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Classification of finite groups is a central problem in theory of grou})s. 

Even though finite abelian groups have been completely classified, a lot still 

remains to be done as far as non-abelian groups are concerned. People all 

over the world have used various types of invariants for classifying finite 

groups, particularly the non-abelian ones. The commutativity degree of a 

finite group is one such invariant, and it seems that many interesting results 

are possible to obtain with the help of this notion and its generalizations. 

In recent years there has been a growing interest in the use of the prob­

abilistic methods in the theory of finite groups. These methods have proved 

useful in the solution of several difficult problems on groups. In some cases 

the probabilistic nature of the problem is apparent from its formulation, but 

in other cases the connection to probability seems surprising and can not be 

anticipated by the nature of the problem. 

The roots of the subject matter of this thesis he in a series of papers by 

P. Erdos and P. Turan (see [5, 6, 7, 8]) published between 1965 and 1968, 

and also in the Ph. D thesis of K. S. Joseph [16] submitted in 1969, wherein 

some problems of statistical group theory and commutativity in non-abelian 

groups have been considered. In 1973, W. H. Gustafson [14] considered the 

question - what is the probability that two group elem,ents commute? The 

answer is given by what is known as the commutativity degree of a group. It 

may be mentioned here that the question, in some sense, was also considered 

by Erdos and Turan [8]. 

Formally, the commutativity degree of a finite group G, denoted by Pr(6'), 

is defined as the ratio 



Number of ordered pairs {x,y) G G x G such that xy = yx 

Total number of ordered pairs {x,y) ^ G x G 

In other words, commutativity degree is a kind of measure for abehanness of 

a group. Note that Pr(G) > 0, and that Pr(G) = 1 if and only if G is abelian. 

Also, given a finite group G, we have Pr((7) < | with equahty if and only if 

-^T has order 4 (see [2, 14]), where Z{G) denotes the center of G. This gave 

rise to the problem of determining the numbers in the interval (0, | ] which 

can be realized as the commutativity degrees of some finite groups, and also 

to the problem of classifying all finite groups with a given commutativity 

degree. 

In 1979, D. J. Rusin [23] computed, for a finite group G, the values 

of Pr(G) when G' C Z{G), and also when G' n Z{G) is trivial, where G' 

denotes the commutator subgroup of G. He determined all numbers lying 

in the interval (11,1] that can be reahzed as the commutativity degree of 

some finite groups, and also classified all finite groups whose commutativity 

degrees he in the interval (H, !]• 

In 1995, P. Lescot [17] classified, up to isoclinism, all finite groups whose 

commutativity degrees are greater than or equal to | . It may be mentioned 

here that the concept of isoclinism between any two groups was introduced 

by P. Hall [15]. A pair (0, ip) is said to be an isoclinism from a group G to 

another group H if the following conditions hold: 

(a) (j) is an isomorphism from G/Z{G) to H/Z{H), 

(b) ip is an isomorphism from G' to H', and 



(c) the diagram 

G G <t^^(t> H H 
X „ , „ , — — — — — — • X 

Z{G) Z{G) Z[H) Z{H) 

aa o-H 

G' ' H' 

commutes, that is, an ° {(f> x (p) — i' ° CLG, where ac and a// are given 

respectively by aG{giZ{G),g2Z{G)) = [91,92] for all 91,92 e G and 

aH{hiZ{H), h2Z{H)) = [/ii, /i2] for all /ii, /i2 € H. Here, given x,y e G, 

[x,y] stands for the commutator xyx'^y"^ of x and y in G. 

In 2001, Lescot [18] has also classified, up to isomorphism, all finite groups 

whose commutativity degrees he in the interval [|, 1]. 

In 2006, F. Barry, D. MacHale and A. Ni' She [1] have shown that if G is 

a finite group with \G\ odd and Pv{G) > ^ , then G is supersolvable. They 

also proved that if Pr(G') > | , then G is supersolvable. It may be mentioned 

here that a group G is said to be supersolvable if there is a series of the form 

m = Ao C Ai C A2 Q • • • Q Ar = G, 

where Ai <G and Ai+i/Ai is cyclic for each i with 0 < i < r — 1. 

In the same year 2006, R. M. Guralnick and G. R. Robinson [12] re­

established a result of Lescot (see [13]) which says that if G is a finite group 

with Pr(G) greater than ^ , then either G is solvable, or C = ^̂ 5 x S, where 

A^ is the alternating group of degree 5 and B is some abelian group. 



The classical notion of commutativity degree has been generalized in a 

number of ways. In 2007, A. Erfanian, R. Rezaei and P. Lescot [9] studied 

the probability Pr(//, G) that an element of a given subgroup / / of a finite 

group G commutes with an element of G. Note that Pr(G, G) = Pr(G). In 

2008, M. R. Pournaki and R. Sobhani [22] studied the probability Prg(GO 

that the commutator of an arbitrarily chosen pair of elements in a finite 

group G equals a given group element g. They have also extended some of 

the results obtained by Rusin. It is easy to see that Prg(G) = Pr(G) if g = 1, 

the identity element of G. 

In Chapter 1, we briefly recall a few definitions and well-known results 

from several relevant topics, which constitute the minimum prerequisites for 

the subsequent chapters. In this chapter, we also fix certain notations. Given 

a subgroup X of a group G and an element x G (7, we write CK{X) and 

C£K{X) to denote the sets {k E K : kx = xk} and {kxk~^ E G : k E K} 

respectively; noting that, for K — G, these sets coincide respectively with the 

centralizer and the conjugacy class of x in G. Also, given any two subgroups 

H and K oi a group G, we write CK{H) = {k e K : hk = kh for all h G H}. 

Note that CK{X) — GK{{X)), where (x) denotes the cychc subgroup of G 

generated by x G G. 

Further, we write Irr(G) to denote the set of all irreducible complex 

characters of G, and cd(G) to denote the set {x[l) • x € Irr(G)}. If 

X{1) = \G : Z(G)|^/2 for some x € Iri(G), then the group G is said to 

be of central type. 

In Chapter 2, which is based on our papers [19] and [21], we determine, 



for a finite group C, the value of Pr(G) and the size of ^ ^ when \G'\ = p^ 

and \G' n Z{G)\ = p, where p is a prime such that gcd(p - 1, \G\) = 1. The 

main result of Section 2.2 is given as follows. 

Theorem 2.2.6. Let G be a finite group and p be a prime such that 

gcd(p - 1, \G\) = 1. / / |G'| = p2 ^j^^ |(0/ p, z{G)\ - p, then 

3 ^ ifCciG') is abelian 
(a) Pr(G) =\ ' 

^ ji \^i^ + p2 + p - 1 j otherwise. 

{ p^ if CG{G') IS abelian 

p2s+2 Qj, p2s+3 otherwise, 
where p^' = |CG(G") : Z{CG{G'))\. Moreover, 

IG'nzCG) • ^^G'nz(G))l ^ lz(G) • ̂ Vz(a))l = P • 

This theorem together with few other supplementary results, enable us to 

classify all finite groups G of odd order with Pr(G) > |^. In the process we 

also point out a few small but significant lacunae in the work of Rusin [23]. 

The main result of Section 2.3 is given as follows. 

Theorem 2.3.3. Let G be a finite group. If\G\ is odd and Pr(G') > |^, then 

the possible values o/Pr(G) and the corresponding structures ofG', G'O.Z{G) 

and G/Z{G) are given as follows: 



Pr(G) 

1 

i ( i + 3î ) 

1(1 + 5^) 
5 
21 

55 
343 

17 
81 

121 
729 

7 
39 

3 
19 

29 
189 

11 
75 

G' 

{1} 

C3 

c. 
c, 
C-j 

C9 or C3 X C\ 

CsxCs 

Ci3 

C'19 

C21 

c, X a 

G" n Z{G) 

{1} 

C3 

G5 

{1} 

Cy 

C'3 X G 

{1} 

{1} 

Ga 

{1} 

G/Z{G) 

{1} 

(G3 X G 3 ) ^ s > 1 

(G5 X c^r, s > 1 

G7X1G3 

G 7 X G 7 

(G3 X G3) >< G3 

CI 

Gi3 XI G3 

Gi9 X G3 

G3 X {C7 XI G3) 

(G5 X G5) X3 G3 

In the above table G^ denotes the cycHc group of order n and x stands for 

semidirect product. 

In [22, Corollary 2.3], M. R. Pournaki and R. Sobhani have proved that, 

for a finite group G satisfying | cd(G)| = 2, one has 

Pr(G) > 
1 

1 + 
\G'\ 1 A 

\G'\ y ' \G:Z{G)\J 

with equahty if and only if G is of central type. In Section 2.4, we have 

improved this result as follows. 



Theorem 2.4.1. If G is a finite group, then 

In particular, Pr(G) > r ^ i /G is non-abehan. 

There are several equivalent conditions that are necessary as well as suf­

ficient for the attainment of the above lower bound for Pr(G'). 

Theorem 2.4.3. For a finite non-abehan group CI, the statements given 

below are equivalent. 

(a)Pr(G) = ^ ( l + ^ y ^ ) . 

(b) cd(G') = {1, \G : Z{G)\^I'^}, which means that G is of central type with 

\cd{G)\ = 2. 

(c) I C^G{X)\ = |G'| for allxeG- Z{G). 

(d) C^G(X) = G'x for all x € G — Z{G); in particular, G is a nilpotent 

group of class 2. 

(e) CG{X) < G and G' = cHi) ^'^^ ^^^ x E G — Z{G); in particular, G is a 

CN-group, that is, the centralizer of every element is normal. 

(f) G' = {[y,x] : y E G} for all x 6 G — Z{G); in particular, every element 

of G' IS a commutator. 

Theorem 2.4.1 and Theorem 2.4.3 not only allow us to obtain some charac­

terizations for finite nilpotent groups of class 2 whose commutator subgroups 

have prime order, but also enable us to re-estabhsh certain facts (essentially 



due to K. S. Joseph [16]) concerning the smallest prime divisors of the orders 

of finite groups. 

Proposition 2.4.4. Let G be a finite group and p be the smallest prim.e 

divisor of\G\. 

(a) I!p^2,thenTv{G)^l. 

(b) When G is non-abelian, Pr(G) > - if and only if \G'\ = p and 

G' C Z{G). . 

Corrolary 2.4.5. If G is a finite group with Pr(G) = \, then \G\ is even. 

Proposition 2.4.7. Let G be a finite group and p be a prime. Then the 

following statements are equivalent. 

(a) \G'\=p andG'CZ{G). 

(b) G is of central type with \ cd(G')| = 2 and \G'\ = p. 

(c) G is a direct product of a p-group P and an abelian group A such that 

\P'\=p andgcd{p,\A\) = 1. 

(d) G is isoclinic to an extra-special p-group; consequently, \G : Z{G)\ = 

p^^ for some positive integer k. 

In particular, if G is non-abelian and p is the smallest prime divisor of \G\, 

then the above statements are also equivalent to the condition Pr(G') > ^. 

In [18], Lescot deduced that Pr(D2,i) -^ \ and Pr((52"+0 -^ \ as n —* oo, 

where D2n and Q2"+i denote the dihedral group of order 2n, n > 1, and the 

quaternion group of order 2""^ ,̂ n > 2, respectively. He also enquired whether 

8 



there are other natural families of finite groups with the same property. In 

2007, I. V. Eroveuko and B. Sury [10] have shown, in particular, that for 

every integer fc > 1 there exists a family {Gn} of finite groups such that 

Pr(Gn) —> p as n —> GO. In the last section of Chapter 2 we have considered 

the question posed by Lescot mentioned above. Moreover, we make the 

following observation. 

Proposition 2.5.1. For every integer k > 1 there exists a family {Gn} of 

finite groups such that Pr(Gn) -^ I as n —> oo. 

In the same fine, we also have the following result. 

Proposition 2.5.2. For every positive integer n there exists a finite group 

G such that PiiG) = ^. 

In Chapter 3, which is based on our papers [3] and [4], we generalize the 

following result of F. G. Frobenius [11]: 

If G is a finite group and g ^ G, then the number of solutions of the 

commutator equation xyx''^y'^ = g in G defines a character on G, and is 

given by 

)ceIrr(G) 

We write F{xi,X2-,. • • ,Xn) to denote the free group of words on n 

generators a:i,a;2,... ,x„. For 1 < i < n, we write 'Xj G u;(a;i,X2,... ,a:„)' 

to mean that x^ has a non-zero index (that is, x^ forms a syllable, with 

0 7̂  A; e Z) in the word oj{xx^ x^, • • •, Xn) S F(x\,X2, • • •, x„). We call a word 

a;(xi, a;2,..., x„) admissible if each x, € uj{xi,X2, • • •, x^) has precisely two 

non-zero indices, namely, -1-1 and —1. We write s^{xi,X2, • • • ,Xn) to denote 



the set of all admissible words in F{xi,X2,... ,Xn). 

Given a finite group G and an element g & G, let Cn (5) denote the number 

of solutions (gi, 52> • • •, Qn) ^ C" of the word equation ci;(a;i, a;2) • • •, ^n) = 5, 

where G"' = G x G x • • • x G {n times). Thus, 

C(^) = \{i9i, 52, • • •, 9n) € G" : uj{gi,g2, ...,gn) = g}\-

The main result of Section 3.1 is given as follows. 

Theorem 3.1.4. Letu){xi,X2,---,Xn)^'<^{xi,X2,...,Xn),n>l. If G is a 

finite group, then the map (^^ : G —> C defined by 

Cnig) = \{{9u92, • • • ,5n) e G" : u;(^i, (/2,.. • ,5n) = 9}l 9^G, 

is a character of G. 

Given any two finite sets X and Y, a function / : X —> Y is said to 

be almost measure preserving if there exists a sufficiently small positive real 

number e such that 

If-'iYo)] \Yo\ 
< e for all Yo C Y. 

m \y\ 
In Section 3.2, we consider the following question posed by Aner Shalev 

[24, Problem 2.10]: 

Which words induce almost measure preserving maps on finite simple groups? 

More precisely, given an admissible word ijj{x\,X2,... ,Xn) and the induced 

word map a^ : G" -> G defined by 0:^(^1, ^2, • • •, î n) = ^{gi,92, • • •, gn), we 

proved that 

Corollary 3.2.7. Let G be a finite simple group, and o(l) be a real number 

depending on G which tends to zero as \G\ —+ 00. 

10 



\(a )~^(Y)\ \Y\ 
(a) / / Y CG, then '̂  7 ^ , ^ '̂ = i - | + o(l). This means that the map 

Q!(j Z5 almost measure presewmg. 

(b) If X C G", i/ien —777̂ — > 77:;̂  o{l); in particular, if X is such 
|G| |G|" 

that \X\ = (1 - o(l))lGl", then |a^(X)| = (1 - o{l))\0\. This means 

that almost all the elements of G can he evpressed as u{gi^g2^. •. ,gn) 

for som.e gi, g2,. • •, 9n € G. 

In the last section of Chapter 3, we obtain yet another generaUzation of 

Frobenius' result mentioned above. The main results of this section are given 

as follows. 

Theorem 3.3.1. Let G he a finite group, H <G and g G G. IfCio) denotes 

the number of elements {hi, §2) ^ H x G satisfying [hi,g2] = g, then (^ is a 

class function of G and 

X6lrr(G) ^^^' xeln(G) ^^^^ 

Corollary 3.3.2. Let G he a finite group. Then, with notations as ahove, C, 

IS a character of G. 

Proposition 3.3.3. Let G be a finite group, H <G and g G G. If C,2n{g), 

n > 1, denotes the number of elements {{h\,gi),... ,{hn,gn)) E {H x Cy-

satisfying [hi,gi\.. .[hn,gn] =9^ then 2̂n is a character of G and 

C2ni9)= 2^ Q)2n-1 ^yd)-
xelrr(G) 

11 



Proposition 3.3.4. Let H be a subgroup of a finite group G and g G G. Then 

the number of elements {gi, hi, ga) E G x H x G satisfying pi/i2^r^^3^2^^^r^ ~ 

g defines a character of G and is given by 

Us) = E ^^%^x(«). 
xelir(G) ^^ ' 

In Chapter 4, which is based on our paper [20], we study the probability 

Prg(G) that an arbitrarily chosen 7?-tuple of elements of a given finite group 

G is mapped to a given group element g under the word map induced by a 

non-trivial admissible word u{xi,X2,..., Xn)- Formally, we write 

where C!;^{g) = \{{gu92, • • •,9n) e G" : u{gi,g2,... ,gn) = 9}l The main 

results of Section 4.1 are as follows. 

Proposition 4.1.1. Let G be a finite group and uj{xi, X2, •. •, Xn) be a non-

trivial admissible word. Then 

(a) Pr-(G) > -\G--Z{G)\-n + l 1__ 
(a) Fr,(Gj > |G :Z(G) | " ' \G : Z{G)\- ^ " ' 

(b) Pr^(G) = 1 if and only if G is abelian. 

Proposition 4.1.3. Let G and H be two finite groups and {(f), ip) be an 

isoclinism from G to H. If g £ G' and u{x\,X2-, • •. iXn) is a non-tnvial 

admissible word, then 

Pr-(6') = Pr:;,(,)(//). 

12 



Proposition 4.1.4. Let G be a finite group and U;(.TI, X2,. . . , x„) be a non-

trivial admissible word. Ifg,h€ G' generate the same cyclic subgroup ofG, 

i/ienPr-(G') = Pr^(G). 

Proposition 4.1.6. Let G be a finite group, g G G" and ui{x\, X2, • • •, Xn ) be 

a non-trivial admissible word. Then 

(a) P r ^ ( G ) < P r ^ ( G ) < P r ( G ) , 

(b) Pr^(G) = Pr^(G) if and only ifg = l. 

Let ma — min{x(l) : X ^ Irr(G),x'(l) ^ 1}. Considering, in particular, 

tlie word X1X2• •.x^x'^^X2^...x~^^ ^ > 2, and writing Pr^(G) in place of 

Pr^(G), we obtain the following results in the sections 4.2, 4.3 and 4.4. 

Proposition 4.2.2. Let G be a finite non-abelian group, g ^ G' and d be an 

integer such that 2 < d < ma- Then 

1 
(a) Pr"(G) - '^^2 ( P^(^') "\Gn)- ^" ^^^^^ words, \G'\ 

d"-2 - 1 

(b) P r " ( G ) - ^ 
|G'| 

< —- I 1 — r-— 1. /n oi/ier words. 

^ ^ i + ^ U p r : ( G ) . i f i + ^-^-

2" + 1 
In particular, PT'^{G) < ^ ^ 7 ^ -

13 



Proposition 4.2.3. If G is a finite non-abelian simple group and g G C, 

then 

In other words, 

1 / - I 3"-2 + r 

W\ 
< 

1 1 
3^-2 Vl2 |G'| 

3"-2 V 12 

In particular, 

T^ + ICI 
< Pr"(G) < J ^ ("4 + ^"'' ^ 

3'̂ -2 Vl2 |G| 

Pr"(G) < 
3"-^ + 4 

3"-i X 20' 

Corollary 4.3.2. Lef G be a finite non-abelian group with |cd(G)| = 2. 

