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PREFACE.

Polynomial and power series rings were classical objects of

study. These concepts have been generalised to polynomial and

power series modules. It is 1impossible to study even a
substantial partiaon of the work.carried out in this field. In

this dissertation a very small portion has been studied and a few

specimen results have been recorded in each chapter.

Chapters 1, 2, 3 are almost independent of each other.
Chapter O is basically aimed at introducing terms and
notations which are used in later chapters. Those terms which
are of standard usage have been used without prior introduction.

Chapter 1 studies the conditions under which® Hilbert Basis
,W

Theorem has a generalisation to polynomial and power series

modules over rings not necessarily containing identity

e —

element. Knowledge of Noetherian modules is assumed.
—me

Many a time it has been observed that on imposing certain
conditions on a ring, various properties of the ring so obtained
carry over to the respective polynomial, and to some extent, power

series rings. These properties like Baer rings, P.P. rings, P.S.
/ T

rings and regular rings have been the subject of study in chapter
S

2. (These concepts have been defined in chapters O and 2.). In this

chapter, our rings are associative but usually non—commutative.
L ]

Zero-divisors and nilpotent elements of polynomial and power

series rings turn out to be of considerable interest. Although

the final chapter has been entitled "Polynamial and Power Series
e —————————




Rings Over Commutative Rings ", only the above—- mentioned aspects
m
of these rings have been studied in some detail.

No originality is claimed for any of the material (except for

a few remarks which we did not find recorded in the literature).

This wark is a survey af some research done by the following

algebraists: K. Varadarajan, W. Xue, E. Arhendariz, M.W. Evans,

S. Endo, P. Pillay, W.K. Nicholson, J.F. Watters, W.R. Scott,
a—— ————S—— ot — S torererean

D.E. Fields, R. Gilmer, E. Snapper and others. Detailed mention

aof the debt is made at the end of each chapter.

The Bibliography has been divided into two parts: (I) Books and
—“——N

Monographs and (II) Research papers. A book may be cited as (X IIJ]
=

os as [XYZ];. here [X] or [XYZ] will denote the initial 1letter(s)

of the names of the author(s). A memoir may be cited eg.,as
[XYZ:531; Here 53 gives the year in which the paper was
published. This will give an approximate idea of when the

research was carried out.
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CHAPTER O
SOME PRELIMINARY DEFINITIONS AND NOTATIONS.

Introduction.

This chapter is more or 1less an introduction to the

dissertation. It consists of notations, definitions and
conventions which will be followed consistently (unless mentioned
otherwise) in the rest of the dissertation. Some definitions
which are of a general nature are also given here. This chapter
also helps to set a 1link between the other chapters of the
dissertation. For unexplained concepts, we refer to standard

books, e.g., [AF]1, C[L1, [S51, (JI]1 and others.

& 0.1 Some conventions and notations.

In this section we fix some conventions and notations. We
shall try to adhere to these throughout the dissertation. Note

that all our left—-sided concepts and results have right-sided

counterparts. v///
M—'—"-__-—'

0.1.1 Conventtion. Unless mentioned otherwise, by a ring we

shall mean an associative ring with an identity element. The

letter R will always denote a ring. In Chapter 1 rings will be

Pru—

associative but they need not have identity element.




0.1.2 Notation. By a module RM, we mean a left R—-module and by

a module MR we mean a3 right R—module.

0.1.3 Convention. AN ideal will mean a two—-sided ideal. A left

or right ideal will be specifically mentioned.

§ 0.2 Basic Definitions.

The definitions to be used in this dissertation are given

below.

0.2.1 Definttion. By a domain we mean a (possibly

non—commutative ) ring in which the product of non—-zero elements is

non—zero.

0.2.2 Definition. A ring R is called a prime ring if for ideals

A, B the equality AB = O implies A = O or B = O. (Clearly,

domains are prime rings.)

o

0.2.3 Definttion. An ideal P of R is a prime ideal if R/P is a

prime ring. (Note that in the commutative case, generally R is

regarded as a prime ideal.) An ideal P is prime if and only 1if

whenever x, y € R, xRy € P =+ x € P or y € P. The prime radical

R

or the lower nil radical (denoted by Nil(R)) of a ring R 1is the

———

intersection of all prime ideals of R. A ring R is semi-prime 1in

not



case Nil(R) is zero; equivalently if it has no non—-zero nilpotent

ideals. The Jacobson radical of R denoted by J(R) 1is the

s

intersection of all maximal left ideals of R. (See Exer. 15.14

of [AF]1for more information concerning these concepts.)

0.2.4 Definttion. Let L be a submodule of a2 module M. Then

L is called a large Cessential) submodule of M if for every non-zero

submodule N of M, we have L " N is non—zero. By a 1large 1left

ideal of R we mean a large submodule of R.
e e R.. .

0.2.5 Notation. Let n" be a module. We shall use the notation

Z(M) = { meM | Lm = O for some large left ideal of R }

N

It can be verified that Z(M) is a submodule of M.

.

0.2.6 Definition. We call Z(M) the singular submodule of M. If

Z(M) = O, M is called a non-singular module. If Z2(M) = M, M is

called a singular module. We call a ring R a 1left

nonsingular ring if Z(RR) equals zero.
A S —

0.2.7 Definition. A ring R is said to be reduced if it has no
e DY

non—zero nilpotent elements. MNote that reduced =« semiprime. If R

is commutative then reduced e+ semiprime.

0.2.8 Annihilators. We shall denote the left annihilataor of a

subset X of a module RM by 1(X}, and the right annihilataor of a

subset X aof a module Mn by r(X). If X = {m} where m € M we shall



write 1(m) instead of 1({m}) and r(m) 1instead of r{{m}). The
special éase when\M = R will also occur very often.

Let R be a reduced ring, and a, b € R are such that
ab = 0. Then ba = 0, for ab = O = bab = 0 = baba = 0
% ba = 0. Thus in these rings left and right annihilators will be
the same, either for an element or for a subset and so we c;:_::;k

“—cwﬁ
of the annihilator without ambiguity. We shall try to use the

notations ANN(S) (for the annihilator of a2 subset S of R}

and Ann(a) whenever we have the equality ofleft and right

annihilators. (In addition to subsets of reduced rings this will
happen for each central subset of a ringj; in particular, for

each subset of a commutative ring R.)

0.2.92 Definition. A ring R is said to be normal (abelian) if

every idempatent is central. (It is easy to see that reduced

rings are normal.)

0.2.10 Definttion. A ring R 1is called semi-simple if every

Y e

left ideal of R is a direct summand of RR. A ring R is

called indecomposable, if it cannot be expressed as R1 X R2 where

R1’ R2 are non—-zero rings.

0.2.11 Definition. A ring R is called left duo (invariant)

if every left ideal is an ideal. (Commutative rings are left and

right duo and left (or right ) duo rings are normal.)

v



0.2.12 Definition. A ring is said to be (von Neumann} regular if

for every element a € R, there exists an element b € R such that

the relation a = aba holds. ——

0.2.13 Basic results on reqular rings.

(I) Let R be a ring. The following conditions are equivalent.
(i) R is (von Neumann) regular.
(1i) Every left ideal of R 1is generated by an
idempotent (equivalently, is a direct summand).
(i11) Every finitely generated left ideal is

generated by an idempotent (equivalently, is a direct summand).

(II) Division rings are clearly regular.

(III) Let { R } be a family of rings. Then IR is
L [X.=2 § . L
/ Lex
reqular if and only if each Rt is reqgular. Hence it follows from
(II) that if DL are division rings then r]Di is a regular ring.

(= 4

—TV) Let Mn be a semi—simple module. Then its endomorphism ring

Endn(M) is a regular ring.

(V) We have, more generally, EndR(M) is regular if and only if

for each f & EndR(N), the submodules Ker(f) and Im(f) are direct

summands ot/g}/

(VI) If R is a semi-simple ring then it is reqular.
[N



(VII) Let VD be a vector space over a division ring D. Then

E:iP}yd is a reqular ring. (This follows from (IV) abaove.)

(VIII) As a special case of (V) or (VI) we have: If D is a

division ring then Mn(D) is regular for all n.

(IX) If R is a commutative regular ring, then R is necessarily
reduced. (This is not true if R is not commutative. Consider the

ring R = Mn(K), K a field, n 2 2. This is not reduced (see (VIII)

above).)

(X) For a detailed survey of (almost) everything known about

regular rings till 1980 see [GII1].

§0.3 A basic result.

0.3.1 PROPOSITION. Let R be a commutative ring. Then R 1is

non—-singular if and only i1f R is reduced.

Proof: This proposition can be restated in two parts.

PART I R reduced implies R left and right non—-singular.

PART II R commutative implies R reduced.

Proof of part I. Let x € Z(nR)' Then Lx = 0 for some large left

ideal L aof R = x € Ann(lL).

Let y € L " Rx. Then y rx for some r € R.

Also Lx

O = yx =0 = rx.x =0 = x.rx = 0 (since R is

reduced) @3 Xr.Xx = 0 & Xr.xXr

n
o
3
%
E!

=0 = y =20

+° LNMNRx =0 =% Rx =0 = x = 0.



Proof of part II. Let R be commutative non-singular. Let x € R
be such that x° = 0. This implies that x € Ann(x).
Claim. Ann{x) is a large left ideal of R.
‘ Let O # yv € R. Consider Ry M Ann(x). Now x% = 0 - xzy = 0
= X.Xxy = 0 & xy € Ann(x). Also xy € Ry.
Case 1 Suppose xy # O. Then xy € Ry n Ann(x) (as seen above)
showing that Ry mn Ann(x) = O,
"

Case II 1If xy = O, then y € Ry n Ann(x), again showing that
Ry M Ann(x) = 0.\// |

Also since y was an arbitraily chosen element of R, the claim
is established. —

Now Ann(x).x = 0 & x € Z(RR) = 0 showing that R is reduced.

v

0.3.2 EXAMPLE. Let n =2 2 and K a2 field. Then R = Mn(K) is left
and right non—-singular but not reduced. This shows that Part 11

of 0.3.1 is not valid for non—commgiiﬁ;ye rings.




CHAPTER 1
POLYNOMIAL MODULES AND POWER SERIES MODULES.

Introduction

In this chapter we shall make a brief study on Polynomial and

power series modules, over rings which need not contain identity

element., A generalisation of Hilbert Basis Theorem due to
F—M

e

K.Varadarajan is the main aim of this chapter.
-

§ 1.1 Basic concepts.

Let R be a ring not necessarily possessing an identity
element. An R—-module M is, unless otherwise mentioned, considered
to be a left R—module. Also, concepts will be left sided concepts
unless mentioned otherwise. ‘

Let x be an indeterminate over R. Then RIx]J] is the usual

polynomial ring over R, RC[Ix11, the power series ring and

T y——_—

chhmsate

R[x,x—1] is the ring of Laurent polynomials consisting of elements
e ——c————

m
of the type T atx\, n,m € N U (02 and « € R, V i. We now have
L=-n —

the follawing definitions.

1.1.1 Definition : The Module of Polynomials REXJMC:]'
The elements of MILx] are formal sums of the form z aa&, k =2 0,
k e N u {0 and ae M. Adiition is defineley adding ;:Z corresponding
coefficients. Next let 2oa@3 € RLx1] and_zoafJ e MEx].
L= j=




L k+t
Then, (;:a(LX‘ ][}: aJx-‘} T B X e 1.1.2
L =0 j=0 H=0 K )
where ¢ =3} «aa for each u.
veyzp

e

The right hand side ofiﬁLﬁ,is clearly an element of MI[x]l as M

is a left R—module. This gives a left RIx]l—-module structure on

i

with 1 2 k 2 0, a € M and a, = 0, a = O. The integer k
L k L N

is now referred to as the order of o, 1 its degree, a the initial
N ]

coefficient and a as the leading coefficient. jy‘lsf*d““h'?

1.1.3 Defintition: The Power Series Module MLUx11]

The elements of MLIx1] are formal power series by aﬁé with
120
a €M v i. Addition 1s defined as usual by adding the

L

coefficients of corresponding powers of x. For the RIL[x31l-module

structure to be defined on MLLx]1], consider

T Ax' e RI[x1] and ¥ ax’ e M[[x11, and define

120" jzo !
z kx"][z axJ] = E c x“ ......................................................... 1.1.4
>0 220 pZo“
where ¢ = Y} %laj for any XL € R, a.J € M. As in definition 1.1.1
Lve 3 =i

RHS of 1.1.4 is an element of MI[Ix]] since M is an R-module, which
makes MLIx]1] into an RCCx1] module. \///
Any non-zero element a of MLLx)] can be written wuniquely as

)X a x" with a € M, k 2 0 and k # 0. In this case k is called the


http://can.be

order of o and a, s the 1nitial coefficient of o.

1.1.5 Definition = The module of Laurent polynomials MLk, x 3.

k
The elements of Mix, x *1 are formal sums of the form h asﬁ

==y

with k,y € 2, k,y =2 0 and a e M.
Addition is as usual defined by adding the coefficients of

corresponding powers of x. The action of the ring RIx, x 1 is

as in the above two definitions an obvious one making MILOx, x 13

J—— = A U A T e P S e e T TS T TS

-

an R(x, x_il—module..ﬁﬂf

e MRS

WM -
Any non-—zero element o of MCx, x *1 can be written uniquely
L .
in the form ¥ aLxL, with 1 2 k, 1,k € 2 and a_ # 0, a = O. In
v=-k

this case we refer to k as the order of o, 1 as its degree;j a, is

<% = ———

the initial coefficient and a is the leading coefficient.

8
— d*dwﬁwm «\/—’-é’-—

1.1.6. Let n bhe any integer = 1 and

In ={0) U {a/ O~% o € RLx1, order of o E/n 2« We claim that In is

a2 two sided ideal of RIx1]. A
nee
— , 5 MO
For a,f €l , a = O, 3 » 0, order/a 2 n, 3 2 n, g ﬁdS7
n e R A e T * 0
(; a—f3 # O)and order (a—f3) 2 n. So o e€ I . {ﬂc\ a-H4o
A m?: T T W (

* Let f(x) € RIx] and a € In. Clearly f(x)a € In and af(x) e In.

