prime rings.) 

0.2.3 Definition. An ideal P of R is a prime ideal if R/P is a 

prime ring. (Note that in the commutative case, generally R is not 

regarded as a prime ideal.) An ideal P is prime if andl only if 

whenever x, y € R, xRy £ P ^ x e P or y e P. The prime radical 

or the lower nil radical (denoted by Nil(R)) of a ring R is the 

intersection of all prime ideals of R. A ring R is semi-prime in 



case Nil(R) is zero; equivalently if it has no non-zero nilpotent 

ideals. The Jacobson radical of R denoted by J(R) is the 

intersection of all maximal left ideals of R. (See Exer. 15.14 

of CAFlfor more information concerning these concepts.) 

0.2.4 DefirLition. Let L be a submodule of a module M. Then 

L is called a large Cessential!) submodule of M if for every non-zero 

submodule N of M, we have L n N is non-zero. By a large left 

ideal of R we mean a large submodule of R. 
^̂  - p 

0.2.5 Notation. Let M be a module. We shall use the notation-
R 

Z(M) = •{ m € M I Lm = O for some large left ideal of R > 

It can be verified that 2(M) is a submodule of M. 

0.2.6 DGfinitiorx. We call Z(M) the singular submodule of M. If 

Z(M) = O, M is called a non-singular module. If Z(M) = M, M is 

called a singular module. We call a ring R a left 

nonsingular ring if Z( R) equals zero. 

0.2.7 D^f ir\i tton. A ring R is said to be reduced if it has no 

non-zero nilpotent elements. Note that reduced -• semiprime. If R 

is commutative then reduced 4-» semiprime 

0.2.8 Annihilators. We shall denote the left annihilator of a 

subset X of a module M by 1(X), and the right annihilator of a 

subset X of a module M by r<X). If X = <:m> where m € M we shall 



write l((n) instead of l(<m>) and r(m) instead of r(<m>). The 

special case when M = R will also occur very often. 

Let R be a reduced ring, and a, b e R are such that 

ab = O. Then ba = 0, for ab = O =» bab = 0 => baba = O 

•* ba = 0. Thus in these rings left and right annihilators will be 

the same, either for an element or for a subset and so we can talk 

of the annihilator without ambiguity. We shall try to use the 

notations Ann<S) (for the annihilator of a subset S of R) 

and Ann(a) whenever we have the equality ofleft and right 

annihilators. (In addition to subsets of reduced rings this will 

happen for each central subset of a ring; in particular, for 

each subset of a commutative ring R.) 

0.2.9 D&firtition. A ring R is said to be normal Cabelian3 if 

every idempotent is central. (It is easy to see that reduced 

rings are normal.) 

0.2.10 De/initioTx. A ring R is called semi-simple if every 

left ideal of R is a direct summand of R. A ring R is 

called indecomposable, if it cannot be expressed as R x R where 

R , R are non-zero rings. 

0.2.11 Definition. A ring R is called left duo Cinvariant!) 

if every left ideal is an ideal. (Commutative rings are left and 

right duo and left (or right ) duo rings are normal.^ 



0.2.12 Definition. A ring is said to be Cvon NeumanrO regular if 

far every element a e R, there exists an element b e R such that 

the relation a = aba holds. 

0.2.13 Basic results on regular rings. 

(I) Let R be a ring. The following conditions are equivalent, 

(i) R is (von Neumann) regular. 

(ii) Every left ideal of R is generated by an 

idempotent (equivalently, is a direct summand>. 

(iii) Every finitely generated left ideal is 

generated by an idempotent (equivalently, is a direct summand). 

(II) Division rings are clearly regular. 

(Ill) Let i ^ I be a family of rings. Then |-[ R i< 

regular if and only if each R. is regular. Hence it follows from 

(II) that if D are division rings then ĵ  D. is a regular ring. 

U-^rV) Let M be a semi-simple module. Then its endomorphism ring 

End (Ii) is a regular ring. 
_R________ - ^ 

(V) We have, more generally. End (M) is regular if and only if 

for each f e End (M), the submodules Ker(f) and Im(f) are direct 

summands of M.^ 

(VI) If R is a semi-simple ring then it is regular. 



(VII) Let V be a vector space over a division ring D. Then 

End (V) is a regular ring. (This follows from (IV) above.) 

(VIII) As a special case of (V) or (VI) we have: If D is a 

division ring then M (D) is regular for all n. 
n 

(IX) If R is a commutative regular ring, then R is necessarily 

reduced. (This is not true if R is not commutative. Consider the 

ring R = M (K), K a field, n > 2. This is not reduced (see (VIII) 
n 

above).) 

(X) For a detailed survey of (almost) everything known about 

regular rings till 1980 see CGIID. 

§0.3 ft basic result. 

0.3.1 PROPOSITION. Let R be a commutative ring. Then R is 

non-singular if and only if R is reduced. 

Proof: This proposition can be restated in two parts. 

PftRT I R reduced implies R left and right non-singular. 

PART II R commutative implies R reduced. 

Proof of part I. Let x e Z( R ) . Then Lx = O for some large left 

ideal L of R -> x e Ann(L). 

Let y € L n Rx. Then y = rx for some r e R. 

Also Lx = O ^ yx = O -• rx.x = O -» x.rx = O (since R is 

reduced) •• xr.x = 0 •* xr.xr = 0 -> xr = 0 ^ y = 0 

^- L n Rx = O ^ Rx = O -• X = O. * 



Proof of part II. Let R be commutative non-singular. Let x e R 
2 

be such that x = 0. This implies that x e Ann(x). 

Claim. Ann(x) is a large left ideal of R. 

Let O ^ y € R. Consider Ry n Ann<x). Now x = 0 -> x y = 0 

^ x.xy = 0 •• xy € Ann(x). Also xy € Ry. 

Case I Suppose xy ^ 0. Then xy € Ry O Ann(x) (as seen above) 

showing that Ry n Ann(x) ^ 0. 

Case II If xy = O, then y e Ry n Ann(x), again showing that 

Ry n Ann(x) ^ 0. ^ 

Also since y was an arbitraily chosen element of R, the claim 

is established. -^'^^ 

Now Ann(x).x = 0 i * X € Z ( R ) = 0 showing that R i,s reduced. 

0.3.2 EXAMPLE. Let n > 2 and K a field. Then R = M (K) is left 
n 

and right non-singular but not reduced. This shows that Part II 

of 0.3.1 is not valid for non-commutatjA'e rings. 



CHAPTER I 
POLYNOMIAL MODULES AND POWER SERIES MODULES. 

Introduction 

In this chapter we shall make a brief study on Polynomial and 

power series modules, over rings which need not contain identity 

element. A generalisation of Hilbert Basis Theorem due to 

K.Varadarajan is the main aim of this chapter. 

§ 1.1 Basic concepts. 

Let R be a ring not necessarily possessing an identity 

element. An R-module M is, unless otherwise mentioned, considered 

to be a left R—module. Also, concepts will be left sided concepts 

unless mentioned otherwise. , 

Let X be an indeterminate over R. Then RCx] is the usual 

polynomial ring over R, RCCx3!l, the power series ring and 

RCx,x 1 is the ring of Laurent polynomials consisting of elements 

of the typ& E*^-^» n , m € [ N u C0> and a € R, V i. We now have 
i. = - n ' 

the following definitions. 

1.1.1 De/i.n.1. t Lon : The Module of Polynomials • ^ TMCX!]. •' Z RCxD 
k 

The elements of MCx] -are formal sums of the form ^ a x , k > 0, 
I =o 

k € [N u -CO and a e M. Addition is defined by adding the corresponding 

coefficients. Next let r a. x*" e RCx] and V a.x̂  e MCx]. 
^ J 

<.=o j=o 

8 



Jc ^ J. ^ k + l 
T h e n , \T: ffCx ^ | { E a x n = E 

s^.^-0 
^M" 1.1.2 

The right hand side of Ll-̂ i, is clearly an element of MCxl as M 

is a left R-module. This gives a left RCxD-module structure on 

hCjil. Any non—zero element a € MCx] can.be written uniquely as 

1.1.3 D&/ini Hon: The Power Series Module liCCx33 

The elements of MCCxDl are formal power series Ĵ  a x with 
i.>o '• 

a € M V i. Addition is defined as usual by adding the 

coefficients of corresponding powers of x. For the RCCxD3-module 

structure to be defined on MCCxD], consider 

£ X.x*" € RCCxDD and £ ax ̂  e MCCx::, and define 
t>0' j>0 

[E \X^] [E a XO = E C X' •1.1.4 

where c = V X a. for any \ e R, a e M. As in definition 1.1.1 

RHS of 1.1.4 is an element of MCCxJJ since M is an R-module, which 

makes MCCxD] into an RCCxDD module. y 

Any non-zero element a. of MCCxDl can be written uniquely as 

r a x*" with a € M, k > O and k ^ O. In this case k is called the 
v>k ' 

http://can.be


order of « and a , the initial coefficient of o<. 

1.1.5 De'/in.i tion : The module of Laurent polynomials MCx, x 3. 
k 

The elements of M C K , X ] are formal sums of the form £| a x 

^.=-r with k,^ € 2, k,^'> O and a e M, 

Addition is as usual defined by adding the coefficients of 

-1. 
corresponding powers of x. The action of the ring RCx, x 3 is 

-1. 
as in the above two definitions an obvious one making MCx, x D 

•«.*?-.r—^jKCsf*"^**^-" 

an RCx, x 3-module. 

-1. 
Any non-zero element a of MCx, x 1 can be written uniquely 

L 

in the form J] a x*", with 1 > k, l,k € Z and a ?̂  O, 3. !^ O. In 
t k L 

\. = - k 

this case we refer to k as the order of a, 1 as its degree; a is 

the initial coefficient and a is the Leading coefficient. 

1.1.6. Let n be any integer > 1 and 

I =£0> u {.otT^O-.^ a € RCx3, order of a > n >. We claim that I is 

v ^ 
a two sided ideal of RCxD. 

For a,/? € I , a ;* O, ^ ?̂  O, orderlo* > n, /? > n,/(order /? 

^ (̂  a-p X o)and order (a-p) > n. So a-ft e I . (^^ d̂ ^̂ ^̂ Â 0~7 

r>?-nnC' -pe.̂ ' i 
,ijt?^;s 7 

L e t f ( x ) € RCxD and a e I . C l e a r l y f ( x ) a e I and otf ( x ) e I . 
n n n 

The quotient ring RCx]/I will be called the truncated polynomial 
n , ..,^..„__„. 

ring, truncated at degree n > 1. 

If R has identity then I =(x ) . Even * if R does not have 
n 

• Ml II U^J.«,.w*«»_l^J;a 

identity element, we will symbolically denote RCx]/I by RCxD/Cx"^) 
n-1 

An element of RCx]/(x ) can be uniquely written as ^ Xx , \ e R. 

Let D =<:0> u <:oi O '̂a e MCx3, order of a > n >. 

Then D is an RCx3-submodule of MCx3. Since I MCx] S D , RCx3/(x") 

10 



acts on liCxJ/D . We denote the module MCxD/D by MCxD/Cx''). 
•̂  r. 

The action of RCxD/Cx'^) on MCxD/Cx"^) is given by 

E \ x \ \ L ^y = E c^'<^ , where c = E \ a ; X e R, 

a € M. Any n o n - z e r o e l emen t ex can be w r i t t e n u n i q u e l y i n t h e f o r m 

n-l 

E a x"" with a e M , a, ^ 0 , 0 < k < n-l. In this case k is called 
I. =k 

the order of a and a, the initial coefficient of a. 
k 

§ 1.2 The R-module L (ft) 

1.2.1 Let M be any R-module. Let A be an RCxJ-s'ubmodule of MCx3. 

Let i > O be an integer. Define 

L (A) = <.0y U -Cleading coefficients of elements of degree v in A> 

L (A) is an R-submodule of A (clearly). 
V, _ 

If R has an identity element and M is unitary, we have 

L (A) ^ L (A), since (l.x)A ^ A. The inclusion does not hold on 

general. Consider the following example. 

1.2.2 EXAMPLE. Let R be any ring and li any non-zero abelian 

group. Define R-action on M by r.m = O for any r e R and m e M. 

Let N be a subgroup of M with N c M (e.g. N = 0 ). The induced 

action of RCxD on MCxl is f(x).oi = O for any f(x) e RCxD and a e 

MCxD. So the RCxD-submodul es are the same ae the addj.tive 

subgroups of MCxD. 

Let q be any integer > O and let 

A = -jo* ̂  MCx] I the coefficient of x''*' in a is an element of N I 

11 



Then A is an RCx3-sub ibmo^ijle of MCxU. Now 

L (A) = iOy u {leading coefficients of elements of deqree q in A > 
q 

M. 

Let m e n . If m = 0 then m L (A). Suppose m ^ O. Consider 

mx 
q _ 

= Q ( X ) say. Then g(x) e A (since the coefficient of K'^ 

equals O and 0 e N ) . This imples that m e t (A). Thus we have 

M £ L (A>. Therefore L (A) = M. Also 
a -

(A) = C0> u {leading coefficient of elements of deqree q+1 in A> 

= N (clearly). 

Since N ^ M, we have that L (A) ^ L (A 
q r q+1 

) 

1.2.3 LEMMA. Let A £ B be RCx]-5ubmQdules of MCxl satisfying 

L.(A) = L^(^; V i > 0. Then A = B. 

Proof: Let ^ € B. If /9 = 0 then /? e A. 

Suppose ft ^ " j T T e t deg /9 = k, /9 = ^ T b ^ x -H . . . -H b^x\ with 

b^ ;«' 0 and all b, € M. Since ^ € B, b € L (B) = L (A) . 