T/ien every element of G' is a generalized commutator of length n for all 

n > 2; in particular, every element of G' is a commutator. 

Proposition 4.3.3. Let G be a fijiite non-abelian group, g E G' and d be an 

integer such that 2 < d < mo. Then 

(-) P>^?(G) = ^ (Pr(G) + -^^^^ 

g^ 1 andcd{G) = {l,d}. 

1 / d"~^ + 1 
(b) Pr."(G) = — , - P r ( G ' ) + ' 

if and only if 

if and only if 

5 7^1, cd(G) = {l,d} and|G"| = 2. 

Proposition 4.3.4. Let G be a finite non-abelian group, g E G' and d be an 

integer such that 2 < d < ma. Then 

5 = 1 andcd{G) = { l ,d}. 

if arid only if 

14 



(b) Pr^(G) = ji{-l + ^ ^ ) /̂ o-rid only xf 

5 7^1, cd(G') = {l,rf} and\G'\ = 2. 

Proposition 4.3.7. Let G be a finite noii-abehan group, g G G' and p he 

the smallest prime divisor of\G\ Then 

p" + p - 1 
Pr"(G) = 

pn+l 

if and only if g = I, and G is isochnic to 

{x,y : x^ = 1 = j/P, y-'^xy = x^"^^) 

2" + 1 
In particular, putting p = 2, Pr^(G) = if and only if g — I, 

and G is isoclinic to Ds, the dihedral group, and hence, to Qs, the group of 

quaternions 

Proposition 4.4.1. Let G be a finite non-abelian group with |cd(G')| = 2 

and g ^ G' Then 

Moreover, in each case, the equality holds if and only if G is of central type 

Corollary 4.4.2. Let G be a finite non-abelian group and g E G' If G is of 

central type with j cd(G)| = 2, then 

Pr?(G') < ^ ( l + ^ ) and 

^Ih.''^. 

1 5 d l ' , '''"'• 
*5 ' * 



Proposition 4.4.3. Let G he a finite non-abelian group and g 6 G'. If 

G' C Z{G) and \G'\ = p, where p is a prime, then 

1 
where k = - logp \G : Z{G)\. 

Proposition 4.4,5. Let p be a prime. Let r and s be two positive integers 

such that s \ (p — 1), and r^ = 1 (mod p) if and only if s \ j . If 

G={a,b:aP = b' = l, bab'^ = a^) and g G G', then 

' s" + p - 1 

Pr"(G') 
ps^ 

ps^^ 

^f9 = l 

if 9^ I. 

Proposition 4.4.6. Let G be a finite non-abelian group and g e G'. If 

G' n Z{G] = {1} and \G'\ = p, where p is a prime, then 

(a) G is isoclinic to the group {a,b : a^ = b^ — I, bab~^ = a'"), where 

s I (p — 1), and r^ = 1 (mod p) if and only if s | j , 

' 5" + p - 1 

(b) Pr"(G) = <̂  
ps"-

- 1 

ps^ 

if 9=^ 

if9y^l-

Proposition A Ail. Let G be a finite non-abelian group and g E G'. If 

g ^ I, then Pr"(G?) < -, where p is the smullest prime divisor of \G\. In 

particular, we have Prg(G') < 2-

16 



Proposition 4.4.8. For each e > 0 and for each prime p, there exists a 

finite group G such that 
„ . , „> 1 

< e Pr-(G') - \ 

for all g eC. 

Let G be a finite group and g € 6". Let H and K be two subgroups of 

G. In Chapter 5, which is based on our paper [4], we study the probability 

PTg{H, K) that the commutator of a randomly chosen pair of elements (one 

from H and the other from K) equals g. In other words, we study the ratio 

p^ (fr r.. _ \{{x,y) e H X K : [x,y] = g}\ 

^ ^ ^ ' ^ ^ ~ \H\\K\ ' 

and further extend some of the results obtained in [9] and [22]. Without any 

loss, we may assume that G is non-abehan. The main results of the sections 

5.1 and 5.2 are as follows. 

Proposition 5.1.1. Let G be a finite group and g e G'. If H and K are 

two subgroups of G, then Pvg{H,K) = Pvg-i{K,H). However, if g"^ = 1, 

or if g e H U K, (for example, when H or K is normal in G), we have 

Pvg{H, K) = Pig{K, H) - Pr^-i (//, K). 

Theorem 5.1.3. Let G be a finite group and g £ G'. If H and K are two 

subgroups of G, then 

9-iieC£K(x) g-iieCfK(x) 

where GK{X) = {y ^ K : xy = yx} and C£K{X) — {y^y~^ : y e K}, the 

K-conjugacy class of x. 

17 



This theorem plays a key role in the study of Prg(/-/, K). As an immediate 

consequence, we have the following generalization of the well-known formula 

Pr(G) = ^ . 

Corollary 5.1.4. Let G be a finite group and H, K be two subgroups ofG. 

IfH<G, then 

where kK{H) is the number of K-conjugacy classes that constitute H. 

Proposition 5.1.5. If H is an abelian normal subgroup of a finite group G 

with a complement K in G and g E G', then 

Corollary 5.1.6. Let G be a finite group and g E G'. If H < G with 

CG{X) = H for allx E H - {I}, then 

PVg{H,G)=^FTg{H,K), 

where K is a complement of H in G. In particular, 

Pv{H,G)-jj^^+ |G'| • 

Proposition 5.2.1. Let G be a finite group and g G G". Let H and K be 

any two subgroups of G. If g ^ I, then 

\CH{K)\\CK{H)\ 
(a) Pvg{H, K)^0=> Pvg{H, K) > 

\H\\K\ 

18 



(c) Pr,(G) ^ 0 =^ Pr,(G) > ^̂  J^^^^,. 

Proposition 5.2.2. Let G be a finite group and q G G'. If H and K are 

any two subgroups of G, then 

Pvg{H,K)<Pv{H,K) 

with equality if and only if g = 1 • 

Proposition 5.2.3. Let G be a finite group and g ^ G', g ^ 1. Let H and 

K be any two subgroups ofG. Ifp %s the smallest prime divisor of\G\, then 

\H\ - \CH{K)\ 1 

p\H\ p Pr,(f/,K)<'^^' J j : ^ ^ ' < r -

Proposition 5.2.4. Let H, K\ and K^ be subgroups of a finite group G with 

K1CK2. Then 

PV{H,K,)>PT{H,K2) 

with equality if and only if C£/<-,(a;) = C£K^{X) for all x E H. 

Proposition 5.2.5. Let H, K\ and K2 be subgroups of a finite group G with 

K1QK2. Then 

with equality if and only if CH{^) = {1} for all x E K2 — K\. 

Proposi t ion 5.2.6. Let Hi C H2 and K^ C K2 be subgroups of a finite 

group G and g E G'. Then 

Prg{H,,Ki) < \H2 : H,\\K2 : Ki|Prg(H2, ^^2) 
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with equality if and only if 

g~^x ^ CiK^ix) for all x e H2- Hi, 

g~^x i CiKii^) - C^KA^) for M ^ € ^ 1 , 

and CK^X) = CK-i{x) for all x e Hi with g~^x 6 Cixiix). 

In particular, for g = I, the condition for equality reduces to Hi = H2, and 

Ki = K2. 

CorollEiry 5.2.7. Let G be a finite group, H be a subgroup of G and g e G". 

Then 

' : Y>Tg{H,G)<\G:H\Vi{G) 

with equality if and only if g = \ and H = G. 

Theorem 5.2,8. Let G be a finite group andp be the smallest prini.e dividing 

\G\. If H and K are any two subgroups of G, then 

Pr{H. K) > - ^ ^ + ^ ^ ^ ^ 

and Pr(H.K) < ^ ^ rniKT' 

where Xjj = {x E H : Cx{x) — 1}. Moreover, in each of these bounds, H 

and K can be interchanged. 

Corollary 5.2.9. Let G be a finite group andp be the smallest prime dividing 

\G\. If H and K are two subgroups of G such that [H,K] ^ {1}, then 

2p-l 
Pv{H,K)< 2 

In particular, Pv{H,K) < | . 
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Proposition 5.2.10. Let G be a finite group and H, K be any two subgroitps 

of G. IfFr{H, K) = ^2^ for some prim,e p, then p divides \G\. Ifp happens 

to be the smallest prime divisor of\G\, then 

H K 
- ^p - r^ fu\' ""•'̂  hence, H ^ K. CH{K) ^' CK{H) 

In particular, ^ ^G2= ^ ^ ^/Pl•(//, K) = I 

In the last section of chapter 5, with H normal in G, we also develop and 

study a character theoretic formula for Pi:g{H, G) given by 

Proposition 5.3.1. Let G he a finite group. If H is a normal subgroup of 

G and g G G', then 

Fv,{H,G)- ^ 
\G'\ 

<\G:H\ (^Pr(G) - 1 ^ 

As an application, we obtain yet another condition under which every 

element of 6" is a commutator. 

Proposition 5.3.3. Let G be a finite group and p be the smallest prime 

dividing \G\. If\G'\ <p^, then every elem.e7it of G' is a commutator. 

We conclude the thesis with a discussion, in the last chapter, on some of 

the possible research problems related to the results obtained in the earher 

chapters. 
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PREFACE 

Classification of finite groups is a central problem in theory of groups. 

Even though finite abelian groups have been completely classified, a lot still 

remains to be done as far as non-abelian groups are concerned. People all 

over the world have used various types of invariants for classifying finite 

groups, particularly the non-abelian ones. The conimutativity degree of a 

finite group is one such invariant, and it seems that many interesting results 

are possible to obtain with the help of this notion and its generalizations. 

In recent years there has been a growing interest in the use of the prob­

abilistic methods in the theory of finite groups. These methods have proved 

useful in the solution of several difficult problems on groups. In some cases 

the i^robabilistic nature of the problem is apparent from its formulation, but 

in other cases the connection to probability seems surprising and can not be 

anticipated by the nature of the problem. 

The roots of the subject matter of this thesis lie in a series of papers by 

P. Erdos and P. Turan (see [9, 10, 11, 12]) published between 1965 and 1968, 

and also in the Ph. D thesis of K. S. Joseph [26] submitted in 1969, wherein 

some problems of statistical group theory and commutativity in non-abelian 

groups have been considered. In 1973, AV. H. Gustafson [22] considered the 

question - what is the probability that two group elements commute? The 

answer is given by what is known as the commutativity degree of a group. It 

may be mentioned here that the question, in some sense, was also considered 

by Erdos and Turan [12]. 



Formally, the cpmmiitativity degree of a finite group G, denoted by Pr(6'), 

is defined as the ratio 

, . Number of ordered pairs (x, y) € G x G such that xy = yx 

Total number of ordered pairs (x, y) G G x G 

In other words, commutativity degree is a kind of measure for abelianness of 

a group. Note that Pr(G) > 0, and that Pr(G) = 1 if and only if G is abelian. 

Also, given a finite group G, we have Pr(G) < | with equality if and only if 

-^^ has order 4 (see [2, 22]), where Z{G) denotes the center of G. This gave 

rise to the problem of determining the numbers in the interval (0, | ] which 

can be realized as the commutativity degrees of some finite groups, and also 

to the problem of classifying all finite groups with a given commutativity 

degree. 

In 1979, D. J. Rusin [44] computed, for a finite group G, the values 

of Pr(G) when G' C Z(G), and also when G' n Z{G) is trivial, where G' 

denotes the commutator subgroup of G. He determined all numbers lying 

in the interval ( | | ,1] that can be realized as the commutativity degree of 

some finite groups, and also classified all finite groups whose commutativity 

degrees he in the interval ( | | , !]• 

In 1995, P. Lescot [30] classified, up to isoclinism, all finite groups whose 

commutativity degrees are greater than or equal to | . It may be mentioned 

here that the concept of isoclinism between any two groups was introduced 

by P. Hall [23]. A pair {(f), tp) is said to be an isoclinism from a group G to 

another group H if the following conditions hold: 

(a) (j) is an isomorphism from GjZ{G) to H/Z[H), 
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(b) 7p is an isomorphism from G' to H', and 

(c) the diagram 

G G 
y Z{G) ^ Z{G) 

(f) X (f) H H 
Z{H) ^ Z{H) 

ac UH 

G' H' 

commutes, that is, â / o (0 x 0) = i/; o a^, where ac and a^ are given 

respectively by aG{giZ{G),g2Z{G)) = [91,92] for all 91,92 e G and 

af{{hiZ{H), h2Z{H)) = [hi, /i2] for all /ii, /i2 G H. Here, given x,y eG, 

[x,y] stands for the commutator xyx~^y~^ of x and y in G. 

In 2001, Lescot [31] has also classified, up to isomorphism, all finite groups 

whose commutativity degrees lie in the interval [5,1]-

In 2006, F. Barry, D. MacHale and A. Ni' She [1] have shown that if G is 

a finite group with IG] odd and Pr(G) > |g, then G is supersolvable. They 

also proved that if Pr(G') > | , then G is supersolvable. It may be mentioned 

here that a group G is said to be supersolvable if there is a series of the form 

{l} = ^ C ^ l CA2C---CAr = G, 

where Ai <G and Ai^i/At is cyclic for each i with 0 < i < r — 1. 

In the same year 2006, R. M. Guralnick and G. R. Robinson [20] re-

estabhshed a result of Lescot (see [21]) which says that if G is a finite group 
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with Pr(G) greater than ^ , then either G is solvable, or G = A5 x B, where 

A5 is the alternating group of degree 5 and B is some abelian group. 

The classical notion of commutativity degree has been generalized in a 

number of ways. In 2007, A. Erfanian, R. Rezaei and P. Lescot [13] studied 

the probability Pr(i / , G) that an element of a given subgroup / / of a finite 

group G commutes with an element of G. Note that Pr(G, G) = Pr(G). In 

2008, M. R. Pournaki and R. Sobhani [40] studied the probabihty Prg(G) 

that the commutator of an arbitrarily chosen pair of elements in a finite 

group G equals a given group element g. They have also extended some of 

the results obtained by Rusin. It is easy to see that Prj(G) = Pr(G) if 5" = 1, 

the identity element of G. 

In Chapter 1, we briefly recall a few definitions and well-known results 

from several relevant topics, which constitute the minimum prerequisites for 

the subsequent chapters. In this chapter, we also fix certain notations. Given 

a subgroup K of a group G and an element x G G, we write CK{X) and 

C^Ki^) to denote the sets {k e K : kx = xk] and {kxk"^ e G : k e K} 

respectively; noting that, for K = G, these sets coincide respectively with the 

centralizer and the conjugacy class of x in G. Also, given any two subgroups 

H and K oia group G, we write CK{H) = {k ^ K : hk = kh for all h e H}. 

Note that CK{X) = CK{{X)), where (x) denotes the cyclic subgroup of G 

generated by x G G. 

Further, we write Irr(G) to denote the set of all irreducible complex 

characters of G, and cd(G) to denote the set {x(l) '• X ^ Irr(G)}. If 

X(l) = \G : Z{G)^I'^ for some x € Irr(G), then the group G is said to 

be of central type. 
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In Chapter 2, which is based on our papers [37] and [39], we determine, 

for a finite group G, the value of Pr(G') and the size of -^^ when |G'| = p^ 

and \G' C\ Z{G)\ = p, where p is a prime such that gcd(p - 1, \G\) = 1. The 

main result of Section 2.2 is given as follows. 

Theorem 2.2.6. Let G be a fimte group and p be a prime such that 

gcd(p - 1, \G\) = 1. / / |G'| = p2 ^nd \G' n Z{G)\ = p, then 

(a) Pr{G) = 
^ if CG{G') is abelian 

^ ( ^ i ^ -^p'^ + p-l) otherwise, ^ 

(b) I Z{G) I 

p^ ifCoiG') is abelian 

p2s+2 Qj, p2s+3 otherwise, 

where p^' = \CG{G') : Z{CG{G'))\. Moreover, 

This theorem together with few other supplementary results, enable us to 

classify all finite groups G of odd order with Pr(G) > ^ . In the process we 

also point out a few small but significant lacunae in the work of Rusin [44]. 

The main result of Section 2.3 is given as follows. 

Theorem 2.3.3. LetG be a finite group. If\G\ is odd andPr{G) > ^, then 

the possible values o/Pr(G') and the corresponding structures ofG', G'riZ{G) 

and G/Z{G) are given as follows: 



Pr(G) 

1 

i(l + * ) 

Kl + pv) 
5 
21 

55 
343 

17 
81 

121 
729 

7 
39 

3 
19 

29 
189 

11 
75 

G' 

{1} 

Cz 

Cs 

Cj 

C-j 

Cg or C3 X C-i 

C 3 X C 3 

C'ls 

C'lg 

C21 

C5 X C5 

G' n Z{G) 

{1} 

Cs 

C5 

{1} 

C7 

Ĉ3 

C 3 X C 3 

^3 X C3 • 

{1} 

{1} 

C3 

{1} 

G/Z(G) 

{1} 

(C3 X C3Y, S > 1 

(C5 X C5)^ s > 1 

C7 X C3 

C 7 X C 7 

(C3 X C3) X C3 

Cl 
Ci3 X C3 

Cig X C3 

Cs X (C7 X C3) 

(C5 X Cs) X Cs 

In the above table Cn denotes the cycHc group of order n and x stands for 

semidirect product. 

In [40, Corollary 2.3], M. R. Pournaki and R. Sobhani have proved that, 

for a finite group G satisfying | cd(G)| — 2, one has 

"'(^'^^O^^^) 
with equality if and only if G is of central type. In Section 2.4, we have 

improved this result as follows. 

VI 



Theorem 2.4.1. If G is a finite group, then 

P'"^'^MO^S^)-
In particular, Pr{G) > T ^ if G is non-abelian. 

There are several equivalent conditions that are necessary as well as suf­

ficient for the attainment of the above lower bound for Pr(G). 

Theorem 2.4.3. For a finite non-abelian group G, the statements given 

below are equivalent. 

WP'(«) = ^ 0 + ^ ^ ) 
(b) cd(G) = {1, \G : Z(G)|^/^}, which means that G is of central type with 

|cd(G)l = 2. 

(c) I Cedx)] = |G'| for all XEG- Z{G). 

(d) C£G{X) = G'x for all X E G — Z{G); in particular, G is a nilpotent 

group of class 2. 

(e) CG{X) < G and G' = Q^T^ for all x e G - Z{G); in particular, G is a 

CN-group, that is, the centralizer of every element is normal. 

(f) G' = {[y,x] : y E. G} for allx £ G — Z{G); in particular, every element 

of G' is a commutator. 