The quotient ring R[x]/In will be called the truncated polynomial

ring, truncated at degree n 2= 1.
—rE B s s e e Sl ot
n

If R has identity then Ih =(x ). Even *if R does not have
T T O RIS
identity element, we will symbolically denote REx]/In by RLx1/(x™)
n—1
An element of RLx1/(x") can be uniquely written as Zikxh A € R.
I L

A"
—=0

Let Dn ={0} U {a| O #a € MI[x1, order of a 2 n 3.

Then Dn 15 an RIixI~submodule of MEx1. Since InM[x] b= Dn, RLx1/(x")

10



acts on M[xJ/Dn. We denote the module M[xJ/Dh by MLx1/(x").

The action of RIx3/(x™) on MCx1/(x™) is given by

n-1 n-1 n-1

1
[ r Kj‘][ r a x’ ] = ¥ c xH s, Where c = T AXa ;3 A €R,
L=0 L=0 J L=0 H H \.+J=]J" v

g)e M. Any non—-zera element a can be written uniquely in the form

n—41 .

) aLxL with a € M, a, # 0 , 0 £ k = n-1. In this case k is called
L=k

the order of a and ak the initial coefficient of o.

& 1.2 The R—module L SA).

1.2.1 Let M be any R—-module. Let A be an RIxl-submodule of MLx1].
m
Let i 2 O be an integer. Define

LL(A) = {0} U {leading coefficients of elements of deqree . in A}

LL(A) is an R-submodule of A (clearly).

If R has an identity element and M is wunitary, we have

B ——

v/}n(ﬁ) = Lu4(ﬁ)’ since (1.x)A € A. The inclusion does not hold on

general. Consider the following example.
~/~

1.2.2 EXAMPLE. Let R be any ring and M any non—-zero abelian
group. Define R-action on M by r.m = 0 for any r € R and m € M.
Let N be a subgroup of M with N S M (e.g. N =0 ). The 1induced

action of RIx] on M[x] is f(x).a = O for any f(x) € RLx1l and o €

MLx]. 98//the R{xJ—-submodules are the same ae the additive

subgroups of MILx].
N

oo

R
Let g be any integer 2 O and let

A = {a € MIx1l | the coefficient aof an in o is an element of N }

11



Then A is an chj_sﬁifngIe of M[x1. Now
Lq(A) = {02 U {leading coefficients of elements of degree g in A 3

i:ly/
Let m e M. Ifm =0 then m e Lq(A). Suppose m # 0. Cansider

Q ~ . .. q+1
mx" = g(x) say. Then g(x) € A (since the coefficient of ¥

equals 0 and O € N). This imples that m e Lq(A). Thus we have

M<c L (AY. Therefore L (A) = M. élso
Lqu(A) = {0> v {leading coefficient of elements of degree g+1 in A}

= N (clearly),

1

Since N g M, we have that L, A ;:‘ Lo (A

—

1.2.3 LEMMA. Let A < B be RIlxJ)-submodules of MIx1 satisfying

L) =L (BY Y i20. Then A = B.

T T T T T e
Proof: Let 3 < B. If 3 = 0 then 3 € A.

A / k
Suppose 3 # 0. Let deg 3 = k, 3 = bo + bix + ...+ bkx s With

bk # 0 and all b,L € M. Since 3 € B, bk & Lk(B) = Lk(A).

This implies that 3 o € A such that deg o = k and the leading

coefficient of o = bk' Therefore ﬂ—ak € B (since 3 € B, o € B)

anwg (P ) = k=1. If deg (A-a) < k-1 define a_,=0ea.]

If deg (ﬁ—ak) = k=1 using the equality Lba(A) = qu(B)
and arquing as above we obtain o _, € A with deg (B~ak-ab1) <

k—=2. Proceeding in this way we get elements«a € A for k =2 j =2 0

r
such that deg[ # - ab{] £ k-r-1 ¥ r = 1,2,...,k~-1.

izo "
k k
So deg[ - X S ] = k-k-1 » - 1 o = 0
[T L=0
=% 3 = o+ PRI o € A

2 B <€ A. Therefore 4 =




1.2.4 For any R[x3/(x")-submodule A of MI[x1/(x") and
L€ {0,1,2,...,n-13 define T (A) as follows.
T T T L
Ifo) = {0) U {1n1tial coefficients of elements of order . 1n A2
As before, if R has i1dentity and M is unitary we have
IZ(A) s (A), for O £ i £ n-25 this is not true if R does not

L+4

have an identity element.
"
1.2.5 Lemma: Let C € D be RIx1/(x")—submodules of MI[x1/(x")
satisfying FL(C) = FL(D) for O <+ £ n-1. Then C = D.
Proof: Let d € D. If d = 0 then dLE/C (clearly).

Suppose d # O and order d = k; O £ k £ n—1.

n-~4
So d is of the type ¥dx', d M, d_ = O.

L=k 1 8
Since d € D, dk € Fk(D) = Fk(C).
So there exists c, € C such that order c, = k and the initial
coefficient of €, = dk' Thus d - c, € D, and order (d—ck) >z k + 1.
If order (d—c, ) > k + 1, write c = 0 e C.

k k+1

If order (d—ck) = k + 1, then using the equality

Fku(D) = FkA(C) and arguing as above, we get Crey € C with

order (d — c,..— c ) = k +2.
k k+1

Proceeding in this way we get an element cJ of C for k =2 §j 2 O

r
such that the order [ d - ¢ ckﬂ] zZ k +r + 1.
=0

Now the only element of MCx1/(x") of order > n-1 is the zero element.
n-k=-1
It follows that [ d - ZL Crar ] = 0.
v =

Thus d = ¢, + c + ... + ¢C e C.
k k+41 n

This proves that D € C.

13



§ 1.3 Modules with property(fF).

Let M be an R—module and N 2 submodule of M. Then
ix [ X eM, Rx £ N > is clearly a submodule of M containing M.
This is dependent on M as well as on N. When M becaomes clear from
the context we write

R™*N

{ x| xe€M, Rx £ N 3.
This is comparable to the situation when R is a ring and A,B
1ideals of R; then the usual definition of (A:B) 1s given by

(A:B) = { x € R | xB € A 3.

A e
The above definition however should certainly not be confusediwith
e
s'R = {a/b | a € R, beS}, S an m.c set of a commutative ring R.

1.3.1 Definition. We say that the R—maodule M has property (F) if

R*N = N for all submodules N of M.

‘___’..a-‘

1.2.2 LEMMA: An R—module M has property (F) 3 for every factor

module M" of M and every x" = O in M" we haveRx" = O.

Proof: Let M" be a factor module of M and O =#x" € M". Write M" as

M/N and %" = x + N, x € M; x &« N. Since M has property (F)

1\\
RN =N. Since x & N, Rx € N » Rx" # 0 in M/N. ? ol @g‘\\ qLCjZ'ﬁ

- (

Conversely, assume thiz—for any 0 # x" € M", (where M" is a d?ﬁ:%‘

factor module of Mhave Rx" =# O. Let N be any submodule {NN
S

of M. If N =M, then clearly ﬁ:}b= N. IfT N=M for any x € M

which is not in N, we have x + N = Oxig/M/N. Hence R(x + N) = O
/

\/’n M/N. This implies that R*N. Thus R'N € N.
PO -
} < o
We already have N € R*N. Therefore N = R N @(‘H\D"t
v '\//——__—-—-ﬁ

2 RAEN
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1.3.3 COROLLARY. Let M possess property(F). Then
(1) every factor module of M has property(F).
and (11) every submodule aof M has property(F).
Proof: (i) Let M be a factor module of M, and M" a factor madule
of M. Then M" is a factor module of M.
Then by Lemma 1.3.2, V x" = 0, x" & M", we have Rx" & 0.

Hence M has property(F).///

(ii) Follows from definition.v//

Given any ring homomorphism f: R ——» S5 and an S—-module
M, we can regard M as an R—-module using f, namely, A.x = f(XN).x,

for any A € R.

1.3.4 LEMMA. Let f : R —————> S be an onto homomorphism of
rings. Then an S—module M has property(F) iff it has property(F)
as an R—module.

Proof: By hypothesis, the S-submodules of M are the same as the

R-submodules of M. Also for any x € M, and any r € R,

r.x = f(r).x. 1.e., Rx = Sx V x € M.
N
In particular, for any submodule N of M, we have S 'N = R™'N.
—

1.3.5 PROPOSITION.

The follawing conditions on an R-module M are equivalent.
(1) ™M has property(F) as an R-module.
(2) MILx] has property(F) as an R{xJ-module.
(3) MLx1/(x") has property(F) as an RCLx1/ (x")-module for any
n =z 1.
(4) MCx,x '] has praperty(F) as' an RILx,x ‘l-module.

15




Proof: ((1)=a(2)) Let A be an R{xJ1-submodule of M(C(x1. Ltet oo € ML«

e
satisfy RIxla £ A. We have ta show o € A. If oo = O then there is
-
nothing to prove. Suppose a & O.. Proof is by induction on deg .
/__-_—.‘—‘
If deg a = 0, then a = ag = 0, a, € M.
e ™™\
Since ™M has property(F), a € L _(A). Hence a_ € A.
o o — o
Now let deg a = k > O, Then o = a, + a, + ... akxk, with

a € M and a = 0. Since RIxJa € A, we get Ra € A =» R.ak S LAY,

Since M has property(F), a € Lk(A). Hence there exists an

o € A with deg o = k and leading coefficient of o = a.
Then deg o = k-1 and RExJ(a—ak) € A. Hence by induction assumption

o~ay € A. Since o € A, it follows that a € A. .

/

((2)2(3)) The canonical map n = RIx] —m RCx1/7(x™) is a
haomomorphism and so the RIx1/(x")—-module MCx1/(x") could be
regarded as an RIxJl-module. Clearly this module is a factor

module of MIx1. By Corollary 1.3.3 and Lemma 1.3.4 we get the
implication ((2)=2(3)). -

p /
((2)=2(4)) We already have the implication ((1)=(2)). Using that
from (Z2) we get that M{x,yl as an RIlx,yl-module has property(F),
where x,y are two independent indeterminates. Using the quotient
map 7 ¢ RIx,yl —muwm— R[x,x-il, the module MEx,x_il can be
reqgarded as an RIx,yl-module. Clearly M[x,x_1] as an Rix,yl-module
is a quotient module of MIx,yl. Now the implication is immediate

from Corollary 1.3.3(1) and Lemma 1.3.4.

((3)=2(1)>. Let M" be a factor module of M and 0 = x" e M.

¢
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Clearly M"Lx1/(x") is a factor module of the RCx1/(x")-module

M[x]/(xn). Hence REx1/(x").x" = 0O in M"[x]/(xn). So there exists
n-1
a 3 e R[xX1/(x") with x" = 0. If 3 = T xﬁﬁ (k 2 0) with A e R
1
t=k

then At.x" =2 O for some . Hence Rx" = O.

((4)a(1)). Let M" be a factor module of M and O = x" e M".

Clearly M“[x,x—il is a factor module of the R[x,x_il—module

1 1 1

MCOx, % X" ® 0 in M"[x,x J. So 3 a 3 € Rlx.x 1

1. Hence RILx,x *1
L
with Ax" = 0. If 3= ¢ kst . kl € R we have %\x“ # O for some i.
v=k
Hence Rx" = O.

Thus we have proved the equivalence of the above four statements.g

§ i;ﬁ//ﬁ,theorem of Varadarajan.

Varadarajan’'s generalisation of Hilbert basis theorem is the

—————

following result.
O
1.4.1 THEOREM. The following are equivalent for an R—module M.
(a) M is Noetherian as an R—module and has property(F).
(b) MIx] is Noetherian as an RIxJ—module.
(c) MLx,x *1 is Noetherian as an RIx,x ‘J-module.
(d) MILLxJ1 is Noetherian as an RL[LCx1l-module.
Proof: ((b)=(a), (c)=(a), (d)=(a)).
Suppose M is a non-Noetherian R—module. Let N1 g N2 S N9 S ---
be an infinite ascending chain of R—-submodules of M. Then clearly

N £x1 S N [x1 S N Ex1] G .- is an infinite ascending chain of RIx1-
1 2 9

v
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submodules of MICx1. Kigg/ﬂtx] is non—Noetherian as an RI[x]l-module.
Similiarly Mtx,x_1] is non—-Noetherian as an R[x,§13—module and MIOCx]]

is non-—-Noetherian as an RC[x]] module.
-
Suppose M does not have property(F). Then there is a factor

module M" of M and an element O # x" € M", with Rx" = 0. If N" is
the R-submodule of M" generated by x" then N" = O and RN" = O.
N“[x1 is a non—-zero RIx]-submodule of M"I[x1l. From RN" = O we see

—— —

that f(x).a = 0 for any f(x) € RLx] and o € N"[x1. Hence the
e
RExJ1-submodules of N"[x] are the same as additive subgroups of

N"[x]J. Clearly N"L[x1 is an infinite direct sum of nonzero abelian
ToT T e e L e T
groups. Hence, N"[x] is non—-Noetherian as an RIxl-module. Since
/
N"Ex] is an RIxJ]-submodule of M"Lx] and M"[x] is a factor module

of M[x1, it follows that MI[x] is non—-Noetherian as an RI[xl-module.
Similarly it can be shown that if M doés not have property(F) then
MCx,x '] cannot be Noetherian as an RIx,x ‘l1-module and M[Cx1]
cannot be Noetherian as an R[I{xJl-module. This proves the

implications &El'é (a), (c) = (a) and (d) = (a)

({(a)=a(b)). Let A be any RI[xl—-submodule of M[x1. For each integer

i =2 0, let LL(A) be defined as in § 2. Let a € L (A). Then 3 an

\-—.—-—-\:_.
L .
element a = a°+ a1x + ... + ax € A with a = a. For any r € R
1 L
2 i+l . . .
we have rx.o = ra x + ratx + ... + rax € A. This 1implies
L
[ g

that ra e L. (A). Thus, RL.(A) = L  (A), or equivalently
L+ o 1 L+l
L. (A) \s//RﬂL. (A) . (as submodules of M). Since M  has
L L+4
-1 o
property(F), R Ijﬁ1(A) = Lu4(A)' Therefgﬁg/LL(A) = Lh4(A)'
Suppase Ao < Ax S ... is an ascending sequence of

RIxl-submodules of MILxl. Consider the family {LL(AJ)} i 20, j2o0

18



of submodules of M. We already have,
LAY €L (A) V1 2 0.
L J 1 J

1%

Also, A € A 2L ((A) €S LA ). Since M 15 Noetherian the
J J+ L ) v Jrt

family {LL(QR}, )2 0o, v 2 0, has a maximal element say LL(AR.