This implies that 3 a^ e A such that deg cx̂  = k and the leading 

coefficient of a^ = b^. Therefore /9-a € B (since ^ ^ B, a e B) 

and d^Q (/3-o>,) < k-1. If deg (̂ -a ) < k-1 define o. = 0 e A. 7 
\_^-— ___________ K V-i. I 

If deg (r̂ -a ) = k-1 using the equality L̂  TK) ~= L (B) 

and arguing as above we obtain a 
"k-l 

k-i A with deg (/?-o(,-a, ) < 
^ k k-1 

k-2. Proceeding in this way we get elements o» e A for k > j > O 

such that deg I ft - Ĵ  ex .1 < k-r- V r = 1,2,...,k-l 

So degf /? - Y. o. 1 < k-k-1 ^ /9 _ j; o. = 0 
^ i.=o J . ̂  k-i. i.=0 

>* /? = a, + o( 
k k-1 

+ 0( € A 
o 

-* B £ A. Therefore A = B. 

v=o 

\S 
XV^ -0 

\fA 

,^^"' 

1.3 
A 

• ^ ^ ^ 12 V ^ 
V̂ ' 

(?-."0-

,^A 



1.2.4 For any RC x:/(x'')-submodule A of MCxD/Cx"^) and 

I e <:0,1,2, ,n-l> define T (A) as follows. 
T: I. 

r (A) = -CO) U {^initial coefficients of elements of order x. in A> 

As before, if R has identity and M is unitary we have 

r (A) S r (A), for O < i < n-2; this is not true if R does not 

have an identity element. 

1.2.5 Lemma: Let C £ D be RCxD/(x")-submodules of MCx]/(x") 

satisfying T (C) = F (D) for 0 < v < n-1 . Then C = D. 

Proof: Let d e D. If d = O then d e P (clearly). 

Suppose d 3̂  O and order d = k; O < k < n-1. 
n-1 

So d is of the type £ d x"", d e M, d ^ O. 

Since d € D, d, e T, (D) = T (C). 

k k k 
So there exists c, e C such that order c, = k and the initial 

k k 
coefficient of c, = d, . Thus d - c, e D, and order (d-c, ) > k + 1. 

k k k . k 
If order (d-c, ) > k + 1, write c, = O e C. 

k k+i 

If order (d-c ) = k + 1, then using the equality 

r (D) = r (C) and arguing as above, we get c, e C with 

order (d - c,-- c, ) > k +2. 
k k+l 

Proceeding in this way we get an element c of C for k > j > O 
J 

r 

such that the order I d — 57 c, I > k + r + 1 . 
k+t I 

V = 0 

Now the only element of MCx]/(x ) of order > n-1 is the zero element, 
- n-k-1 ^ 

It follows that [ d - £ c^^^ j = 0. 

Thus d = c, + c , + . . . + C e C . 
k k+l n 

This proves that D S C . 

13 



§ 1.3 Modules with property(F). 

Let M be an R—module and N a submodule of M. Then 

•Cx I :< € M, Rx c N > is clearly a submodule of li containing M. 

This is dependent on M as well as on N. When M becomes clear from 

the context we write 

R"^N = < : x | x € M , R x £ N > . 

This is comparable to the situation when R is a ring and A,B 

ideals of R; then the usual definition of (A:B) is given by 

JA:B) = < X € R I xB £ A >. 

The above definition however should certainly not be confused»with 

S R = <;a/b I a € R, b e S> , S an m.c set of a commutative ring R. 

1.3.1 De/inition. We say that the R-module M has property (F) if 

R N = N for all submodules N of M. 

1.3.2 LEMMA: An R-module M has property (F) for every factor 

module M" of M and every x" ;̂  0 in M" we haveRx" P^ 0. 

Proof: Let M" be a factor module of M and O ^x" G M " . Write M" as 

M/N and x" = x + N, x e M; x « N. Since M has property (F), J ^ 

R'*N = N . Since x c N, Rx £ N .• Rx" ;̂  O in M/N. 

T̂  

Conversely, assume that for any O ^ x" e M" , (where M" is a ^rif^ 

factor module of MvC^ We) have Rx" ^ 0. Let N be any submodule \^ 

of M. If N = M, then clearly R~^}p= N. If N p' M for any x e M 

^ (ITL^H 
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1.3.3 COROLLARY. Let M possess property(F). Then 

(i) every factor module of M has property<F). 

and (li) every submodule of M has property(F). 

Proof: (i) Let M be a factor module of M, and M" a factor module 

of M. Then M" is a factor module of M. 

Then by Lemma 1.3.2, V K" ^ O, x" e M", we have Rx" ?̂  O, 

Hence M has property<F). ^ 

(ii) Follows from definition. 

Given any ring homomorphism f: R -• S and an S-module 

M, we can regard M as an R—module using f, namely, X.x = f(X).x, 

for any X <e R.. 

1.3.4 LEMMA. Let f : R -» S be an onto homomorphism of 

rings. Then an S-module M has property(F) iff it has property(F) 

as an R-module. 

Proof: By hypothesis, the S-submodules of M are the same as the 

R-submodules of M. Also for any x € M, and any r e R, 

r.x = f(r).x. i.e., R>< = Sx V x € M. 

In particular, for any submodule N of M, we have S~*N = R~*N, 

1.3.5 PROPOSITION. 

The following conditions on an R-module M are equivalent. 

(1) M has property(F) as an R-module. 

(2) MCx] has property(F) as an RCxD-module. 

(3) MCx]/(x ) has property (F) as an RCxl/(x'^)-module for any 

n > 1. 

(4) MCx,x D has property(F) as an RCx,x D-module. 

15 



Proof: ((l)-»(2)) Let A be an RCx 3-submodule of MCxl. Let a. e MCx] 

satisfy RCxla S. A. We have to show a e A. If a = O then there is 

nothing to prove. Suppose a. ^ 0, Proof is by induction on deg a. 

If deg a = O, then a = a '̂  O, a e M. 

S i n c e M has p r o p e r t y ( F ) , a e L ( A ) . Hence a e' A . 

Now l e t d e g ex = k > O. Then a = a + a + . . . + a , x , w i t h 
^ o i k 

a e l i and a ?«: 0 . S i n c e RCxlcx £ A, we g e t Ra S A -» R.a, £ L ( A ) . 
t k k 

Since M has property(F), a € L (A). Hence there exists an 
k k 

ot € A with deg a = k and leading coefficient of a = a, . k k k k 

Then deg a < k-1 and RCxDCot-ot ) S A. Hence by induction assumption 

a-a € A. Since ot, e A, it follows that en € A. k k 

((2)->(3)) The canonical map rj : RCxl -» RCx:/(x ) is a 

homomorphism and so the RCx]/(x'^)-module MCxl/Cx*^) could be 

regarded as an RCxD-module. Clearly this module is a factor 

module of MCxD. By Corollary 1.3.3 and Lemma 1.3.4 we get the 

implication (<2).*(3)). ^^-

((2)^(4)) We already have the implication ((l)->(2)). Using that 

from (2) we get that MCx,y3 as an RCx,y]-module has property(F), 

where x,y are two independent indeterminates. Using the quotient 

map T) : R[:x,yD ^ RCx,x~ D, the module MCx,x~*^D can be 

regarded as an RCx ,yIl-module. Clearly MCx,x~ D as an RCx,y3-module 

is a quotient module of MCx,y3. Now the implication is immediate 

from Corollary 1.3.3(1) and Lemma 1.3.4. 

((3)^(1)). Let M" be a factor module of M and 0 ^ x" € M". 

16 



Clearly M"CxD/(x'^) is a factor module of the RC x D / (x'^)-module 

MCx3/(x'^). Hence RCx3/(x") . x" ^ 0 in M-CxD/Cx"^). So there exists 
n- 1 

a (3 G RCxD/Cx"^) with /?x" ^̂  0. If /? = T \ x*" (k > 0) with \ e R 

then X .x" ^ O for some L. Hence Rx" ^ O. 

((4)^(1)). Let M" be a factor module of M and O ^ x" G M " . 

Clearly M"Cx,x D is a factor module of the RCx,x D-module 

MCx,x"*:. Hence RCx,x'*].x" ?« O in M"Cx,x~*]. So 3 a /? € RCx.x"*] 
L 

W i t h /?x" ^ O. l-f 0 = J^ 'K x"" , \. G: R \>ie h a v e \ x " ^ O f o r some >.. 
i = k 

Hence Rx" X O. 

Thus we have proved the equivalence of the above four statements, 

§ 1 . 4 ^ ^ theorem of Varadarajan. 

Varadarajan's generalisation of Hilbert basis theorem is the 

following result, 

1.4.1 THEOREM. The following are equivalent for an R-module M. 

(a) M is Noetherian as an R-module and has property(F). 

(b) MCxD is Noetherian as an RCxD—module. 

(c) MCx,x 3 is Noetherian as an Rtx,x D-module. 

(d) MtCxDD is Noetherian as an RCCxiD-module. 

Proof: ((b)-»(a), (c)^(a), (d)^(a)). 

Suppose M is a non-Noetherian R-module. Let N c N c N c . . . 

be an infinite ascending chain of R-submodules of M. Then clearly 

N CxD c N CxD c N CxD S •-• is an infinite ascending chain of RCxD-

17 



submodules of MCxD. Thu^^MCxD is non-Noethenan as an RCxD-module. 

Similiarly MCx,x 1 is non-Noetherian as an RC x, x*:-module and MCCx]] 

is non-Noetherian as an RCCx]3 module. 

Suppose li does not have property(F). Then there is a factor 

module M" of M and an element O ?J x" e M", with Rx" = O. If N" is 

the R-submodule of M" generated by x" then N" ^ 0 and RN" = O. 

N"Cx] is a non-zero RCxD-submodule of M":x ] . From RN" = O we see 

that f(x).o» = O for any f(x) G R C X ] and a e N"Cx]. Hence the 

RCxD-submodules of N"Cx] are the same as additive subgroups of 

N"Cx:. Clearly N"Cx] is an infinite direct sum of nonzero abelian 

groups. Hence, N"CxD is non-Noetherian as an RCx3-module. Since 

N"CxD is an RCxD-submodule of M"Cx3 and M"Cx] is a factor module 

of liCx], it follows that MCx] is non-Noetherian as an RCxl-module. 

Similarly it can be shown that if M does not have property(F) then 

MCx,x ] cannot be Noetherian as an RCx,x 3—module and MCCxDH 

cannot be Noetherian as an RCCxDD-module. This proves the 

implications (b) •» (a), (c) -» (a) and (d) -» (a) 

((a)-*(b)). Let A be any RCxD-submodule of MCxD. For each integer 

that ra e L. (A). Thus, RL. (A) ^ L. (A), or equivalently 

L (A) c/R"*L. (A) (as submodules of M ) . Since M has 

property (F), R"*L. (A) = L (A). Therefore^ L. (A) £ L. (A). 

Suppose A £ A £ . . . is an ascending sequence of 

RCxD-submodules of MCx3. Consider the family -CL (A ) > l > o, j > o 

18 



of submodules of M. We already have, 

L (A ) ^ L (A ) V 1 > O. 
I J '.+1 J 

A l s o , A S A = * L ( A ) S L ( A ) . S i n c e M i s N o e t h e n a n t h e 
J J + l t J V J + 1 

family iL (A )>, j > o, v > o, has a maximal element say L (A ). 
^ J V- J 

o o 

Hence, L (A ) = L (A ) whenever L > t , j > j . For any fixed 
o o 

V < t , because li is Noethenan, we can find an integer n<o with 

L (A ) = L (A ) for j > na>. 
X. J \. n<v> 

Let q = Max C n<o), r«i), ... ,n<\. -i>,j y 
o o 

Then L (A ) = L (A ) for j > q and L > O. From Lemma 1.2.4, it 
V. J \. q 

follows that A = A for j ̂ ^ q which shows that MCxl is 

Noethenan as an RCxH-module .-••''•̂  

((a) -» (c)). From Proposition 1.3.5, we know that if M has 

property(F), then MCxD also has property(F) as an RCx]—module. Now 

from ((a).»(b)) which has been proved, we see that MCx] is 

Noethenan as an RCx]—module. 

MCx,x ] can be regarded as an RCx ,y!]-module via the quotient 

map RCx,yD > RCx,x~ 1. Also as an RCx ,yD-module, MCx,x 1 is 

a factor module of MCx,yD. Since MCxD is Noethenan with 

property(F) by ((a)i^(b>) of the theorem, we have that MCx,yn is 

Noethenan as an RCx ,y]-module. Hence MCx,x 1 is Noethenan as 

an RCx ,y D-module. Since the map RCx,yD * RCx,x 3 is onto, the 

RCx,x D-submodules of MCx,x 3 are the same as the 

RCx,y]-submodules of MCx,x~ D. Thus MCx,x 1 is Noethenan as an 

RCx,x D—module. 
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((a)-*(d)) This implication can be proved by modifying the 

technique of the proof of ((a) => (b)). For details we refer 

to CV:823. 

1.4.2 COROLLARY. Let M be a Noethenan R-module with property(F). 

Then if x ,x , ... ,;<, are finitely many indeterminates over R, 
i 2 ' k -

the module M C x . x , ... .xH is a Noetherian R C x . x , ... , x D -
1 2' ' k 1' 2' ' k 

module with property(F). 

AlsoMCx ,x , ... , X, , X ,x , ... , X, D is a Noetherian 
i ' 2 ' ' k ' 1 ' 2 ' ' k 

RCx ,x , ... ,x ,x ,x , ... ,x D-module with property(F). 

1.4.3 REMARK. If R has identity, then every unitary 

R-module M has property(F). In particular taking M = R, 

the implication ((a) •» (b)) of Theorem 1.4.1 yields the 

usual Hilbert Basis Theorem. Similarly the implication 

((a) •^(b)y generalises the power series analogue of the 

Hilbert Bajsis Theorem. 

1.4.4. REMARK. Let n > 1. Then MCx3/(x"), an RCxD/(x'^)-module, 

is a direct sum of finitely many copies of M. Any RCx3/(x )—submodule 

of MCxH/Cx"^) is also an R-submodule of MCxII/(x"^). Hence MCx3/(x ) 

is Noetherian as an RCxHZ<x")-module iff M is noetherian as an 

R-module. M need not have property(F). 

1.4.5.REMARK. Let M be any non-zero module. For any integer k > O, 

let A = tO>u<:elements of order > k in MCx3>. Then A 3 A 3 ... 
k O ^ 1 i* 

is a strict descending chain of RCxD-submodules. Hence MCx] is not 
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Artinian as an RC :< :-module. Similarly M C C K ] ] I S not Artinian as an 

RC:K:]-mQdule. 

§ 1.5 Some related questions. 