Theorem 2.4.1 and Theorem 2.4.3 not only allow us to obtain some charac­

terizations for finite nilpotent groups of class 2 whose commutator subgroups 

have prime order, but also enable us to re-establish certain facts (essentially 
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due to K. S. Joseph [26]) concerning the smallest prime divisors of the orders 

of finite groups. 

Proposi t ion 2.4.4. Let G he a finite group and p be the smallest prime 

divisor of\G\. 

(a) Ifp^2,then?T{G)^\. 

(b) When G is non-abelian, Pr(G') > ^ if and only if \G'\ = p and 

G' C Z{G). 

Corrolary 2.4.5. If G is a finite group with Pr(G) = \, then \G\ is even. 

Proposi t ion 2.4.7. Let G he a finite group and p he a prime. Then the 

following statements are equivalent. 

(a) \G'\=pandG' CZ{G). 

(b) G is of central type with \ cd(G)| = 2 and \G'\ = p. 

(c) G is a direct product of a p-group P and an ahelian group A such that 

\P'\=pandgcd{p,\A\) = l. 

(d) G is isoclinic to an extra-special p-group; consequently, \G : Z{G)\ = 

p^'^ for some positive integer k. 

In particular, if G is non-abelian and p is the smallest prime divisor of \G\, 

then the above statements are also equivalent to the condition Pr(G) > -. 

In [31], Lescot deduced that Pr(D2,i) —> \ and Pr((32"+i) —> ^ as n —* oo, 

where D2n and (52"+i denote the dihedral group of order 2n, n > 1, and the 

quaternion group of order 2""''̂ , n > 2, respectively. He also enquired whether 
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there are other natural famihes of finite groups with the same property. In 

2007, I. V. Erovenko and B. Sury [16] have shown, in particular, that for 

every integer k > 1 there exists a family {Gn} of finite groups such that 

Pr(G„) ^ ^ as n —> oo. In the last section of Chapter 2 we have considered 

the question posed by Lescot mentioned above. Moreover, we make the 

following observation. 

Proposition 2.5.1. For every integer k > I there exists a family {Gn} of 

finite groups such that Pr(G„) —> | as n —> oo. 

In the same line, we also have the following result. 

Proposition 2.5.2. For every positive integer n there exists a finite group 

G such that PT{G) = ^. 

In Chapter 3, which is based on our papers [5] and [6], we generahze the 

following result of F. G. Frobenius [18]: 

If G is a finite group and g E G, then the number of solutions of the 

commutator equation xyx~^y~^ = g in G defines a character on G, and is 

given by 

xelrr(G) 

We write F{xi,X2, • •. ,Xn) to denote the free group of words on n 

generators Xi,X2, • • • iXn- For 1 < i < n, we write 'xj G ui{xi,X2, • • • ,XnY 

to mean that Xj has a non-zero index (that is, x^ forms a syllable, with 

0 ^ k GZ) in the word u{xi,X2,..., Xn) € F{xi,X2,..., a:„). We call a word 

u;(a;i, X2, • • •, Xn) admissible if each Xi € CJ(3:I, X2, . . . , Xn) has precisely two 

non-zero indices, namely, -1-1 and —1. We write ^(3:1,2:2,... ,a;„) to denote 
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the set of all admissible words in F{xi,X2,. • • iXn)-

Given a finite group G and an element g G G, let Cn (^) denote the number 

of solutions (^1, ^2, • • •, gn) € C" of the word equation uj{xi,X2, • • •, Xn) = g, 

where G^ = GxGx---xG{n times). Thus, 

C(5) = \{{9i,92,---,9n) eG":u;{c/ i ,p2,--- ,5n)=5}|-

The main result of Section 3.1 is given as follows. 

Theorem 3.1.4. Let u{xi,X2,. • •,x„) 6 s^{xi,X2,. • • ,Xn), n > 1. IfG is a 

finite group, then the map Cn • ̂  —^ ^ defined by 

Cnia) = \{i9u^2,• •.,gn) e G" .-u;{g,,g2,...,gn) = g}l geG, 

is a character of G. 

Given any two finite sets X and Y, a function / : X —> Y is said to 

be almost measure preserving if there exists a sufficiently small positive real 

number e such that 

\r\yo)\ ini 
<e forallKo^y. 

1̂ 1 \y\ 
In Section 3.2, we consider the following c(uestion posed by Aner Shalev 

[46, Problem 2.10]: 

Which words induce almost measure preserving m.aps on finite simple groups? 

More precisely, given an admissible word u;(a;i, X2, •. •, Xn) and the induced 

word map a^ : G" -> G defined by a^{gi,g2, ...,gn) = tj(pi, p2, • • •, 9n), we 

proved that 

Corollary 3.2.7. Let G be a finite simple group, and o(l) be a real number 

depending on G which tends to zero as \G\ —» 00. 



Ifa )'^(Y)\ \Y\ 
(a) / / YCG, then '̂  ^ ^ / ^ '̂ = 1—i+o(l). This means that the map 

a^j is almost measure preserving. 

(b) If X C G", i/ien —^̂ p̂;j— > T :̂;?^ — o(l); in particular, if X is such 

that \X\ = (1 - o(l))|G|^, ihen |a^(X)| = (1 - o(l))|G|. This means 

that almost all the elements of G can he expressed as uj{gi,g2,..., gn) 

for some gi, g2,..., gn e G. 

In the last section of Chapter 3, we obtain yet another generahzation of 

Frobenius' result mentioned above. The main results of this section are given 

as follows. 

Theorem 3.3.1. Let G be a finite group, H <G and g e G. IfC{g) denotes 

the number of elements {hi, g2) ^ H x G satisfying [hi,g2] = g, then ^ is a 

class function of G and 

xelrr(G) ^ ^ ' xelrr{G) ^^ ^ 

Corollary 3.3.2. Let G be a finite group. Then, with notations as above, C 

is a character ofG. 

Proposition 3.3.3. Let G be a finite group, H <G and g ^G. If C,2n{g), 

n > 1, denotes the number of elements {{hi,gi),... ,{hn,gn)) € (// x G)" 

satisfying [hi,gi]... [hn,gn] = 9, then (^2n is a character of G and 

<M- E '̂ ''""y-r̂ -'-xM-
xelrr(G) ^^ > 
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Proposition 3.3.4. Let H be a subgroup of a finite group G andg € G. Then 

the number of elements {gi, /i2, Pa) G GxHxG satisfying gihigi Pa îJ 93 — 

g defines a character of G and is given by 

In Chapter 4, which is based on our paper [38], we study the probabiUty 

Prg (G) that an arbitrarily chosen jz-tuple of elements of a given finite group 

G is mapped to a given group element g under the word map induced by a 

non-trivial admissible word a;(a;i, 0:2,..., x„). Formally, we write 

dp) 

where Cnig) = \{i9u92, •. •,Pn) e G" : oj{gi,^2, • • •,gn) = 9}V The main 

results of Section 4.1 are as follows. 

Proposition 4.1.1. Let G be a finite group and ai(xi, 0:2. • • •. ^n) be a non-

trivial admissible word. Then 

(a) Pr-(G) > ri\G:Z{G)\-n + l I 
(a) fv,{G) > ^c!:Z{G)\- " |G:Z(G') |" ^ "' 

(b) Pr^(G) = 1 if and only if G is abelian. 

Proposition 4.1.3. Let G and H be two finite groups and {4>,IIJ) be an 

isoclinism from G to H. If g E G' and uj{xi,X2, • • • ,Xn) is a non-trivial 

admissible word, then 

Pr-(G) = Pr;(,)(H). 

xn 



Proposition 4.1.4. Let G he a finite group and uj{xi^X2i..., x^) be a non-

trivial admissible word. If g,h E G' generate the same cyclic subgroup of G, 

f/ienPr-(G) = Pr^(G). 

Proposition 4.1.6. Let G be a finite group, g £ G' and u}{xi,X2,. •., x^) be 

a non-trivial admissible word. Then 

(a) Pr^lG) < Pr-(G) < Pr(G'), 

(b) Pr^(G) = Pr^(G) if and only ifg = \. 

Let mo = min{x(l) : X ^ Iri"(G'))X(l) ¥" !} • Considering, in particular, 

the word Xix^ •. • Xn,x^^x^^...x~^, n > 2, and writing Pr^(G) in place of 

Pr^(G), we obtain the following results in the sections 4.2, 4.3 and 4.4. 

Proposition 4.2.2. Let G be a finite non-abelian group, g E G' and d he an 

integer such that 2 < d < ma. Then 

(a) Pr"(G) - '^^ fP^'(G) ~ T ^ ) • ^^ °^^^^ words, \G'\ 

h ( - PKG) + ^ ) < Pr^(G) < ^ (pr(G) + ^ ) 

(b) 

rfn-2 

Pr"(G) < -r- 1 1 — -r—: I. In other words, 
\G' 

2" + 1 
In particular, Pr^*(G) < , .̂  

xni 



Proposition 4.2.3. If G is a finite non-abelian simple group and g € G', 

then 

In other words, 

1 / - I 3"-2 + r 

1 

W\ 
< 

1 / 1 1 
3"-2 Vl2 |G| 

3"-2 V 12 "^ \G] 
< PC(G) < 

1 / 1 3 n - 2 

} n - 2 12 + JG-j 

In particular, 
o n - 2 I 4 

CorollEiry 4.3.2. Let G be a finite non-abelian group with |cd(G')| = 2. 

Then every element of G' is a generalized commutator of length n for all 

n > 2; in particular, every element of G' is a commutator. 

Proposition 4.3.3. Let G be a finite non-abelian group, g E G' and d be an 

integer such that 2 < d < ma. Then 

(-) P^^(G) = ~ (Pr(G) + ^ - ^ 

g^l andcd{G) = {l,d}. 

(b) Pr^(G) = ^ ( - P r ( G ) + d"-̂  + 1 
\G'\ 

if and only if 

if and only if 

gy^l,cd{G) = {l,d} and\G'\ = 2. 

Proposition 4.3.4. Let G be a finite non-abelian group, g &G' and d be an 

integer such that 2 < d < mo- Then 

(a) Pr;(G) = i ( l + ! ^ 

^ = 1 andcd{G) = { l ,d} . 

if and only if 
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(b) Pr^(G') = 3;; ( - 1 + ^7^ I if and only if 

5 ^ 1 , cd(G) = {l,d} and |G'| = 2. 

Proposition 4.3.7. Lei G he a finite non-abelian group, g € G" and p be 

the smallest prime divisor of \G\. Then 

if and only if p = 1, and G is isoclinic to 

{x,y : x^' = 1 = y'', y'^xy = x^-^^). 

2" + 1 
In particular, putting p = 2, Pr"(G) = if and only if g = I, 

and G is isoclinic to Ds, the dihedral group, and hence, to Qs, the group of 

quaternions. 

Proposition 4.4.1. Let G be a finite non-abelian group with |cd(G')| — 2 

and g E G'. Then 

Moreover, in each case, the equality holds if and only if G is of central type. 

Corollary 4.4.2. Let G he a finite non-ahelian group and g G G'. If G is of 

central type with \ cd(G)| = 2, then 

Pr?(G) < ^ ( l + ^ ) and 

Pr;(G) > ^ ( l - i ) . / f f ^ l . 
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Proposition 4.4.3. Let G be a finite non-abelian group and g G G'. If 

G' C Z{G) and \G'\ = p, where p is a prime, then 

Pr"(G) 

where k=-\ogj,\G:Z{G)\. 

Proposition 4.4.5. Let p be a prime. Let r and s be two positive integers 

such that s \ {p — I), and H = 1 (mod p) if and only if s \ j . If 

G= {a,b:aP = b' = 1, bab'^ = a'") and g e G', then 

' s" + p - 1 

Pr"(G) = <̂  
s " - l 

I, ps"-

^f9 = l 

ifQi^l-

Proposition 4.4.6. Let G be a finite non-abelian group and g ^ G'. If 

G' n Z{G) = {1} and \G'\ = p, where p is a prime, then 

(a) G is isoclinic to the group {a,b : a^ = 6" = 1, bab~^ = a^), where 

s \ {p — I), and r-' = 1 (mod p) if and only if s \ j , 

' s" + p - 1 

(b) Pr"(G) = { 
ps" 

^ / 5 = 1 

ifg^^-

Proposition 4.4.7. Let G be a finite non-abelian group and g £ G'. If 

g ^ I, then Prg(G) < -, where p is the smallest prime divisor of \G\. In 

particular, we have Pr^(G) < | . 
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Proposition 4.4.8. For each e > 0 and for each prime p, there exists a 

finite group G such that 
_ „ . „ . 1 

< e Pr^(G) - -
y p 

for all geC. 

Let G be a finite group and g £ G'. Let H and K be two subgroups of 

G. In Chapter 5, which is based on our paper [6], we study the probability 

Fvg{H, K) that the commutator of a randomly chosen pair of elements (one 

from H and the other from K) eciuals g. In other words, we study the ratio 

p , .rr ^^ _ \{{x.y) ^ H X K : [x,y\ = g}\ 
^̂  ' ^ ~ \H\\K\ 

and further extend some of the results obtained in [13] and [40]. Without any 

loss, we may assume that G is non-abelian. The main results of the sections 

5.1 and 5.2 are as follows. 

Proposition 5.1.1. Let G he a finite group and g E G'. If H and K are 

two subgroups of G, then Pvg{H,K) = Prg-i{K,H). However, if g'^ = 1, 

or if g G H \J K (for example, when H or K is normal in G), we have 

Pvg{H,K) = Fvg{K,H) = Fvg-i{H,K). 

Theorem 5.1.3. Let G be a finite group and g G G'. If H and K are two 

subgroups of G, then 

g-ixe«K(x) g-'ieC^K-Cx) 

where CK{X) = {y E K : xy = yx} and C^A-(X) = {yxy~^ : y G K). the 

K-conjugacy class of x. 

xvu 



This theorem plays a key role in the study of Prg{H, K). As an immediate 

consequence, we have the following generalization of the well-known formula 

Pr(G) = ^ . 

Corollary 5.1.4. Let G he a finite group and H, K be two subgroups ofG. 

IfH<G, then 

Vr{H,K)--^^, 

where kfdH) is the number of K-conjugacy classes that constitute H. 

Proposi t ion 5.1.5. If H is an abelian normal subgroup of a finite group G 

with a complement K in G and g E G', then 

Frg{H,G) = Fvg{H,K). 

Corollary 5.1.6. Let G be a finite group and g ^ G'. If H < G with 

CG{X) = H for allx e H - {1}, then 

Pvg{H,G)=Pv,{H,K), 

where K is a complement of H in G. In particular, 

Proposi t ion 5.2.1. Let G be a finite group and g £ G'. Let H and K be 

any two subgroups of G. If g ^ 'i-, then 

\CH{K)\\CK{H)\ 
(a) PxgiH, K)^0==^ Pvg{H, K) > mm 
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(h^Pr(Hr^^(^=^ Pr m r^ > ^JHnz{G)\\CGiH)\ 

(c) Pr,(G) ^ 0 ==> Pr,(G) > | ^ T J ( ^ -

Proposi t ion 5.2.2. Let G be a finite group and g G G'. If H and K are 

any two subgroups of G, then 

Pvg{H,K)<Pv{H,K) 

with equality if and only if g = 1. 

Proposition 5.2.3. Let G be a finite group and g £ G', g ^ I. Let H and 

K be any two subgroups ofG. If p is the smallest prime divisor of\G\, then 

\H\-\CH{K)\ 1 

p\H\ p 
Pr^(//,/^)<llii^Jl^viizi^i_ 

Proposition 5.2.4. Let H, Kx and K2 be subgroups of a finite group G with 

K1CK2. Then 

Pv{H,K,)>Pr{H,K2) 

with equality if and only if C£KI{X) ~ Cifc^{x) for all x £ H. 

Proposition 5.2.5. Let H, K\ and K2 be subgroups of a finite group G with 

K1CK2. Then 

with equality if and only if CH{X) = {1} for all x ^ K2 — K\. 

Proposi t ion 5.2.6. Let Hi C H2 and Ki C K2 be subgroups of a finite 

group G and g E G'. Then 

Prg{H,,Kx) < \H2 : H,\\K2 : K,\Pv,{H2, K2) 

xix 



with equality if and only if 

g~^x ^ Cixiix) for all x e H2 — Hi, 

g~'^x ^ CeKii^) - C^Kiix) for all x e Hi, 

and Ciiiix) = CK2{^) for all x e Hi with g~^x 6 Cixii^)-

In particular, for g = I, the condition for equality reduces to Hi = H2, and 

Ki = K2. 

CoroUaury 5.2.7. Let G be a finite group, H be a subgroup of G and g ^ G'. 

Then 

Pvg{H,G)<\G:H\PT{G) 

with equality if and only if g = I and H = G. 

Theorem 5.2.8. Let G be a finite group andp be the smallest prime dividing 

\G\. If H and K are any two subgroups ofG, then 

and Pr(// , K) < 

\H\ \H\\K\ 
{P-1)\CH{K)\ + \H\ \Xnm\-p) 

p\H\ p\H\\K\ ' 

where XH = {X ^ H : CK{X) = 1}. Moreover, in each of these bounds, H 

and K can be interchanged. 

Coroll2iry 5.2.9. Let G be a finite group andp be the smallest prime dividing 

\G\. If H and K are two subgroups of G such that \H,K\ ^ {1}, then 

Pv{H,K)<^P^. 

In particular, FT{H, K) < ^. 

XX 
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Proposition 5.2.10. Let G be a finite group and H, K he any two subgroups 

ofG. IfPr{H,K) = ^ ^ for sovfie prime p, thenp divides \G\. Ifp happens 

to he the smallest prime divisor of \G\, then 

— Cp— TTTTrTi ^'^^ hence, H ^ K. 
CH{K) " CK{H) 

In paHicular, 5 ^ = C2 = g ^ ^/Pr(/f, K) = | . 

In the last section of chapter 5, with H normal in (?, we also develop and 

study a character theoretic formula for Fxg[H, G) given by 

' 'xelrr(G) ^^ ' 

Proposition 5.3.1. Let G he a finite group. If H is a normal subgroup of 

G and g G G', then 

1 \ 
Prp(i/,G')-i^ <\G:H\[ Pr(G) 

\G'\ 

As an application, we obtain yet another condition under which every 

element of G' is a commutator. 

Proposition 5.3.3. Let G he a finite group and p he the smallest prime 

dividing \G\. If\G'\ <p^, then every element of G' is a commutator. 

We conclude the thesis with a discussion, in the last chapter, on some of 

the possible research problems related to the results obtained in the earlier 

chapters. 