(-3 (-]

Hence, Lt(AJ) = LL(A }) whenever v 2 v 4, 3 2 ) . For any fixed

o (-]

LS because M 1s Noetherian, we can find an integer nw with
L (A) = L (A ) for ;3 =2 nw.
L ) L n{L)
Let q = Max { no)y, nt», ... ,nuo—n,Jo}
Then LL(AJ) = Lt(Aq) for ; 2 q and v 2 O. From Lemma 1.2.4, 1t
follows that AJ= Aq for Ki/zr/q which shows that MI{x] 1S

Noetherian as an R[x]—modulsy///

((a) @ (c)). From Proposition 1.3.5, we know that 1f M has
property(F), then MIx] also has property(F) as an RIx]l-module. Now
from ((a)=(b)) which has been proved, we see that MI[x]] 1s
Noetherian as an RUxl-module.

M[x,x°1] can be regarded as an RIix,yl-module via the quotient
map RIx,yl——— RIx,x 1. Also as an RLx,yl-module, M[x,x %1 1s
a factor module of MIx,y]. Since MI[x]1 1s Noetherian with
property(F) by ((3)=+(b})) of the theorem, we have that MIix,yl 1s
Noetherian as an RIx,yl-module. Hence MEK,Q‘J 1s Noetherian as
an Rix,yl-module. Since the map RIlx,yl—» R[x,x~1] is onto, the
RCx,xﬂd—submodules of M[x,kd] are the same as the

RLx,yl-submodules of M[x,x—il. Thus M[x,x-‘] 15 Noetheriazn as an
-——'—‘—f

RCx,x ‘l-module.

’____/\/
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((a)>(d)) This 1mplication can be proved by modifying the
technique of the proof of ((a) = (b)). For details we refer

to [V:B21].

1.4.2 COROLLARY. Let M be a Noetherian R-module with property(F).

Then 1if X, 9X 5 ees 4X  are finitely many indeterminates over R,
"

the modulg M[xi,xz, . ,xk] is a Noetherian R[X1’Xz’ .- ,ka—

module with property(F).

-1 -1 -1 . .
AISO\MCX‘,XZ, cee X X Koy e 9% }J is a Noetherian
-1 et § -1 .
R[xt,xz, see X X aX, s e g% J-module with property(F).
v

1.4.3 REMARK. If R has 1identity, then every unitary
R—maodule M has property(F). In particular taking M = R,
the implication ((a) + (b)) of Theorem 1.4.1 yields the
usual Hilbert Basis Theorem. Similarly the implication

((a) (b)) generalises the power series analogue of the

o T ————r St Smps < n

Hilbert Basis Theorem.
B ay (W
(e

1.4.4.REMARK. Let n 2 1. Then MI[x1/(x™), an RICx1/(x")-module,

is a direct sum of finitely many copies of M. Any RLx1/ (x")—submodule
of MICx1/(x"™) is also an R-submodule of MLx1/(x"). Hence MCx1/(x™)
is Noetherian as an RC{x1/(x ' )-module iff M is noetherian as an

R—module. ™M need not have property(F).

1.4.5.REMARK. ‘Let M be any non—zero module. For any integer k = O,
let Ak = {OYu{elements of order 2 k in MLx12>. Then Ao 2 A1 2 .-

is a strict descending chain of RIxl-submodules. Hence MIx] is not



Artinian as an RLx)-module. Similarly MILCx11 1s not Artinian as an

RLCx]1]l-module.
PR

§ 1.5 Some related questions.

Recall that an R—module M has Property(F) if for any R—-submodule
N of M, we have R'N = 4m e M | Rm € N > = N. We now prove the

fellowing equivalence.

-

1.5.1. PROPOSITION. An R—module M has Property(F) & m € Rm ¥V m € M.

o e memg - i .

Proof: Let M have property(F) and m € M. Then Rm is an R—-sub-
module of M. Consider R'(Rm) = { x € M I.Rx S Rm . Since M has
property(F), R*(Rm) = { x € M | Rx € Rm } = Rm. Clearly m € R™* (Rm)
always. Som € Rm V m € M., _— ‘

e aiinad
Conversely let m € Rm for each m € M; and let N be an R—submodule

of M. Then RN = { m e M | Rm = N >. We always have R'N 2 N.

Now let m €« R*'N. Then Rm € N (by definition of R *N). Also(m € M
by hypothesis. Hence m € N. So RN < NI Therefore R'N = N. =

A

The questions posed by Varadarajan may be stated as follows.

[

1.5.2 QUESTION. If the RC{Cx1]-module MLLx]11 has property(F), so

~

does the R-module M.” Is the converse true?

e

This question has been answered by Weimin Xue [X:211 in the
L
negative and will ©be considered along with another of

Varadarajan’'s questions stated below.

1.5.3 QUESTION. If an R—module M is Noetherian with property(F)

~

is MIx,y]l Noetherian as an Rix,yl—-module?
M

I g
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This question has also been answered by Weimin Xue but in the
affirmative.
4, NS g RIEPCATEERED

Xue's example which settles Question 1.5.2 is as follws:
) Copsider a field F and let R = Lgi F be a direct sum of countable
infinite copies of F. Let M = RR . Clearly M has the property(F) as
an R-module since r €« Rr V r € R. We now show that the
RLCx1l-module MLLx1] does not have property(F).

tet m, = (I,O,...),m1 = (1,1,8,...1, m, = (1,1,1,0400clyenn

Let f(x) = Lmx’ « M[[x]]. For any g(x) € RIIx1], g(x) = [ ot
jZo L20

v

with r =(ao,ai,...,at,0,0,...,O) for some t. Then the coefficient

of x' in g(x)f(x) is of the type (b 4b ,...yb ,0,0,....) # m . So

g(x)f(x) = f(x). Since f(x) was arbitrary, it follows that

f(x) &« REExJ1f(x). Hence MLLx1] does not have property(F) as an

RLI[xJ1]l—module.

NOTE. The module RR considered above is not a Noetherian module.

The following theorem settles the second question(1.5.3).

et

1.5.4 THEOREM. If M is a Noetherian module with property(F), then

Vol
the RLIxJ]-module is also Noetherian with property(F).

Proof: It has already been proved by Varadarajan that MLUx11]
is Noetherian. It remains to show that MIL[x1] has property(F).

Let f(x) = Y mx e MLCx11; "3 € M. Since M is Noetherian and

jZo
n

has property(F), there exists n 2 O with m, € L RmL for any ; = O.

L=0
n

Then f(x) € ¥ RIIx1Im . We use induction on n to show that
L
v=0

O]
)



fix) € RICx11f ().

Ifn =0 then, m = am, for some a € R and all + 2 O.
L L
(t.e., m = am , M = 3mM , ..., 2tc.).
1 1 0 2 2 o
Let g(x) = ¥ r x" where r = a_ ,
> L L o
L0
= a-r a sasy I, = 3a-r a-r ~ heeea — .
Ty 1 0%1? * Tk kK Tk-121 k292 To3k
19
Now g(x)f(x) = ¥ rx r mx’. The km degree term of
L
L20o j2o
k k
g(x)f(x) = Yy rm|x = Yy ram P
vy v ) O
L +y=k +j=k
Now r = a —a —ar —...—a .
K k 21 k-1 2 k-2 k"
Therefore a = r + r a+ r a + ...+ 1r a .
k k k-1 1 k-2 2 o k
= m + (pr -7 3
E r‘\.aj o k k 0)
ve )=k
Therefore m = a = ram + (r-ra )m
k k"o 2 S0 k ko' o
v+ )=k
= <+ r -—
r rLaJmo kmo rkaom
vk
= T ram_ + rm - T M (Since a m_ = m )
L ) O k o k o o o o
v+)=k
= ram.
L
v+)=k J

Therefore the coefficient of xk 1in (1) equals the coefficient
af xk 1in fix)gi{x). Thus we have f(x}) = g(x)f(x) € RILx11If(x).
Now let n 2 1 and write f = f1+f2 where f1 € R[[x]]mo and

n

fz e by R[[x]]mt. By the above proof 3 9, €< RLEx]1] such that

=1 n
g1t1 = fx' Also since f2 - g1fz € ?_?[[x]]ml, by induction there

exists 9, € RLLx1] such that gz(f2 - g‘fz). Now take

9 =9, +9, -~ 9g,9. Then

gf (g1 + gz - 9291)(1:1 + fz)
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Thus the theorem has been proved.

Nz

& 1.6 Bibliographical notes.

1 The first four sections of this chapter i.e., § 1.1 to & 1.4

have been almost completely reproduced from [(V:82]1. The last section

R

yssmp

is aimed at answering a few questions posed by Varadarajan.

This material is reproduced from [X:213].

e~ BT

~

2 A left module M (over a ring R, possibly without identity)

is said to be s—unital if u € Ru for each u € M. This concept has
PO TR i

been attributed to Tominaga in [(HT:79]1 and (H:811]. It follows

—
fram Proposition 1.5.1 that the concept of an s—-unital modul

coincides with the concept of a module with praperty(F).
e an -t T - iandhandin T E T e et T L St = W

*
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CHAPTER 2
POLYNOMIAL AND POWER SERIES RINGS OVER NON-COMMUTATIVE RINGS

Introduction.

In this chapter an attempt has been made to study polynomials
M

and power series rings over rings (containing identity) which are

T - PO R
JELTEES S
~——— U -~ T ERe

not necessarily commutative. Among the rings considered will be

o

Baer rings, P.P. rings, P.S. rings and regular rings. It 1s intended
T ——— ———— i
to see if the defining properties of the above— mentioned rings

carry over to the respective polynomial and power series rings.
Some results which are of independent interest concerning these
rings have also been proved. These have been recorded at the
beginning of each section.

v

& 2.1 Basic Properties Of Polynomial And Power Series Rings.

Some standard properties of polynomial and power series rings
which are well-known are stated (without proof ) below.
V//(l) A ring R is a domain ¢ RIx] is a domain
ﬁj/R[[x]] is a domain.

«;2) A ring R is reduced < RIx] 1s reduced

R{[x1] is reduced.

!

7

\/3) A ring R is a field < RIx] is a p.i.d.

IfT R is a field then RLICx31 is a local p.i.d having a unique maximal
ideal which is generated by x. Any non—-zero ideal of RLLCx113

. m .
is of the type (x¢') where m is a natural number or zero.

r)
4



(4) If R = Rtx sz Rsx...x Rn, where Rz’ Ry cas ,Rn are rings

2
then REOx] Z R IxIx R [xIx...xR [x1]
1 2 n

NOTE.This isomorphism does naot have an analogue in the case of direct

product of rings. In general the natural map from ( MR )Ix1 to

n ( RL[xJ) is only one-one and not necessarily onto.

n
(5) If R =Lgih ’ K,L are fields, then RI[x] is hereditary, that is

L

every ideal is projective.

§.2.2 C.P MODULES.

2.2.1 Definttion. Let R be a ring. A right R-module M is said to be
\/ N

a C.P. module if every cyclic submodule of M is projective.

.2.2. REMARKS AND EXAMPLES.

(I Let R be a commutative domain and M 3 torsion free
R—module. Then for each non—zero element m é M Rm =Z R. Thus
every cyclic submodule of M is free over R (and hence projective)

over R. Therefore M is a C.P, module.

(IT) Let M be regular in the sense of Zelmanowitz [Z :721 1i.e M

et e

is a module in which every cyclic submodule is a projective direct

summand. Then every cyclic submodule is projective. Therefore M

e
is a C.P module.

(III) Letting M = R in the definition of a right C.P. module



we get the concept of a right P.P.ring i.e a ring in which every
principal right ideal is projective. These rings have been studied

in more detail in the next section.

8]

.2.3 PROPOSITION. Let R be a ring and AR a right B-module. The
following canditions are equivalent.

(1) AR is & C.P module.

(2) For each x € AR, r{x) = eR for some idempotent e € R.
Proof. ((1)2(2)). Consider the exact sequence

O———— r(x) h » R j » xR » O

where . is the inclusion map and ;(a) = xa far any a3 € R. Then,
since xR is projective (being a cyclic submodule ) the exact sequence

splits and hence R = r(x) & 'R where x'R = xR. Therefore r(x) = eR

e ——

for saome idempotent e aof R.
"

((2)=(1)) Suppose xR is a cyclic submadule. Consider the exact

sequence O——— r(x) » R + R ———— 0

(with obvious maps).

-We get xR = R/r({x) = R/eR = (1-e)R and so projective.

Therefore xR is projective and AR is a C.P, module.

2.2.4 THEDREM For a ring R, the following are equivalent.
(i) R is right P.P,

(ii) Every right R-module FR is a C.P. module

(iii) Every projective right R—-module Pn is a C.P, module.
Proof. ((1)¥=(i1)) It suffices to prove (ii) in the case

F =R = { (xi,xz,...,x )] %. €« R} for some positive integer n.
n 1

M
N



(n)

Let n 2 1 and let xR R where x = (X ,X_ y...,% ) & R™.
n

N

(n)

Let Tl R ——> R be the map given by ﬂ(ri,rz,...,r }) = r
n

1

which 1s the projection to the first component of R™.