Recall that an R-module M has Property(F) if for any R-submodule 

N of M, we have R N = -Cm e li | Rm £ N > = N. We now prove the 

following equivalence. 

1.5.1. PROPOSITION. An R-module M has Property (F) <-* m e Rm V m e M. 
\^y ^ , ..i-i , „.i.. J, ,. ^ ^ - ^ ' . .. . .1.1. ' n « . • I '-• - ^ _ _ ^ 

Proof: Let M have property(F) and m € M. Then Rm is an R-sub­

module of M. Consider R~^(Rm) = < : x € M | . R x £ R m > . Since M has 

property (F), R"*(Rm) = < : x € M | R x £ R m > = Rm. Clearly m e R~*^(Rm) 

always. So m € Rm V m e M. -i,̂ .---' 

Conversely let m e Rm for each m e M; and let N be an R-submodule 

of M. Then R"*N = - C m € M | R m £ N > . We always have R *N 2 N. T'V'̂  E KVv^ 

Now let m e R~^N. Then Rm £ N (by definition of R~*N). AlsoTm e M ) If 

-1, 
by hypothesis. Hence m e N. So R N £ N. There.fore R N = N. 

The questions posed by Varadarajan may be stated as follows. 

l,.-5.2 QUESTION. If the RC C x] ]-module MCCx]] has property (F), so 

does the R-module M."̂  Is the converse true? 

This question has been answered by Weimin Xue CX:913 in the 

negative and will be considered along with another of 

Varadarajan's questions stated below. 

1.5.3 QUESTION. If an R-module M is Noetherian with property(F) 

is Mtx,y] Noetherian as an_Jt E x , ŷ 3 -modu 1 e ? 
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This question has also been answered by Uleimin Xue but in the 

affirmative. 

infinite copies of F. Let M = R . Clearly M has the property(F) as 

an R-module since r e Rr V r e R. We now show that the 

RC C;<] D-module MCCx]] does not have praperty(F). 

Let m^ = <l,0,...;,m = (I , I ,0., . . . ) , m = (1 , 1 , 1 ,0, . . . ) , . . . 

Let f(x) = j; m x̂  € MCCxD]. For any Q ( X ) <S R C C X D ] , Q ( X ) = £ ^ ^ ^ 
j>o J v>o ' 

with r =(a ,a ,-..,a ,0,0,...,0) for some t. Then the coefficient 

of X in g(x)f(x) is of the type (b ,b ,...,b ,0,0,....) ?« m . So 

Q(x)f(x) ^ f(x). Since f(x) was arbitrary, it follows that 

f(x) « RCCxDDf(x). Hence MCCxD] does not have property(F) as an 

RCCxDD-module. 

NOTE. The module R considered above is not a Noetherian module, 
R 

The following theorem settles the second quest ion(1.5.3). 

1.5.4 THEOREM. If M is a Noetherian module with property(F), then 

the RCCxD]-module is also Noetherian with property(F). 

Proof: It has already been proved by Varadarajan that MCCxlD 

is Noetherian. It remains to show that MCCx]] has property(F). 

Let f (x) = V m.yJ e liCCx]3; m e M. Since M is Noetherian and 
j>o 

n 
has property (F), there exists n > O with m e J] Rm for any j > O. 

^ t = o "• 

n 

Then f (x) e J] RCCxlDm . We use induction on n to show that 
\. -o 



f(x) € RCi:x]:f(;<). 

If n = 0 then, m = a m for some a e R and all v > O. 
t >. o V 

( i . e . , m = a m , m = a m , . . . , e t c . ) . 
1 1 0 2 2 0 ' ' 

L e t Q ( X ) = E ^ X w h e r e r = a , 

r = a — r a , . . . , r , = a , —r, a —r. a — —r a . 
t 1 0 1 ' ' k k k - l 1 k-2 2 o k 

Now Q ( x ) f ( x ) = J ] r x J ] m x . The krx d e g r e e t e r m o f 

Q ( x ) f ( x ) = r X: r m l x ' ' = r E ^ , 3 , % 1 
^L+j=k •' T.+j=k "̂  

k 
X 

Now r, = a , - a r, - a r, - . . . - a , r . 
k k 1 k - i 2 k -2 k o 

T h e r e f o r e a = r + r a + r a + . . . + r a . 
k k k - l 1 k -2 2 o k 

= V r a m + ( r , - r . a ) *-• >• J o k k o 
>.+j=k 

T h e r e f o r e m = a m = E r a m + ( r , - r a )m 
k k o *-" t j o k k o o 

V.+j=k 

= T\ r a m + r m — r a m 
'" L j O k o k O O 
t +j=k 

= V r a m + r , m — r . m ( S i n c e a m = m ) * - ' , i . j o k o k o 0 0 o 
v+j=k = £ r a m . 
" L J O 
i.+j=k 

Therefore the coefficient of x in (1) equals the coefficient 

of X m f(x)g(x). Thus we have f(x) = Q(x)f(x) € RCCxDDf(x). 

Now let n > 1 and write f = f +f where f e RCCx]3m and 
1 2 1 o 

n 

f € 2] RCCx]3m . By the above proof 3 Q e RCLx3] such that 
V = 1 n 

o f = f . Also since f - Q f e E RCCxD3m , by induction there 
t = 1 

e x i s t s Q € RCCxD] s u c h t h a t q ( f - q f ) . Now t a k e 
^ 2 2 2 1 2 

q = q + q — q q . T h e n 
^ ^1 2 2 1 

of = (q + 9 - Q q ) ( f + f ) 
^ ^1 ^ 2 2^1 1 2 
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= Q f + 9 f - Q o f + Q f + Q f - Q o f 

= Q ( f - Q f ) + Q f + Q f + Q f - Q Q f 
2 2 ^±2 ^ 1 2 ^ 2 1 ^ 1 1 ^ 2 ^ 1 1 

= f - Q f + Q f + Q f + Q f - Q Q f 
2 ^ 1 2 ^ 1 1 ^ 2 1 ^ 1 2 ^ 2 ^ 1 1 

= f + Q f + Q " f - Q Q f 2 1 1 2 1 2 1 1 

= f + Q f ( l - Q ) + g f 
2 1 1 2 ^ 2 1 

= f + f ( l - Q ) + Q f 
2 1 2 2 1 

= f + f 
2 1 

= f + f . 
2 1 

f Q + f Q 
1^2 1^2 

Thus the theorem has been proved. 

§ 1.6 Bibliographical notes. 

1 The first four sections of this chapter i.e., § 1.1 to § 1.4 

have been almost completely reproduced from CV:823. The last section 

is aimed at answering a few questions posed by Varadarajan. 

This material is reproduced from CX:91]. 

2 A left module M (over a ring R, possibly without identity) 

is said to be s-unital if u e Ru for each u e M. This concept has 

been attributed to Tominaga in CHT:79] and CH:81]. It follows 

from Proposition 1-5.1 that the concept of an s-unital module 



CHAPTER 2 

POLYNOMIAL AND POWER SERIES RINGS OVER NON-COMMUTATIVE RINGS 

Introduction. 

In this chapter an attempt has been made to study polynomials 

and power series rings over rings (containing identity) which are 

not necessarily commutative. Among the rings considered will be 

Baer rings, P.P. rings, P.S. rings and regular rings. It is intended 

to see if the defining properties of the above- mentioned rings 

carry over to the respective polynomial and power series rings. 

Some results which are of independent interest concerning these 

rings have also been proved. These have been recorded at the 

beginning of each section. 

§ 2-1 Basic Properties Of Polynomial And Power Series Rings. 

Some standard properties of polynomial and power series rings 

which are well-known are stated (without proof ) below. 

>/( 1 ) A ring R is a domain «-> RCxl is a domain 

•-*yRCCx3 3 is a domain. 
/ 

(-2) A ring R is reduced <—• RCx] is reduced 
V 

<=-• RCCxD] is reduced. 

(3) A ring R is a field •-» RCxU is a p.i.d. ' 

If R is a field then RCCx*!] is a local p.i.d having a unique maximal 

ideal which is generated by x. Any non-zero ideal of RCCxDH 

is of the type (x ) where m is a natural number or zero. 
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( 4 ) I f R = R X R X R X . . . X R , w h e r e R , R , . . . ,R a r e r i n q s 
1 2 a r>' l ' 2 ' n ^ 

t h e n R C x : ^ R Lxlx R C x ] x xR C;<] 
1 2 n 

NOTE.This isomorphism does not have an analogue in the case of direct 

product of rings. In general the natural map from ( flR "jCx] to 

n r R Cx3") is only one-one and not necessarily onto. 

(5) If R = n K. , K. are fields, then RC;<] is hereditary, that is 

every ideal is projective. 

§.2.2 C.P MODULES. 

2.2.1 Definition. Let R be a ring. A right R-module M is said to be 

I 

a C. P» module if every cyclic submodule of M is projective. 

2.2.2. REMftRKS AND EXAMPLES. 

(I) Let R be a commutative domain and M a torsion free 

R-module. Then for each non-zero element m e M Rm = R. Thus 

every cyclic submodule of M is free over R (and hence projective) 

over R. Therefore M is a C.P, module. 

(II) Let M be regular in the sense of Zelmanowitz CZ :72] i.e M 

is a module in which every cyclic submodule is a projective direct 

summand. Then every cyclic submodule is projective. Therefore M 

is a ZL.Pi, module. 

(Ill) Letting M = R in the definition of a right C.P. module 



we get the concept of a right P.P. ring i.e a ring in which every 

principal right ideal is projective. These rings have been studied 

in more detail in the next section. 

2.2.3 PROPOSITION. Let R be a ring and A a right R-module. The 

following conditions are equivalent. 

( D A is a C. P. module. 
R 

(2) For each x e A , r(x) = eR for some idempotent e e R. 
R 

Proof. ((1)^(2)). Consider the exact sequence 

O > r(x) 5: » R i » xR >• O 

where <. is the inclusion map and j(a) = xa for any a e R. Then, 

since xR is projective (being a cyclic submodule ) the exact sequence 

splits and hence R = r(x) © x'R where x'R = xR. Therefore r(x) = eR 

for some idempotent e of R. 

((2)»>(1)) Suppose xR is a cyclic submodule. Consider the exact 

sequence O * r(x) > R * xR > O 

(with obvious maps). 

We get xR = R/r(x) = R/eR = (l-e)R and so projective. 

Therefore xR is projective and A is a C.P, module. 

2.2.4 THEOREM For a ring R, the following are equivalent. 

(i) R is right P.P, 

(ii) Every right R~module F is a C.P«module 

(iii) Every projective right R-module P is a C.P, module. 

Proof. ((i)->(ii)) It suffices to prove (ii) in the case 

F = R̂ *̂' = -C (x ,x ,...,x )l X «E R > for some positive integer n. 
R 1 2 ' n ' i 
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L e t n > 1 and l e t xR £ R*"̂ * where x = ( x , x , . . . , x ) e R*''^ 
l ' 2 ' ' n 

Let n : R » R be the map given by n(r ,r ,...,r ) = r 
1 2 n 1 

which IS the projection to the first component of R "̂  . 

Let n = n| _, Then Im H = -Cr' e R ( r' = n(xr) for some r e R }. 

= ^r'e R I r' = X r for some r € R > 

= X R, which is a principal (and 

therefore projective) right ideal of R. Therefore the exact 

sequence 

0 > Ker n * xR *• Im n * O splits and 

xR = Ker FI ® Im PI . Hence Ker Fl is a cyclic sub-module of 

R (since it is a direct summand of xR) and so is projective 

by the induction assumption. 

Since xR = Ker n ® Im n is the direct sum of two projective 

modules, xR is also projective. This proves the implication (1).»(2) 

((2)^(3)) Trivial 

((3)-»(l)) By hypothesis every projective right R-module is a 

C.P module. Now R is itself projective, since it is free over R. 
R 

Therefore R is a C.P, module, i.e R is a right P.P. ring. • 

§ 2.3 Extensions of Baer and P.P. rings. The first half of this 

section contains : <i) definition and basic properties of Baer 

rings and P.P. rings; (ii) some results connecting Baer rings with 

P.P. rings ; (iii) results on quasi-regular rings; (iv) proof 

normal rings. The second half is essentially devoted to the 
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2.3.1 REMARK^. Let R be~ a ring and A any subset of R. Then in the 

notation of 0.2.8 

1 (A) = 1 (r(l (A) ) ) (1) 

and r(A) = r(l(r(A))) (2). 

Proof. (See AF pp 37-38). 

2.3.2 PROPOSITION. The following conditions are equivalent for 

any ring R. 

(i) For each subset A of R, there exists an idempotent e of 

R such that 1(A) = Re. 

(ii) For each subset A of R, thers exists an idempotent e of 

R such that r(A) = eR. 

Proof: It is enough to prove (i ) •*• (ii). The proof of the other 

implication will be exactly similar. By (i), we have 

2 

l(r(A)) = Re for some e = e . 

Therefore r(A) = r(l(r(A)))^ ,^ (by 2.3.1 ) 

= r(Re) = (l-e)R. \'̂  '?'̂  * 
• 

2.3.3 Definition. A ring R is said to be a Baer ring if the equivalent 

conditions of Proposition 2.3.2 hold. 

2.3.4 REMARKS AND EXAMPLES. 

(/I) If R is a domain then R is clearly a Baer ring, 
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(II) If R is a semi-simple ring, then any left ideal is a 

direct suinmand, hence R is Baer. 

(Ill) Let R be a Baer ring. Then R is left and right non—singular, 

Proof: Let x e Z( R ). Then L;< = 0 for some large left ideal L of R, 
R 

2 

So ;< € r(L) = fR, where f = f (since R is Baer.) This implies 

that Lf = 0. 

Let z € L. Then zf = O gives z = z - zf = z(l — f ) . Therefore 

z € R(l - f) so we have L £ R(l - f ) -•Rf = 0->f = 0-»x = 0 

showing that Z( R ) = O. 

(IV) It follows from (III) that commutative Baer rings are necessarily 
immduu •Pi»-y» jm; 

reduced.(Apply 0.3.1 of Chapter 0.) 

(V) A Baer ring contains no non—zero central nilpotent 

elements. This generalises (IV). 