XXI 



Contents 

Preface i 

List of symbols xxiv 

1 Preliminaries 1 

1.1 Some topics from the theory of groups 1 

1.2 Characters of finite groups 7 

1.3 Equations in a finite group 14 

1.4 Equidistributed and measure preserving maps 16 

1.5 Commutativity degree of finite groups 17 

2 Revisiting commutativity degree of finite groups 23 

2.1 Some anxihary results 23 

2.2 Groups with \G'\ = p^ and |G"nZ(G) | = p 26 

2.3 Groups of odd order with Pr(G) > i | 29 

2.4 A lower bound for Pr(G) 38 

2.5 Some additional observations 43 

xxn 



3 A class of word equations and word maps 47 

3.1 A generalization of Frobenius'result 47 

3.2 Certain measure preserving word maps 57 

3.3 Equations having restricted variables 62 

4 Commutativity degree generalized through words 68 

4.1 Definition and basic properties 69 

4.2 A computing formula and some bounds 76 

4.3 Some characterizations 79 

4.4 Some more bounds and identities 86 

5 A generalization of relative commutativity degree 90 

5.1 Definition, some basic properties and a computing formula . . 91 

5.2 Some bounds and inequalities 95 

5.3 A character theoretic formula 102 

6 Conclusion and some possible research problems 105 

6.1 Research problems 106 

Bibliography 109 

Index 115 

Brief Bio-data 117 

Front-pages of Publications 

xxui 



List of Symbols 

z 
c 
H <G 

H <G 

\G:H\ 

G/N 

HK 

HxK 

Qn 

H^K 

aH 

G^H 

(a) 

{9i,92r-- ,9n) 

o{9) 

\G\ 

[x,y] 

{H,K] 

G' 

y' 

set of all integers 

set of all complex numbers 

H is a subgroup of G 

H is a normal subgroup of G 

index of H in G 

quotient group of G by Â  
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Chapter 1 

Preliminaries 

In this chapter we briefly recall a few definitions and well-known results, some 

of which are pinpointed as per our requirements, and fix certain notations. 

All these constitute the minimum prerequisites for the forthcoming chapters. 

1.1 Some topics from the theory of groups 

Let G be a group with center Z{G) = {x ^ G : xy — yx for all y e G}. If 

X E G, then the centralizer and the conjugacy class of x in G are given by 

CG{X) = {y e G : xy = yx) and Ctaix) = {a:" E G : y E G] respectively, 

where x^ = yxy-'^. Note that Z{G) = n CG{X). 

Given any two subgroups H and K of G, we write CK{H) to denote the 

set {k £ K : hk = kh for all h G H}. In particular, when K = G, the set 

GG{H) = {X G G : xh = hx for all h E H} is called the centralizer of H in 

G. Also, given a subgroup H of G, the set NG{H) = {X e G : xHx~^ = H} 



is called the normalizer of H in G. Clearly, NG{H) = G if and only if / / < G. 

In this regard, we have the following result. 

Result 1.1.1. [43, page 130] Let H be a subgroup of a group G. Then there 

is a homomorphism, with kernel CG(H), from NG{H) to Ant{H), the group 

of all automorphisms of H. That is, CG{H) < NG(H) and the quotient group 

NG{H)/CG{H) can be regarded as a subgroup of Ant{H). 

(A) Commutators and commutator subgroup. 

Given x,y E G, the element \x,y] = xyx~^y~^ G G is called the commu­

tator of X and y in G. Clearly, [x,y] = [?/,a:]~^ for all x,y € G. In fact, we 

also have the following slightly more complicated commutator identities (see 

[43, pages 92-93]) 

[x, yz] = [x, y][x, z]^ and [xy, z] = [y, zY[x, z], (1.1.a) 

[x, [y-\ z]]y[y, [z-\ x]Y[z, {x-\ y]r = 1, (1.1.6) 

where x,y,z G G. Equation (1.1.6) is also known as the Jacobi iden­

tity. It may be mentioned here that, given Xi,X2,. • -iXn G G, we can 

form commutators by suitably positioning n — 1 pairs of brackets across 

them in such a way that each pair of brackets gives rise to a commutator. 

The commutators so obtained are called n-fold commutators, for example, 

[[xi, 3:2], [2:3, a;4]], [xi, {x2, [3:3,2:4]]] are 4-fold commutators; on the other hand, 

\X\, X2 , • • • ) S^nJ ^ X\X2 • • • Xj^X-^ X2 • • • X^ IS called a generalized commutator 

of length n. Note that if n > 3, then a generalized commutator of length 

71 is not necessarily a commutator, whereas every n-fold commutator is a 

commutator. 



The subgroup G' of G generated by all commutators in G is called the 

commutator subgroup of G. More generally, given any two subgroups H 

and K of G, one also talks about the subgroup [H, K] of G generated by 

all commutators of the form [h,k], where h e H and k ^ K. Obviously, 

[G, G] = G'. Note that G' <G and the quotient group G/G' is abelian. 

Moreover, given i / < G, we have H <G with G/H abelian if and only if 

G'CH. 

Remark 1.1.2. Commutators originated over 125 years ago through the 

hands of Dedekind. The fact that the commutators do not always constitute 

a subgroup led to the study of finding various conditions under which every 

element of the commutator subgroup is a commutator. In [27], L. C. Kappe 

and R. F. Morse have made a detailed survey describing a number of such 

conditions available till date. 

If G' C Z{G), then the group G is said to be nilpotent of class 2. If 

{G/Z{G)y C Z{G/Z{G)), then G is said to be nilpotent of class 3. In this 

way one defines nilpotent groups of class m > 2. 

Result 1.1.3. [43, page 91] A finite group is nilpotent if and only if it is the 

direct product of its Sylow subgroups. 

Result 1.1.4. [1, Lemma 3.8] Let G be a finite group andp be the smallest 

prime divisor of\G\. Ifp is odd and G' = Cp x Cp, then G is nilpotent. 

A subgroup H of G is said to be central subgroup ii H C. Z{G), and H is 

called a characteristic subgroup if it is invariant under every automorphism 

of G, that is, if a{H) C H for all a e Aut(G). 



Result 1.1.5. [35, Lemma 7] If a group G has a cyclic, characteristic, non-

central subgroup, then there is no group K such that G = K'. 

A finite p-group G is called extra-special if G' and Z{G) coincide and have 

order p. Any non-abelian group of order p^ is extra-special. More generally, 

we have 

Result 1.1.6. [42, page 146] An extra-special p-group is a central product 

of a finite number of non-abelian normal subgroups of order p^, and so has 

order p'^'''^^ for some positive integer k. Conversely, a finite central product 

of non-abelian groups of order p^ is an extra-special p-group. 

It may be recalled here that a group G is said to be the central product of 

its normal subgroups Gi, G2, . . . , Gn if G = G1G2 • • • Gn, [G,, Gj] = {1} for 

i 7̂  i , and G, n n ^ j = Z{G) for all i. Clearly, Z{G^) = Z{G) for all i. 

(B) Class equation. 

It is well-known that if G is a finite group, then | C^G{^)\ divides \G\ for 

all x G G; in fact, we have 

\G:CG{X)\ = \CeG{x)\ = \[G,x]\ < \G'\ (l.l.c) 

for all a; € G, where [G,x] = {[y,x] : y e G} C G'. Note that [G,x] is not 

necessarily a subgroup of G. Since x^ = yxy~^x~^x € G'x for all x,y £ G, 

we also have 

C^G{X) C G'x (1.1.d) 

for all X E G. 



It is easy to see that G is the disjoint union of its conjugacy classes, and 

that Z{G) consists of precisely those elements of G whose conjugacy classes 

have exactly one element. So, it follows that if G is a finite group, then 

\G\ = \Z{G)\+Y.\G:CG{X,)\, (l.l.e) 
i 

where one Xi is chosen from each conjugacy class having more than one 

element. This is known as the class equation of G. 

(C) Semidirect product of groups. 

Let H and A'̂  be any two groups, and 6 : H —>• Aut{N) be a homomor-

phism. Let us write 6{h) = 9h for all h ^ H. Then the Cartesian product 

N X H forms a group under the binary operation 

{ni,hi){n2,h2) = (ni6>,i, (712), ^1/12), 

where (uj,/ij) E N x H, i = 1,2. This group is known as the semidirect 

product of N and H (with respect to ^ ), and is denoted hy NxgH. It is easy 

to see that if 9 is the trivial homomorphism, then N'ytgH = N xH, the direct 

product of N and H. Quite often we drop the suffix 9 from xig, provided there 

is no ambiguity regarding the choice of a non-trivial homomorphism 6. Such 

groups play a very significant role in the construction of finite non-abelian 

groups. 

Let G' be a group with subgroups A'̂  and H such that N <G, NH = G 

and N n H = {!}. Then, considering the homomorphism 9 : H —> Aut(A'') 

given by 9h{n) = hnh~^ for all h G / / and for all n e N, it is not difficult to 

see that G = N x\g H. 



A subgroup TV of a group G is said to have a coTJiplement in G if there 

exists a subgroup H of G such that N n H = {1} and NH = G. In this 

regard we have the following result, often called Schur-Zassenhaus Theorem. 

Result 1.1.7. [29, Theorem 6.2.1] Let G be a group and N <G such that 

gcd(jAr|, \G : N\) = I. Then N has a complement H in G, and hence, G is 

a semidirect product of N and H. 

(D) Isoclinism of groups. 

Let G and H be any two groups. Then a pair (</», V) is said to be an 

isoclinism,, a concept introduced by P. Hall [23, page 133], from G to / / if 

the following conditions hold: 

(a) 4) is an isomorphism from G/Z{G) to H/Z{H), 

(b) 7p is an isomorphism from G' to H', and 

(c) the diagram 

G G 
Z[G) '^ Z{G) 

<j)X (f) H H 
Z{H) Z(H) 

O-G O-H 

G' H' 

Figure 1.1: Isoclinism from G to H 

commutes, that is, a^ o ((j) x (f)) = ip o ac, where OQ and an are given 



respectively by aG{giZ{G),g2Z{G)) = [g^g^] for all g^,g2 € (7 and 

a„{hyZ{H),h2Z{H)) = [/ii,/i2] for all hi,h^ e H. 

It is easy to see that isoclinism is an equivalence relation among groups. 

If there is an isoclinism from G to H, we say that G and H are isoclinic. 

Result 1.1.8. [23, page 135] Given a group G, there exists a group H such 

that H is isoclinic to G and Z{H) C H'. If G is finite, so is any such H. 

Result 1.1.9. [23, page 135] If G is a group and N is a normal subgroup of 

G such that G' r\N = {\), then G is isoclinic to G/N. 

1.2 Characters of finite groups 

Given a positive integer n, let V be an n-dimensional vector space over the 

field C of complex numbers. For definiteness, we may assume that V = C". 

Let GL{V) be the group of all invertible linear operators on V. It is well-

known that there is an isomorphism from GL{V) onto GL{n,C), the group 

of all invertible nxn matrices over C, which maps each hnear operator on V 

to its matrix representation with respect to a fixed basis of V. Thus, without 

any loss, we may identify GL{V) with GL{n, C). It may be mentioned here 

that most of the materials in this section have been collected from [25]. 

Let G be a finite group. A homomorphism $ : G —> GL{n, C) ?» GL(V) 

is called a (complex) representation ofG of degree n. Note that $ may also be 

viewed as an algebra homomorphism, using the method of linear extension, 

from the group algebra C[G] of G over C to the algebra Mji(C) of all TZ x n 



matrices over C. We usually use the same symbol to denote a representation 

of G and the corresponding linearly extended algebra homomorphism. 

Two representations $1, $2 : G —> GL{n, C) of G are said to be similar 

if there exists a P e GL(n, C) such that ^i{g) = P'^^2{g)P for all g eG. 

Given a representation $ : G —> G'L(n, C) fti GLiy) of G, a subspace 

H^ of V is said to be G-invariant if it is invariant under the linear operator 

$(y), that is, ^{g){W) C W for all g £ G. The representation $ is said to 

be irreducible if there is no G-invariant subspace of V other than {0} and V 

itself. 

The following result is also sometimes referred to as Schur's lemma for 

irreducible representations. 

Result 1.2.1. [25, page 26] Let $ be an irreducible representation of degree 

n of a finite group G. If A is an n x n matrix over C which commutes with 

^{9) for all g ^ G, then A = ain for some a G C, where In is the n x n 

identity matrix over C 

Let $ : G —> GL{n, C) be a representation of G. Then the (complex) 

character of G afforded by $ is defined to be the function x '• G —>• C given 

by xid) = t r$(p) , the trace of $(5), for all g € G. Note that x(l) = n, the 

degree of $. x(l) is called the degree of X- A character of G of degree 1 is 

called a linear character. In particular, the constant function IQ '• G —> C, 

given by lG(y) = 1 for all ^ G G, is a linear character, called the principal 

character of G. We write Lin(G) to denote the set of all linear characters of 

G. It is well-known (see [25, page 25]) that 

|Lin(G)| = |G :G ' | , and G ' = D kerx, (1.2.a) 
xeLin(G) 
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where keix = {d ^ G : xiff) = x(l)}) called the kernel of X' li g ^ G and x 

is a character of G, then it is also known (see [25, page 20]) that 

l x ( g ) | < x ( l ) a n d x ( 5 " ' ) = x(5), (1-2.6) 

where '—' stands for complex conjugate. 

Result 1.2.2. [25, page 72] Let G be a finite group and x &e a rational 

valued character of G. If g,h G G generate the same cyclic subgroup ofG, 

thenxig) = x{h). 

A complex number is called an algebraic integer if it satisfies a monic 

polynomial with coefficients in Z, the set of all integers. Note that the 

rational algebraic integers are precisely the elements of Z. 

Result 1.2.3. [25, page 35] Let x be a character of a finite group G. Then 

x{g) is an algebraic integer for all g E G. 

It is easy to see that similar representations of G afford equal characters 

(in fact, as noted in [25, page 17], the converse is also true). Characters 

afforded by irreducible representations are called irreducible characters. The 

set of all irreducible characters of G is denoted by Irr(G). Clearly, all linear 

characters of G are irreducible. It is a fact (see [25, page 16]) that G is 

abelian if and only if all its irreducible characters are linear. More generally, 

we have j Irr(G)| = k{G), the number of conjugacy classes of G, and 

xelrr(G) 



which is called the degree equation of G. It is also known (see [25, page 38]) 

that x(l) divides IC?! for all x e Irr(G'); in fact, x(l) divides \G : Z{G)\ for 

all X e Irr(G'). 

Let X ̂  Irr(G'), and $^ be a representation of G which affords x- Let 

I;̂  be the x(l) x x(l) identity matrix over C. Let z € Z{C[G]), the center 

of the group algebra C[G] of G over C. Then, considering ^y. as an algebra 

homomorphism from C[G] to Mn(C), it follows from Result 1.2.1 (Schur's 

lemma) that ^x(^) ~ ^^x- Since the only matrix similar to a/^ is al^ itself, 

there exists a well-defined algebra homomorphism u^. : Z{C[G]) —»• C given 

by <^x(^) — ̂ xi'^)^x ^̂ ^ ^̂ ^ ^ ̂  ^(^IC]). Let JT be a conjugacy class of G 

with class sum K = X] x in CfG] and let g ̂  Jt'. Note (see [25, page 15]) 

that the class sums of all the conjugacy classes of G form a basis for Z(C[G]). 

In this regard, we have the following result. 

Result 1.2.4. [25, pages 35-36] Let G be a finite group. Then, with notations 

same as above, oJ-^iK) is an algebraic integer and 

""̂^̂  - ~m~-
From the above-mentioned Schur's lemma, it also follows (see [49, page 5354]) 

that 

J2^x{xyx-') = ̂ x{y)lx (l-2.d) 
xeG ^^ ' 

for all y eG. 

A function (p : G —»• C is called a class function of G if it is constant on 

the conjugacy classes of G. One can easily see that all characters of G are 

class functions. 
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Result 1.2.5. [25, page 16] Every class function (p of a finite group G can 

he uniquely expressed as 

^ = Z ) "xX, (l-2.e) 
X6lrr(G) 

where a^ €: C. Moreover, ^p is a character of G if and only if each a-^ is a 

non-negative integer and (̂  7̂  0. 

Let (p and "d be any two class functions on G. Then 

\^'^] = TkT,^i9)W) (1-2./) 
' ^geG 

defines the inner product of (/? and t?. 

Let Irr(G) = {xi,X2, • • •, Xk}- Then, for 1 < i,j < k and for /i e G, we 

have 

TkY.^^i9h)xA9-') = Sij^y {1.2.g) 

This is known as the generalized orthogonality relation (see [25, page 19]). In 

particular, putting /i = 1 in (1.2.5), we have 

[Xi,Xj] = T^Ylxi{9)Xj{9~^) = Sij- (1-2./1) 

' 'see 

This is known as the first orthogonality relation (see [25, page 20]). In view 

of this relation, Result 1.2.5 may be reformulated as follows 

Result 1.2.6, Every class function ip of a finite group G can be expressed as 

xeCrr(G) 

Moreover, ip is a character ofG if and only if[ip, x] is a non-negative integer 

for all x € Irr(G) and ^p ^ 0-
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On the other hand, if g,h e G, then 

l\C£G{g)\ iiheCiGig) ^ ^ 
Y, x{9)x{h) = < (1.2.J) 

x£irr(G) 10 otherwise. 

This is known as the second orthogonality relation (see [25, page 21]). 

Let iJ be a subgroup of G. Let i? be a class function of G. Then the 

restriction of i? to if is a class function of H, and it is denoted by 'dn- In 

particular, if % is a character of G, then XH î  ^ character of H and we have 

(see [25, page 28]) 

[X,,X„]<\G:H\[X,X]. (1.2.A;) 

On the other hand, for any class function 4> oi H, the induced class function 

(f)^ on G is given by 

' ' l e G 

where <f)°{h) — 4>(h) \ih ^ H and <?i°(j/) = ()\iy ^ H. In this regard, we have 

where (f) and d are class functions on H and G respectively. This is known 

as Prohenius Reciprocity (see [25, page 62]). 

Let cd(G) = {x(l) : X e Irr(G)}. It is well-known (see [25, page 28]) 

that \G : Z{G)\^^'^ is an upper bound for cd(G'). The group G is said to be of 

central type if this upper bound is attained, that is, if x(l) = \G : Z(G)|^/^ 

for some x ^ Irr(G). 
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Result 1.2.7. [25, Problem 2.13] If p is a pnme and G is a finite group 

with \G'\ = p and G' C Z{G), then xi^Y =• \G '• Z{G)\ for every non-linear 

X € Irr(G), that is, G is of central type with \ cd(G')| = 2. 

Result 1.2.8. [28, page 1701] If p is a pnme and G is a finite group with 

\G'\=p, then\cd{G)\ = 2 

Result 1.2.9. [25, Problem 2.18] Let G be a finite group, A <G such that 

A = CG{O) for every a € A with a ^ 1, and G/A be abehan. Then G 

has exactly W ^ non-linear irreducible characters all having degree equal to 

\G:A\. 