Let I = n|"R Then Im Il = {r’ e R | " = M(xr) for some r € R 3.
~
= {r'eR | r’ = X, T for some r € R >
= sz’ which 1s a principal (and

therefore projective) right ideal of R. Therefore the exact

sequence
0—— Ker — xR — Im n——5 0 splits and
xR = Ker 11 & Im 0 . Hence Ker I is a cyclic sub—module of
R™Y (since it is a direct summand af xR) and so is projective

by the induction assumption.
Since xR 2 Ker I ® Im N is the direct sum of two projective

modules, XR is also projective. This proves the implication (1)=(2).
((2)2(3)) Trivial.

((3)=(1)) By hypothesis every projective right R-module is a

C.P module. Now RR is itself projective, since it is free over R.

Therefore RR is a C.P, module, i.e R is a right P.P. ring. =

§ 2.3 Extensions of Baer and P.P. rings. The first half of this

section cantains : (i) definition and basic praperties of Baer

.

rings and P.P. rings; (ii) some results connecting Baer rings with

Yttt ereerape—

P.P. rings 3 (iii) results on quasi-regular rings; (iv) proof

i aund Al —

of the equivalence of left P.P. and right P.P. Conditions for
— T————

normal rings. The second half is essentially devoted to the

D)
®



study of polynomial rings over reduced P.P. and reduced Baer
\_______’_‘_,_....,-—-—"——' W
rings.
\—/

2.3.1 REMARK. Let R be-a ring and A any subset of R. Then in the

notation aof 0.2.8

i}

1(Aa) 1(r(1C(A))) ....(1)

and ' r(A)

r{l(r{A))) ....(2).

———

Proof. (See AF pp 37-38).

~
-~

.3.2 PROPOSITION. The following conditions are equivalent for

any ring R.

(i) For each subset A of R, there exists an idempotent e of

R such that 1(A) = Re.
e A T

(ii) For each subset A of R, thers exists an idempotent e of
R such that r(A) = eR.
‘—/—_‘

Proof: It 1s enough to prove (i) = (ii). The proof of the other

implication will be exactly similar. By (i), we have

-

1(r(A)) = Re for some ez= e .
. - —
Therefore r(A) = r(1(rA))) (by 2.3.1 )
i / r),\f—/
= r(Re) = (1-e)R. \2e
o : : -
£ .
17 g
2.3.3 Definition. A ring R is said to be a Baer ring if the equivalent
R R e o

conditions of Proposition 2.3.2 hold.

—

2.3.4 REMARKS AND EXAMPLES.

\/}I) If R is a domain then R 1s clearly & Baer ring.

)
0



(IT) If R is a semi-simple ring, then any left ideal is a

-
<

—,
direct summand, hence R is Baer.

\

(III) Let R be a Baer ring. Then R is left and right non—-singular.
Proof: Let x e Z(RR . Then Lx = O for some large left ideal L of R;
So x € r{L) = fR, where t‘= £2 (since R is Baer.) This implies
that Lf = O.

Let z e L. Then zf = 0 gives z = z — zf = z(1 — f). Therefaore

z € R(1 — f) g0 we have L S R(1 — f) 2 Rf = O a2 f = O & % = 0O

‘showing that Z(R ) = oO.

(IV) 1t follows fram (III) that commutative Baer rings are necessarily

\\// - v - * s
reduced. (Apply 0.35.1 of Chapter 0.)
-
(V) A Baer ring contains no non—zero central nilpotent

elements. This generalises (IV).

(VI) For example 1if DV is an arbitrary vector space,then
End(DV) is a Baer ring.
(For proofs of (V), (VI) and related results on Baer rings,
we shall refer to Chapter III &§.8 of [S]1. Gee also

Example 4 (XII) § 3 of [(851.)

(VII) If R 15 a Prufer domain (i.e., a semi—hereditary domain,
i.e., a (commutative) domain' in which every finitely generated
ideal is projective.) then Nn(R) is a Baer ring V n. (See page

17 of [K1).



2.3.5 Definition. A ring R is said to be a left P.P. ring (principal

L TN

projective) if every principal left ideal of R is projective. An

—"'_‘-.’...

equivalent condition is that the left annihilator of every element
e RN st

of R is generated by an idempatent. The proof of this equivalence

is a special case of Proposition 2.3.2.

2.3.6 PROPOSITION. Let R be a ring. Then the following

conditions are equivalent. (i) V a € R, Ra is projective.

e
(st
{(ii) ¥ a e R, 1{(a) = Re faor same
2
e = e .
——
Proof: ((1) » (ii)) Let 3 € R. Consider the exact sequence
g
QO — 1(a) » R » Ra ——— O
where g 1s defined by q(x) = xa. Since Ra is: prbjectlve, thas
exxact sequence splits. So R = 1(a) & Ra’ for some a’ € R. Hence
1(a} = Re for some e = e’.
((ii) = (1)) tet a €« R and 1(a) = Re for same e = e’. We have
two exact sequences (with obvious maps):
o — i(a) -» R —- Ra ——— 0 and
o » Re —> R » R/Re —» O.

Since 1(a) = Re, it follows that Ra = R/Re = R{l1-e) where
|

(1-e)? = (1—e), showing that Ra is projective.
j—

2.3.7 REMARKS AND EXAMPLES.

)

(I} Let R be a left semi—-hereditary ring i.e., every finitely
' N

generated left ideal of R 1s projective. Then every principal left

T

1deal of R is projective. Therefore R 1s a left P.P. ring.
S T,

1



(II) Let R be a domain. Then R is a left and right P.P, ring.

(ITI) Baer rings are always left and right P.P. The converse is
however not true. Consider the following example.
2.3.8 EXAMPLE.
Let N be the set of natural numbers and P(N) its powér set.
Define ® and - in P(N) as follows: For A, B € P(N)
A @ B = (A\B) U (B\R)y; and AeB = A N B.

This gives a ring structure, which has ¢ as the zero element, NN
is the multiplicative identity, and A & A = (A\A) U (A\A), showing
that each element is its own additive inverse.

Also, Az = A A =AMNA-=A. Hence P(N) becomes a Boolean ring
Consider the subring L0 = { A € P(N) | A is finite or co—-finite.2
Let S = { {2n} | n €N} SL <€ P@). Then 1(S) 2 { 2n+1l | n e N 3=0,

o

1(§) € P(N) but 1(S) & Lo.

Now, ly(m)(S) = {T | T < odd natural numbers ?

=02M) =<B | B<SO, >

L P(N)

We know 1 (G)= 1 (S) n Lo'
o

= D PN nL .
d o
If odp(m> N Lo= D L0 then
od?(m) N Lo = { T finite | T ¢ Od . So D has to be such that T
is finite, T & Dd and T €D L0 < T < D which is absurd.

Thus Lo is P.P. but not Baer.

2.3.2.Definttion. Let R be a commutative ring and S = N.Z.D's of R.
o RO ———
Then R is said to be quasi-regular if K = S;iR is regular. (This

notation will be followed in this section.)

o
N



2.3.10 REMARKS AND EXAMPLES.

(I If R 15 a2 commutative regular ring,

then every N.Z.D of R

1s 8 unit, so R 1s quasi—regular.

(II) Let R =Lgl DL, DL commutative damain for each 1.

Let K = the field of fractions of DL.
19

Then § = {(a ) , each a # 0. }
o v el L

(d )
An element z of S;iR 1s of the type |— 'L} . 4 €Dj; a = 0OV 1.
(a ) - -
v &l

d
z = | — ,d €D, a €A, a = 0.

a L L L

L L&X

So z € Lgl L‘. Also any (o&t)uEEI eLgIK\ 1s aof the type

d
(@, = | X .
L LEX 3 \e; dL € DL, a € DL, a = 0.
- (dL)L
—TETTT:;: H dL (= DL’ BL <« DL’ a\# 0.
e S 'R.
o

Thus we have S 'R = MK y and NI K ,( being a product of fields)
o LEI (£S5 G

-1
1s reqular. Hence So R 1s regular, so R 15 quasi-regular.

(III) Let R =

LQJK' each R; 1s quasi—regular.

Let S= N.Z.D's of RL for each 1. Then
L

S = N0S. S0 S '™ = MS) MR =~ 1R which is
[a] VEI v [a) L v &1 % L



reqular by our hypothesis, showing that R i1s quasi-regular.

(IV) If R is quasi-regular then R 15 reduced. (Converse 1is not
true). This holds since R 1is a subring of K, which being

commutative regular, is reduced.

2.3.11 REMARK. If R is & reduced ring (not necessarily

&

commutative),then Ann Ann(x) M Ann(x) = 0, ¥V x € R. (See 0.2.8

op———

for notation.)

Proof: Let r € Ann Ann(x) N Ann(x), x € R. Then rAnn(x) = 0 and

r € Ann(x). Therefore r> = 0 + r = 0 (since R is reduced) which
w‘m

proves the remark. L]

A

3

2.3.12 REMARK.. Let B be an idezal of a commutative ring R.

/_—

Then Ann_ (S 'B) = S 'ann_ (B).

K © o K
Proof: Let z/d € S_'Ann_(B), with d € S , z € Ann_(B).
o K o K
Then zB = 0 » (2/d)(S_'B) = oO.
+ (z/d) € Ann_ (S 'B).
K o

Next let x/d’ € AnnK(S;iB) > (x/d')(S;‘B) = 0 4V y e B,
(x/d’)(y/1) = O = (xy/d’) = O & xy = 0O (since So = N.Z.D's of R)
Vye€B, » x € AnnR(B) 2 (x/d) e S;‘AnnR(B), which proves the remark.w

.

v;;3f13 REMARK. S;iﬂnnR(A) NN R = AnnR(A), if R 1s commutative.

Proof: We already have the inclusions S;’Annn(ﬁ) 2 Ann_(A) and

R 2 Ann_(A). Therefore S *Ann_(A) A R 2 ANA_ (A) (1)
R o R R

"

Now let (a/t) e S;‘AnnR(A) mn R =+ (ast) r/1 for some r € R,

So we have rt = a, aA = 0 = rtA = 0 = rA = 0 (since t € So)

34



> r € Ann_(A).Therefore S *Ann (A) M R S AAN  (A) o e (2)
R (o] R R

From (1) and (2) we obtain S;‘AnnR(A) N R = Ann_(A). »

We now have the faollowing characterisation of quasi regular riﬁgs.

2.3.14 THEOREM For a commutative ring R, the following are equivalent.
(1) For all x € R, 3 x° € R such that

Ann Ann(x) = Ann(x’) and R is a reduced ring.

A

(2) For all x € R, 3 a non-zero-divisor d € R such

that xd = x2.

—

(3) R is a quasi regular ring.
-
Proof: ((1)=2(Z2)) HWe first show that x + x° is a non-zero-divisor
of R. Suppose ( x + ¥’ )s = O for some s €« R. Then xs = -x’'s.
Now x € Ann Annd{x). Since Ann Ann(x) = Ann{x’) (by hypothesis), it

follows that ¥ € APN(x’') = 3%’ = 0 = uxx's = 0 & X's € ANN(N) =

-%x's € AnN(x)=» s € Ann(x) = %s € Ann Ann(x) N Ann(x). Since R 1is

i}

reduced, by Remark Z2.3.11., Ann Ann{x) N ann (x) = 0. Hence
s = 0. Therefore,s € Ann(x). Also, x5 = ~x's = 0 =»
X € Ann(x’) = Ann Ann (x). Therefore, s € Ann Ann (x) ™ Ann (k) = O,

showing that x + %' is a non-zero-divisor, and

R 2 . 2 . .
X{x + x") = X+ XX = x (since xx' = 0).

.

P

((2) =2 (3)). Let .\(d_1 € K where x €e R and d is a non-zero-divisor
of R. By (2), 3 a non—-zero-divisor u € R such that xu = x* or
1

x = xu ' (in K). Hence, x/d = (x/d)%.d.u™ = (x/d)(d/u)(x/d),

showing that K is regular, hence R is gquasi-regular.

((3) =» (1)). Let ¥ € R € K. Then since K is a P.P. ring (since K



is commutative regular), Ann_ (%) Ann_ (x/1) = AnnK(K. »/1)

K

Ann (5 *(Rx)) = S tAann (x).
K o] =3 R
(by Remark 2.3.12)

Therefare, AnnK(x) Nn R = (S;dAnnR(x)) N R =Annn(x) (by

2.3.13). Therefore, (Ann_ (Ann_ (x))) N R (ann_ (S"*Ann_ (%)) )R
K K K o R

(s'ann (Ann (x))) A R
(o] R R

= Ann_Ann_ (x). ]
R R

2.3.15 COROLLARY. If R is a cammutative P.P.ring, then R is
guasi—-regqular.

Proof: First note that if R is a commutative P.P. ring, then R 1is

necessarily reduced. (For let a € R satisfy a® = 0. Since Ra is

projective, the exact sequence

O —— Ann () + R +» Ra » O
splits and therefore R = Ann(a) @ Ra’ with Ra’" 2 Ra. This
isomorphism yields aRa’ = O and therefore aR = 0.)

Let x e R. Then Ann(x) = Re for some e = e~ (by 2.3.6).
Hence Ann{(Ann(x)) = R@-Q= Ann{e); so condition (1) of Theorem 2.3.14
is satisfied, which proves that R is quasi-regular. ]

2.3.16 LEMMA. Let R be a normal right P.P. ring. Then for every

element c of R, 3 an idempotent e and a left non—-zero—-divisor a

of R such that c = ae.
Proof: Since R 1is a right P.P. ring, we have r{(c) = e’'R for
some idempotent e’ of R. If we write e = 1 -~ e’, then e is alsao

an idempotent.

Note that Ce = C — C8° = (.  coveereromcvmirmmmiimmi. (i)



Next we write a = e’ + c.

If ad = 0, d € R, then e'd + cd = ad 0 and so

ead = ee'd + ecd = ecd = ced = cd = O.
(Here we use c € centre R and ce = ¢ which has been proved
above). This implies thgt d € r(c) = e’R and
e’ad = e'd + ecd = e'd + ce'd = e'd +cd = e'd = O (since cd = 0.)