(VI) For example if V is an arbitrary vector space,then 

End ( V) is a Baer ring. 
D ^ 

(For proofs of (V), (VI) and related results on Baer rings, 

we shall refer to Chapter III §.8 of LSI. See also 

Example 4 (XII) § 5 of CS3.) 

(VII) If R IS a Prtifer domain (i.e., a semi-hereditary domain, 

i.e., a (commutative) domain in which every finitely generated 

ideal is projective.) then M (R) is a Baer ring V n. (See page 

17 of CK3). 



2.3.5 De/inition. A rinQ R is said to be a left P.P. ring (principal 

projective) if every principal left ideal of R is projective. An 

equivalent condition is that the left annihilator of every element 

of R is generated by an idempotent. The proof of this equivalence 

is a special case of Proposition 2.3.2, 

2.3.6 PROPOSITION. Let R be a ring. Then the following 

conditions are equivalent. (i) V a e R, Ra is projective 

(ii) V a € R, l(a.) = Re for some 

z 
e = e . 

Proof: ((i) ^ (ii)) Let a € R. Consider the exact sequence 
9 

O » 1(a) » R ^ Ra » O 

where g is defined by g(x) = xa. Since Ra is- projective, this 

exact sequence splits. So R = 1(a) ® Ra' for some a' e R. Hence 
< — , - i . i i i ^ 

2 
1(a) = Re for sofne e = e . 

((ii) -> (i)) Let a e R and 1(a) = Re for some e = e . We have 

two exact sequences (with obvious maps): 

0 * 1(a) • R > Ra * 0 and 

0 * Re » R *• R/Re * O. 

Since 1(a) = Re, it follows that Ra ^ R/Re 

2 
(1-e) = (1-e), showing that Ra is projective. 

R(l-e) where 

2.3.7 REMARKS AND EXAMPLES. 

(I) Let R be a left semi-hereditary ring i.e., every finitely 
^ Mmiiiili •^niwiii iww W HUM. 

generated left ideal of R is projecti ve. Then every principal left 

ideal of R is projective. Therefore R is a left P.P. ring. 



(II) Let R be a domain. Then R is a left and right P.P. ring. 

(III) Baer rings are always left and right P.P. The converse is 

however not true. Consider the following example. 

2.3.8 EXftMPLE. 

Let [N be the set of natural numbers and P([N) its power set. 

Define ® and <> in :P(tN) as follows: For A, B e J>(W) 

A « B = (A\B) U (B\A); and A^B = A n B. 

This gives a ring structure, which has 0 as the zero element, (N 

is the multiplicative identity, and A ® A = (A\A) U (A\A), showing 

that each element is its own additive inverse. 

Also, A = A o A = A r ) A = A. Hence :P([N) becomes a Boolean ring 

Consider the subring L = < A e :P([N) I A is finite or co-finite.> 

o ' 
Let S = -C iZny I n € N > c L £ PdM) . Then 1 (S) 2 £ 2n+l I n e (N >=0 

' O ' d 
1 (S) € :P([N) but 1 (S) e L . 

o 
Now, 1^ jĵ .{S) = {. T I T £ odd natural numbers > 

= D_,JO([N) = < B I B £ 0 > 
a ' d 

We know 1, (S)= l-j.nj.tS) n L . L ^([N) o o 
= O^JPdN) n L . 

d O 
If 0^:P((N) n L = D L then 

d O O 

0^^ ( [N ) n L = -C T f i n i t e I T £ g > . So D h a s t o be s u c h t h a t T 
d o I d 

i s f i n i t e , T £ O^ and T e D L - • T S D w h i c h i s a b s u r d . 
d O 

Thus L is P.P. but not Baer. o 

2.Z.9.Definition. Let R be a commutative ring and S = N.Z.D's of R. 
^ U I III I 1.1 

Then R is said to be quasi-regular if K = S R is regular. (This 

notation will be followed in this section.) 



2.3.10 REMARKS AND EXAMPLES. 

(I) If R IS a commutative regular ring, then every N.Z.D of R 

IS a unit, so R is quasi—regular. 

(II) Let R = n D , D commutative domain for each i. 

Let K = the field of fractions of D . 

Then S = -j (a ) , each a ^ 0. I 
O I \. L<£1 \. j 

An element 2 of S R is of the type 
(d ) 

( a ) 
, d € D ; a ? ^ O V i 

1. t v 

2 = 

d "̂  

\.G1 

, d < E D , a < E A , a ^ 0. 

So 2 € n K . Also any (a ) € n K i s of the type 

; d. € 

v e t 

D , a € D , a ?: 0. 
V V V V 

(d ) 
V v € I 

(a ) 
V v < S I 

; d € D , a € D , a ^ O . 
V V V V V 

€ S * R . o 

Thus we have S~ R = O K , and H K ,( being a product of fields) 
O vei V v€I V ^ '̂  

IS regular. Hence S R is regular, so R is quasi-regular. 

(Ill) Let R = riR , each R is quasi-regular. 
v€I V V ^ 

Let S = N.Z.D's of R for each i. Then 
V V 

s = n s . So s~*R = (ns )'*nR ^ n (S~^R ) which is 
O V ei V O V V V ei V V 



regular by our hypothesis, showing that R is quasi-regular. 

<IV) If R is quasi—regular then R is reduced. (Converse is not 

true). This holds since R is a subring of K, which being 

commutative regular, is reduced. 

2.3.11 REMARK. If R is a reduced ring (not necessarily 

commutative) , then Ann Ann(;<) n Ann(x) = 0, V x e R. (See 0.2.8 

for notat ion.) 

Proof: Let r € Ann Ann(x) n Ann(x), x € R. Then rAnn(x) = O and 

2 
r € Ann(x). Therefore r = O -•• r = O (since R is reduced) which 

proves the remark. 

2 . 3 . 12,REIiARK. L e t B be an i d e a l o f a c o m m u t a t i v e r i n g R. 

Then Ann (S ' *B ) = S~*Ann (B) . 
K O O K 

Proof: Let z/d e S~*Ann (B), with d € S , 2 e Ann (B). 
O K ' O K 

Then zB = O ^ (2/d)(S"*B) = O. 
o 

^ (z/d) € Ann (S"*B). 
K O 

Next let x/d' e Ann (S"*B) -» (x/d')(S~*B) = O ^ V y e B, 
K O O 

(x/d')(y/l) = O ^ (xy/d') = O ^ xy = 0 (since S = N.Z.D's of R) 

V y € B, -> X € Ann (B) -• (x/d) e S Ann (B), which proves the remark 
-̂  ' R O R ' 

r~ 2-r3'. 13 REMARK. S~*Ann (A) n R = Ann ( A ) , i f R i s c o m m u t a t i v e . 
"^ O R R _̂  

Proof: We already have the inclusions S Ann (A) 2 Ann (A) and 
^ , O R R 

R 2 Ann (A). Therefore S~*Ann (A) n R 2 Ann (A) (1) 
R O R R 

Now let (a/t) <s S~*Ann (A) n R -• (a/t) = r/1 for some r e R, 
O R 

So we have rt = a, aA = O ->̂  rtA = 0 -> rA = 0 (since t e S ) 
o 
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• r € Ann (A) . T h e r e f o r e S ^Ann (A) n R £ Ann ( A ) . (2) 
R O R R 

From (1) and (2) we o b t a i n S'^Ann (A) n R = Ann ( A ) . • 
O R R 

We now have the following characterisation of quasi regular rings, 

2.3.14 THEOREM For a commutative ring R, the following are equivalent 

(1> For all X e R, 3 x' e R such that 

Ann Ann(x) = Ann(::') and R is a reduced ring. 

R 

2 

that xd = X . 

(3) R is a quasi regular ring. 

Proof: ((l)-^(2)) We first show that x + x' is a non-zero-divisor 

of R. Suppose ( X + X' )5 = O for some s e R. Then xs = -x's. 

Now X e Ann Ann(x). Since Ann Ann(x) = Ann(x') (by hypothesis), it 

follows that X € Ann(x') •» xx' = 0 -> xx's = O -> x's e Ann(x) -» 

-x's € Ann(x)-» xs e Ann(x) •=» xs e Ann Ann(x) n Ann(x). Since R is 

reduced, by Remark 2.3.11., Ann Ann(x> n Ann (x).= O. Hence 

xs = 0. Therefore,s e Ann(x). Also, xs = -x's = O ^ 

X € Ann(x') = Ann Ann (x). Therefore, s e Ann Ann (x) n Ann (x) = 0 , 

showing that x + x' is a non-zero-divisor, and 

x ( x + x ' ) = X + x x ' = X (since x x ' = 0 ) . 

((2) •• (3)). Let xd <s K where x e R and d is a non-zero-divisor 

2 

of R. By (2), 3 a non-zero-divisor u e R such that xu = x or 

X = x̂ u~̂  (in K ) . Hence, x/d = (x/d )̂ .d.u~*̂  = (x/d) (d/u) (x/d) , 
showing that K is regular, hence R is quasi-regular. 

((3) -> (1)). Let X e R c K. Then since K is a P.P. ring (since K 



i s c o m m u t a t i v e r e o u l a r ) , Ann ( x ) = Ann ( ;< / l ) = Ann (K. x / 1 ) 

= Ann ( S ' ^ ( R x ) ) = S ~*Ann ( x ) . 
K O o R 

(by Remark 2 . 3 . 1 2 ) 

T h e r e f o r e , Ann ( x ) n R = (S ~*Ann ( x ) ) n R =Ann ( x ) (by 
' K O R R 

2.3.13). Therefore, (Ann (Ann (x))) n R = (Ann (S~*^Ann (x)))nR 
K K K O R 

= (S^Ann (Ann (x))) n R 
O R R 

= Ann Ann (x). i 
R R 

2.3.15 COROLLARY. If R is a commutative P.P.ring, then R is 

quasi-regular. 

Proof: First note that if R is a commutative P.P. ring, then R is 

2 

necessarily reduced. (For let a e R satisfy a = 0. Since Ra is 

projective, the exact sequence 

O * Ann (a) » R > R a *• O 

splits and therefore R = Ann(a) ® Ra' with Ra' = Ra- This 

isomorphism yields aRa' = 0 and therefore aR = O.) 
2 

Let X € R. Then Ann(x) = Re for some e = e (by 2.3.6). 

Hence Ann (Ann (x)) = R^-x)= Ann(e); so condition (1) of Theorem 2.3.14-

is satisfied, which proves that R is quasi-regular. • 

2.3.16 LEMMA. Let R be a normal right P.P. ring. Then for every 

element c of R, 3 an idempotent e and a left non-zero-divisor a 

of R such that c = ae. 

Proof: Since R is a right P.P. ring, we have ric) = e'R for 

some idempotent e' of R. If we write e = 1 — e', then e is also 

an idempotent. 

Note that ce = c — ce ' = c. (i) 
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Next we write a = e' + c. 

If ad = 0, d € R, then e'd + cd = ad = O and so 

ead = ee'd + ecd = ecd = ced = cd = O. 

(Here we use c e centre R and ce = c which has been proved 

above). This implies that d e r(c) = e'R and 

e ' ad = e'd + ecd = e'd + ce'd = e'd +cd = e'd = 0 (since cd = o.) 

=> d € r<e' ) =(1 - e ' )R. 

Therefore d e e'R n (1 - e')R = 0, 

showing that a is a left non-zero-divisor. 

Since ae = (e' + c) e ; e'e + ce = c, a and e are the elements as 

required. * 

2.3.17 LEMMA. Let R be a normal right P.P. ring. Then every left 

or right non-zero-divisor of R, is a non-zero-divisor of R. 

Proof: Let b be a left non—zero-divisor of R. Suppose that 

cb = 0, c € R. By Lemma 2.3.16, we have that c = ae for some 

idempotent e of R and a left non-zero-divisor a of.R. Then we 

have aeb = 0. Since a is a left non—zero—divisor, we have 

eb = be = O ^ e = O (since b is a left non—zero—divisor). 

Therefore, c = ae = O, hence b is a non-zero—divisor. 

Now, let b be a right non—zero divisor of R. Again, by 

Lemma 2.3.16, b = ae for some left non-zero—divisor and idempotent 

e. Then eb = ea = ae = b. Hence (l-e)b = O; since b is a right 

non-zero-divisor, we have 1 = e, so b = a, which is a left 

non—zero-diV isor. 

2.3.18 PROPOSITION. A normal ring R is a left P.P. ring if and 

only if it is a right P.P. ring. 



Proof : Let R be a right P.P., normal ring. Let c e R. By 

Lemma 2.3.16, c = ae = ea!, for some left nan—zero—div isor a and an 

idempotent e e R. By Lemma 2.3.17, a is a non—zero-divisor. 