Result 1.2.10. [24, Proposition 6.8] Let G be a finite simple non-abehan 

group. Then there does not exist any x ^ Irr(G) with x(l) = 2. 

Result 1.2.11. [25, Corollary 12.6] Let G be a finite group. / / | cd(G')| = 2, 

then G' is abehan. 

Result 1.2.12. [25, Theorem 12.11] Let G be a finite non-abehan group and 

p he a pnme. Then cd{G) = {l,p} if and only if one of the following holds. 

(a) There exists abehan A<G with \G : A\=p. 

(b) \G:Z{G)\^p'. 

Result 1.2.13. [25, Lemma 12.12] Let G be a finite group. If A<G with A 

abehan and G/A cyclic, then \A\ = \G'\\A fl Z{G)\. 
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1.3 Equations in a finite group 

F. G. Probenius is perhaps the first among a large number of mathematicians 

who have made elaborate studies of equations in finite groups. One of his 

classical results (see [18]) says that if G is a finite group and g ̂  G, then the 

number of solutions of the commutator equation xyx'^y'^ = g in G defines 

a character on G, and is given by 

In [28, Corollary 1], P. Kellersch and K. Meyberg have shown that, for 

n > 1, the number of solutions of the equation 

a;ia;2x7^x^^... X2n-iX2nX2n^iX2^ = g {1.3.b) 

is given by 

^M= E hh^xig). (1.3.C) 

Recently, T. Tambour [49, Theorem 1] has proved that, for ra > 1, the 

number of solutions of the equation 

XiX2...XnX^^X2^ ...X~^ = g (1.3.d) 

is given by 

^^M= E ^!^X{9), (1.3.e) 
xelrr(G) ^ ^ ' 

where £„ = 1 or 2 according as n is even or odd. It may be mentioned here 

that Tambour has also reproved the result in (1.3.c). 
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Note that, as x:(l) divides |G| for all x G Irr(G'), the functions C, ^n and 

r]n given by (1.3.a), (1.3.c) and (1.3.e) respectively define characters of G. 

On the other hand, S. P. Strunkov [48, Theorem 2] considers two abstract 

functions /i(a:i) and /a(2^2) defined on two sets Xi and X2 with their values 

in G. He proves that if the numbers of solutions of the equations fi{xi) — g 

and f2{x2) = 9, in the finite subsets fii C X\ and O2 C X2, define characters 

on G and are given by 

^1(9) = 5 ^ %x(g) and ^2(5) = X^ Kx{g) 
XGlrr(G) xelrr(G) 

respectively, where a-^ and 6;̂  are non-negative integers, then the number of 

solutions of the equation f\{xi)f2{x2) = g, in the subset ^ i x 172 ^ ^1 x X2, 

define a character on G and is given by 

^(^)= E ^«x^xX(5). (1.3./) 

Strunkov [47, Lemma 1] also derives that if / / is a subgroup of G and 

g E G, then the number of elements (^1,52, /isi ^4) € GxGxHxH satisfying 

9ih3gT^g2hig2^ = g is given by 

xelrr(G) ^^ > 

Once again, it is easy to see that ip defines a character of G. 
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1.4 Equidistributed and measure preserving 

maps 

Let X, Y be two finite sets, and let e > 0. A function / : X —> Y is said 

to be e-equidistributed if there exists a subset Y' <Z Y with the following 

properties: 

(a) | y ' | > | y | ( l - e ) ; 

(b) 1^(1 - e) < \r\y)\ < 1^ (1 + e) uniformly for all y G Y'. 

In particular, if e is sufficiently small, then / is called almost equidistributed. 

A function / : X —> Y is said to be almost measure preserving if there 

exists a sufficiently small positive real number e such that 

\r\Yo)\ \Yo\ 
< e for all Yo C Y. 

\X\ \Y\ 

It is known that a function / : X —> Y is almost measure preserving if 

it is almost equidistibuted. In fact, we have 

Result 1.4.1. [19, Proposition 3.2] If f : X —> Y is e-equidistributed, then 

\f-\yo)\ \Yo\ 
(a) 1̂1 \y\ 

< 3e for all YQ C Y, 

{h)^-l^>\^-3eforallX,CX. 

Given a function / : X —> Y, let Pf denote the probability distribution 

(associated to / ) on Y defined by 
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Let U be the uniform distribution on Y given by U{y) = T^I, y E Y. Let 

\\Pf — U\\i denote the Li-distance between P/ and U given by 

yeY 
P,iv) - j ^ 

In this regard, we have 

Result 1.4.2. [19, Lemma 3.1(ii)] Let 5 > 0. If \\Pf - U\\i < S, then f is 

VS-equidistributed. 

Consider now a finite group G, and let P be a probability distribution on 

G which is also a class function on G. Then, by (1.2.e), we have 

X6lrr(G) 

with suitable complex coeflficients a^. It has been proved in [19, Lemma 2.3] 

that 

llP-^||i<( Y^ K\'Y^\ (1.4.a) 
xelrr(G) 

1.5 Commutativity degree of finite groups 

Let G be a finite group. The commutativity degree of G, denoted by Pr(G), 

is the probability that a randomly chosen pair of elements of G commute and 

is given by 
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Clearly, Pr(G') = 1 if and only if G is abelian. W. H. Gustafson [22] has 

shown that 

Pr(G) = ^ , (l-5.i) 

where k{G) is the number of conjugacy classes of G. He has also proved 

that Pr(G') < | if G is non-abeUan. In [2, Theorem 3], S. M. Belcastro and 

G. J. Sherman have proved that Pr(G) = | if and only if \^^\ = 4. More 

generally, we have 

Result 1.5.1. [33, Theorem 3] Let G be a finite non-abelian group andp be 

the smallest prime divisor of \G\. Then 

Pr(G) < ? 1 ± ^ 

with equality if and only if \ - ^ ^ | = p^ • 

The following result, possibly due to K. S. Joseph [26], can be derived 

easily from the degree equation (1.2.c). 

Result 1.5.2. Let G be a finite non-abelian group and p be the smallest 

prime divisor o/ |G|. Then 

\G'\ V p2 ; p'\ \G'\ 

with equality if and only ifcd{G) = {l,p}-

In [44, Section IV], D. J. Rusin has characterized all finite non-abeUan 

groups G with Pr(G) > ^ and tabulated his findings as follows: 
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Pv{G) 

1(1+ 2^) 
1 
2 

7 
16 

11 
27 

2 
5 

25 
64 

3 
8 

G' 

C2 

C3 

C4 or C2 X C2 

C 2 X C 2 

C3 

C5 

C 2 X C 2 

Ce 

G' n Z(G') 

C2 

{1} 

C2 

C2XC2 

C3 

{1} 

C2XC2 

C2 

G/ZCG) 

( C 2 ) 2 ^ s > l 

^ 3 

C | or C | 

C 3 X C 3 

^ 1 0 

Cl or C| 

C2 X 53 or T 

Table 1.5.3: Groups with Pr(G) > % 32 

In this table, Cn denotes the cychc group of order n, 

D2n denotes the dihedral group of order 2n and T 

stands for the non-abelian group of order 12 besides 

A4 and C2 X Sz. 

Pr(G) may be regarded as a completely multiplicative arithmetic function 

of finite groups, in the sense of [4]. In other words, we have 

Result 1.5.4. [22, page 1033] If H and K are any two finite groups, then 

Pr(Hx K) = PT(H)PT{K). 

P. Lescot has proved that Pr((?) is an invariant under isoclinism of groups. 

More precisely, we have 
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Result 1.5.5. [30, Lemma 2.4] IfG and H are any two isoclinic finite groups, 

then Pr(G') = Pr{H). 

Some of the useful results regarding Pv{G) may be listed as follows. 

Result 1.5.6. [36, Proposition 3.3] Let G be a finite non-abelian group and 

p be the smallest prime divisor of \G\. IfG' f) Z{G) — {1}, then Pr(G) < -. 

Result 1.5.7. [20, Lemma 2(i)] If G is a finite group and H is a proper 

subgroup ofG, then 

j ^ ^ < PviG) < Pv{H). 

In particular, Pr(G) > TQ^JH if H W an abelian subgroup of G. 

Result 1.5.8. [44, Section II] Letp be a prime. IfG is a finite p-group with 

G' C Z{G), then 

I \ 
Pr(G) = 1 . v ^ ( p - l ) | G ' : i ^ | 

IG" 1+ E p\G : K*\ 
\ CIK cyclic I 

where /T* = {x G C : [C, x] C /C} < G and -^ ^ IKCp"- x C'pn.) with 

p<P^^ <p" i =pfc = |G' -.Kl. 

As a consequence of the above result we also have 

Result 1.5.9. Let p be a prime and G be a finite group with \G'\ = p. / / 

G' C Z{G), then ^ ^ {Cp x CpY, for some s>l, and 

P \ P 
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Result 1.5.10. [44, page 243] Letp be a prime. Let r and s be two positive 

integers such that s \ {p — 1), and H = 1 (mod p) if and only if s \ j . If 

G = {a,b : oP = h' = 1,bab'^ = a^), then 

ŝ  + p - 1 
Pr(G) = 

ps'^ 

Result 1.5.11. [44, Proposition 5] Let p be a prime and G be a finite group 

with \G'\ = p. If Z(G) = {1}, then G = {a,b : a^ = b' ^ l,bab'^ = a'), 

where s \ {p — 1), and r^ = 1 (mod p) if and only if s \ j . 

Combining Result 1.5.10 and Result 1.5.11, we have 

Result 1.5.12. [44, Section III] Let p be a prime and G be a finite group 

with \G'\ = p. IfG' n Z{G) = {1}, then 

(a) 2 ^ = (a, 6 : aP = 6̂  = 1, bab'^ = a''), 

where s \ {p— 1), and r-' = 1 (mod p) if and only if s \ j . 

(b) Pr(G) = Pr(^) = ^-t |zi . 

Result 1.5.13. [3, page 303] Let G be a finite group andp be a prime. IfG 

is non-abelian, H <G and \G : H\ = p, then 

Pr{H) , p + 1 
> 
xeG-H 

P (̂«) = ̂  + ^ E l ^ < ^ M I -

Moreover, if H is abelian, then | ̂ ^^ I = p\Gl \CG{X)\ = \G : G'\ for all \Z(G) 

X E G — H and 

P'(G) = J5 + ^ . 
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The concept of commutativity degree has been considered and generaUzed 

by several authors. Given a subgroup / / of a finite group G, A. Erfanian, 

R. Rezaei and P. Lescot [13] have considered the probabihty Pv{H, G) for 

an element of H to commute with an element of G. They proved - among 

others - the following result. 

Result 1.5.14. [13, Theorem 3.5] Let H be a subgroup of a finite group G 

and p be the smallest prime dividing \G\. Then 

\z{G)nH\ pm-\ZiG)nH\) \ZiG)nH\ + \H\ 
\H\ + \H\\G\ - '^^'^^ - W\ • 

In [40], M. R. Pournaki and R. Sobhani have considered the probabihty 

Prg(G) that the commutator of an arbitrarily chosen pair of elements in a 

finite group G equals a given group element g. Some of the results proved 

by them are as follows. 

Result 1,5.15, [40, Theorem 2.1] Let G be a finite group and g 6 G'. Then 

Result 1.5,16, [40, Proposition 5.1] Let G be a finite group and g e G'. 

Then Pvg{G) < Pr(G') with equality if and only if g = 1. 

Result 1.5,17, [40, Proposition 5.2] Let G be a finite group and g be a 

non-identity element of G'. Then Fig{G) < | . 

Result 1,5.18. [40, Proposition 5.3] For each positive real number e there 

exists a finite group G and an element g E G' such that 

i - £ < P r , ( G ) < ^ . 
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Chapter 2 

Revisiting commutativity 

degree of finite groups 

In this chapter we obtain a characterization for all finite groups of odd order 

having commutativity degree at least | i . We also obtain a lower bound for 

commutativity degree and derive some necessary and sufficient conditions for 

attaining this bound. Finally, we compute the value of commutativity degree 

for certain standard families of finite groups. 

This chapter is based on the papers [37] and [39]. 

2.1 Some auxiliary results 

Let G be a finite group. Let p be the smallest prime divisor of |G|. Then, 

from (1.1.c), we have 

P < \CeG(x)\ < \G'\ ^=> xeG-Z{G). (2.1.a) 
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Clearly, if |C^G(2^)| = Pi then G/Ca{x) forms an abelian group (in fact, a 

cyclic group of order p), and so, 6" C CG{X), which means that x G CG{G'). 

So, for all I e G — CG{G'), we have 

P < \CeG{x)\. (2.1.6) 

Note that CG{G') = n CG{X) < G, using Result 1.1.1. So, by (1.1.c), 

I C£G{X)\ divides | GJ(G') I ^^^ ^^^ x e G'. Moreover, ^ - ^TT is abelian if and 

only if G' is abeUan, and in either case [CG{G'),X] is a subgroup of G' for 

all X € G, which can be easily deduced from the commutator identities in 

(l.l.o). Also, using the Jacobi identity (1.1.6), we have 

(CG{G')y C Z(G) C Z ( G G ( G ' ) ) . (2.1.C) 

In view of the above discussion, we have 

Lemma 2.1.1. Let G be a finite group andp be a prime. Then 

(a) Q-JQT) can be embedded in Aut(G'), and so, | C£G{X)\ divides \ Aut(G')| 

for all x G G'. In particular, if gcd{p — 1, |G|) — 1 and \G'\ = p, then 

G'CZ{G). 

(b) / / ^ ^ ^ Gp, then {x, CG{G')) = G, [G, x] = [CG{G'), X] and | C£G[X)\ 

divides \G'\ for allxGG- CG{G'). 

Proof. Part (a) follows from Result 1.1.1, noting, for the particular case, that 

I Aut(Gp)| = p—1. Part (b) follows from (1.1.c) and the identities in (1.1.a), 

noting that [GG(G'),X] is a subgroup of G'. D 
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In view of Result 1.5.4, the following generalization of Result 1.1.4 sim­

plifies our task considerably. 

Lemma 2.1.2. Let G be a finite non-abelian group and p be a prime such 

that gcd(p- 1, \G\) = 1. If\G'\ = p^ and \G'r\Z{G)\ = p, then G is nilpotent 

of class 3; in particular, G = P x A, where A is an abelian group and P is 

a p-group such that \P'\ = p^ and \P' D Z{P)\ = p. 

Proof. We have 

\Z{G)) 
= 

G'Z{G) 
Z{G) 

= 
G' 

G' n Z{G) p-

So, it follows from Lemma 2.1.1(a) that G/Z{G) is nilpotent of class 2, and 

hence, G is nilpotent of class 3. Thus, in particular, G is the direct product 

of its Sylow subgroups. The proof follows considering P to be the p-Sylow 

subgroup and A to be the product of the rest of the Sylow subgroups. D 

Given H C G, consider the set H* = {x E G : [G,x] C H}. Then, as 

observed in [44, Section I], we have 

Lemma 2.1.3. Let G be a finite group. If H, Hi, //2 ^ G, then 

(a) {G' n HY = H*, {1}* = Z{G), and {G')* = G, 

(b) (//i n Hi)* = H^ n HI and H^H^ C {H1H2Y, 

(c) i/i C //2 = > m C HI 

(d) H<H*<G, and Z{G/H) = H*/H, 

(e) G/H* is never a non-trivial cyclic group. 
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Proof. Parts (a), (b), (c) and (d) follow from the definition of ()* operation. 

For part (e), note that G/ H* ^ z^^y ° 

2.2 Groups with \G'\ = p^ and \G' fl Z{G)\ = p 

Let G be a finite group. Recall that the commutativity degree of G, denoted 

by Pr(G), is defined as the ratio 

v(r^ \{i^,y)^GxG:[x,y]^l}\ 
P'^^^ - IGITG] • 

As noted in Result 1.5.8 and Result 1.5.12, D. J. Rusin has computed the 

values of Pr(G') when G" C Z{G), and when G'nZ{G) = {1}. In this section 

we determine the value of Pr(G') and the size of ^ ^ when \G'\ = p^ and 

\G' n Z{G)\ = p, where p is a prime such that gcd(p - 1, \G\) = 1. It may be 

noted here that, on a number of occasions, the structure of -^QS is determined 

by its size. For example, using GAP [51] and the notion of semidirect product 

(see Section 1.1), we have 

Result 2.2.1. IfG is a finite group with G' ^ Z{G), then ^ ^ is isomorphic 

to C7 XC3, (C3 X C3) X C3, Cn X C3, Ci9 X C3, Cs X (C7 x C3) or (C5 x C5) x C3 

according as | ^ ^ | is 21, 27,39, 57,63 or 75. 

We begin with a few lemmas. 

Lemma 2.2.2. Let G be a finite group and p be a prime. If \G' D Z{G)\ = p 

and CG{G') is non-abelian, then ZICGIG')) ^ (^P ^ '-^P)* ""^ 

PviCciG')) = l ( i + P ^ 
p \ p 

for some positive integer s. 
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Proof. In view of (2.1.c), the lemma follows from Result 1.5.9. D 

Lemma 2.2.3. Letp he a prime and G be a finite group such that G' ^ Z{G) 

and one of the following conditions holds: 

(a) G' ^ Cp2 and gcd(p - 1, |G|) = 1, 

(b) G'^CpX Cp and gcd(p^ - 1, \G\) = 1. 

Then I g ^ l = \G' n Z{G)\ = \ Cioix)] = p for all x e G'- Z{G). 

Proof Since | Aut(Cp2)| = p{p - 1) and | Aut(Cp x Cp)| = p{p + l){p - 1)^, 

the result follows from Lemma 2.1.1(a), noting that G' — Z{G) is a union of 

conjugacy classes of G. D 

Lemma 2.2.4. Let G be a finite group and p be the smallest prime divisor 

of \G\. IfG' ^ ZiG) and \c^)\ = \G' H Z{G)\ = p, then Z{GY C CG{G') 

and ^(QJ can be embedded in Q,^2{G\ • 

Proof. By Lemma 2.1.3(d), we have Z{G)* ^t CG{G'). Let z e Z{G)*. Then, 

using (1.1.c) and the definition of Z(G)*, we have | C£G(2) | < \G'nZ{G)\ = p. 

This, in view of (2.1.6), implies that z e CG{G'). Thus, Z{G)* C CG{G'). 

Again, let a; G G — CG{G'). Since g -^n , and hence, G' is abehan, it can be 

easily seen, using (1.1.a), that the mapping / : CG{G') —> G'Z{G)/Z{G), 

defined by f{z) = [z,x]Z{G), is a homomorphism. Also, using the definition 

of Z{G)* together with (2.1.c) and Lemma 2.1.1(b), we have ker / = Z{Gy. 