2 d € r(e’) =(1 - e’ )R.

Therefore d €e e'R n (1 - e’ )R

O,
showing that a i1s 3 left non—-zero—-divisor.
Since ae = (e’ + c) e 3 e’e + ce = c, a and e are the elements as

required. .

2.53.17 LEMMA. Let R be a normal right P.P. ring. Then every left
or right non—-zero-divisor of R, is a non—-zero—-divisor of R.

Proof: Let b be a left non-zero-divisor of R. Suppose that

cb = 0, ¢ € R. By Lemma 2.3.16, we have that c = ae for some

A

idempotent e of R and a left non-zero-divisor a of .R. Then we

have aeb = 0. Since a is a left non-zero-divisor, we have
eb = be = 0 = e = 0 (since b is a left non—-zero-divisor).
Therefore, ¢ = ae = 0O, hence b is a non-zero-divisor.

Now, let b be a right non—-ero divisor of R. Again, by

Lemma 2.3.16, b = ae for some left non—zero-divisor and idempotent

e. Then eb = ea = ae = b. Hence (1—-e)b = O0; since b is & right

non—-zero—divisor, we have 1 = e, so b = a, which is a left
: L

non—zero—divisor.

2.2.18 PROPOSITION. A normal ring R is a left P.P. ring if and

only if it is a2 right P.P. ring.



Proof Let R be 2 right P.P., normal

Lemma 2.3.16, ¢ = ae = ea, for some 1

-~

idempotent e €« R. By Lemma 2.3.17, a

= {x

1(c)

i

Now , e R| xc 0>

{x

e R | xea 0

left P.P.

We now study some properties of

ring. Let ¢ € R. By
eft non—zero—-divisor a and an

is a non—zero—-divisor.

{ix € R [ xae = 03

By
5

R(1-e), showing that R 1is

zero—-divisors in R{x1, where

ST,

R is

considered

& reduced ring. The case wﬁen

in more detail

following lemma

in Chapter 3.

ooy

is

o gro i

R commutative

)

will b

We start with the

2.3.192 LEMMA. Let R be a reduced ring and f(x), g(x) € RLx],

n . m
with f(x) = L ax , g(x) = L bx" . Then flx)g(x) = 0

L=0 L\=0 v
1if and only if aLb_ =0 VO=Xi<ngj;0=<j=<nm.
- o . i
Proof: “If" part 1s trivial. We shall prove the “only if" part
below. Suppose that f(x)g(x) = 0. We can assume that n = m. Now
fFix)glx) = O a (3 + 3 x + ...+ a x")(b + bx + ... +bx™) = 0.

o] 1 n O 1 n

Thus we have the following set of equ

ab =R o S
o o

4 ab+ ab E S & T
o 1 1 O

L aob2+aibt+ azb0 = 0

(A) _
<
a b = O.
L L v

38
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Since R is reduced, a b =0 2 b ab =0 =2 baba =20
[« 2 o ] O O o o O O O
2 b a = O.
0 O
Now, b .(AI) > b ab+bab =0=>bab =0==3b aba =20
o o o 1 o 1 0 o 10 0O 1 0 1
=> boa1 = 0 (since R 1is reduced).
Also b .(AII) » b a b+ b ab+bab =0a3bab =0«Dbab a=0
o 0 0o 2 0o 1 % 0 2 O 0 2 0O o 2 0 2
2 boa2 =.0 = azbo = 0. Continuing in this way we get that
ab =0 ¥V 1 =<1i%n.
o
Thus the set aof equations (A) reduce to
(ab = O
o 1
) ab+ ahb = ceeeereeeeeeeeeenenee e enas (BI)
1 1 o 2
L azb1+ 31b2+ aobs R o NS (BI1I1)
(B) -
) a b + a b+ ... + a = O
n- n-2 2 o n
.

Again a b = 0 s ba =0
o 1 0

2>2ba =0=2ab = 0.
1 4 1 1

And b x(BI1) » bab+bab+bab =0abab =0sbaba =0

1 1 2 1 11 2 1 0 39 12 1 1274 2

= b1a2 = 0 = azb1 = 0. Continuing in this way we have that
api =0 V¥V 1 £ 1 £ n. Repeating the process n times we have,
aLbJ=OV1$iSn,_1_<.j5n.

2.3.20 REMARKS. (I) Suppose R is reduced and f(x)g(x) = 0 in

the notation of 2.3.19. Then the lemma implies that f(x)bJ = 0
for each j. Hence q(x) = O 1mplies that there exists b € Ry b =& 0
such tﬁat f(x)b = O. (See Remark (III) after Theorem 3.1.7 below.)
(II) The hypothesis R reduced cannot be dropped in 2.3.19.

Consider the following example:



M

.3.21 EXAMPLE : Let R = NZ(Z) (R is not reduced).

R{x] = M (2)[x1. Let f(x) = E x + E H g(x) = E x — E
2 12 11 11 21

Then f(x)g(x) (E x + E J(E x — E
12 14 11

)
21

E E x°+ (E E -E E J)x + E (-E )
12 414 14 414 12 21 14 24

O+ (E - E e + 0 =0,
11 11
But E E =E = 0 andE (-E_) = - E = O.
11 44 11 12 21 11

On imposing commutativity on R also, R reduced cannot be

dropped, as can be seen in the example below.

)

-
LR}

.22 EXAMPLE. We shall first recall NAGATA'S PRINCIPLE OF

IDEALISATION which is as follows:
L
Let R be a commutative ring and M an R—-module. Then the

R—-module R @ M acquires 2 ring structure where addition is defined

as usual and "." 1s defined as: for (a,m), (b,n) € R & M,
(a,m)o(b,n) = (ab,an + bm). We shall use the notation R(+)M for
Pt g S,

this ring. It is easy to see this operation is commutative as
e r——————. —"—"—"‘\____‘.
well as associative. Any ideal of R(+)M contained in

e iaiacane 2t

O(+)M =M 1s of the type O(+)N, where N is a sub—module of M.
. S .

In particular M is also an ideal of R(+)M. Let (O,m),(0,n) € O(+)M.

et T e

Then, (0,m)s(0,n) = (0,0). Therefore M> = 0, so R(*)M is not

reduced whenever M = O. With this identification ™ is a

P

e e SRS S S ]

nilpotent ideal . Thus the above principle converts R—modules
W g

into ideals of R(+)M.
\-___—______—___;u.u"""

Now consider Ze(+)za’ with + and o defined as above and its ring
of polynomials {ZB(+)ZB}[xJ. Choose f(x) = (4,0) + (4,1)x = a2 + bx (say
Then (f(x))% = a® + abx + abx + b%x®. Now, a® = (4,0).(4,0) = (16,0)=0.

ab = (4,0)-(4,1) = (0,4) = 0, ab + ab = (0,4) + (0,4) = (0,8) = O.

40



Therefore we have that (f(x))? = O, but ab = O. %§ﬂ4ﬁ

(We have not seen this example recorded in the literature.) a

]

P D R TR T

)

.3.27% COROLLARY. If R is a reduced ring and f(x) € RIx] such that

i
(f(x))% = f(x), then f(x) e R.
n n N
Proof: Let f(x) = Y ax’, so that 1 - f(x) = (1 - a ) -~ Lax.
=0

v=4

Now (F(x))Z = f(x) o Ff(x)(1 — F(x)) = O » (1 - ada, = 0 and
aa, =0 V1<i,j<n. In particular, af =0 V1<i<n.

L)

Therefore a = 0 V1 £ i £ n (since R 1s reduced), » f(x) e R. B
t

2.3.24 REMARK. The above corollary has a generalisation to normal

n L Y
. 2 L .
rings(see 0.2.9), for let (f(x)) = f(x) = ¥Tax € RI[x]1 where R is

L
[N ) v=0
a normal ring. Then we have
2 n n
(f(x))" = (a + ax + ... + axlla+ax+ ... + ax)
(o] 1 n o 1 n
2 2 2 2 2n
= a_ + (a a + aatx+ (aa + a + aa Ik + ... + ax
o o 1 1 © o 2 1 2 O n
™
= a + ax + ... *+ ax
(o] 1 n
Thus we have the following set of equations;
2 . .
a = a = a € C(R), the centre of R (since R is normal).
Therefore a a = a a vV 1 < 1i = n.
[o BERY v O
SD a a+ aa = a i-e-’Za a = @ ceee cecctreccncrracesienecs snares (I).
o1 1 0 1 o 1 1
2
AL1SO 23 3  F @ T @ cerereeecrreesrimesercacsmserestee e coria et enae s (I1)
o 1 1 2
2 .
a xX(I) » 2aa = aa, 1.e., 2a a = aa =»»aa =0axa = 0.
o o 1 o 1 o 1 o 1 o 1
2 2
Also 2a a + a° = a = 2a a = a8 = 2a a = a a =23 a_ = a_a
o 2 1 2 o 2 2 o 2 o 2 o 2 2
> aa = a = 0. Continuing in this way, we get that a = 0V i1 2 1.

L
»
Therefore f(x) € R. v//,

(We have not seen this generalfsation recorded in the literature.)
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.3.25 COROLLARY,»~ Let R be a reduced ring and U & ROx]. I+ 7T = Y

then Ann W) = Ann (T){x«1, where f = T ax and S = {a 4@ 4eeaq8
RIx] R t=o * f o] 1
Proof: Let (%) € AnnR(T)[x] =2 g(x) = bo + bix + L.. + bgé, where
b e AnnR(T) V1i<i=<ta2bU=0 V1=<1i=<+ta>b L€ Ann éU)
Lt L
and Ann (U) <€ Ann [Q 15 1) ST, (1)
R RIx)

Conversely suppose that gU = 0 = gf = O V f € U where

g =b +bx+ ... +Db %M. By Lemma 2.3.15, b € Ann_(T) =»
[8] 1 m L R

g € Ann_(TYLCx]1 = Ann (W) € Ann_ (TIL] v (I1).
R RIx] R

(I and (II) = Ann (TYILx1 = Ann (U).
i R RIx}

2.3.26 REMARE.. In any ring R, 1 (3 =R n 1 (a). (This is
—_— R RIx}
— )
true in the more general situation when R is a subring of R'.)
Proof: Let x e ln(a). Then xa = O and ¥ € R € RILx].
So x €« Rn 1 (a). Therefore 1 (a) SR N1 L= B e (1)
RIx] R RIx]

Next let f(x) € R M IRIJ(a) 2 f(x) € R and f(x)a = O
X

= = . < 1 (a).------
>f (%) y and ya O sy e 1R(a). Therefore R m lnx](a) < ln(a).

4

From (I) and (II) we have that 1 (a) = Rn 1 (a).
R R{x]

2.3.27 REMARK Suppose Anna(a) = Re1 and AnnR(b) = Rez, for some

commuting idempotents e and e, of R. Then Anna{(a,b)} = Reiez.
’ 2
Proof: (ee ) = eeee =ceeee =ee. Ifz = xe = ye_ then
12 1.2 1 2 1.1 2 2 1 2 1 2
z = ze_ = xe e_ € Re e , showing that Ann_{(a,b)> = Re e_.
2 1 2 1 2 R 12
[

2.3.28 REMARK. If R is reduced then by 2.3.19 R is left P.P 1if
and only if R is right P.P. Hence we can talk about reduced

P.P. rings unambiguously.
N



)

.3.29 THEOREM. Let R be a reduced ring. Then RIx] is a P.P. ring

if and only if R is a P.P. ring.

Proof: Let a € R. Then Annn(a) = R N Annnbd(a) (by ReTark 2.3.19

and Annmx”a) = RIxle for some idempotent e of RIx1l (since RILx] is

a P.P. ring ).By Corollary 2.3.24 since e’ = e € Rlx1 we have e < R.

Therefore Re = R n R{xJe = Anna(a) showing that R is a P.P ring.
Conversely let R be a P.P. ringj; i.e., V¥V a € R, AnnR(a) = Re

e is an idempotent element of R. Then by Remark 2.3.27,

AnnR{(a,b)} = Re1ez, e192 an idempotent of R. By induction we have

that for any finite subset U € R, AnnR(U) = Re for some idempotent

e € R. If f € RCx1l, then by Corollary 2.3.20, putting U = {f}, T =5

we have Annn(f) = AnnR(Sf)[x] = Relx] = RIxJe. Hence RIxJ is a

P.P. ring.

The above theorem has a generalisation to power series rings

also, which can be stated as follows:—

2.3.30 THEDREM. Let R be a reduced ring. Then RILL[x]J) is a P.P. ring
if and only if R is a P.P. ring.

(see [B:76 1)

1)

d
(A
[

THEDREM. Let RIL[x] be a reduced ring. Then RIx] is a Baer ring

if and only if R 1s a Baer ring.

Proof: Let RILx1 be a Baer ring and U € RIxl. Let T = rgusr where
n
= ) i = \_," v -
Sr { a3 18, 90093 3 if f E 3% . Then AnnR(T)[nJ AnnmX#U)
L=
and AnnmxﬁU) = Rlxle (by Coraollary 2.3.25).

Ann (U mR ANn_(T)XLx1 m R = Ann (T) i.e., RIxle MR = Ann_ (T).
Rix] R R R



Since e € R, RIxle m R = Re = Annn(T), so that R 1s a Baer ring.
Conversely, let R be a Baer ring and T & R.

n
tet U = { f= Tax | a €T }. Then U € RIx3 and
L L

L=1

AnnR(T)[xJ = Annnm]UJ) (by Corollary 2.3.25). Since R is Baer,

AnnR(T) = Re for some idempotent element e of R. GSo
AnnR(T)[x] = Relx]l = RILxle. Therefore AnnmeU) = RC:ide,
showing that R[x%] is a Baer ring. L

This theorem does not have a generalisation to power series

ettt e e,

e

rings. (See (B:761.)

Nttt o dB

B
o

.2.32 LEMMA. Let R be a commutative ring and ™M a finitely
generated R—module. Then the following statements are equivalent.
(I> M is R—projective.