Now, 1(c) = -Cx e R| :<c = 0> = -C;< € R | xae = 0> 

= {.•< <£ R I xea = 0> = ix e R | xe = 0> = R ( 1 - G > , showing that R is 

left P.P. " 

We now study some properties of zero-divisors in RCxl, where 
*SiI3?^^5!?"»"!S»Bre< 

R is a reduced ring. The case when R is commutative will be 

considered in more detail in Chapter 3. We start with the 

following lemma 

2.3.19 LEMMA. Let R be a reduced ring and f(x), g(x) e RC;<], 
n m 

with f (x) = J] ax*" , g(x) = J] b x*" . Then f (x)g(x) = O 

v=o \. = o 

i f and o n l y i f a . b . = 0 V O < i < n ; 0 < j < m . 
»- J 

Proof: "If" part is trivial. We shall prove the "only if" part 

below. Suppose that f(x)g(x) = O. We can assume that n = m. Now 

f(x)g(x) = O -

Thus we have the following set of equations 

( a + a x + . . . + a x > ( b + b x + 
o 1 n o 1 + b X ) = 0 . 

n 

(A ) 

a b = 0 ( A I ) 
o o 

a b + a b = O ( A I D 
O 1 1 O 

a b + a b + a b = 0 
O 2 1 1 2 O 

r a b = 0 . 
L + J = I 
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S i n c e R i s r e d u c e d , a b = 0 -» b a b = 0 ^ b a b a = 0 

-» b a = 0 . 
o o 

Now, b . ( A I ) = > b a b + b a b = 0 = * b a b = 0 = * b a b a = 0 o o o i o i o o i o o i o i 

-> b a = 0 ( s i n c e R i s r e d u c e d ) . 
O 1 

A l s o b . ( A I I ) ^ b a b + b a b + b a b = 0 - > b a b = 0 - » b a b a = 0 
O 0 0 2 0 1 1 0 2 0 0 2 0 0 2 0 2 

- • b a = ' 0 - » a b = 0 . C o n t i n u i n o i n t h i s way we g e t t h a t 
o 2 2 o ^ -^ 

a b = 0 V l < i < n . 
<- 0 

Thus the set of equations <A) reduce to 

a b = 0 
o 1 

(B) 

a b + a b = O 
1 1 O 2 

a b + a b + a b 
2 1 1 2 O 3 

O 

a b + a b 
n - 1 1 n - 2 2 

+ a b o n 

( B I ) 

( B I D 

A g a i n a b = 0 - » b a = 0 
o 1 1 o 

- » b a = 0 > ^ a b = 0 . 
1 1 1 1 

And b x ( B I I ) ^ b a b + b a b + b a b = 0 - > b a b = 0 - > b a b a = 0 
1 1 2 1 1 1 2 1 0 3 1 2 1 1 2 1 2 

"»ba = 0 . * a b = 0 . Continuing in this way we have that 
1 2 2 1 •' 

a b = 0 V l < i < n . R e p e a t i n g t h e p r o c e s s n t i m e s we h a v e . 

a b = 0 V l < i < n , . l < j < n , 
<- J 

2.3.20 REMARKS. (I) Suppose R is reduced and f(x>g(x) = O in 

the notation of 2.3.19. Then the lemma implies that f(5<)b = 0 

for each j. Hence g(x) ?« O implies that there exists b € R, b ^ O 

such that f(x)b = O. (See Remark (III) after Theorem 3.1.7 below.) 

(II) The hypothesis R reduced cannot be dropped in 2.3.19. 

Consider the following example: 



2 . 3 . 2 1 EXAMPLE : L e t R = M ( 2 ) (R i s n o t r e d u c e d ) . 
2 

R C x l = M ( 2 ) C ; < : . L e t f ( : < ) = E x + E : Q ( X ) = E :< - E . 
2 12 11 11 2 1 

Then f ( ; < ) Q ( K ) = ( E x + E ) ( E x - E ) 
^ 12 11 11 21 

= E E x ^ + ( E E - E E ) x + E ( - E ) 
12 11 11 11 12 21 11 21 

= 0 + (E - E ) x + 0 = 0 . 
1 1 1 1 

B u t E E = E ^ O and E ( - E ) = - E ^ O. 
11 11 11 12 21 11 

On imposing commutativity on R also, R reduced cannot be 

dropped, as can be seen in the example beloM. 

2.3.22 EXAMPLE. We shall first recall NAGATA'S PRINCIPLE OF 

IDEALISATION which is as follows: 

Let R be a commutative ring and M an R-module. Then the 

R-module R ® M acquires a ring structure where addition is defined 

as usual and "o" is defined as: for (a,m), (b,n) e R ® M, 

(a,m)o(b,n) = (ab,an + b m ) . We shall use the notation R(+)M for 

this ring. It is easy to see this operation is commutative as 

well as associative. Any ideal of R(+)M contained in 

0(+)M = M is of the type 0(+)N, where N is a sub-module of M. 

In particular M is also an ideal of R(+)M. Let (0,m),(0,n) e 0(+)M. 

Then, (O,m)o(0,n) = (0,0). Therefore M^ = O, so R(+)M is not 

reduced whenever M ^ O. With this identification M is a 

nilpotent ideal . Thus the above principle converts R-modules 

into ideals of R(+)M. 

Now consider 2 (+)Z , with + and o defined as above and its ring 
B B 

of polynomials -CZ (+)2 >Cx]. Choose f (x) = (4,0) + (4,l)x = a + bx (say 

Then (f(x))^ = a^ + abx + abx + b^x^. Now, a^ = (4,0)o(4,0) = (16,0)=0. 

ab = (4,0)o(4,l) = (0,4) ^ O, ab + ab = (0,4) + (0,4) = (0,8) = O. 
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Therefore we have that (f(x)) = 0, but ab ^^^-

(We have not seen this example recorded in the 1iterature.) ^ 
UOS£«e£^=C:=t3^ 

2.3.2-3 COROLLARY. If R is a reduced ring and f(x) e RCxD such that 

(f(x))^ = f(x), then f(x) e R. 

n "̂  
Proof: Let f(x) = E 3>̂ ''» s° *^^* ^ ~ ^^"^ = (1 - a^) - £ ax*". 

V = 0 \. = 1 

Now (f(x)) = f(x) -• f(x)(l - f(x)) = 0 -> (1 - a )a = O and 
o o 

a a. = O V 1 < i,j < n. In particular, a = 0 V l < i < n . 

Therefore a = 0 V l < i < n (since R is reduced), -» "ft^^ e R. • 

2.3.24 REMARK. The above corollary has a generalisation to normal 

rings(see 0.2.9), for let (f(:^)) = f(x) = Y.^ y^ e RCx] where R is 

a normal ring. Then we have 

(f(x)) = ( a + a x + o 1 
2 

= a + (a a o o 1 

+ a x )(a + a x + ... + ax*^) 
n O 1 n 

a a ) x - » - ( a a + a 
1 O O 2 1 

a a ) X + 
2 O 

2 2n 
+ a X 

n 

= a + a X o 1 + a X 
n 

Thus we have the following set of equations; 

2 

a = a • • a € C ( B ) , t h e c e n t r e o f R ( s i n c e R i s n o r m a l ) 
o o o 

T h e r e f o r e a a = a a V l < i : ^ n , o V \. o 

So a a + a a = a i . e . , 2 a a = a • 
O l i o 1 O l 1 

A l s o 2a a + a = a 
O 1 1 2 

a x ( I ) ^ 2 a a = a a , i . e . , 2a a = a a 
O O l O l ' O l O l 

( I ) . 

• - ( I I ) 

a a = 0 - > a = 0 . 
o 1 1 

2 2 A l s o 2a a + a = a • ^ 2 a a = a - > 2 a a = a a - > 2 a a = a a 
0 2 1 2 0 2 2 0 2 0 2 0 2 0 2 

-> a a = a = 0 . Continuing in this way, we get that a = 0 V i > 1. 
o 2 2 -

Therefore f(x) G R. 

(We have not seen this generalisation recorded in the literature.) 
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2.3.25 CORQLLAflVV^^Let R be a reduced ring and U S R C K ] . If T = f !̂ û i 

then Ann (U) = Ann (T)C;<!1, where f = T ^ '•< and S = Ca ,a ,...,a y 
Rtx] R ' . ^ ^ f O 1 n 

P r o o f : L e t Q ( X ) e Ann ( T ) C K 3 =» q (;<) = b + b x + . . . + b ;< , w h e r e 

b e Ann ( T ) V l < i < t = > b U = 0 V l < i < t = » b . e Ann (U) 
I R V. V R 

and Ann (U) £ Ann (U) ( I ) 
R R[x] 

C o n v e r s e l y s u p p o s e t h a t Q U = 0 - » Q f = 0 V f e U w h e r e 

Q = b + b ; < + . . . + b ; < . By Lemma 2 . 3 . 1 5 , b e Ann ( T ) -> 
o i m - ^ ' u R 

Q € Ann (T)C:<D ^ Ann (U) £ Ann ( T ) C K : ( I I ) . 
R RIXJ R 

( I ) and ( I I ) - • A n n ( T ) L x : = Ann ( U ) . 
R Rtx3 

2 . 3 . 2 6 REMARK. I n any r i n g R, 1 ( a ) = R n 1 ( a ) . ( T h i s i s 

t r u e i n t h e more g e n e r a l s i t u a t i o n when R i s a s u b r i n g o f R ' . ) 

P r o o f : L e t x e 1 ( a ) . T h e n x a = 0 and ;< e R £ RCxD. 
— R — — 

So ;< € R n 1 (a). Therefore 1 (a) S R n 1 (a) (I) 
~ RCx3 R RtX] 

Next let f(x) e R n 1 (a) =»f(x) e R and f (x)a = 0 
RCx] 

-•f(x) = y and ya = 0 ^ y e 1 (a). Therefore R n 1 (a) £ 1 (a). (II) 
•' R RtX] R 

From (I) and (II) we have that 1 (a) = R n 1 (a). 
R RCx] 

2.3.27 REMARK Suppose Ann (a) = Re and Ann (b) = Re , for some 
R 1 R Z' 

commuting idempotents e and e of R. Then Ann -C(a,b)> = Re e . 
1 2 R ' 1 2 

2 

P r o o f : ( e e ) = e e e e = e e e e = e e . I f z = x e = y e t h e n 
1 2 1 2 1 2 1 1 2 2 1 2 l - ' 2 

z = ze = xe e e Re e , showing that Ann -C(a,b)> = Re e . 
2 1 2 1 2 R 1 2 

2.3.28 REMARK. If R is reduced then by 2.3.19 R is left P.P if 

and only if R is right P.P. Hence we can talk about reduced 

P.P. rings unambiguously. 
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2.3.29 THEOREM. Let R be a reduced ring. Then RCxl is a P.P. ring 

if and only if R is a P.P. ring. 

Proof: Let a e R. Then Ann (a) = R n Ann (a) (by Remark 2.3.19) 
R RCx) 

and Ann (a) = RCxDe for some idempotent e of RC;<3 (since RCxD is 
RCx] 

a P.P. ring ) .By Corollary 2.3.24 since e = e e RC",<3 we have e <£ R. 

Therefore Re = R n RC;<]e = Ann (a) showing that R is a P.P, ring. 
R 

Conversely let R be a P.P. ring; i.e., V a e R, Ann (a) = Re 

e is an idempotent element of R. Then by Remark 2.3.27, 

Ann •r(a,b)> = Re e , e e an idempotent of R. By induction we have 

that for any finite subset U £ R, Ann (U) = Re for some idempotent 

e € R. If f e RC:<], then by Corollary 2.3.20, putting U = Cf} , T = S,, 

we have Ann (f) = Ann (S )Cx3 = ReC;<] = RC;<3e. Hence RCx3 is a 
R R f 

p.p. ring. 

The above theorem has a generalisation to power series rings 

also, which can be stated as follows:-

2.3.30 THEOREM. Let R be a reduced ring. Then RCCxDD is a P.P. ring 

if and only if R is a P.P. ring. 

(see CB:76 D) 

2.3.31 THEOREM. Let RtxD be a reduced ring. Then RC:<] is a Baer ring 

if and only if R is a Baer ring. 

Proof: Let RCxD be a Baer ring and U £ RCxD. Let T = U S where 
feu f 

n 
S, = <: a ,a , ,a > if f = F a x*". Then Ann (T) Cx3 = Ann (U) 
f O ' l' ' n ^ i R RCxl 

and Ann (U) = RCxDe (by Corollary 2.3.25). 
Ann (U) n R = Ann (T)Cx3 n R = Ann (T) i.e., RCxDe n R = Ann (T). 

RlxJ R R ' R 



Since e e R, RCxle n R = Re = Ann (T), so that R is a Baer rxng. 
R 

Conversely, let R be a Baer ring and T £ R, 

U = I f = £ ay I a .£ T j. Let U = - i f = Ea;< l a e T ^ . Then U ^ RC;<3 and 

Ann (T)C;<3 = Ann (U) (by Corollary 2.3.25). Since R is Baer, 
R Rtxl 

Ann (T) = Re for some idempotent element e of R. So 
R 

Ann (T)Cx: = ReCxD = RC:<De. Therefore Ann (U) = RC;:]e, 
R RCx] 

showing that RLxl is a Baer ring. • 

rings. (See CB:76J.) 

2.3.32 LEMMA. Let R be a commutative ring and M a finitely 

generated R-module. Then the following statements are equivalent. 

(I) M is R-projective. 

(II) M is R -free for all p e Spec(R) and the function 
p p 

p * rank (M ) is a continuous function from Spec(R) to the 
R p 
P 

integers Z. 

2.3.33 THEOREM. Let R be a commutative ring. R is a P.P. ring 

if and only if RC;<D is a P.P. ring. 

For proof of 2.3.32 and 2.3.32 see CJ:7i:. 

§.2.4 Polynomial Rings over Regular Rings. 

To start this section we recall the definition of a regular ring. 

(For basic properties and examples of these rings see 0.2.13.) 

2.4.1 De/ini tion. A ring R is said to be Cvon Neumann) regular, if 

for every element a e R, 3 an element b e R such that the relation 

aba = a holds. 
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Let R be a ring with identity, S = RCxD. We have the 

natural map c : RC;<] » R defined by c(f) = f(0). 

Let a e R. Then c (aR) = -C f | constant term of f e aR > 

The main result of this section is to prove that if R is (von Neumann) 

regular then c (aR) = f RC;',D where f is a non-zero-divisor in RC;<3. ^ o o 

The proof is a part of the fallowing theorem. 

2.4.2 THEOREM. Let R be a ring with identity. Then the fallowing 

are equivalent. 

( i ) R is regular. 

(ii) For each a e R, aS + ;<S is a principal right ideal of S 

which has a non—zero-divisor as a generator. 

(iii) For each a e R, aS + ;<S is a projective right ideal of S. 

(iv) For any a e R, 3 a non-zero-divisor f e S such that 

c'*(aR) = f S. 
o 

Proof: ((i) -^ (ii)) Let R be regular. Then ;< € S, a e S ^ aS + ;:S £ S 

for each a e R. Now let a e R. Since R is regular, 3 b e R such 

2 

that the relation aba = a holds. Let e = ab = abab = e . 

ea = aba = a. So f = e + ( l - e ) x e S . 

Now fa = (e + (1 - e)x)a = ea = a; and 

f((l - e) + ex ) = (e + (1 - e) ;<)((! - e) + ex) 

= e(l - e) + ê ;< + (1 - e) ;< + (1 - e)ex 

= ex + (1 - e)X = X. 

Also (1 -e + ex)f = (1 - e + ex)(e + (1 - e)x) 

= (1 - e) e -•- (1 - e) ̂ x + e^x + e (1 - e) x 

= (1 — e)X + ex = X. 