Thus, it follows that CG{G')/Z{G)* is isomorphic to a subgroup of ^Y^-

This completes the proof. D 
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Lemma 2.2.5. Let p be a pnme. IfG is a finite p-group such that \G'\ = p^ 

and \G'nZ(G)\ = p, then Z{Gy n Z{Cc{G')) = G'Z{G). 

Proof. By Lemma 2.2.3, c^-^n is abelian. Also, by Lemma 2.1.2, G is nilpo 

tent of class 3. So, it follows that G'Z{G) C Z(G)* n Z{CG{G')). For the 

converse, we first fix x € G — CG{G') and y € G' - Z{G). Then, by Lemma 

2.1.1(b), GG{X) n Z{CG{G')) = Z{G). Therefore, since y ^ Z{G), we have 

[y'\x] i- 1. Now, let z e Z{G)*V\Z{CG{G'))- Note that both z and y are in 

Z(G)*, and so, [z, x], [y~^,x] e G' O Z(G), which is cyclic of order p. Hence, 

it follows that there is a positive integer i with I <i <p— I such that 

[y-\xX = [z,x] 

= > [y'^z, x] = 1 

=^ y'z e CG{X) 

= » y'z € Z{G), since y'z G Z{CG{G')) 

=> z e G'Z{G), since y' G G'. 

This completes the proof. D 

The main result of this section is given as follows. 

Theorem 2.2.6. Let G be a finite group and p be a prime such that 

gcd(p - 1, \G\) = 1. / / |G'| = p2 Q„j |(0, ^ ^ ^ ^ ) | ^ p^ ^^g^ 

(a) Pr(G) = 
^ ^ ifCoiG') is abehan 

p 

^ i ^ ^ + p^ + p - 1 j otherwise, ¥ 
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\p^ if CG{G') is abelian 

\p2s+2 Qj^p2s+3 otherwise, 

wherep^' = \CG{G') : Z{Co{G'))\. Moreover, 

IG'nZ(G) • ^\G'nz{G))\ ~ lz(G) • -^(zCGj)' ~P • 

Proof. In view of Lemma 2.1.2, we can assume that G is a p-group. So, by 

Lemma 2.2.3, we have \G : CG{G')\ = p. 

{a.)lix eG- CG{G'), then it follows from Lemma 2.Ll(b) and (2.1.6) 

that \C£G{X)\ = P î and hence, |CG(a;)| = \G\fp'^. Thus, the result follows 

from Result 1.5.13 and Lemma 2.2.2. 

(b) By Lemma 2.2.4, we have |CG(G") : Z{G)*\ = p. Therefore, using the 

second isomorphism theorem [43, page 25] and Lemma 2.2.5, we have 

{ p if CG(G') is abehan 

1 or p otherwise. 

Hence, using the first part of Lemma 2.2.2, the result follows from the normal 

series Z{G) C G'Z{G) C Z{CG{G')) C CG{G') C G. 

The final statement follows from Lemma 2.2.4 and Lemma 2.1.3(a)(c). D 

2.3 Groups of odd order with Pr(G) > ^ 

In [1, Theorem 4.12], F. Barry, D. MacHale and A. Ni She have proved that 

if G is a finite group with \G\ odd and Pr(G) > ^ , then G is supersolvable. 
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It may be recalled that a group G is said to be supersolvahle if there is a 

series of the form 

{1} = Ao C Ai C ^2 C . •. C Ar = G, 

where Ai<G and A,+i/Ai is cyclic for each i with 0 < i < r — 1. 

In this section we obtain a characterization (similar to the one mentioned 

in Table 1.5.3 obtained by Rusin) for all finite groups G of odd order with 

Pr(G) > | | . We also point out a few small but significant lacunae in the 

work of Rusin. As usual, we begin with a few lemmas. 

Lemma 2.3.1. Let G he a finite group such that \G\ is odd. 

(a) IfG'^Ci5, thenG' CZ{G). 

(b) IfG' ^ C21 andG' ^ Z{G), then I g ^ l = |G'nZ(G)| = 3 and exactly 

one of the following conditions holds: 

(i) I CeG{x)\ = 21 for allxeG- CG{G'). 

(ii) There exists a subset X of G — CG{G') such that 

\X\ = 2\Z{CG{G'))\ and 

{7 ifxeX 

21 ifxeG-{CG(G')UX). 

Proof Note that |Aut(Ci5)| = 8 and | Aut(C2i)| = 12. Therefore, (a) and 

the first part of (b) follow from Lemma 2.1.1(a). 

For the second part of (b), we first observe, using (2.1.b) and Lemma 

2.1.1(b), that \C£G{X)\ = 7 or 21 for all x G G - CG(G'). NOW, assume 
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that the condition (i) fails. Then there is an XQ G G — CG{G') such that 

I C£G(3:^O)| = 7. Since | ^ ?g„ | = 3, it is easy to see that 

G - CG{G') = XOCG{G') U X^'CG{G'). (2.3.a) 

Let X = XOZ{CG{G')) U XO^Z{CG{G')). Clearly, X C G - CG{G'). 

Since |C^G(2;O)| = \^^G{'^Q^)\, it follows from (1.1.c), (1.1.a) and Lemma 

2.1.1(b) that I Cicix)} = 7 for all x G X. On the other hand, suppose that 

X e G — (CG{G') U X). Then, by (2.3.a), we have x = XQW or XQ^W for 

some w G C G ( G ' ) - Z ( C G ( G ' ) ) . Choose w^ € CG(G ' ) - - ^ ( C G ( G ' ) ) such that 

[wijio] ^ 1. Then, by (1.1.a) and (2.1.c), we have 

[wi,x] 
[w\, XQ\ [wi, w] if a; = XQW 

[WI,XQ^\[W\^W\ \i X = XQ^W. 

Note that o([wi, w]) = 3 and o([wi, XQ]) = o([i(;i, XQ ]̂) = 1 or 7, and hence, it 

follows that o([i(;i,a;]) = 3 or 21. Thus, using (l.l-c), we have | C?.G{X)\ — 21. 

This completes the proof. D 

Lemma 2.3.2. Let G he a finite group. If \G\ = 3 (mod 6), G' = C5 x G5 

and\G'r\Z{G)\ = 1, then 

(a) I C(.G{X)\ = 3 for all x ^ C - Z{G), 

(b) l c ^ l = 3. 

Proof. Note that no non-identity element of G is conjugate to its inverse, 

and also that G' — Z{G) is a union of conjugacy classes of G. 

(a) Let xeG' - Z{G). Since \G' - Z{G)\ = 24, we have | C^G(a;)| < 12. 

This, in view of Lemma 2.1.1(a), implies that |C^G(2;) | = 3 or 5. On the 

31 



other hand, since x^ = 1, it is a routine matter to see that the classes Cicix), 

C£G{X'^)^ G^ci^^) and 0^0(2;^) are all distinct and have the same size. Thus, 

considering the possible partitions of 24 with 3 and 5 as summands, we have 

I CeG{x)\ = 3 for all x e G'- Z{G). 

(b) Suppose that there exist two elements x,y e G' — Z{G) such that 

CG{X) ^ Cciy)- Then, as seen above, \G : CG{X)\ — \G : Cciy)] = 3, and so 

CG{X) 

CG{x)nCG{y) 
CG{x)CG{y) 

CG{y) 

G 

CG{y) 
= 3. 

Therefore, using the series 

CG[G') C CG{X) n CG{y) c CG{X) C G, 

we see that 9 divides | ^ 'L,-, |. However, in view of Lemma 2.1.1(a), we 

have I p ?gn I = 3, 5, or 15. Hence, it follows that GG{X) = Cciy) for all 

X, y E: G' — Z{G). This completes the proof. D 

We are now in a position to characterize all finite groups of odd order 

with commutativity degree at least ^ , essentially rephcating the technique 

used by Rusin in [44, Section IV]. 

Theorem 2.3.3. Let G be a finite group. If\G\ is odd and Pr(G') > ^ , then 

the possible values o/Pr(G) and the corresponding structures ofG', G'f)Z{G) 

and G/Z{G) are given as follows: 
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Pr((9) 

1 

3 ( 1 + 3 5 7 ) 

1(1+ P^) 
5 

21 

55 
343 

17 
81 

121 
729 

7 
39 

3 
19 

29 
189 

11 
75 

G' 

{1} 

C3 

C5 

Cr 

Cy 

Cg or C3 X C3 

C 3 X C 3 

C 3 X C 3 

C'la 

C'lQ 

C21 

C 5 X C 5 

G' n Z(G) 

{1} 

C3 

C5 

{1} 

C T 

C3 

C 3 X C 3 

C 3 X C 3 

{1} 

{1} 

Cs 

{1} 

G/^(G') 

{1} 

(C3 X c^y, s > 1 

(C5 X C 5 ) ^ s > 1 

C7 X C3 

C 7 X C 7 

(C3 X C3) X C3 

CI 

CI 

Ci3 X C3 

Ci9 X C3 

Ca X (Cy X C3) 

(C5 X C5) X C3 

Table 2.3.4: Groups with |G| odd and Pr(G) > i i 
75 

Proof. Without any loss, we can assume that G is non-abelian. Now, by 

Result 1.5.2, we have \G'\ < 25. Also, by Result 1.1.5, G' is not isomorphic to 

the unique non-abelian group of order 21. So, it follows that G' is isomorphic 

to C3 X C3, Cg, Ci5, C21, C5 X C5, C25 or Cp, where p is an odd prime with 

p < 23. We analyze these possibilities as follows: 

Case 1. G' C Z(G). 

If G' = Cp, with p as above, then, by Result 1.5.9, there is a positive 
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integer s such that ^ ^ — (C'p x CpY and 

Pr(G) =Ul + '-^ 

It follows that s can have infinitely many values for p = 3 and 5, whereas 

s = 1 is the only possibility if p = 7. For the rest of the values of p, we have 

Pr{G) < i i . 

If G' ^C^x Cs, then, by Result 1.5.8, we have 

1 / _ 2 _ _2_ _ 2 _ 2 \ 
" r ( L r j ~ g ( -̂  + 32mi "^ ^2m2 "^ 32m3 "^ ^2m4 j 

with 3^"*' = | -^ | , 1 < ^ < 4, where Ki, K2, K3 and K^ are the proper 
t 

non-trivial subgroups of G'. Note that if 1 < i 7̂  j < 4, then K^OKj = {1}, 

and so, by Lemma 2.1.3, we have K^ (1 KJ = Z{G). Without any loss, we 

may assume that 1 < mi < 7712 < ma < rrii. Thus, for m2 > 2, we have 

^ ,^ , ^ 1 / 2 2 2 2 \ 11 

Also, we have 

\KI\\K;\ = \KIK;\\KI n K;\ = \KIK;\\Z{G)\ < \G\\KI\, 

which implies that | ; ^ | | ; ^ | > | ;^|- This, in turn, gives mi + m2 > m4. 

Hence, it follows that, for Pr(G) > ^ , we must have mi = m2 = 1 and 

1 < ma < m4 < 2. Now, by Result 1.5.8, - ^ and -^ are elementary abehan 

3-groups. Therefore, given g ^ G, we have g^ £ K^ O K2 = Z{G), and thus 

^ ^ is also an elementary abelian 3-group. Moreover, by Lemma 2.1.3, we 

have 
n n K* K*K* n 

= 81. 
G 

Z{G) 
= 

G 
Z{G) 

= 9 
^ 2 

< 9 
G 

K*2 
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On the other hand, for 7714 = 2, we have 

G 
Z{G) 

= 
G 

Z{G) 
> 8 1 , 

and hence l ^ ^ l = 81-

Let mi = 7722 = ma = 1 and m4 = 2. Let x £ Kl and y G K^. Then, 

by the definition of ()* operation, [x,y] € K3 and [x,y]~^ = [y,x\ G Ki. So, 

[x,y]G KiCiKs^ll}. Therefore, K^ C CG{K^). Similarly, /T* Q CG{K^), 

and hence K^K^ C CG{K^). HCaiK^) = G, then it follows that K^ = Z{G), 

and so l ^ ^ l = 1:̂ 1 = 9, a contradiction. Thus, we have A'̂ /Cj 7̂  G. But, 

by Lemma 2.L3, we have 

\G\ \G\\Z{G)\ 
1, \KIK^\ \Kl\\K*\ 

and so A'J'A'2 = G, a contradiction. Therefore, it is not possible to have 

mi = m2 = ma = 1 and m4 = 2. Hence, | | (if mi = m2 = ma = m4 = 1) 

and ^ (if mi = m2 = 1, ma = m4 = 2) are the only values of Pr(G), in the 

interval [^, 1], and, as noted above, on each occasion ^ ^ is an elementary 

abelian 3-group with \-^K\ < 81. In fact, if Pr(G) = ^ , then we have 

1 ^ 1 = 81. On the other hand, if Pr(G) | j , then equality holds in Result 

1.5.2, and so, using Result 1.2.12 and the second part of Result 1.5.13, we 

have Z(G) 1 = 27. 

For the rest of the possibihties for G', we have Pr(G) < ^ , using Result 

1.5.4 and Result 1.5.8. 

Case 2. G' n Z{G) = {1}. 

In this case, by (2.1.c), CG{G') is an abelian group. Moreover, in view of 

Lemma 2.1.1(a), Lemma 2.2.3 and Lemma 2.3.1, it is not possible to have 
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|G"| = 3, 5, 9, 15, 17 or 21. 

If |G'| = 7, 11, 13, 19 or 23, then Pr(G) and | ^ | are determined by 

Result 1.5.12. More precisely, since there is a unique odd divisor n > 1 of 

p - 1 for each p G {7,11,13,23}, we have Pr(G) = ^ and | ; ^ | = 21 if 

\G'\ = 7, and Pr(G) = J and | ^ | = 39 if \G'\ = 13, while Pr(G) < ^̂  

if \G'\ = 11 or 23. On the other hand, if p = 19, then there are two such 

odd divisors (n = 3 and n = 9) of p — 1. It can be seen that if n = 3, then 

Pr(G) = ^ and 1 ^ 1 = 57, whereas Pr(G) <^iin = 9. 

If |G'| = 25, then, by Lemma 2.2.3, we must have G' = C^ x C5 and 

\G\ = 3 (mod 6). So, using Lemma 2.3.2(b) and the second part of Result 

1.5.13, we have Pr(G) = ^ and | ^ | = 75. 

Case 3. G' ^ Z{G) and G' n Z{G) y^ {1}. 

In this case, \G'\ = 9, 21 or 25 ( \G'\ 7̂  15, by Lemma 2.3.1(a)). 

If |G'| = 9, then \G' O Z{G)\ = 3. Using Theorem 2.2.6, we see that |f is 

the only value of Pr(G), in the interval [^, 1], and it occurs when CG{G') is 

abehan. Also, in that case, we have l ^ ^ l — 27. 

If \G'\ = 21, then, by Lemma 2.3.1(b), I g ^ l = \G' H Z{G)\ = 3. Using 

Result 1.5.13 together with Lemma 2.2.2 and Lemma 2.3.1(b), we see that 

^ is the only value of Pr(G), in the interval \^, 1], and it occurs when 

CG{G') is abelian. Also, in that case | - f^) I — 21 (using Result 1.2.13), and 

hence l^^yl = 63. 

Finally, if |G'| = 25, then \G'f\Z{G)\ = 5. But, using Theorem 2.2.6, we 

see that Pr(G) < | i . 

Thus, in view of Remark 2.2.1, the theorem is completely proved. D 
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We conclude the section with the following remark. 

Remark 2.3.5. In [44, Section IV], Rusin classifies all finite groups G with 

Pr(G) > II. However, there are a few of points that are worth noting. 

(a) In Case 2, he surprisingly misses out one situation, namely, 

Pr(G) = ^,G' = CT, G' n Z{G) = {1}, ^ - D^,, 

where D14 is the dihedral group of order 14. Accordingly, this situation 

does not appear in Table 1.5.3. 

(b) In Case 3, he claims to have been able to show that if \G'\ = 4 and 

|G"nZ(G) | = 2, then 

where 2'" = \CG{G') : 2(Ca(G'))|, 2̂ * = 1 ^ ^ : Z{^r^^)\ and 

s + 1 >t > 1. But, as noted in Theorem 2.2.6, we always have ^ = 1, 

and in that case, the value of Pr(G) obtained by him coincides with 

the one given by Theorem 2.2.6(a) for p = 2. 

(c) While summarizing all the possibihties for Pr(G), Rusin writes that 

if C2 X C2 = G' C Z{G), then ^ ^ ^ C | or C| , no matter whether 

Pr(G) = -̂  or H (compare with Table 1.5.3). However, arguing in 

the same manner as we have done in a similar situation in the proof 

of Theorem 2.3.3, namely, C3 x C3 = G' C Z{G), it can be seen that 

^ = C^ or C^ according as Pr(G) = ^ or | | . 
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(d) He also writes that if Pr(G) = | , G' ^ Cg and G' n Z{G) ^ C2, then 

-^r = C2 X S3 or T, where T is the non-abehan group of order 12 

besides A4 and C2 x 5$ (compare with Table 1.5.3). However, it is 

well-known that T ^ - ^ ^ for any G. 

2.4 A lower bound for FT{G) 

Given a finite group G with |cd(G)| = 2, M. R. Pournaki and R. Sobhani 

[40, Corollary 2.3] have proved that 

P^'^'^MO^K??^) 
with equality if and only if G is of central type. 

In this section, we obtain this lower bound for Pr(G) without impos­

ing any additional restriction on G. We also derive certain necessary and 

sufficient conditions, in terms of standard group-theoretic concepts, for the 

attainment of this bound. As a consequence we obtain some characteriza­

tions for finite nilpotent groups whose commutator subgroups have prime 

order. In particular, we prove certain results, concerning finite groups hav­

ing p as the smallest prime dividing their orders, whose proofs are either not 

available or not easily accessible in the literature. 

Theorem 2.4.1. IfG is a finite group, then 

In particular, PT{G) > -^hr if G is non-abelian. 
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Proof. We prove this theorem in two different ways — one using the cla^s 

equation (l.l.e) and the other using the degree equation (1.2.c). 

Class equation method: Let Xi,X2,.. • ,a;f constitute the complete set of rep­

resentatives of the conjugacy classes in G consisting of non-central elements. 

Clearly, t = k{G) — \Z{G)\. So, by the class equation, we have 

\G\ = \Z{G)\ + Y^\CeGixi)\ < \Z{G)\ + \G'\{k{G)-\Z{G)\), 

using (1.1.rf). Thus, 

Degree equation method: Note that x(l)^ < \G : Z{G)\ for all x ^ Irr(G'). 

Also, the number of Unear characters in Irr(G) is given by \G : G'\. So, by 

the degree equation, 

IGI =\G:G'\+ J2 M' 
xelrr(G) 
X(l)/1 

<\G:G'\+ Yl \G--Z{G)\ 
xelrr(G) 

= \G:G'\ + \G:Z{G)mG)-\G:G'\). 