(I1) Mp is Rp—free for all p € Spec(R) and the function

P — rankR (Mp) 15 &8 continuous function from Spec(R) to the
P

integers 2.

2.3.33 THEOREM. Let R be a commutative ring. R is a P.P. ring

if and only i1f RLx] is a P.P. ring.

18}

For proof of 2.3.32 and 2.3.32 see [J:711].

§.2.4 Polynomial Rings over Regular Rings.

To start this section we recall the definition of a regular ring.

(For basic properties and examples of these rings see 0.2.13.)
PRI ————
2.4.1 Definition. A ring R is said to be (von Neumann) regular, if

for every element a € R, 3 an element b € R such that the relation

aba = a holds.
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Let R be a2 ring with identity, 'S = RCx1. We have the
natural map c : R{x]l] —— R defined by c(f) = f(0).
Let a €« R. Then c '(aR) = ¢ f | constant term of f € aR >
The main result of this section is to prove that if R is (von Neumann)
regular then c*ar) = foR[x] where fo 1s 3 non—zero—-divisor in RCx].

The proof is a part of the following theorem.

2.4.2 THEOREM. Let R be a ring with identity. Then the following
are equivalent.
(i) R is regular.
(ii) For each a € R, a5 + x5 1is a principal right ideal of S
which has a non—zero-divisor as a generator.
(iii) For each a € R, 35 + %5 is a projective right ideal of §.
(iv) For any a2 € R, 3 a2 non—zero-divisor fo € S such that
-1
c (aR) = f S.
o L)

Proof: ((i) = (i1)) Let R be reqular. Then x € §, a € S & aS + x5 5

for each a3 € R. wa let a € R. Since R is regular, 3 b € R such

that the relation aba = a holds. Let e = ab = abab = e?.
ea = aba = a. So f = e + (1 - e)x € S.
Now fa = (e + (1 - e)xl)a = ea = a; and
f((1 — e) + ex ) = (e + (1 — e)x)((1 — e) + ex)
= e(1 — e) + e’w + (1 - e)% + (1 - edex
= ex + (1 — e)x = xn.
Also (1 —e + ex)f = (1 — e + ex)(e + (1 - e)x)
= (1 - ele + (1 — e)?x + e’x + el - erx’
= (1 — e)x + ex = XK.

Now f = e + (1 — e)x = ab + (1 - ab)x € a5 + xS. Therefore f5 £ aS+x5



Also 3 = fa € f6 = a8 € S, and 2 = f(1 — e + ex) € fS » 45 & 5

Therefaore a5 + 4§ < f5. We already have, fS £ a5 + #8. Therefore

aS + %S5 = fS. Now to prove that f is a non—-zero—-divisor in 5.
Let g € S be such that fg = 0. Then xg = (1 — e + ex) fg = O.
This implies that g = O (since % is a non—-zero-divisar).

Thus we have obtained f as a non—zero-divisor of S.

((ii) = (iii)) Since a% + x5 = f5, f non—-zero—divisor, so a5 + xS

is free over S and hence projective as a right ideal of 5.

((iii1) = (1iv)) Let a € R. c—1(aR) = { f | constant term of f € aR3}

2
= {ab + aix + azx +...+ a x

"
n

b € R, a € R> = aR + x5 & aS + xS5S.

Now let agi{x) + xh(x) € a5 + 5. Then g{(x) = G + g, x +...t gmxm

So ag{x) = ag°+ag1x + L.. + agmxm = ag, + xg'(x). Therefore

ag(x) + xh(x) = ag + x(g ' (x) + h(x)) € aR + %5 which shows that

aS + x§ € aR + u«S. Therefare aR + xS = 385 + xS and
cqKaR) = a8 + «x§ = foS'where fo is a non—-zero-divisor in S.
((iv) = (1ii)) Suppose c*tar) = foS for some fo, a2 non-zero~divisor

in S. We already have c “(aR) = aS + x5. Go aS + x5 = .S

» a5 + xS is a projective right ideal of S.

((i11) =» (1)) Let K = a5 + x5 be a projective right ideal of S.

By dual basis lemma, 3 S—-homomorphisms U,V : K———— S, such that

Vket, £k = al(k) + xV(k)———— (A). So in particular
a = al(a) + xvV(a) ——— (B). Since x € K,
xU(a) = Ualrx (since # 1s central), U(a)x = U(x)a (since x,a € S )
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Then (B).x =« ax — aU(al)x = xV(alix = sz(a) < ax — al(xlra = KZV(a)——a(C)

ot
Let U(x) = u + U X + oo + Uk, V(a) =d +dx + o +d "
6] 1 t (o] 1 =3

Then R.H.S of (C) = x%V(a) = x°(d +d % + ... + d x°) = d x%+ ... +d x>7
(o] 1 a (o] k=]

The caoefficient of x on the R.H.S of (C) equals 0O, and

the coefficient of «x on the L.H.S of (C) equals a - auia. Therefore

a - aua = 0O = a = auia. Hence R is regular.

2.4.3 COROLLARY. If RIx] is left or right semi-hereditary, then R

is von Neumann regular.

§ 2.9 Rings with Projective Socle.

To start this section, we recall the definition of the socle

of a module.

2.9.1 Definition. Let R be 2 ring, M a left R—module. Let
S = { S sub—module of ™M ] S is simpleld. Then the

Socle of M, written as SocM equals Y S and is a submodule of M.

ses —

2.5.2 EXAMPLES.
(I) When R = 2, M = @, SochQ) = O-X///
(II) When R = Z2, M = 2, SDCZ(Z) = 0. y//
(III) When R = @, M = @, SOCG(Q) = @ More generally, we have
that for a K-vector space V, SOCK(V) = V.

v

2.9.3 Definition. A left R—module M 15 called a P.S. module if

SDCR(M) is projective.
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2.95.4 REMARES AND EXAMPLES.

(I) An example of an R—-module M which is non—-projective but has

a projective socle ié when R = 2, M = Q. Then Z@ is non-projective
but SocZ(Q) = O is prajective.
e

(I1) Let R be a ring, M a left R-module. Then the following
conditions are equivalent.
(i) M 1s a P.5. module.
(ii) If S is a submodule of M, S simple, then S is projective.
Proof: ((i) = (ii)) Since M is a P.S wmodule, SDCR(N) = TS is

seS
projective. Now we know that SOCR(M) is semi—simple. So for any

simple submodule S of M, S i1s a direct summand of SDCR(M), hence
projective. _

((ii) = (i)) TRIVIAL.

i
X

(III) Let M be a projective semi-simple module. Then SDCR(N)

is projective, which shows that M is a P.S5. module.

(IV) Let M be a Z-regular module i.e., every cyclic submodule is

a projective direct summand of M (CZ:721). Let S be a simple

—~—

submodule of M. Since § is simple, S is cyclic, hence projective.

So M is a P.S. module.
T T

(V) Let M be a2 non-singular module. Then M is a P.S. module.

< ————

(See 2.2.4 of [NW:B8] for a proof.)

(V1) In fact we have the following implications.
&

M semi—-simple projective 2 M Z-regular > M C.P. module = M P.S. module.
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2.9.9 Definition. We call a ring a left P.S. ring if RR is a

P.S. module.

2.5.6 REMARKS AND EXAMPLES.

(I) By letting M = R in 2.5.4(VI), we have the implications
R semi—simple.ring <+ R reguiliar ring = R left P.P. =

R left P.S.

(II) Let R be a left non-sinqular ring. Then R is a left P.S5. ring.

This is a special case of 2.5.4((V).

(III) For a commutative ring R, we have the implications;

R regular = R P.P. 2 R quasi-regular R reduced 2 R P.S.

(IV) If R is a semi—prime ring then R is a left and right P.S. ring.

(Apply L1, § 3.4, Corollary to Proposition 1.)

(V) Let R = Z2 or any domain. Then every principal left/right ideal

is free. So R is left/right P.S.

2.5.7 THEOREM. Let R be 2 ring. The following conditions are eqguivalent
(1) R is a left P.S. ring.
(11) R has a2 faithful left P.5. module.
(i11) If L is a maximal left ideal of R, then either r(L) = O or

L = Re for some idempotent element e of R.

1i
<

(iv) If L is an essential maximal left ideal of R then r(L)

(v) If L 15 maximal left ideal of R, then r(L) = fR where
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f i1s an idempotent element of R.
(vi) If L 1s a maximal left ideal of R and t € r(L), then t € r(L)t.
(vii) Every simple module RK is either projective or Kd = O where
the dual module 1s given by Hd = Ham(K,R).
(viil) Soc (RR) 1s projective.
Proof: ((1) = (11)) If R is a P.Sering then RR is a faithful

P.S5. module.

((ii) =2 (1ii)) Let RM be a faithful P.5. module. Let L € R be a
maximal left 1deal of R. If r(L) = O, wraite T = r(lL) so that LT = 0.
Also RT # O by hypothesis, since M is a faithful P.S. module, RTM = 0.
So 3 m € TM such that Rm # O. Now ™ = r(L)M. So Lm = 0 a5 L € 1(m?
and 1(m) = R. Since L is a maximal left ideal of R, it follows that

L = 1{m). Now R/L = R/1(m) = Rm, which is projective by hypothesis;

2
and soa L = Re for some e = e € R.

((i1i) < (iv)) Since L i1s an essential maximal left ideal of R,

then L = Re (with e> = e # 1 ) is impossible.

((iv) & (iii)) Let L be a maximal laft ideal of R satisfying
r(L) = 0. Then, by hypothesis, L is non—-essential and therefore

a direct summand of RR. Hence L = Re 15 a direct summand of R.

((iv) = (v)) Any maximal left ideal of R is either essential or a

direct summand. If L is not essential, L = Re for some e = e’.

Therefore r(L) = (1-e)R = fR for some f 2 e R.
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((v) = (vi)) Let L be a maximal left ideal of R and t € r(L). Nous

'

f(L) = fR, f = f° €e R. So t = ft € r(L)t .

((vi) = (v)) If (LY = O we take f = 0. Therefore r(L) = 0O.R
Otherwise let 0 * 3 € r(L) with f € r(L). We shall show that
(1—-f) e L. If (1—f) &« L, since L is maximal, R = L + R(1—-f). So

1

i

t + r(1-f), t € R. Multiplying both sides by a, we have

ta + r(a—-fa) = 0 (since t € L, a € r(L) ta = 0 and a2 = fa)

1

a
which 15 a contradiction to our assumption that O =2 a. Therefore
(1-f).€e L. On the other hand, (1-f)f = O (since f € r(L) ) = 2 = f.

Also Lf = O a L = L(1—-Ff) € R(1—-f) = R. So L = R(1—-f) and vr(L) = fR.

((v) = (iv)) Let L be an essential maximal left i1deal of R.
Since r(L) = fR, where f* = f e R, L € R(1-f). Also L is an
essential left 1deal. Therefare L " Rf = O 2 Rf = 0 =2 f = O

> (L) = 0.

((ii1) = (vii)) Let K = Rk be simple so that L = 1(k) is maximal
and R/L = K. We now have the following cases.
Case 1. If L = Re, e’ = e, then K = R(1-e) is projective.

Case 2. Suppose r(L) = 0. Let X\ € Kd = HomR(K,R); A(k) = a € R,

La = LA(K)) = A(LK) = A(0) = O @ a € r(L) = O » A(k) = O = A = O.

((vii) <9 (viii)) Let K be a simple left ideal of R. Notice that,
for any non-zero left ideal K of R, HQmR(E,R) = O (the inclusion
map from K to R belongs to HomR(E,R) ). Thus by hypothesis,

RE must be projective. Since K was arbitrarily chosen, it

51



follows that SOCR(R) is projective.

((viii) = (i)) Follows by definition.

2.5.8 THEOREM. If R is a left P.S. ring, so also are RIx1 and
RLCx211.
iAo

Proof: Let L be a3 maximal left 1deal of R. Let I denote the set
of all trailing coefficients af palynamials i1n L with & adjagined.
(Here trailing coefficient means the coefficient of the lowest

non—zero deqree term in the polynomial).

CLAIM. I is a left ideal of R.

Let a,b € I. Now a € I » 3 f(x) € L such that

f(x) = amxm + am_ﬁqu+ ee. + ax',m>n. Alsob el 23 g(x) €L
such that g(x) = btxt+ b, s L.+ bY, ot > ou.
Case 1. n > u. Let 1 =n — u. Then v}g(x) = btxh¢+ eeo + byt
L L+t n L
Or xg(x) = btx + ... + bx € L. Therefore xg(x) - f{x) €L
2b - ae€l »1 is a subgroup of (R, +). Similiarly if u > n, it
can be shown that a ~b e I, and n = u & f(x) — g(x) e L 2 a - b e L.

Next let a € I, " € R. Now a € I 3 f(x) € L, where

m m-1 n m m-1 n
f(x) = a x + 3 e + ... + ax . Then rf(x) = ra x + ra X +...+r3x
m m-41 m m-1

is clearly an element of L. Therefore ra € I, showing that I is an

ideal of R.

Suppose I = R. Then 3 a polynomial f(x) € L such that f(x) has

1 as 1ts trailing coefficient i.e., f(x) is of the type

f(x) = a x'+ a 1de+ cee + 1.k, Suppose g(x) € RIx1 is such that
m m-

glx)Yf(x) = 0. Let g(x) = gtxt+ gt_ixt_i-f .e- +guxu. Then
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g{x)fix) = (ggﬁ+ aea + guxu)(amxm+ e +1.xXM) =0 o 9, ~ 0.