Now f = e + (1 - e)x = ab + (1 - ab)x e aS + xS. Therefore fS £ aS+xS 
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Also a = fa € fS -» aS £ fS, and ;< = f(l - e + e;;) e fS => K S £ fS 

Therefore aS + ;<S E fS. We already have, fS := aS + K S . Therefore 

aS + ;cS = fS. Now to prove that f is a non-zero-divisor in S. 

Let g € S be such that fg = 0. Then xg = (1 - e + ex) fg = O. 

This implies that g = 0 (since ;< is a non-zero-divisor> . 

Thus we have obtained f as a non-zero-divisor of S. 

((ii) =» (iii)) Since aS + ;<S = fS, f non-zero-divisor, so aS + ;<S 

is free over S and hence projective as a right ideal of S. 

((iii) •• (iv)) Let a e R. c (aR) = -C f j constant term of f <E aR> 

= -Cab + a X + a x^+...+ a x'̂  I b e R, a e R> = aR + xS £ aS + xS. 

Now let ag(x) + xh(x) G aS + xS. Then g(x) = g + o x +...+ g x"" 

So ag(x) = ag +ag x + . . . + ag x = ag + xg'(x). Therefore 

ag(x) + xh(x) = ag + x(g'(x) + h(x)) e aR + xS which shows that 

aS + xS £ aR + xS. Therefore aR + xS = aS + xS and 

c (aR) = aS + xS = f S where f is a non-zero-divisor in S. 
o • o 

((iv) -• (iii)) Suppose c (aR) = f S for some f , a non—zero-divisor 
o o' 

in S. We already have c~^(aR) = aS + xS. So aS + xS = f S 
o 

-» aS + xS is a projective right ideal of S. 

((iii) -» (i)) Let K = aS + xS be a projective right ideal of S. 

By dual basis lemma, 3 S-homomorphisms L),V : K » S, such that 

V k € K, k = aU(k) + xV(k) * (A). So in particular 

a = aU(a) + xV(a) * (B). Since x e K, 

xU(a) = U(a)x (since x is central), U(a)x = U(x)a (since x,a e S ) 
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Then (B).x -> a:< - aU(a)K = KV(a)N = ;<^V(a) -• ax - aU(;<)a = x^V(a) * (.C) 

LetU(x) = u + u:<+ ... + u ; < , V(a) = d + d;<+ ... + d x ^ . 
o 1 t o 1 s 

Then R.H.S of (C) = x^V(a) = x^(d +d x + + d x^) = d x^+ + d x̂ "̂ ^ 
O 1 s o 3 

The coefficient of x on the R.H.S of (C) equals 0, and 

the coefficient of x on the L.H.S of (C) equals a - au a. Therefore 

a - au a = O •• a = au a. Hence R is regular. 
1 1 

2.4.3 COROLLARY. If RtxD is left or right semi-hereditary, then R 

is von Neumann regular. 

§ 2.5 Rings with Projective Socle. 

2.5.1 De/inilion. Let R be a ring, M a left R-module. Let 

S = C S sub-module of M I S is simple>. Then the 

2.5.2 EXAMPLES. 

(I> When R = 2, M = ©, Soc2<<0) = O. > 

(II) When R = Z, M = Z, Soc^i^) = O. . ^ 

(III) When R = Q, M = Q, Soc, (©) = ©•: More generally, we have 
•<D .J.. 

that for a K-vector space V, SaCj^(V) = V. ^ 

2.5.3 DefirtitioTL. A left R-module M is called a P. S. module if 

Soc (M) is projective. 
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2.5.4 REMARKS AND EXAMPLES. 

(I) An example of an R-module M which is non-projective but has 

a projective socle is when R = 2 , M = <D. Then <^ is non-pro ject ive 
Z 

but Soc^(<Q) = O is projective. 

(11) Let R be a ring, M a left R-module. Then the following 

conditions are equivalent. 

(i) M is a P.S. module. 

(ii) If S is a submodule of M, S simple, then S is projective, 

Proof: ((i) -• (ii)) Since M is a P.S module, Soc (M> = E S is 
seS 

projective. Now we know that Soc (M) is semi-simple. So for any 

simple submodule S of M, S is a direct summand of Soc (M), hence 
R 

projective. , 

((ii) ^ (i)) TRIVIAL. 

(Ill) Let M be a projective semi-simple module. Then Soc (M) = M 

is projective, which shows that M is a P.S. module. 

(IV) Let M be a Z-regular module i.e., every cyclic submodule is 

a projective direct summand of^M (CZ:72]). Let S be a simple 

submodule of M. Since S is simple, S is cyclic, hence projective. 

So M is a P.S. module. 

(V) Let M be a non-singular module. Then M is a P.S. module. 

(See 2.2.4 of CNWiBBD for a proof.) 

(VI) In fact we have the following implications. 

M semi-simple projective •* M Z-regular =* M C.P. module =» M P.S. module. 

48 



2.5.5 DGfirxitian. We call a ring a left P. S. ring if R is a 

P.S. module. 

2.5.6 REMARKS ftND EXAMPLES. 

(I) By letting M = R in 2.5.4(VI), we have the implications 

R semi-simple ring -* R regular ring -• R left P.P. -• 

R left P.S. 

(II) Let R be a left non-singular ring. Then R is a left P.S. ring. 

This is a special case of 2.5.4(V). 

(III) For a commutative ring R, we have the implications; 

R regular =» R P.P. -» R quasi-regular =» R reduced => R P.S. 

(IV) If R is a semi-prime ring then R is a left and right P.S. ring. 

(Apply CL], § 3.4, Corollary to Proposition 1.) 

(V) Let R = Z or any domain. Then every principal left/right ideal 

is free. So R is left/right P.S. 

2.5.7 THEOREM. Let R be a ring. The following conditions are equivalent 

(i) R is a left P.S. ring. 

(li) R has a faithful left P.S. module. 

(iii) If L is a maximal left ideal of R, then either r(L) = 0 or 

L = Re for some idempotent element e of R. 

(iv) If L is an essential maximal left ideal of R then r(L) = O. 

(v) If L is maximal left ideal of R, then r(L) = fR where 
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f is an idempotent element of R. 

(vi) If L is a maximal left ideal of R and t e r(L), then t e r(L)t 

(vii) Every simple module K is either projective or K = 0 uihere 

the dual module is given by K = Hom(K,R). 

(viii) Soc ( R) is projective. 

Proof: ((i) -» (ii)) If R is a P.S.ring then R is a faithful 

P.S. module. 

((ii) =* (iii)) Let M be a faithful P.S. module. Let L £ R be a 
R 

maximal left ideal of R. If r(L) ^ O, write T = r(L) so that LT = 0. 

Also RT ?: O by hypothesis, since M is a faithful P.S. module, RTM ?= 0, 

So 3 m € TM such that Rm * O. Now TM = r(L)M. So Lm = O -» L £ l(m) 

and 1(m) ^ R. Since L is a maximal left ideal of R, it follows that 

L = 1(m). Now R/L = R/l(m) = Rm, which is projective by hypothesis; 
2 

and so L = Re for some e = e € R. 

((iii) ^ (iv)) Since L is an essential maximal left ideal of R, 

2 
then L = Re (with e = e ^ 1 ) is impossible. 

((iv) •* (iii)) Let L be a maximal laft ideal of R satisfying 

r(L) ^ O. Then, by hypothesis, L is non-essential and therefore 

a direct summand of R. Hence L = Re is a direct summand of R. 
R 

((iv) .• (v)) Any maximal left ideal of R is either essential or a 

2 
direct summand. If L is not essential, L = Re for some e = e . 

2 
Therefore r(L) = (l-e)R = fR for some f = f € R. 
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((v) ^ (vi)) Let L be a maximal left ideal of R and t e r(L). Now 

r(L) = fR, 'f = f̂  e R. So t = ft e r(L)t . 

((vi) -» (v)) If r(L) = O we take f = O. Therefore r(L> = O.R 

Otherwise let O ^ a € r(L) with f e r(L). We shall show that 

(1-f) € L. If (1-f) « L, since L is maximal, R = L + R(l-f). So' 

1 = t + r(l-f), t € R. Multiplying both sides by a, we have 

a = ta + r(a-fa) = 0 (since t e L, a € r(L) ta = O and a = fa) 

which IS a contradiction to our assumption that 0 ^ a. Therefore 

(l-f).€ L. On the other hand, (l-f)f = 0 (since f e r(L) ) ^ f^ = f 

Also Lf = O ^ L = L(l-f) S R(l-f) ^ R. So L = R(l-f) and r(L) = fR. 

((v) -> (iv)) Let L be an essential maximal left ideal of R. 

Since r(L) = fR, where f̂  = f e R, L S R(l-f). Also L is an 

essential left ideal. Therefore L n Rf = O =* Rf = O =* f = O 

-» r(L) = 0. 

((iii) -» (vii)) Let K = Rk be simple so that L = l(k) is maximal 

and R/L = K. We now have the following cases. 

Case 1. If L = Re, e^ = e, then K ^ R(l-e) is projective. 

Case 2. Suppose r(L) = 0. Let X € K"̂  = Horn (K,R); \(k) = a e R, 

La = L(X(k)) = \(Lk) = X(0) = O ^ a e r(L) = O ->X(k) = 0 H^X. = 0. 

((vii) «» (viii)) Let K be a simple left ideal of R. Notice that, 

for any non-zero left ideal K of R, Hom (K,R) ^ O (the inclusion 

map from K to R belongs to Hom (K,R) ). Thus by hypothesis, 

K must be projective. Since K was arbitrarily chosen, it 
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follows that Soc (R) is projective 

((viii) =» (i)) Follows by definition ai 

Proof: Let L be a maximal left ideal of R. Let I denote the set 

af all trailing caefficients at palynamia.1^ in L with O ad joined, 

(Here trailing coefficient means the coefficient of the lowest 

non-zero degree term in the polynomial). 

CLAIM. I is a left ideal of R. 

Let a,b e I. NCDW a e I -» 3 f (:<) e L such that 

f ( ; < ) = a x + a x + . . . + a x , m > n . Also b e I . * 3 g ( x ) e L 
m m-1 ' 

s u c h t h a t g ( x ) = b x + b x ~ + . . . + bx"^, t > u . 
t i-i 

Case 1. n > u. Let 1 = n - u. Then xg(x) = b x * + ... + bx" 

Or Kg(x) = b x + ... + bx"̂  e L. Therefore xg<x) - f(x) <= L 

• » b - a € L = * I is a subgroup of (R, + ) . Similiarly if u > n, it 

can be shown that a - b e I, and n = u-»f(x) — Q ( X ) e L ^ a — b e L . 

Next let a € I, r e R. Now a <E I -* 3 f (x) e L, where 
, , , m m-l n ^, /r / N f" ">"*• . . "̂  f(x) = a X + a X + ... + ax . Then rf(x) = ra x + ra x +...+rax 

tn m-l m m-l 

is clearly an element of L. Therefore ra e I, showing that I is an 

ideal of R. 

Suppose I = R. Then 3 a polynomial f(x) e L such that f(x) has 

1 as its trailing coefficient i.e., f(x) is of the type 

f(x) = a x'̂ -̂ a x*""*̂-*- ... 4- l.x"̂ . Suppose g(x) < E R C X 3 is such that 
m m-l 

Q(x)f(x) = 0. Let g(x) = g x'̂ + g x ~*+ . . . +g x . Then 
^ ^t l-l u 
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Q<K)f ( x ) = (Q x'̂ -̂ + 9 x*^) ( a x'"+ + l . x ' ^ ) = O i = » Q = 0 . 

So Q ( X ) r e d u c e s t o Q X + . . . +q x . T h e r e f o r e 

q <K)f <x) = Q x''+ . . . + Q x""^^) (a x"'-*- . . . + l . x " ) = 0 = > g = 0 . 

Continuino in this way, it can be seen that Q , ... , Q = 0 . 
^ •' u+2 m 

Hence Q( X ) = O. Since g(x) was arbitrarily chosen, it follows that 

r(L) = 0. Next let I ?̂  R. We shall show that I is a maximal left 

ideal of R. Let a e R \ I. Since a « I, a g L. So by maximality 

of L, RCxD = L + RCxDa. Since 1 e RCx3, 1 = f(x) + Q(x)a, where 

f(x) € L, Q ( X ) € R. Considering constant terms, 

l = l + r a : l e L , f ( x ) = l + l x + . . . ; r e R , g ( x ) = r + r x + . . o o o o i o ' ^ o i 

I f l = 0 , l = r a € R a . So I + Ra = R. I f 1 T^ 0 a l s o I + Ra = R, 
0 o • o 

showing that I is a maximal left ideal of R. Since R is a P.S.ring, 

we have that r(I) = eR with e^ = e <= R. If Le £ L, then RCxD = L + Le 

Therefore 1 = f(x) + g(x)e, f(x), g(x) e L. Considering constant 

terms, 1 = f + g e. By definition of I, f ,g e I. So 1 = f +g e 
2 '•' 

-* e = (f +g e)e = f e + g e = 0 (since le = 0).*e = 0, -•ge = 0 

-»l = f € l " > I = R , which is a contradiction. Therefore Le £ L. o 

Now, let f(x)e € Le; f(x) € L. Then f(x) = a x + ... + a x"̂ : a e I 
m n ri 

So f ( x ) e = a e x + . . . + a e x , b u t a e = 0 . T h e r e f o r e 
m r\ n 

f ( x ) e = a e x + . . . + a e x e L e S L 
m n + l 

- » f ( x ) = a x + . . . + a X € L . * a € l - » a e = 0 
1 m n + l n + l n + l 

- , . *T» . n + 2 , , _ • • f ( x ) e = a e x + . . . + a ex € L e £ L - > a € l - > a e = 0 , . . . 
m n + 2 n + 2 n + 2 

a € l ^ a e = 0 = * f ( x ) e = 0 = : » L e = 0 . H e n c e r ( L ) 2 e R C x l . 
m m 

N e x t l e t g <= r ( L ) - eRCxD; g = b x" + b x"̂ ""̂  + , b ^ O. 
^ ' ^ n n + l ' n 

If b <= eR, then g — b x € r(L): So we may assume that b « eR. 
n n n 

Now V h <s L , hg = 0 . ( s i n c e g e r ( L ) - e R C x ] ) . L e t z e I ; s o 

3 f € L , f = 2x'^ + f x ' ' **+ . S i n c e f e L , f g = O. 
i + i ' ^ 



^ (sxV f x^^^+... ) (b K^ + b >;'̂ ''*+... ) = 0 ^ zb = 0 . 