Thus, once again, we have the desired inequality. D 

Remark 2.4.2. If G is a finite group, then, using Result 1.5.7 with H = 

Z{G), we also have 

^'^^^ - \G:Z{G)r 
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However, it can be readily checked that 

\G:Z{G)\'-\G-\\ ^\a:Z{G)\) 

with equality if and only if G is abehan. 

The following theorem while providing us with several equivalent condi­

tions, that are necessary as well as sufficient for equality to hold in Theorem 

2.4.1, relates itself to the subject matter of [17] and [36], dealing respectively 

with the groups of central type that are nilpotent and the CN-groups, that 

is, the groups in which the centralizer of every element is normal. It is also 

very much in line with Remark 1.1.2. 

Theorem 2.4.3. For a finite non-abelian group G, the statements given 

below are equivalent. 

(a)Pr(G) = ̂ ( l + ^ : y ^ ) . 

(b) cd(G) = {\,\G : Z(G')|^/^}, which means that G is of central type with 

|cd(G)| = 2. 

(c) I CiG{x)\ - \G'\ for allxeG- Z{G). 

(d) C^(3(x) = G'x for all X E G — Z{G); in particular, G is a nilpotent 

group of class 2. 

(e) CG{X) < G and G' = ^ ^ for all x e G - Z{G); in particular, G is a 

CN-group. 

(f) G' = {[y,x] : y e G} for allx e G — Z{G); in particular, every element 

of G' is a commutator. 
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Proof. The equivalence of (a) and (b) follows from the degree equation method 

used for proving Theorem 2.4.1; on the other hand, the class equation method 

gives the equivalence of (a) and (c). 

The equivalence of (c) and (d) follows from (l.l.cQ. For the particular case 

in (d), note that if G' ^ ^(C) , then there exists a commutator g G G — Z{G), 

and so, we have Cioig) = G'g = G', which is impossible. 

If (d) holds, then, for each x E G — Z{G), the map / : G —>• G', given 

by f{y) = yxy'^x'^, defines a surjective homomorphism with kernel CG{X). 

Thus (e) holds. On the other hand, (c) follows immediately from (e). 

Finally, it is easy to see that (d) and (f) are equivalent. D 

Theorem 2.4.1 and Theorem 2.4.3 not only allow us to obtain some charac­

terizations for finite nilpotent groups of class 2 whose commutator subgroups 

have prime order, but also enable us to re-establish certain facts (essentially 

due to K. S. Joseph [26]) concerning the smallest prime divisors of the orders 

of finite groups. 

Proposition 2.4.4. Let G be a finite group and p be the smallest prime 

divisor of\G\. 

(a) Ifpjt2,thenFr{G)^l. 

(b) When G is non-abelian, Pr(G) > ^ if and only if \G'\ = p and 

G' C Z{G). 

Proof (a) If Pr(G) = J, then Result 1.5.2 gives \G'\ <p+l. In addition, if 

p 7̂  2, we have \G'\ = p. But then, by Theorem 2.4.1, we have Pr(G) > ^ 

which is a contradiction. This proves part (a). 
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(b) If Pr(G) > i, Result 1.5.2 gives \G'\ <p + l, whence \G'\ = p. Now, by 

Lemma 2.1.1(a), we have 

g|j;j |<|Aut(G') |=p-l . 

Hence, we must have CG{G') = G; equivalently, G" C Z{G). This proves 

part (b), noting that its converse follows from Theorem 2.4.1. D 

As an immediate consequence, we have 

Corollary 2.4.5. If G is a finite group with Pr(G) = | , then \G\ is even. 

From Proposition 2.4.4, we also have, as an immediate corollary, the 

following improvement to Result 1.5.6. 

Corollary 2.4.6. Let G be a finite group and p ^ 2 be the smallest prime 

divisor of \G\. If G is non-abelian with G' n Z{G) = {I}, then Pr(G) < -. 

Finally, in this section we have the following result. 

Proposition 2.4.7. Let G be a finite group and p be a prime. Then the 

following statements are equivalent. 

(a) \G'\ = p andG'CZ{G). 

(b) G is of central type with j cd(G)| = 2 and \G'\ = p. 

(c) G is a direct product of a p-group P and an abelian group A such that 

\P'\ = p and gcd(p, \A\) ^1. 

(d) G is isoclinic to an extra-special p-group; consequently, \G : Z{G)\ = 

p2k JQ^ some positive integer k. 
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In particular, if G is non-abelian and p is the smallest prime divisor of \G\, 

then the above statements are also equivalent to the condition Pr(G) > -. 

Proof. The equivalence of (a) and (b) follows from Theorem 2.4.3(b)(d) and 

Result 1.2.7. 

In view of Result 1.1.3, (c) follows from (a), considering P to be the Sylow 

p-subgroup of G and A, the product of the other Sylow subgroups (if any) 

ofG. 

If (c) holds, then G is isoclinic to the p-group P . Since \P'\ = p and 

P' n Z{P) i^ {1}, we have P' C Z[P). Therefore, from Result 1.1.8, it 

follows that P is isoclinic to a finite group U such that ZiU^ = H' = P\ 

which in view of Result 1.1.3, makes H into an extra-special p-group. Thus, 

(d) follows from the fact that isoclinism is transitive (using Result 1.1.6 for 

the second part). 

If (d) holds, then it follows that \G'\ = p and G/Z{G) is abehan. Hence, 

we have (a). 

The particular case follows from Proposition 2.4.4(b). D 

Remark 2.4.8. In view of Result 1.2.8, the expression |cd((7)| = 2 in the 

statement (b) of Proposition 2.4.7 is superfluous. 

2.5 Some additional observations 

Consider the symmetric group Sn of degree n > 3 and the corresponding 

alternating group An- It is well-known that 

Pin) 
n! 

Pr(5„) = ^ , (2.5.a) 
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where P{n) denotes the number of partitions of n. This, in fact, follows 

from a well-known result that k{Sn) — P{n), where k(Sn] is the number of 

conjugacy classes of Sn-

In [7], J. Denes, P. Erdos and P. Turan have derived that k{An) = 

| (P (n) + 3Q(n)), where Q{n) is the number of partitions of n having distinct 

odd parts. Therefore, it follows that 

3Q(n) 
Pr(^n) = Pr(5'„) + 

n! 

Thus, Fv{An) > Pr(5n). 

Consider the dihedral group D2n, n> I, and the quaternion group Q2"+i, 

n>2. In [31], P. Lescot has deduced that 

n + 3 
if n is odd 

11 n is even 
4n 

and 

Clearly, Pr(Z)2n) -^ \ and Pr(Q2"+i) —> | as n -^ oo. In this regard, Lescot 

enquired whether there is any other natural family of groups with the same 

property. It may be mentioned here that the following groups also have the 

same property: 

Qim = (a, 6 : a^^ = 1, 6̂  = a'", hah'^ = a"^) 

and 5D2n = (a, 6 : a^""' = 6̂  = 1, bah'^ = a-'^^"'"). 
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This is because certain tedious computations yield 

m + 3 
if m is odd 

if m is even, 
Pr(M^„) = ^ 

Pr(Q4.) = - ^ ^ 
971-2 I o 

and Pr(5D2n) = ^ ^ . 

In [16, Corollary 1.2], I. V. Erovenko and B. Sury have shown, in partic­

ular, that for every integer k > 1 there exists a family {Gn} of finite groups 

such that Pr(G„) —»• p as n —> co. In this connection, we have the following 

observation. 

Proposition 2.5.1. For every integer k > 1 there exists a family {Gn} of 

finite groups such that Pr(G„) —»• | as n —»• 00. 

Proof. In view of Result 1.5.4, it is enough to show the existence of a family 

of finite groups {Gn} such that Pr(Gn) —> - as n —* 00. Put Gn = ES{n,p), 

an extra-special p-group of order p̂ ""*"̂ . Then by Result 1.5.9, we have 

_, , „ , 1 p - 1 1 
Pr(G„) = - + -^r—T -^ - as n -> 00. 

This completes the proof. D 

We conclude this section with the following proposition which says that 

the reciprocal of eyery positive integer can be realized as the commutativity 

degree of some finite group. 

Proposition 2.5.2. For every positive integer n there exists a finite group 

G such thatPT{G) = i . 
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Proof. We shall prove the proposition by induction on n. If n = 1, we may 

take G to be any abelian group. If n = 2, we may take, in view of (2.5.a), 

G = S3. So, assume that n > 3 and that the proposition is true for all 

positive integers k < n. 

Case 1. n = 0 or 2 (mod 4). 

In this case, n = 2".m, where a,Tn are positive integers and m is odd. 

Clearly m < n. So, by induction hypothesis there exists a finite group G 

such that Pr(G) = ^ . Hence, using (2.5. a) and Result 1.5.4, we have 

Fv{G X (S^r) = Pv{G).{Pv{Ss)r = - ^ - - • 
771.2" n 

Case 2. n = 1 (mod 4). 

In this case, ^ ^ is a positive integer and ^ ^ < n. So, by induction 

hypothesis, there exists a finite group G such that Pr(G) = ^ ^ . Hence, 

Case 3. n = 3 (mod 4). 

In this case, ^ ^ is a positive integer and ^ ^ < n. So, by induction 

hypothesis, there exists a finite group G such that Pv{G) = ^ ^ . Hence, 

3n + 3 4 1 
Pr Den X G = " T ; ^ — • - — r = - • 

12n n + 1 n 

This completes the proof. D 

46 



Chapter 3 

A class of word equations and 

word maps 

In this chapter we generalize the classical result of F. G. Frobenius regarding 

the number of solutions of a commutator equation in a finite group. As a 

consequence, we obtain a class of almost measure preserving word maps on 

finite simple groups. 

This chapter is based on our papers [5] and [6]. 

3.1 A generalization of Frobenius' result 

Let F{xi, X2,.. •, Xn) be the free group of words on n generators Xi,X2,..., Xn-

For 1 < i < n, we write 'xj € uj{xi,X2,-.. ,Xny to mean that Xi has a 

non-zero index (that is, x^ forms a syllable, with 0 ^ A; G Z) in the word 

u{xi,X2,.. • ,Xn) £ F{xi,X2, •.. ,Xn). Let US Call a word ui{xi,X2,... ,Xn) 
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admissible if each Xi G u{xi, X2, • • •, x„) has precisely two non-zero indices, 

namely, +1 and —1. Let j^{xi,X2,. • • ^Xn) denote the set of all admissible 

words in F{xi,X2, • • • ,Xn)-

Given a finite group G and an element g ^ G, let Cn{9) denote the number 

of solutions {91,92, • • •, 9n) ^ G'^ of the word equation uj{xi, X2, •.., x„) = 9, 

where G'^ = GxGx---xG{n times). Thus, 

Cnia) = \{i9i,92, •••,9n)eG'': uj{gi,g2, ...,9n) = g}l 

where ijj{g\, g^, • • •, gn) denotes the image of a;(a;i, X2,. •., a:„) under the unique 

natural homomorphism r : F{xx,X2,...,Xn) —>• G which maps Xi to 9i, 

\ <i <n. Conventionally, Co'(5') = 1 if 5 = 1 and zero otherwise. 

Lemma 3.1.1. Let G be a finite group. Let f be an automorphism of 

F{xi,X2,...,Xn), n>l. Ifuii{xi,X2,...,Xn) aud U2{xi,X2, •. .,Xn) are any 

two admissible words in F{xi, X2,. • •, a:„) such that f{ui{xi,X2,..., x„)) = 

a;2(xi,a;2,.. •,Xn), then 

C{9)^C{9) 

for all g EG. 

* 

Proof Let {g\, 92, • • •, gn) ^ G" be such that uj2{gi, g2, •. •, gn) = g- This 

means that, if r : F[xi, X2,---, Xn) -^ G denotes the unique natural homo­

morphism given by Xi H-> ^j for 1 < i < n, we have 

T(uJ2ixi,X2,...,Xn)) = g 

or, (TO f){ui{xi,X2,...,Xn)) = g 

or, uj-i{hi,h2,.. •,hn) = g, 
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putting hi = {TO f){xi) € G for 1 < ^ < n; it may be noted here that TO f is 

the unique natural homomorphism from F{xi,X2, • •. ,Xn) to G which maps 

each Xi to hi. Thus, to every solution {gi,g2,. • •, Qn) oiui2{^i, ^2, • • •, Xn) — g 

there corresponds a solution {hi, h^,. • •, hn) of ui{x\,X2, • • •, Xn) = Q- Since 

/ is an automorphism, it follows that this correspondence is bijective. This 

proves the lemma. D 

Remark 3.1.2. For each a ^ Sn, the symmetric group of degree n, and for 

each e i€{ l ,—1} , l < i < n , , we have an automorphism 

/ • ^ \Xl, X2, . • • , Xn) ^ -T (,^cr(l)' "''o-(2)' • • • ' "^aln)' ~ ' ' '^1' "^2) • • • j ^ n j 

which maps each Xj to x^,^-., 1 < i < n. 

Remark 3.1.3. If uj{xi, Xa,.. . , Xn) G .c/(a;i, X2, • • •, a:n) with Xi ^ a;(xi, X2, 

. . . , Xn) for some i, then 

a;(xi, X2,. . . , x„) = Ui{xi,..., Xi, . . . , x„) 

for some u)i{xi,..., Xj , . . . , x„) G ^{xi,..., Xj , . . . , x„), where Xi means that 

Xi is omitted. Moreover, we have 

We now state and prove the main result of this section as follows. 

Theorem 3.1.4. Le^a;(xi,X2,... ,x„) G j2/(xi,X2,... ,Xn), n > 1. If G is a 

finite group, then the map Q^ : G —> C defined by 

C(5) = |{(yi ,52, .-- ,5n)eG":a;(gi ,52, .-- ,5n) = ^ } | , 5 G G, 

is a character ofG. 
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Proof. We shall, in fact, derive several inductive formulae for Ql{g). First 

note that '^ h,g £ G, the maps pi -̂> h~^gih, 1 < i < n, give rise to a one 

to one correspondence between the solutions of the equations 

u{xi,X2,.-.,Xn) ^ g and u{xi,X2,... ,Xn) = h'^gh. 

So, it follows that (̂ Ĵ  : G —>̂ C is a class function on G. We also observe, by 

Remark 3.1.3, that if ui{xi, x^, •. •, Xn) = 1, the trivial word, then 

Cig) = { 
|Gr if 5 = 1 

0 if gy^l. 

This clearly defines a character of G, namely, the multiple of the regular 

character of G by IGI""-*. It may be recalled that by a regular character of 

G we mean a character p : G —> C such that, for g ^ G, p{g) = |G| or 

0 according as p = 1 or f̂ 7̂  1. So, it is enough to prove the theorem for 

non-trivial words in ^ ( x i , 0:2,..., a;„), and we shall do so using induction on 

n, the numbers of generators Xi, X2,. . . , x^. 

Obviously, there is nothing to prove when n = 1. So, let us assume that 

the theorem is true for all n < k, where k >2. 

Let a;(a;i,X2,. - • ,a;fc) G .2^(0:1, X2,... ,Xfc). Then, in view of Lemma 3.1.1 

and Remark 3.L2, we may permute xi,X2, •. • ,Xk suitably to see that the 

equation u{xi, X2,.. •, Xk) = g possesses the same number of solutions in G'' 

as does the equation 

XiU:i{x2, X3, . . . , Xk)xi~'^ijJ2{x2, X3,..., Xk) = g, (3.1.a) 

where a;i(a:2, X3,. • •, Xk), uj2{x2, X3, • • •, Xk) G F{xi,X2, •.•,Xk) with the prop­

erty that, V z = 1,2, each Xj G Ui{x2,X3,... ,Xk), 2 < j < k, has index 
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+ 1 and/or —1. Note that we may or may not have aJi(x2, X3,... ,Xfe) G 

a^{x2,X3,...,Xk). In fact, Ui{x2,X3,... ,Xk) e £!^{x2,X3,... ,Xk) ii and 

only ii uj2{x2,X3,... ,Xk) G £/{x2,X3,... ,Xk). Also, it is possible that we 

may have C02{x2, X3,..., x^) = 1. However, if uii{x2, Xs, . . . , Xk) = 1, then, by 

the induction hypothesis, there is nothing to prove. 

We shall complete the proof of the theorem considering some cases and 

subcases as follows: 

Case 1. u)2{x2,3:3, • • •, Xk) € ^ (xa , X3, . . . , x^). 

In this case, we also have a'i(x2, X3, . . . , x^) € .e/(x2, xa , . . . , Xfc), as men­

tioned above, and we shall settle this case in two subcases. 

Subcase 1.1. u;2(x2,X3,... ,Xfc) 7̂  1. 

In this case, since 

Xia;i(x2, x s , . . . , Xfc)xr^a;2(x2, X3,..., Xk) € j^{xi,X2,..., Xfc), 

it follows that 0^2(3^212:3,.. •, x ;̂) and Xia'i(x2, X3, . . . , Xk)xi^ are admissible 

words in less than k generators (see Remark 3.1.3). In fact, there exist 

positive integers r,s < k with r + s = k such that 

ui2{x2,X3,...,Xk) =a;3(xj,,x,2,... ,XiJ G ̂ (x^^, x,^,... .x^J 

and 

Xia;i(x2,X3,...,Xfe)xi~^ = u>i{xi,Xj^,... ,Xj,) 6 .g/(xi,Xj2,... ,XjJ, 

where 2 < ip ^ jg < k Vp = 1, 2 , . . . , r and Vg- = 2 , 3 , . . . , s. Consider now 
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the word equations 

and uJi{xi,Xj^,...,Xj^) = gh~\ 

where h E G. By induction hypothesis, both Ĉ ^ and Ĉ ^ are characters of 

G. Then, the number of solutions of the word equation (3.1. a) is given by 

heG 

M 
x(i) 

h€G ^xelrr(G) ^ ^i/>eIrr(G) 

= E [Cr,x][C,x]J^x(^) (3.1.6) 
Xelrr(G) 

using the generahzed orthogonality relation (1.2.5). Hence, it follows that Q^ 

is a character of G. 

Subcase 1.2. u;2{x2, X3,..., Xk) — 1. 

In this case, the word equation (3.La) becomes 

Xia;i(x2, X3,. . . , Xk)x^^ = g. (3.1.c) 

For h G G, consider the equation 

uJi{x2,X3,...,Xk) ~ h'^gh. 

By induction hypothesis, Q^^-^ is a character of G. So, the number of solutions 

of the word equation (3.1.c), that is, of the word equation (3.1.a), is given by 

/leG 
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Hence, it follows that Ck is a character of G. 

Case 2. u;2(x2, X3, . . . , Xk) i ^{x2, X3,..., Xk). 