So g(x) reduces to gtxkf - +gu+1xw“_ Therefore

t u+t m n A =
g(x)fx) = gg<+ eea *+ 9 X )(amn + .. + 1.} = 0 =R O.
Continuing in this way, it can be seen that Q. “°° v 9, = O.
Hence g(x) = 0. Since g(x) was arbitrarily chosen, it follows that

r(L) = 0. Next let I = R. We shall show that I is a maximal left
ideal of R. Let a € R \ I. Since a & I, 2a ¢ L. So by maximality
of L, RIx1l = L + RIxla. Since T € Rixl1, 1 = f(x) + g(x)a, where
f(x) e Ly, g(x) € R. Considering constant terms,

1 =1+rasjl1l ebL, f(x) =1 +1x + ...5 r R, g(x) = ﬁ +r X + ..
o o o o 1 o o 1

T~
-5,
—

1l
<

-
[

i

r,@ € Ra. So I +Ra =R. 1If 1l = 0 also I + Ra =R,
"showing that 1 1s a{maximal left i1deal of R. Since R is a P.S.ring,
we have that r(I) = eR with e° = e € R. If Le < L, then RLx]1 = L + Le
Therefore 1 = f(x) + g(x)e, f(x), g(x) € L. Considering constant

terms, 1 = fo + g e. By definition of I, fo,go € I. So 1 = f0+g°€

— — 2 — 4 —L' — -
» e = (f0+goe)e foe + g,e = O (since lIe = 0O) 9 e = O, ? goe = 0

i

=2 1 fo € I 21 =R , which is a2 contradiction. Therefore Le < L.

Now, let f(x)e « Le; f(x) € L. Then f{x) = amxm + ... + anx“; a € I

So f@(xe amexm+ aee *+ anexn, but a e = Q. Therefare

m n+1
a ex + ... + a ex e lLe € L
m n+t

f(x)e

. m n+ 1 .
2> f (x) =3 x + ... + a X e L = a €1 =2 a e = 0
1 m n+1 n+4 n+1

m n+2 .
» f(x)e = a ex + ... + a ex € Le €L 2 2 €1 = 3 e = 0,...
m n+2 n+2 n+2

am el =» ame = 0 =2 f(x)e = 0 = Le 0. Hence r(L) =2 eREx].

Next let g € r(L) — eRIxl; g = b " + b YA «enq bn > 0.

n N+t

If bn € eR, then g - bnxn € r(L); So we may assume that bn < eR.

Now V h L, hg = 0. (since g € r(L) — eRI[x1 ). Let =z € 1I; so

I fet, f= zx' + ftu.\'tﬂ+... . Since f e L, fg = O.



> (zx'+ f el 0"+ b x"s .. ) = 0 s zh = 0.
t+4 n n+4 n
Since z was an arbitrarily chosen element of I 1t follows that
Ib =0 =23b € r(l) = eR —— 3 contradiction. Therefore bn = 0O
n n

2 g = 0 =2 r(lL) = eRCxl, which proves that R is a P.5. ring.

Similiarly it can be proved that RLEx11 is a P.5. ring. B

The converse to this theorem is false. Consider the following

remarks followed by a counter example.

2.9.9 REMARK. Let R be a commutative ring, RIx] its ring of
polynomials. Then J(RL[x1) = Nil(RL[x1) (in the notation of 0.2.3).

Proof: See Chapter 3, Corollary Z.1.6.

2.5.10 REMARK. Let (R,mt ) be a commutative local ring.

Then R’ =RL[[x11 is also a local ring, having m’ = m + xR’ as the
unique maximal ideal.

Proof: We first show that m’ .is a maximal ideal of R. Consider
the homomorphism © : R° ——» R/m defined by

e(ao+ a x + ...) = ;;. This is clearly 38 ring homomorphism and

Ker © { f(x) = a_*a x + ... | a_em> = { fCo | f(x) € mR'+ xR">

o
S mMR"+xR°. Next let f(x) €e mtR"+xR°. Then

f{x)

it

+ N + + X+ eaa s
u(ao o X ) ( bo b1w ) p e m

i

2

Ho + (pa1 + bo)A + (uaz + bi)x + ...

o(f(x)) = ZZ; = 0. (since He € m ). Therefore Kere = miR"+ xR’.
Hence R /(mR"+xR") = R/mt showing that mR"+ %R’ 1s a maximal ideal
of R°. Now let hi(x) e R°" — m’ = RLEx1] - (mR'+ xR")

hix) = h + hx + ... = h + xth+ hx+ ...). Since h(x}) & wm’
o] 1 o - 1 2
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h emt 2 h e« U(R) s 3T g R such that h g = 1. tLet
[a] O (s B o]

2 2 3 2. 2

() = + (—h Y - ® cans

9 go 190 + (hzgo hzgo) + Then
2 F4 2 3 2, 2

% W) o= +h x + X . - % - > “ae

f(x2)g () (h0 h1< h2 + )(g0 htgo + (h190 hzgo)( + )
= hogO = 1. This shows that h(x) € U(REx]1); and hence

shows that m’ is the unique maximal ideal af R’. e

2.9.11 EXAMPLE. If R = Z‘, then RCxJ and RC[Lx11 are P.S. rings but R
is not a P.S5. ring.
Proof: We have by Remark 2.5.9, J(RI[x1) = Nil(RI[x1) = 2RIx], and
J(REOC%1]) = ZRLCx1] + xRLCx11 (by Remark 2.5.10).

If L is a maximal ideal of RL{x1, then L 2 2RI%]. (since

=
R{xI/Z2RIEx] = Zztx] which is not a field). Let f(x) € L — ZRLx1;

f(x) = f°+ fix + f2x2+ .+ Suppose i is the least positive integer
for which f & 22 . Then g(x) = f(x) — (f + fx + f x>+ ... + £ x7H
L 4 o 1 2 L—-1 .
e L (since f + fx + ... + f x"' e ZRIx]I € L).
(o] 1 [ §
g(x) = fx" + f e ey f & 2R. Therefore f = 1 or 3; and
L L+l L Lt
f—1(g(x) = 1.x" + £'°F ™ 4+ ... e L. Therefore 1 e Is
N L L+4
=2 r(L) = 0, showing RI[x] is a P.S.ring.

2.5.12 REMARK. This example shows that commutative P.S. rings need

not be reduced. Therefore commutative P.S.rings need not be P.P.

& 2.6 Bibliographical notes.

1. The study of C.P. modules in § 2.2 is due to Evans [E:721.

. & 2.3 1is mostly a survey of some research done by

Armendariz [A:741, Evans [E:72], Endo [E:601, Jondrup [J:71] and



Wolfson [Wib6lld.

Z. & 2.4 has been recorded after studying the work of
Camillo (C:731, McCarthy {M:731 and Pi1llair [P:B51.°

4, The results of § 2.9 are due to Nicholson and Watters [NW:881.

5. Enample 2.2.27 and Remart 2.7.24 are believed to be new.
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CHAPTER 3
POLYNOMIAL AND POWER SERIES RINGS OVER COMMUTATIVE RINGS.

Introduction.

In this chapte;, we shall study polynomial and power series
rings over commutative rings. The study has been confined largely
to .zero divisars and nilpotent elements. A few results on the
unit elements of these rings have also been stated at the
beginning of this chapter. A very brief study of primary rings
has also been made and a few results have been recorded. Through-—
out this chapter (unless otherwise mentioned ) rings will be
commutative. We may however, add commutative for the sake of

emphasis.

§2.1 Generalities. In this <section, we wi1ill study results

which are of a general nature. We will characterise the units of
a polynomizal ring RILx], R being a8 commutative ring. We will also
characterise the divisors of zero 1n polynomial rings over
comnmutative rings. We start with some well Lnown results .

n

Recall that N1l (R) = { ®x € R | ¥ = O for some n € N }

3.1.1 REMARV. Let R be a commutative ring. Suppose %, y € Ni1l1(R).
Then x + y € N11(R).

Proof: TRIVIAL.
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In fact, 1f R 15 commutative then Ni11(R) 1s an i1deal of R. We also

have the feollowing theorem.

3.1.2 THEOREM. Let R be a ring, SpecR = (plp 1s a prime 1deal of R>
Then N p = N1l(R).
p<SpecR

(This theorem i1s due to Krull, for a proof see [(JII1, p 322

and for a generalisation to non-commutative rings see [LY § 2.2

@

Propositiaon 1.)

Z.1.2 REMARK. Let D be a domain and DLx] the ring of polynomials
Then U(DIL:3) = U(D) (UD) = Unats of D.O. o

Proof: TRIVIAL.

J.1.4 THEOREM. Let R be a commutative ring, and RCLx«1 1ts ring of

polynomials. Let f(x) = a, tax+ ...+ anxn e RLx1. Then f(x)

1s a3 unit 1n RCx] 1f and only 1f a, 1s a unit 1n R and 8 43 4..-.2
n

are nilpotents.

Proof: ("Dnly 1f" part) Let p € Spec(R). Consider the map

tR[x} —— (R/p)[:x1],
n
where n( L, c&f) =

L=0 L

Eﬁf. Since p 1s a prime i1deal of R, R/p 1is

1 33
°P1

a domain. Let f() € RIn]. Then n(f(x)) e (R/p)Lx]d. Since

f(2) € URLxI)), 3T gi) = b + b x + ... € R(Cx1, such that

o 1
fixig(x) = 1. = n{flxig)) = 1. = N{f(x)Inlg(x)) = 1. By
Remarlt 3.1.3, we have deg(n{(f(x))) = 0O 1.e.,
N(F(<)) = a_ + ax + ... +ax"=a
o] 1 n o
1.e., a =0 V121 1n R/p. l.e., a € p. This holds for all
L
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p € SpecR; and for all 1 2 1.

Therefare a e np, Yi=21l. i.e., a < N}l(R) vV i > 1.(b; Theorem

3.1.2). Also fi)gx) = 1, implies that aob0 = 1 1.e., a, <€ U(R).
Conversely suppose f(x) = a, + a + ... + a x = RFK] is

such that a, € U(R) and 2 48,9---53 € Nil{(R). Since & 28, 500-98

. 2 ) n -
are nilpotents 8 X, @ X, 3% 4..., & x are also nilpotents and
. n
- 2 3 n o
by Remark 3.1.1 = = ax + a x + a_ x + ... + ax 1is also
1 2 3 n
. t
nilpotent. So z = O for some t =z 1.
. 2 -4, t
Taking g{(x) = 1/a — z/a_ + ...+ = /1
o o o

we see that f(xig(x) = 1. Therefare f(x) € U(R[:z1).
This seems to be an appropriate place to record a couple of
results. Remark 3.1.5 is a special case of a result valid for

arbitrary rings. Corollary 3.1.6 (= Remark 2.5.% ) has been used

in 2.5.11.

3.1.5 REMARE.. For any f € J(REx1), 1 + «f € U(RILx]1).

Proof: Suppose 1 + xf is not a unit in RIx1]. Then

(1 + xf)RLx] S R[x]. So there exists a maximal ideal m_ of RLx]
such that (1 + xf)RI[x]1 < mo' Now xf € J(R[x1) = xf e mwm, for
every maximal ideal m of R. In particular (1 + xf) & mo. Therefore
(1 + xf) - «f € mo which 1s a contradiction. Thus (1 + xf) must be

2 unit in RCx]. i

3Z.1.6 COROLLARY. The Jacobson radical J(RL:xz1) and the nil radical
Nil(Rfx1) of the polynamial ring over a commutative ring R coincide.

Proof: We know that Nil{(RCx1) < J(RL[:J). (This 1is 1in fact



true for any commutative ring Rj; this follows as a corollary to
Theorem .1.2.) Let f(x) e J(RL:1),

f(x) = a + o + .. + a3t . Then by Remart 3.1.5,
o] 1 n

2 n+4
1 + xf(x2x) =1 + aox + @ + ... + o < U(RIx1),
n

=» each a 15 nilpotent and 1 € U(R) = f(x) € N11(R[x1). Therefore

| ]
we obtain J(RI[x1> = N11l(R[:1).

REMARV. For related results on the Jacobson radical of =z
polynomial ring due to S.Amitsur, we will refer to Ex 5 and 6,

p 393 of [JII). Npte also that the analogous assertion for power
series 1s false as can be seen by taling the power series ring

over a field.

We now prove a theorem on zero—-divisors which 1s due to Scott.

S5.1.7 THEOREM. Let R be a commutative ring and let RLx] be the
ring of polynomials over R. If £ € RL:21 15 a divisor of ceroj;
then there 1s an element ¢ 1n R, ¢ # O such that cf(:) = 0.

Proof: Deny the theorem and let g(x) be 2 polynomial of

smallest degree such that f(x)g(x) = 0. Let

m 1 n
f(x) = a + ax + ... +ax 5 g(x) = b + bux + ... + b ¥
o 1 m o 1 n

where bn # O, and n 2 1. Since b f(x) = O, a.bn % 0 for some 1
n t

and therefore ag(x) # O. Let r be the largest integer such that

ag(x) = 0. Then fGilg(x) = (a + ... + a V(b + ... + b x") = 0.
r o r o n

O

Hence arbn = 0 and deg(arg(x)) < n. However (arg(x))f(x

which 1s a contradiction.
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REMARES. (I) A similiar result is valid for reduced rings. (See
Remark 2.3.20(1) .)

(II) This thecrem 1s not true for R non-commutative. Consider
the following example.

3.1.8 EXAMPLE.

Let R = MZ(Z), the ring of 2x2 matrices over the ring of
integers. Let f(x) = E x + E ; g{(x) = E x - E . Then
12 11 11 21
f{x)g(x) = 0O as seen earlier (2.3.21). Now suppose m € R is such that
rg{x) = 0. Since reR, r=r1E + rkE + E +rE ,
1 11 2 22 3 12 4 21
r e2; 1 = 1,2,3,4.

Then, r{(g(x}}) = O % (rE + r E + rE +rE JIE x - E_) = Q.
FRRPTY 2 22 3 12 4 21 11

2> r =0, r =0; andr_ =01 E (E x-E ) =0ar = 0.
1 4 2 3742 11 24 3

Therefore r = 0.

§.3.2 Primary rings.

The language of primary ideals will be used in the next
section. The results of this section are also of some independent

interest.

2.2.1 Definition. A eommutative ring R is called a primary ring
if its zero ideal ié a primary ideal 1i.e., vV r € R, the
homomaorphism er : R———> R is either one—one or nilpotent.
Equivalently, every element of R is either a non—zero divisor or 2

nilpotent element.