Since z was an arbitrarily chosen element of I it follows that 

lb = O => b e r(I) = eR — a contradiction. Therefore b = 0 
n n n 

•» Q = O »> r(L) = eRCx], which proves that R is a P.S. ring. 

Similiarly it can be proved that RCCxDU is a P.S. ring. 

The converse to this theorem is false. Consider the following 

remarks followed by a counter example. 

2.5.9 REMARK. Let R be a commutative ring, RCx3 its ring of 

polynomials. Then J(RCx]) = Nil(RCxD) (in the notation of 0.2.3). 

Proof: See Chapter 3, Corollary 3.1-6. 

2.5.10 REMARK. Let (R,m ) be a commutative local ring. 

Then R' =RCCx!lD is also a local ring, having tn' = m +' xR' as the 

unique maximal ideal. 

Proof: We first show that m' .is a maximal ideal of R. Consider 

the homomorphism © : R' > R/m defined by 

e(a + a x + . . . ) = a . This is clearly a ring homomorphism and 

Ker e = <i f (x) = a +a -.< + ... I a e m > = i f (x) I f (x) <= mR' + xR' > 

o 1 ' o ' 
£ mR'+xR'. Next let f(x) e mR'+xR'. Then 

f(x) =p(c( + a x + ... ) + ( b + b x + ... ): u e m 
o 1 o 1 ' 

2 
= ua. + (ucx + b )x + (ua + b )x + ... 

o 1 o 2 1 

©(f(x)) = pa = 0 . (since ucx e m ) . Therefore Kere = mR' + xR' . 

Hence R ' / (tnR' + xR' ) = R/m showing that mR"+ xR' is a maximal ideal 

of R'. Now let h(x) e R ' - m' = RCCx]] - (mR'+ x R ) 

h ( x ) = h + h x + . . . = h + x ( h + h x + . . . ) . Since h(x) e m ' 

O 1 O • 1 2 
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h « m -> h € U ( R ) -> 3 Q e R s u c h t h a t h g = 1 . L e t 

Q (:<) = Q + ( - h g ) x + ( h g - h g ) ; < + . . . . T h e n 

f ( ; < ) g ( x ) = (h +h :< + h :<^+ . . . ) (g - h g^:< + ( h ^ g ^ - h g^ ) ;<^ + . . . ) 
0 1 2 o 1 0 1 0 2 ^ 0 

= h g = 1 . This shows that h(>;) e U(RCx3): and hence 
0 0 ' 

shows that m' is the unique maximal ideal of R'. 

2.5.11 EXAMPLE. If R = Z , then RCxD and RCC:<:] are P.S. rings but R 
-i 

is not a P.S. ring. 

Proof: We have by Remark 2.5.9, J ( R C K D ) = Nil(RCx3) = 2RC;<:, and • 

J ( R C C K 3 3 ) = 2RCCx:3 + xRCCxD] (by Remark 2.5.10). 

If L is a maximal ideal of RCxD, then L 3 2RCx]. (since 

R C K 3 / 2 R C X ] S 2 Cx: which is not a field). Let f(x) e L - 2RCx]: 
2 ' 

2 
f(x) = f + f x + f x + . . . Suppose i is the least positive integer 

for which f « 22 . Then g(x) = f(x) - (f + f x + f.;:̂ + + f x"""̂ ) 
L -4 ^ 0 1 2 L-1 

€ L (since f + f x + + f x*"'* e 2RCxn £ L ) . 
o 1 t-i 

g(x) = f x'' + f, x*'**+ .... f e 2R. Therefore f = 1 or 3: and 

f'*(g(x) = l.x"" + f~̂ f. x"""̂  + ... € L. Therefore l e i ; 

^ r(L) = 0, showing RCxD is a P.S»rinQ. ^ 

2.5.12 REMARK. This example shows that commutative P.S. rings need 

not be reduced. Therefore commutative P.S.rings need not be P.P. 

§ 2.6 Bibliographical notes-

1. The study of C.P. modules in § 2.2 is due to Evans CE:72D. 

2. § 2.3 is mostly a survey of some research done by 

Armendariz CA:74], Evans EE:72D, Endo I:E:60:, Jondrup CJ:71D and 
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Wolfson CW:61]. 

3. § 2.4 has been recorded after studying the work of 

Camillo CC:733, McCarthy CM:73: and Pillai CP:853.' 

4. The results of § 2.5 are due to Nicholson and Watters CNW:88]. 

5. Example 2.3.22 and RemarV 2.3.24 are believed to be new. 

56 



CHAPTER 3 

POLYNOMIAL AND POWER SERIES RINGS OVER COMMUTATIVE RINGS. 

Introduction. 

In this chapter, we shall study polynomial and power series 

rings over commutative rings. The study has been confined largely 

to .::ero divisors and nilpotent elements. A few results on the 

unit elements of these rings have also been stated at the 

beginning of this chapter. A very brief study of primary rings 

has also been made and a few results have been recorded. Through­

out this chapter (unless otherwise mentioned ) rings will be 

commutative. We may however, add commutative for the sake of 

emphasis. 

§3.1 General itles. In this section, we will study results 

which are of a general nature. We will characterise the units of 

a polynomial ring RCx], R being a commutative ring. We will also 

characterise the divisors of zero in polynomial rings over 

commutative rings. We start with some well known results . 

Recall that Nil(R) = | x e R | x" = 0 for some n € IN l 

3.1.1 REMARK. Let R be a commutative ring. Suppose x, y e Nil(R) 

Then x + y e Nil(R). 

Proof: TRIVIAL. 
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In fact, if R 15 commutative then Nil(R) is an ideal of R. We also 

have the following theorem. 

3.1.2 THEOREM. Let R be a ring, SpecR = Cp|p is a prime ideal of R> 

Then n p = Nil(R). 
pespecR 

(This theorem is due to Krull, for a proof see CJIIl, p 392; 

and for a generalisation to non-commutative rings see CLII § 3.2 

Proposition 1.) ® 

3.1.3 REMARK. Let D be a domain and DUxD the ring of polynomials 

Then U(D:;;D) = U(D) (U(D) = Units of D . ) . ^ 

Proof: TRIVIAL. 

3.1.4 THEOREM. Let R be a commutative ring, and R C K I its ring of 

polynomials. Let f(:<) = a + a ;< + ... + a :; e RC;<]. Then f(;<) 
O 1 n 

IS a unit in RC;<] if and only if a is a unit in R and a ,a ,...a 

are nilpotents. 

Proof: ("Only if" part) Let p e Spec(R). Consider the map 

T) :RCxD *• (R/p)C;;], 
n n 

where y?(2]c5<)= J ^ c x . Since p is a prime ideal of R, R/p is 
t = 0 t = 0 

a domain. Let f(x) € RCx3. Then r7(f(;<)) e (R/p)Cx3. Since 

f(;() € U(RCx])), 3 g(:c) = b + b x + ... e RCx], such that 
o 1 

f ( x ) Q ( K ) = 1 . -> r> ( f ( N ' ) g ( x ) ) = r . -> T ) ( f ( x ) ) T 7 ( g ( x ) ) = 1 . By 

Remark 3 . 1 . 3 , we h a v e d e g (r? ( f ( x ) ) ) = 0 i . e . , 

77 ( f ( -< ) ) = a + a x + . . . + a x " ^ = a 
0 1 n o 

I . e . , a = 0 V i > l i n R / p . i . e . , a e p . T h i s h o l d s f o r a l l 
L V. 
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p € SpecR; and for all i > 1. 

Therefore a e n p, V i > 1. i.e., a e Nil(R) V i > l.(by Theorem 

3.1.2). Also f(x)Q(K) = 1, implies that a b = 1 i.e., a e U(R). 

Conversely suppose f(K) = a + a : < + . . . + a x*̂  <s RCx] is 

such that a e U(R) and a ,a ,...,a e Nil(R). Since a ,a ,...,a 
O 1 2 r i 1 2 ' n 

are nilpotents a x , a x , a x , . . . , a x are also nilpotents and 

by Remark 3. 1 . 1 z = a x + a ;< + a x + ... + a x is also 

•' 1 2 3 n 

nilpotent. So z = 0 for some t > 1. 

2 l—1 I 

Taking Q ( X ) = 1/a - z/a + ...+ z /a 
we see that f(x)Q(x) = 1. Therefore f(x) e U(RCx]). 

This seems to be an appropriate place to record a couple of 

results. Remark 3.1.5 is a special case of a result valid for 

arbitrary rings. Corollary 3.1.6 (= Remark 2.5.9 ) has been used 

in 2.5.11. 

3.1.5 REMARK. For any f e JCRCx]), 1 + xf e U(RCx]). 

Proof: Suppose 1 + xf is not a unit in RCx3. Then 

(1 + xf)R[:x] c RCxD. So there exists a maximal ideal m of RCxD 
^ o 

such that (1 + xf)RCx] £ m . Now xf e JCRCx]) ^ xf e m, for 
o 

every maximal ideal m of R. In particular (1 + xf) e m . Therefore 
o 

(1 + xf) — xf € m which is a contradiction. Thus (1 + xf) must be 
o 

a unit in RCx]. @ 

3.1.6 COROLLARY. The Jacobson radical J(RCx3) and the nil radical 

Nil(RCx3) of the polynomial ring over a commutative ring R coincide. 

Proof: We know that Nil(RCxD) £ J(RCx]). (This is in fact 
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true for any commutative ring R; this follows as a corollary to 

Theorem 3.1.2.) Let f(x) e J(RC;;:), 

f (',<)= a + ex ; ; + . . . + « , • ; . T h e n b y R e m a r J 3 . 1 . 5 , 
o 1 n 

1 + K f ( ; ; ) = 1 + o( X + ot ;;^ + . . . + ot x''"'^ e U ( R C ; < D ) , 
O 1 n 

-» each a. is nilpotent and 1 e U(R) -» f(x) e Nil(RCxD). Therefore 

@ 
we obtain J(RC;<D) = Nil(RC;:D). 

REMARP. For related results on the Jacobson radical of a 

polynomial ring due to S.Amitsur, we will refer to Ex 5 and 6, 

p 393 of CJII3. Note also that the analogous assertion for power 

series is false as can be seen by ta^lng the power series ring 

over a field. 

We now prove a theorem on zero—divisors which is due to Scott. 

3.1.7 THEOREM. Let R be a commutative ring and let RCxD be the 

ring of polynomials over R. If f(x) e RCxD is a divisor of zero; 

then there is an element c in R, c ^ 0 such that cf(;j) = O. 

Proof: Deny the theorem and let g(x) be a polynomial of 

smallest degree such that f (x)g(x) = 0. Let 

f ( x ) = a + a x + . . . + a x : g ( x ) = b + b x + ... + b x , 
O l m ^ ^ O l n 

where b ^ O, and n > 1. Since b f(x) ?̂  O, a b ^ 0 for some i 
n n >, n 

and therefore a g(x) ^ O. Let r be the largest integer such that 

a g (x) ^ 0. Then f (x)g (x) = (a + ... + a x*̂ ) (b + ... + b x"̂ ) = O. 
r ^ O r O n 

Hence a b = 0 and deg (a g (x ) ) < n . However (a g (x ) ) f (x ) = 0 
r n r r 

which IS a contradiction. 
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REMARKS. (I) A similiar result is valid for reduced rings. (See 

Remark 2.3.20(1) .) 

(II) This theorem is not true for R non-commutative. Consider 

the following example. 

3. 1.8 EXAMPLE. 

Let R = M (2), the ring of 2x2 matrices over the ring of 

integers. Let f(x) = E x + E : g(x) = E x - E . Then 
12 11 11 21 

f ( x ) g ( x ) = O a s s e e n e a r l i e r ( 2 . 3 . 2 1 ) . Now s u p p o s e r e R i s such t h a t 

r g ( x ) = 0 . S i n c e r e R , r = r E + r E + r E + r E , 
1 11 2 2 2 3 1 2 4 21 

r € Z ; i = 1 , 2 , 3 , 4 . 
T h e n , r ( Q ( x ) ) = 0 - * ( r E + r E + r E + r E ) ( E x - E ) = 0 . 

1 11 2 2 2 3 12 4 21 11 2 1 

^ r = 0 , r = 0 ; and r = 0 ^ r E ( E x - E ) = 0 - » r = 0 . 
1 4 2 3 12 11 21 3 

T h e r e f o r e r = 0 . 

§ . 3 . 2 P r i m a r y r i n g s . 

The l a n g u a g e of p r i m a r y i d e a l s w i l l be u s e d in t h e n e x t 

s e c t i o n . The r e s u l t s of t h i s s e c t i o n a r e a l s o of some i n d e p e n d e n t 

i n t e r e s t . 

3 . 2 . 1 Definitiori. A c o m m u t a t i v e r i n g R i s c a l l e d a p r i m a r y r i n g 

i f i t s z e r o i d e a l i s a p r i m a r y i d e a l i . e . , V r e R, t h e 

homomorphism © : R * R i s e i t h e r o n e - o n e o r n i l p o t e n t . 
r 

Equivalently, every element of R is either a non-zero divisor or a 

nilpotent element. 

3.2.2 Definition. A commutative ring R is called a completely 

primary ring if its nil radical is a maximal ideal. 
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3.2.3 De/tnvtvon. If a ring R is such that all its zero divisors 

belong to J = J(R), it will be called a J-primary ring. 

3.2.4 THEOREM. Let R be a ring- The following conditions are 

equivalent. 

(i) R is a primary ring, 

(ii) RCxD is a primary ring, 

(iii) RCxD is a J-primary ring. 

' Proof: ((i) «* (ii)> Let R be a primary ring. Let 
n 

f (;<) be a divisor of zero in R C K 3 . Then if fix) = E f K*", 3 r e R 

r ^ O such that rf = O V i = 0,1,...,n. This implies that 

f e Nil(R) V i = 0,1, ,n -> f (;;) e Nil(RC;<n) = J(RC;<3) (by 3.1.6) 

-» RCx] is a primary ring. 