.2 Definition. A commutative ring R 1is called a completely

primary ring if its nil radical is a maximal ideal.

.
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S
-

belong to J =

3.2.4 THEORE

equivalent.

. Definition. If 2 ring R is such that all its zero divisors

J(RY, it wi1ll be called a J-primary ring.

M.

Let R be a ring. The following conditions are

(i) R is a primary ring.

(ii) RIx] is a primary ring.
(i11) RIx] is a J—-primary ring.
i Proof: ((i) = (ii)) Let R be a primary ring. Let
f(x) be a divisor aof zero in RIlx1. Then if f(x) = E fjf, I reR
L=0

r # O such that r‘fL =0 Vi=0,1,0ceyn.

f‘ € Nil(R) V¥V i1 =

This implies that

O,1,.2.40 » F(x) & Nil(RCx1) = J(RILx1) (by 3.1.6)

=» RILx] 1s a primary ring.

(Cii1) =& (1))

divisor in RIx] =2 3 € Ni1l1(R[x1)

This implies that

Let a be a zero divisor 1n R =% a is a zero

(since RIx1 is a primary ring).

a € Nil(R) = R is a primary ring.

((ii) = (i11i)) OBVIOUS.

({111) =2 (i
Suppose that

fix) « J(RIx1)

1))

flx)

Let RIx] be J-primary, and f(x) € RILx].

is a divisor of zera. Then by hypothesis,

= Nil(R[x1) showing that RI[x] is a primary ring. @

§ 3.3 [Lero—-divisors and nilpotent elements.

In this section we will study some properties of the

Zero—



divisor and nilpotents elements of the power series rings over

a commutative ring.

N
Let f(x) = % fx'. Then f" is =zero or a polynomial of
1
L=0

degree at most n.

Z.Z.1 LEMMA. Let R be a commutative ring having characterastic

o I
o0
-

a positive prime p and let f(x) = fsf e RILCx]]
L0

The following conditions are equivalent.

(a) f(x) is nilpotent.

(b) There is a natural number m such that (fL)m = 0
VielNuU {O}x
(c) There is a natural number m such that (f*)™ = 0

YVielNuU O,

Proof: ((a) = (b)) We know that i1n a ring of characteristic p

1a) n 12l
(a + b)?P = aP + pP . Thus we have
n 2 n n * 2 n
(FOGOIP = (F + fx + fx°+ ... =P 4+ (fx + £+ ...0F
O 1 2 o} 1 2
2] n 2 n
= £ 4+ (f:)P + (£ x5+ ...00°F
[o} 1 2

n

1
£ x'P
L

n

(f(xFf

|
gP18

L

Conversely if (f(x™ 0, then choosing-n € N such that pn >m,

n n
(f(xfP =0 = (fL)" = 0OV i.

3.3.2 THEOREM. Let R be a commutative ring with identity having

o, €, € e ©
characteristic n = P, P, Py ~--P s and let f(x) = ¢ fﬁ? e RILLx]]
L=0

The following conditions are equivalent.



(a) f(x) is nilpotent.

(b) fhere 1s a natural number m such that (f’.)m = 0 for each
ielNuU {03,

(c) There is a natural number m such that (f(k))m = 0 for “each
k €« Nu {0>.

Proof: We let ¢J : RCCx1) —m—— RL[x]]/(pJ). Now

RC[x]]/(pJ) = (R/pJ)[[x]]. - We know that for 1 = j £ t,

R/(p ) has characteristic pJ, and ¢J is the natural homomorphism
J

for 1 £ j§J £ t.

((a) =» (b)) Suppose f(x) is nilpotent. i.e., (f(x))" = 0O for

-

some m. Then ¢J(1‘(:<))m = Q0 in R[[x]]/(pj). By Lemma 3.3.1, there

is a natural number mJ (1 £ j £ t) satisfying for each 1 « N U {03
m m

m,
i . 3y = ¢ : J
(¢J(ft)) = 0. i.e., ¢J((ft) ) O. i.e., (f‘) < pJR for

each 1 €e N U {03. Let m = me + me + e + me . Then
1 1 2 2 tot

me +..+m e =) =] =}
1 t

m _ 1 tt 1 2
(fL) = (ft) € (piR) (sz) ...(pLR)
Q o Q

= (piipzz...pLL)R = nR = O.

(b)) = (a)) Suppose there 1s a natural number satisfying
(ft)m = 0 for each i. Then for each 33 1< 3 £ &,
(¢J(ft)"‘) = (¢J(fk>)"‘ =0 Vi. By Lemma 3.3.1, there is for each
m

J; (1 = J = t), a natural number m such that (pf(x)) ) = 0V i.
Now (¢ (F () I o= (¢ (F ) ) =0 a4 (flx)) Y e Py 1 X3 < t.
Llet m = me + me + ... + me . Then

4 4 2 2 t t

1 91 m2 92 ml. et.
(FG™ = ((FGO ) YRG5 SlllFk) D)
91 92 GL
< (le[[x]]) (sz[[x]]) ...(pLR[[x]]) = nR = 0. So

f(x) 1s nilpotent.

((b) = (c)) Follows from the above proof and Lemma 3.3.1.
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2.3.5 THEOREM. Let R be a commutative ring with identity let
@0 0
f(x) = 1, f'x e RL[L[xJ1. Let Ar = r Rf. Then the condition
L=0 - L=0 v
(i) The 1ideal Ar is nilpatent implies the condition
(ii) f is nilpotent.
Proof: Suppose Af is nilpotent of order k, T.€ay (Af)k = 0.
N a2 = ff a) 2= r f £ f
QU f - E rLJ L _)’ f Z tur v ouvo T
1,120 v 2o 123 1 2 3
wHrk¥= ¢ r f f ...f. = 0. This implies that
e 2o "'z 'k 1 ‘2 K
f f ...f = 0 v i = 0 and i < t < k.
L L L t
1 2 k
x k
We have f(x) = r f % In the expansion of (f{(x)} , each
v=o
coefficient will be of the type f f ...f. , where the 1 "s may
Y102 i J
be repeated. Since f f,L «..f =0 Vv iL 2 0, 1t follows that
‘1 'a "k
(F(x))% = 0 5 f(x) is nilpotent.

3.3.4 COROLLARY. 1If At is finitely generated and each f is
—_——————— L

nilpotent, then f is nilpotent.

Proof: Let At = Rat + Ra2 + (.. + RaL and f € Af where f is
19 L
n
t L
iven as f = r a. Als =
g . .2 w3, lso a rpr and
j=1 p=0 P
n
o
8 93, 4y-.053 € > pr, where n, = Max(ni,nz,...,nt). Since each
p=0
fp is nilpotent, each 2 is nilpotent. Therefore a = O for some
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t
m e MN. If k= Eamn, (af)k = Q =+ f =0 =+ f is nilpotent. B
lL=1 .

We now give an example to show that f nilpotent does not in
general imply that Ar is nilpotent. In other words finite

generation of Af is necessary for the validity of the condition

-
R

g

(11) implies condition (i) in 3.

3.3.5 EXAMPLE. Let S = Z2/pZ, where p is a prime and

So = S[Xo, X1’ «ooy Xn,...J be the ring of polynomials in

countably many indeterminates.

~ P P P - ¥ v
Let R = S_/(X2, X, JXP, i Let f o= X
@
Consider f(x) = § foL € RILLx131. Then for each k € N U {02,
L=0
(f¥)P = 0. But for eachn e N, O = f f f ...f e )"
o 1 2 n—1 {
(IfF f fF .ouuf = O then f f f ....f e (XP,xP, (.., XP,..0)
o 1 2 n- o 1 2 n—1 [a)] 1 n

which is absurd. Thus Af cannot be nilpotent.

3.3.6 LEMMA. Suppose there exists a t € N such that f is 2
L

non—zero-divisor and fJ is nilpotent V¥ 1 £ j £ t-1. Then

™
f(x) = YT, fsf is a non—zero-divisor in RELLx311.
L=0
t-1 @
Proof: Let gi(x) = T fo‘ sy h(x) = ¢ foL
L=0 vEL

sa that g(x) 1s nilpotent and f(x) = g(x) + h(x).

Let T = total quotient ring of R,
= S;iR (vhere S0 is the set of all non—-zerao—-divisors of R).
and S = TCCLx11 , localisation at M, where M = {x, X2, xa,...,xm,..}
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is a multiplicatively closed set in TLC:x1].

Now h{(x) = :«'t(fL + ft+f< + ...) = x'h* (),
od]
2 (s = w v
where h’ (x) T fvﬂ“ .
L0
So h(x) and h’' () are associates in 5. Also fL = (h'(x))0 is a
non—-zera—divisor in R. So fL € So’ hence 1s a unit 1n T.
Therefore h’(x) 1s a unit in T{Lx11, hence 3 wunit 1in S. This

implies that h(x) 15 a3 unit in S (since h(x) and h’ () are associates).
Therefore f(x) = g(x) + h() ié a unit in S (since h(x) 15 =2

unit and g(x) is a nilpotent element of S) so that f(x) is a

non—zero-divisor in S. Suppose there exists an f(x) € 8 such that

f(x)f(x) = O in RLCx11. We already have the embeddings

RCCx1] — TCCx11 » S. Therefare f(x)f(x) = O
in S. This implies that () = 0, since f(x) is a non—-zero—-divisor
in S. Therefore f(x) is a non—-zerb-divisor in RCCx3J]. a

3.3.7 THEOREM. Let R be a commutative ring in which every

o] .
naon—zero-divisor is nilpatent and let f(x) = ¢ fx e RCEx31.

L=0 b
If some f is a2 non-zero—-divisor in R, then f(x) is a

L

non—-zero—-divisor in RCCx1].

Proof: Let k be the least positive integer such that fk is a
non—-zero—divisor. So fo’fi’ «eoay fk__1 are zero—divisors and so by
hypothesis they are all nilpotentl Now by applying 3.3.6 e
immediately have that f(x) is a3 non—-zero-divisor in RIE[x11. B

3.3.8 Definition. Let A be an ideal in a commutative ring R. We

call A a primary ideal of R if for every r € R, the R-homomorphism

er : RFIA ——» R/A is either one—one or nilpotent.

&7



(Equivalently: far all r e R, if 3 ¥ & A such that rx € A, then

r" e A for some m < N.)

Proof of this equivalence. Suppose O = rx = ri = Br(x), % &2 0.

So er is nilpotent. Therefore (Sr)m = 0 for some m = r'T = O

- r" € A for some m.
Thus A is a primary ideal of R if and only 1f R/A 1is a-

primary ring in the sense of § 3.2.

3.3.9 REMARE.. Let A be a primary ideal and let

D)

= { r <R | 6r is nilpotent}. Now O e 5, so A is non—empty.

Also A is an ideal of R satisfying 1 €« A (We assume 1 = 0).
In fact, A is a prime ideal of R. For suppose x, vy & E, then
& , & are one—one.
x ¥
Therefore axy = exsy is also one-one = Xy & A. If a e A, then

Ga =0 =% a€efhA = AEC A. We say A is A primary. (Notice that

the terminology differs from that used in 3.2.3.)

3.3.10 COROLLARY. Let R be a commutative ring with identity, in
which each zero—-divisor is nilpotent. If the ideal Nil (R) is
nilpotent then in RIL[x1], each =zero—-divisor is nilpotent.

®
Proaof: Let f(x) = ¥ fﬁf < RIL[:x]1. Suppose f(x) 1s not nilpotent.
L=o

Then Af is not nilpotent = Af € Nil(R) i.e., not every coefficient
of f{x) is nilpotent. So by hypothesis, f{x) has a non—-zero-divisar
as a coefficient and by Theorem 3.3.7, f(x) i1s 3 non—zero—-divisor.

Thus each zero—divisor 1s nilpotent. a
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In terms of Definition 3.3.8, Corollary 3.3.10 can be restated

as follows. (See (F:711 )

3.2Z.11 COROLLARY. Let R be a commutative ring with 1i1dentity in
which (0) is Nil(R)—-primary. If Nil(R)Y is nilpotent, then (0O} is

a primary ideal of RLLx1].

Finally we state the following analogue of Theorem 3.1.7

without proof, and record a related e:ample.

3.32.12 THEOREM. Let R be 3 Noetherian ring with identity. Then

a
for fC) = T fﬁf e RLL~#3]3, the following conditions are equivalent.
' L=Q

(1) f(x) is a zero-divisor in RL{Cx11.
(II) There 1s a8 non—cero-divisor element r € R which satisfies
rfix) = 0.
Proof: (II) = (I) TRIVIAL.

(I = (II) See [F:713]. ]

We conclude with an example to show that Theorem 3.3.12 fails

when R is not Noetherian.

J3.3.13 EXAMPLE. Let S be a commutative ring and let

Xio one
[¢.¢] @

S and let R = S[ Y, {X‘} ]/ [XOY, {XL - XL“Y } ]
V=0 L =0

Let X be an indeterminate.

} be a set of indeterminates over

Let y = Y and let f(X) = y — X. Then f(X) has a unit coefficarent

s0 certainly rf(X) = 0O for each non-zero element ©+ of R.

&9



w0
However, letting M= XL and g(x) = ¥ ::LXL we see that

f(X)g(X) = O while g(X) = 0.

§ 3.4 Bibliographical notes.

1. Theorem 5.1.2 is due to hrull, see the references after 1ts
statement.

2. Gilmer [6G:79]1 has carried out 2 detailed survey of the topics
studied 1n this cHapter and a number of other related topics.
Brewer [B] has written a monograph on power series rings over
commutative rings. Gilmer and Brewer have referred to severzal
dozen other papers 1n this area.

-

Z. Gilmer [G:731 attributes theorem to Snzpper [S5:501

4. Theorem 3.1.7 15 due tao McCoy Tﬁzgf:, The elegent inductive
proof given here 15 due to Scott [5:54].

3. The results of § Z.2 are due to Snapper [5:501].

6. The results of § T.3 are due +to Fields [F:711. (Exxample

3.3.13 is due to Gilmer as mentioned by Fields in a footnote on

p 435 of LF:711.)
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