((ii) -> (i)) Let a be a zero divisor in R -» a is a zero 

divisor in RCxD -^ a ^ Nil(RCxD) (since RC:<] is a primary ring). 

This implies that a e Nil(R) -» R is a primary ring. 

((ii) ^ (iii)) OBVIOUS. 

(dii) -> (ii)) Let RtxD be J-primary, and f(x) <= RCxJ. 

Suppose that f(x) is a divisor of zero. Then by hypothesis, 

f(.v:) € J(RCxD) = Nil(RCx3) showing that RCx] is a primary ring. ® 

§ 3.3 Zero-divisors and nilpotent elements. 

In this section we will study some properties of the zero— 
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divisor and nilpotents elements of the power series rings over 

a commutative ring. 
n 

Let f (K) = J] f X . Then f is zero or a polynomial of 

degree at most n. 

3.3.1 LEMMA. Let R be a commutative ring having characteristic 
00 

a positive prime p and let f(x) = E'fx ^ RCCxDD 
V = 0 

The following conditions are equivalent. 

(a) f(x> is nilpotent. 

(b) There is a natural number m such that (f ) = 0 
t 

V i € IN U ^0>. 

(c) There is a natural number m such that (f ) = 0 

V i € [N u •C0> . 
Proof: ((a) «» (b)) We know that in a ring of characteristic p 

n n n 
(a + b)"^ = a"̂  + b*̂  . Thus we have 

ri r< n • n 

(fCx))*" = ( f + f x + fx^-t- ) ^ = i'^ + ( f x + f x ^ + )'̂  
O 1 2 O 1 2 

n n n 
= fP + (f X)P + (f x"" + )"" 

O 1 2 
n 00 n 

(f (X))'' = r f x'p . 
L 

t = 0 

Conversely if (f(x))'" = O, then choosing-n e Qi such that p >m, 

n n 
(fCx))*" = 0 - > ( f ) ^ = O V i . 

3.3.2 THEOREM. Let R be a commutative ring with identity having 
© e e e oo 

characteristic n = p p p ...p , and let f(x) = ]r f x*" e RCCxDD 
1 * ^ 2 3 I * - ' v 

L = 0 

The following conditions are equivalent, 



(a) f(;<) is nilpatent. 

(b) There is a natural number m such that (f ) = 0 for each 

i e [N u t o . 

<c) There is a natural number m such that (f ) = 0 for each 

k e IN U C O . 

Proof: We let 0 : RCCxll • RLCx3 3/(p ). Now 
J J 

R C C K : 3 / ( P ) ^ (R/p )CCx33. • We know that for 1 < j < t, 

R/(p ) has characteristic p , and (p is the natural homomorphism 

for 1 < j < t. 

((a) -> (b)) Suppose f(:<) is nilpotent. i.e., (f(:<))'" = O for 

some m. Then 0 (f(:<))'" = O in RtLy.ll/ ip >. By Lemma 3.3.1, there 

is a natural number m (1 < j < t> satisfying for each i e (N u vO> 

(<?!'(f))^ = 0. i . e . , 0 ( ( f ) ^ ) = O . i.e., ( f ) ^ e p R for 
J L J L L J 

e a c h i € (N u C O . L e t m = m e + m e + . . . + m e . Then 
1 1 2 2 t t 

m o + . . +m © d d d 
( f ) = ( f . ) € ( p R ) ( p R ) . . . ( p R ) 

<- t "^1 "^2 t 

= (p *p . . . p )R = nR = O. 
^ 1 ^ 2 '^l 

((b) ^ (a)) Suppose there is a natural number satisfying 

(f ) = 0 for each i. Then for each j: 1 < j < t, 

i4> (f )"') = (-jt- (f ) )'" = 0 V i. By Lemma 3.3.1, there is for each 
J <- J L 

m 

j ; ( 1 < j < t ) , a n a t u r a l n u m b e r m s u c h t h a t ( < * f ( : < ) ) '' = 0 V i . 
J J 

m m m 
Now {<p ( f ( X ) ) ^ = i4> ( f (X ) •') = 0 ^ ( f ( X ) ) ^ € (p ) , 1 < i < t . 

J J J 

L e t m = m e + m e + . . . + m e . T h e n 
1 1 2 2 I I 

m o m © m © 

( f ( X ) ) "" = ( ( f ( X ) S N ( f ( X ) ^ ) ^ . . . ( ( f ( X ) S ^ 
© a © 

€ ( p R C C x : ] ) * ( p R C C x ] 3 ) ^ ( p R C C x 3 D ) ' ' = nR = O. So 

f(x) IS nilpotent. 

((b) => (c)) Follows from the above proof and Lemma 3.3.1. 
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3.3.3 THEOREM. Let R be a commutative ring î gith identity let 
CO OO 

f(x) = r f'x € RCCxDD. Let A^ = r Rf . Then the condition 

(i) The ideal A is nilpotent implies the condition 
f 

(ii) f is nilpotent. 

Proof: Suppose A is nilpotent of order k, i.e., ^^f^ ~ ^' 

Now, (A )^ = 1 : r f f , (A ) ^= E r. f f f , 
\. , J > 0 ^ ^ ^ > Q 1 2 3 1 2 3 

(A )'' = r r , f f f = 0. This implies that 
f ' - ^ t t . . . t V. t t 

V > 0 1 2 k 1 2 k 
I 

f f . . . f = 0 V i = 0 and 1 < t < k. 
L L C . I 
1 2 k 

We have f ( :< ) = Jl -f v. . I n t h e e x p a n s i o n o f ( f ( x ) ) , each 
V = 0 

coefficient will be of the type f f ...f , where the i 's may 
1 2 k •̂  

be repeated. Since f f, ...f = 0 V i > 0, it follows that 
1 3 k 

(f(x))'' = 0 -• f(x) is nilpotent. E 

3.3.4 COROLLARY. If A, is finitely generated and each f is 

nilpotent, then f is nilpotent. 

Proof: Let A, = Ra + Ra + . . . + Ra and f e A where f is 
f 1 2 I t f t 

n 
t I 

Qiven as f. = T\ r a . Also a. = T r, f and 
J = 1 p = 0 p 

n 
o 

a ,a ,...,a « E R'f 1 where n = Max(n ,n ,...,n ). Since each 
1 2 ' ' n ^ p' o i ' 2 ' ' i p = o 

f is nilpotent, each a, is nilpotent. Therefore a, = 0 for some 
p I L 
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m^ e W. If k = E m^, ia.^)^ = 0 •* f'̂  = 0 -»• f i s nilpotent. ts 
1 = 1 

We now give an example to show that f nilpotent does not in 

general imply that A is nilpotent. In other words finite 

generation of A is necessary for the validity of the condition 

(li) implies condition (i) in 3.3.3. 

3.3.5 EXAMPLE. Let S = 2/pZ, where p is a prime and 

S = sex , X , .... X ,...] be the ring of polynomials in 

countably many indeterminates. 

Let R = S /(X*^, X"̂ , .X*^, . . . ) . Let f = X̂  . 

00 

Consider f(x) = £] f x̂  e RC CxD D. Then for each k e IN u -CO, 

(f"'^)^ = O. But for each n e [N, O P' f f f f e (A )" 

O 1 2 n-1 f 
(If f f f f = O then f f f f € (X*",' X^, ... , X^,...) 

O 1 2 n-1 O 1 2 n-1 o ' l' ' n 

which is absurd. Thus A cannot be nilpotent. 

3.3.6 LEMMA. Suppose there exists a t e (N such that f is a 

non-zero-divisor and f is nilpotent V 1 < j < t-1. Then 

f (x) = r f x*" is a non-zero-divisor in RCCx3]. 
V. = 0 

I - 1 00 

Proof: Let g(x) = r f x*" , h(x) = T f x*" 

so that g(x) is nilpotent and f(x) = g(x) + h(x). 

Let T = total quotient ring of R, 

= S R (where S is the set of all non—zero-divisors of R) o o 

and S = TCCx]] , localisation at 
M 

M, where M = jx, X^, X^ , . . . , x"", . . | 
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is a mul tipl icati vely closed set in TCC,-;]]. 

Naui h(;;) = x^d + f ;< + ) = ;<''h'(;;), 
CO 

where h' (;:) = T f ;•;'. 
v =o 

So h(;-;) and h' (;;) are associates m S. Also f = (h' ( M ) ) is a 
I O 

non-zero-divisor in R. So f e S , hence is a unit in T. 
L O 

Therefore h' (:<) is a unit in T C C K ] ] , hence a unit in S. This 

implies that h(;<) is a unit in S (since h(;<) and h' (;c) are associates) 

Therefore f(;<) = g(x) + h(;;) is a unit in S (since h(;c) is a 

unit and Q ( X ) is a nilpotent element of S) so that f(:<) is a 

non-sero-divisor in S. Suppose there exists an f(x> e S such that 

f(;<)f(K) = O in RCC:<I13. We already have the embeddings 

RCCx:: > TCCx]: > S. Therefore f(:<)?(:<) = O 

in S. This implies that f(:;) = O, since f(;<) is a non-sero-d i v isor 

in S. Therefore f(;<) is a non-zero-d i v isor in R C C K D ] - BI 

3.3.7 THEOREM. Let R be a commutative ring in which every 
00 

non-zero-divisor is nilpotent and let f (;<) = T f x^ e RCC:<33. 
I =o 

If some f is a non—zero-divisor in R,' then f(x) is a 

non-zero-divisor in RCCxUD. 

Proof: Let k be the least positive integer such that f is a 

non-zero-divisor. So f ,f , ..., f, are zero-divisors and so by 

hypothesis they are all nilpotent. Now by applying 3.3.6 we 

immediately have that f(;<) is a non-zero-divisor in RCCxD]. B 

3.3.8 Dofinition. Let A be an ideal in a commutative ring R. We 

call A a primary ideal of R if for every r e R, the R-hamomorphism 

& z R/A y R/A is either one-one or nilpotent. 
r 
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(Equivalently: for all r e R, i f 3 ;< « A such that rx e A, then 

r € A for some m e [N. ) 

Proof of this equivalence. Suppose O = r:< = r;; = 0 (;< > , ;< ?̂  0. 
r 

So 9 is nilpotent. Therefore (.9 ) "̂  = O for some m -* r T = 0 
r r 

-• r € A for some m. 

Thus A is a primary ideal of R if and only if R/A is a 

primary ring in the sense of § 3.2. 

3.3.9 REMARK. Let A be a primary ideal and let 

A = - | r e R | 0 is nilpotent >. Now 0 e A, so A is non-empty. 

Also A is an ideal of R satisfying 1 e A (We assume 1 ^ 0 ) . 

In fact, A is a prime ideal of R. For suppose K, y ^ A, then 

9 , 9 are one-one. 
X y 

Therefore 9 =99 is also one-one -» xy « A. If a e A, then 
xy >« y 

© = 0 - » a € A - » A £ A . We say A is A primary. (Notice that 
a. 

the terminology differs from that used in 3.2.3.) 

3.3.10 COROLLARY. Let R be a commutative ring with identity, in 

which each zero-divisor is nilpotent. If the ideal Nil(R) is 

nilpotent then in RCC;<D3, each zero-divisor is nilpotent. 

Proof: Let f (>:) = V f x*" € RCCxDD. Suppose f (;<) is not nilpotent 
V 

Then A is not nilpotent -̂  A £ Nil(R) i.e., not every coefficient 

of f(x) is nilpotent. So by hypothesis, f(x) has a non-zero-divisor 

as a coefficient and by Theorem 3.3.7, f(x) is a non-zero—divisor. 

Thus each zero-divisor is nilpotent. M 
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In terms of Definition 3.3.8, Corollary 3.3.10 can be restated 

as follows. (Sec CF:71] ) 

3,3.11 COROLLARY. Let R be a commutative ring with identity in 

which (O) is Ni1(R)-primary. If Nil(R) is nilpotent, then (0) is 

a primary ideal of RCCxDD. 

Finally we state the following analogue of Theorem 3.1.7 

without proof, and record a related e;;ample. 

.3.3.12 THEOREn. Let R be a Noetherian ring with identity. Then 
00 

for f ( K ) = 5] f x"" € RCC;;I]], the following conditions are equivalent. 
<- =o 

(I) f(;<) is a zero-divisor in RCC;<]3. 

(II) There is a non-zero-divisor element r e R which satisfies 

rf(x) = 0. 

Proof: (II) ^ (I) TRIVIAL. 

(I) -> (II) See CF:71D. a 

We conclude with an example to show that Theorem 3.3.12 fails 

when R is not Noetherian. 

3.3.13 EXAMPLE. Let S be a commutative ring and let 

be a set of indeterminates over 
' O ' l' ' t J 

and let R = S[ Y, ( x J ^ J / [x,Y, {x^ - X̂ ^̂ Y | " j 

Let X be an indeterminate. 

Let y = Y and let f(X) = y - X. Then f(X) has a unit coefficient 

so certainly rf(X) i^ 0 for each non-zero element r of R, 
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_ oo 
However, letting ;< = X and Q(XJ = E '• ̂"̂  ^'^ ^^^ that V. 

f(X)Q(X) = 0 while Q(X) p^ O. 

§ 3.4 Bibliographical notes. 

1. Theorem 3,1.2 is due to krull, see the references after its 

statement. 

2. Gilmer CG:75] has carried out a detailed survey of the topics 

studied in this chapter and a number of other related topics. 

Brewer CBD has written a monograph on power series rings over 

commutative rings. Gilmer and Brewer have referred to several 

dozen other papers in this area. 

3. Gilmer CG:75] attributes theorem to Snapper CS:50D 

4. Theorem 3.1.7 is due to McCoy ~M\5r ̂ '- '̂̂ ^ elegent inductive 

proof given here is due to Scott CS:54]. 

5. The results of § 3.2 are due to Snapper CS:50D. 

6. The results of § 3.3 are due to Fields CF:71]. (Example 

3.3.13 is due to Gilmer as mentioned by Fields in a footnote on 

p 433 of CF:7i:.) 
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