In this case, there exists an Xj, 2 < i < A;, such that the index of Xi in 

'̂ 2(3^2)2:3, • • • ,^k) is either +1 or —1. In view of Lemma 3.1.1 and Remark 

3.1.2, we may assume without any loss that i = 2 and the index of X2 in 

a;2(x2, X3,.. . ,Xfc) is + 1 . Consequently, the index of xi in 0Ji(x2, X3, . . . , Xfc) 

i s - 1 . 

Let us put a;2(x2, X3, . . . , X/-) = ^. Then we can write 

X2 = a;3(x3,...,Xfe)^a;4(x3,...,Xfe) (3.1.e) 

for some a;3(x3,..., x^), a;4(x3,..., Xfc) G F (x3 , . . . , x^). Putting this value 

of X2 in a;i(x2, X3, . . . , Xfc) and then replacing ^ by xj^, we may rewrite the 

word equation (3.1. a) as 

Xia;5(x2,...,Xfc)x];^x^^ = ^, (3.1./) 

where a;5(x2,. -., Xfc) € F(x2 , . . . , Xk). Prom (3.1.e), it follows that the free 

group F(xi, X2,. . . , Xfc) is also generated by xi, ^, X3, . . . , x^. As such, there 

is an automorphism of F(xi, X2,.. . , xjt) which maps ^ to xj^ and fixes each 

Xt, where i ^ 2. This automorphism transforms the word equation (3.La) 

into the word equation (3.1./), and so, from Lemma 3.1.1, it follows that the 

two equations have the same number of solutions in G^. Now, 

a;5(x2,..., xjfc) = u;6(x3,..., Xfc)x2C<;7(x3,..., Xfc), (3.1.p) 

where Ci;6(x3,..., x^), a;7(x3,..., Xfc) G F (x3 , . . . , Xfc). Note that we may have 

one or both of a;6(x3,..., x^) and c<;7(x3,..., Xfc) equal to 1. 
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Let {gi,g2, • • • )5fc) G G'^- Let x ^ Irr(G), and ^^ be a representation of 

G affording x- Then, using {1.2. d), we have 

9ieG x(i)-

Multiplying this equality on the right by $^(^2 )̂ ^^*i then summing over all 

92,93, •••,9k e G, we get 

X I '^x(^i'^5(52,--.,^fc)£/r^5^^) = -7Yr J2 xM92,---,9k))^xi92^)-

This, on taking trace, gives 

Yl X{9i^5i92,^--,9k)gi'^92^) =-7^ 5 1 xM92,---,9k))x{92^)' 
91, ,9keG X\ ) g^^ g^^Q 

The left side of this equality is 

T.<^{9)X{9) = \G\[C^,X]-
geG 

Thus, we have 

K ^ ^ = ; ; M ^ xM92,...,9k))x{92')- (3.1./i) 

Note that, if A; = 2, then, in view of the first orthogonality relation (L2./i), 

the expression (3.1./i) becomes 

K2,XJ ^^^y 
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This in turn gives the famous formula due to Probenius, namely, 

M 
xii) 

cr(̂ ) = E§s (̂̂ )-
xelrr(G) 

Thus, ^2 is ^ character of G. So, we assume that A; > 3. 

Consider now the word equation 

wsl^a,. . . , Xfc) = 0)7(3:3, • • •, Xk)uJ6{x3, ...,Xk) = h, {3.1.i) 

where h e G. By induction hypothesis, C l̂g is a character of G. Also, 

since WeCf/a, • • •, gk)g2^7{93, •••,9k) and 92(^7(93, ••••, 9k)^6{93i •••,9k) are con­

jugates in G, it follows from (3.1.^) that 

^('^5(52, • • • , f̂c)) = X{92^7{93, •••, 9k)i^6i93, • • • , f̂c))-

So, from (3.1.h), we have 

ICk'X] = -7TT Yl Z l x ( 5 2 W 7 ( p 3 , - - - , 5 f c H ( 5 3 , . . - , 5 f e ) ) x ( 5 2 ^ ) 

= 77T]Jl<t-2ih)Yx{92h)x{g2'), using (3.1.2) 
heG g2&G 

kT.<kt2ih)^M using (1.2.̂ ) 

Thus, 

xH)^,'-'' ^x(i) 

= ( ^ ) I C ^ for all X e Irr(G). 

^^^9)= E ( ^ ) [C2>X]X(^)- (3.1J) 

Hence, it follows that Ck is a character of G. This completes the proof of the 

theorem. D 
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It may be mentioned here that if the structure of the admissible word 

u{xi,X2,..., Xn) is known to us, then, for each g ^ G, the technique adopted 

in the proof of Theorem 3.1.4 can also be used to derive an exphcit formula 

for the number of solutions of the word equation uj{xi,X2,. • • ,Xn) = g in 

terms of the irreducible characters of G. We illustrate this as follows. 

Consider the word equation 

X1X2 • • • Xn+lX-^ Xn+2'^2 • • ••'^n+l-^n-i-2 ~ 9) [o.l.K) 

where n > I. Then, proceeding in the same way as we did in Case 2 in the 

proof of Theorem 3.1.4, we have 

— 2̂ 12̂ 2 • • • '^n+l^i ^n+2^2 • • • •^n+l'^Ti+2 

a n d UJ8{X3, X4, . . . , Xn+2) = Xn+2X3X4 • • . Xn+lX^^X^^ . . . X'l^X'l^. 

In view of Remark 3.1.2, we see, using (3.1.rf) and (1.3.e), that the number 

of solutions of the word equation 

Us{x3,X4,...,Xn+2) - h, 

where h e G, is given by 

xelrr(G) ^ ^ ^ 

Therefore, by (3.1.J), the number of solutions of the word equation (3.1.A;) is 

given by 

C+2i9)= Yl r7TT^i+w;:ir > (̂5)-
xelrr(G) ^^ ' 
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In particular, putting n = 1 in the word equation (3.1.A;) and then using 

(1.3./), we can at once see that the number of solutions of the word equation 

a;ia;2X^ X^X^ X^ . . . X3n-2X3n-1^3n-2^3nX3n-1^3n ~ 9 

is given by 

xelrr(G) ^ ^ ' 

Remark 3.1.5. It may be noted here that the expression (1.3. c) obtained by 

P. Kellersch and K. Meyberg can also be derived from the expressions (1.3. a) 

and (1.3./) obtained by F. G. Frobenius and S. P. Strunkov respectively. 

3.2 Certain measure preserving word maps 

The terminologies used in this section have been described in Section 1.4 and 

in Section 3.1. Let G be a finite group. Let ci;(xi,a:2,... ,a;n,) be a word in 

F{x\,X2,.. •, Xn), and a^^ : G" —> G be the corresponding word map given 

hya^{gi,g2,---,9n) = (^[9i,92,---, gn)- In this case, we say that the map a^ 

is induced by u. In [46, Problem 2.10], A. Shalev asks — Which words induce 

almost measure preserving maps on finite simple groups. In this section, we 

show that if G is simple and u{xi,X2,---,Xn) is a non-trivial admissible 

word, then a^ is almost measure preserving, and almost all the elements of 

G can be expressed as to{gi,g2, • • •, ^n) for some gi,g2,---,gn ^ G. It may 

be mentioned here that S. Garion and A. Shalev [19, Theorem 7.4, Corollary 

7.5] have made such conclusions considering the word x^x^ and the words 

which correspond to n-fold commutators in some arrangement of brackets. 
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Needless to mention that every admissible word does not correspond to an 

n-fold commutator, for example, a;ia;2 . . . x^x^^x^^... x~^. 

Let Lj{xi,X2, •. •, Xn) be a non-trivial admissible word in F{xi, X2,- • •, Xn) 

and g E G. Note that 

M~\9) = {{gu 92, • • •, 9n) € G " : uj{gu g2,..., gn) = g}-

So, we have \{a^j)~^{g)\ = Cn (5)) the number of solutions of the word equation 

u;(xi, X2, • . . , Xn) — g. Therefore, the corresponding probability distribution 

on G (associated to a^) is given by 

Since Cn is a class function on G (see Theorem 3.1.4), we have 

xelrr(G) 

Therefore, by (3.2.a), we have 

xelrr(G) ' ' 

The following crucial result, in fact, plays the pivotal role in enabling us 

to replicate the technique used by Garion and Shalev. 

Proposition 3.2.1. Let G be a finite group and x £ Irr(G). Then 

o<IC,xl<Jf|^. 
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Proof. The proof is essentially same as that of Theorem 3.1.4, except that 

the induction here starts at n = 2, when by Frobenius' formula (1.3. a) we 

have 

and so, for all x ^ Irr(G), 

For the rest of the proof, we assume, as usual, that the result is true for all 

n < k, where A; > 3. Then, for each of the expressions of (^^, as mentioned 

in (3.1.6), (S.l.d) and (3.1.j), we have, using the induction h3T)othesis, 

0 < [ C a ] < ' | | ^ for all X € Irr(G). 

This completes the proof. D 

Rest of our results are quite similar to the ones obtained by Garion and 

Shalev. Accordingly, the so called Witten zeta function (see [50]) given by 

xeIrr{G) 

where s is a real number, and the quantities 

6(G) = (C^(2) - 1) 
1/4 

once again play significant roles in the proofs. In [32, Theorem 1.1], it has 

been proved that if G is simple and s > 1, then C^{s) —> 1 as |G| ^ oo, 

which implies that e(G) —> 0 as \G\ —^ oo. 
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Let U be the uniform distribution on G given by U{g) = •^^^, g e G. Then 

we have 

|G|' 

Proposition 3.2.2. Let G be a finite group. Then, with notations as above, 

\\P.-U\U<5{G). 

Proof. In view of (3.2.b) and (1.4.a), we have 

/ 

\\P.-U\\x< 

\ 
1/2 

E 
\ X6lrr(G) 

I 

[C.x] 
|G|" - 1 

/ 

< y -
\ 

1/2 

I xelrr(G) 
\ X ^ I G 

X(l)^ 
, using Proposition 3.2.1 

/ 

,1/2 = (C^(2)-1)^^% using (3.2.C). 

This completes the proof. D 

As a consequence, we obtain a lower bound for the number of group 

elements that are of the form iu{gi,g2,..., gn), where gi,g2,- • • ,9n ^ G-

Corollary 3.2.3. Let G be a finite group. Then, with notations as above, 

\imaJ>{l-S{G))\G\. 

Proof. Using Proposition 3.2.2, we have 
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S{G) > Y. 
geG 

PM -
1 

g&G—imau. 

g€G—imaui 

\G\ 

PM -

- 1 

\G\ 

'Wl 
\G\ - | imQ^ 

\G\ 

Hence, the result follows. D 

The equidistribution and measure preserving properties of the map a^ in 

terms of the parameter e{G) are given as follows. 

Proposition 3.2.4. Every finite group G has a subset S with the following 

properties: 

(a) 1S|>(1-6(G))1G|; 

(b) (1 - e(G))|G|"-i < \{a^)-\g)\ < (1 + e(G))|G|"-i, or equivalently, 

l - e ( G ) ^ ^ , .^ l + e(G) , „ 
,^ < PM < 1̂ 1 forallgeS. 

Proof. It is enough to see, using Proposition 3.2.2 and Result 1.4.2, that the 

map a^ is e(G)-equidistributed. D 

Proposition 3.2.5. Let G be a finite group. Then, with notations as above, 

the map a^^ satisfies the following conditions: 

IK)-i(y)| |y| 
(a) 

1G|" \G\ 
<3e(G) forallY^G. 

(b) IfXC G", then l ^ j ^ > l ^ - 3e{G). 
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Proof. The results follow from Result 1.4.1, noting that the map a,^ is e(G')-

equidistributed. D 

Remark 3.2.6. As noted in [19, page 4633], Proposition 3.2.2 through 

Proposition 3.2.5 have some significance only when G = G', that is, when G 

is a perfect group. 

Finally, through the following corollary, we achieve our goal mentioned 

at the beginning of this section. 

Corollary 3.2.7. Let G be a finite simple group, and o(l) be a real number 

depending on G which tends to zero as \G\ —> oo. 

\(a )''^(Y)\ \Y\ 
(a) / / Y CG, then '̂  '^^ /^ '̂ = |—| + o(l). This means that the map 

Q!(j is almost measure preserving. 

(b) If X C. G", then —'̂  > j — ^ - o(l); in particular, if X is such 

that \X\ = (1 - o(l))lG|", then \a^iX)\ = (1 - o(l))|G|. This means 

that almost all the elements of G can be expressed as u{gi,g2,..., ^n) 

for some gi, g2,...,gn e G. 

Proof. Follows from Proposition 3.2.5, noting that e{G) = o(l). D 

3.3 Equations having restricted variables 

In this section, we consider the number of solutions of word equations in a 

finite group G by restricting the choice of the values of some of the variables to 

a given subgroup of G. In the process we obtain yet another generalization of 
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Frobenius' result given by (1.3.a). Let H he a, subgroup of G and g E G. Let 

C{g) denote the number of elements {hi,g2) & H x G satisfying [/ii,52] = g-

Theorem 3.3.1. Let G be a finite group. If H<G, then ^ is a class function 

on G and 

xelrr(G) ^^^^ xelrr(G) ^^"^^ 

for all g & G. 

Proof. Since for each a E G, the map {hi,g2) •-* (a/iia~\a^2fl"^) defines a 

one to one correspondence between the sets {{hi,g2) E H x G : [hi,g2] — g) 

and {(/ii,5'2) E H xG : [/ii,fl'2] = a^^a"^}, it follows that C is a class function 

on G. Thus, by (1.2.'j), we have 

C(5)= E [C.X]X(̂ )- (3.3.a) 
xelrr(G) 

Let X ̂  Irr(G), and let ^^ be a representation of G which affords x- Then, 

using (1.2.d), we have 

where hi G / / . Multiplying both sides by $^(/ii), and summing over all 

hi G i / , we get 

{hi,g2)€HxG -^^ ''/lie// 
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Taking trace, we have 

x(i) • 

Hence, in view of (3.3.a) and (1.2./), the theorem follows. D 

In particular, we have 

Corollary 3.3.2. Let G he a fimte group. Then, with notations as above, C 

is a character of G. 

Proof. It is enough to show that x(l) divides l-f^Kx '̂ XHI ^^^ ̂ ^^^ X ̂  Irr(G). 

So, let X ^ Irr(G) and ^^ be a representation of G which affords x- Then, in 

view of the discussion preceding Result 1.2.4, there is an algebra homomor-

phism u^ : Z(C[G]) —> C given by ^^{z) = ujxi^)\ ^^r all z G Z(C[G]). 

Since H <G, there exist hi,h2,.-.,hr € H such that H = U CiaiK)-
l< t<r 

Let /Ci = E z, the class sum corresponding to CiciK), 1 <i <r. By 
xeCtoiK) 

Result 1.2.4, u-^{Ki) is an algebraic integer with 

Therefore, it follows that 

hen i<i<r 

= E X{^)0Jx{i<^)x{K'). 
\<i<r 
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Thus, 

^^ > \<i<r 

which, in view of Result 1.2.3, is an algebraic integer, and hence, an integer. 

This completes the proof. D 

The following proposition is a generalization of the result of P. Kellersch 

and K. Meyberg given by (1.3. c). 

Proposition 3.3.3. Let G he a finite group, H <G and g Q G. If C,2n{g), 

n > \, denotes the number of elements ((/ii,5i), • • •, (/in,5n)) ^ {H x C)" 

satisfying [h\,gi]... {hn,gn] = 9, then <̂2n is a character of G and 

C2n{g)= X. ^(l\^n~l ^(9)-
X€lrr(G) ^ ^ ^ 

Proof. In view of Theorem 3.3.1 and Corollary 3.3.2, the proposition follows 

from the result of Strunkov given by (1.3./). D 

As a slight modification of Strunkov's result mentioned in (1.3.^), we also 

have the following result. 

Proposition 3.3.4. Let H be a subgroup of a finite group G andg G G. Then 

the number of elements {gi, h2^gz) G GxHxG satisfying gih2gi^ gzh2^ g'^^ = 

g defines a character of G and is given by 

X6lrr(G) ^ ^ ' 

Proof For each a G G, (pi, /12, ^3) i—> {agi, h^, ag^) defines a one to one corre­

spondence between the sets {(^i, /i2; Pa) € GxH xG : g\h2gi^g3h2^g^^ = p} 
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and {{9i,h2,g3) e G y^ H ^ G : 5i/i2Pi ^f/3^2^93^ = o,9(^ ^}- So, it follows 

that Cs is a class function on G. Thus, we have 

C3(^)= Yl [C3,X]X(5). (3.3.6) 
xelrr(G) 

Let X ^ Irr(G'), and ^^ be a representation of G which affords x- Then, 

using {1.2.d), we have 

^ $ , ( g i M r ' ) = i ^x ( /^2 ) ix , 
1̂1 

i'xvyi"'2yi ; = • 

ffieG 

where /i2 € H. Multiplying both sides by ^xi93h2^93^)^ 3,nd summing over 

aR hi E H and ^3 e G, we get 

Yl ^xi9ih2gi'g3h2'g3') = - ^ J2 X{h2)^xi93h2'g3'). 

Taking trace, we have 

E Xi9ih2gr'93h2'g3') = j f y E X{h2)x{h2') 
igiM,g3)eGxHxG ^^ ' {h2,g3)&HxG 

=^ YxiaMg) = ^:^^YxAh2)xAh2') 
geG X\ i/i2e// 

_ ^ r ^ 1 _ |g|l^l[X.,X.] 

which is clearly a non-negative integer since x(l) divides |G|. Hence, in view 

of (3.3. &), the proposition follows. • 

As an immediate consequence, it follows from (1.3./) that the number 

of elements ((51,/i2,53)> • • •, (53n-2,/i3n-i,P3n)) e {G X H xGY satisfying 
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9ih2gi ^gzh^ ̂ Qz^ ••• gzn-2h3n-ig3n-293nhn-\93n = 5' defines a character of G 

and is given by 

X6lrr(G) ^^ > 

This, is in fact, a generaUzation of (3.1./). 
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Chapter 4 

Commutativity degree 

generalized through words 

In this chapter we study the probabihty that an arbitrarily chosen n-tuple of 

elements of a given finite group is mapped to a given group element under 

the word map induced by an admissible word. This generalizes the existing 

notion of the probability that the commutator of an arbitrarily chosen pair 

of group elements equals a given group element. In particular, considering 

an admissible word that corresponds to a generalized commutator, we also 

obtain certain characterizations of the given finite group. 

This chapter is based on our paper [38]. 
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4.1 Definition and basic properties 

Let G be a finite group and g be an element of G'. Let uj{xi,X2, • • • ,Xn) 

be a non-trivial admissible word (see Section 3.1) in F{xi,X2,....,Xn) and 

a^ : C" —> G be the corresponding word map induced by u. Let us define 

Pr^(G') to be the probability that an arbitrarily chosen n-tuple in G" is 

mapped to g under a^. In other words, 

P^^(G) = ^ ' (4-1-a) 

where Cn(p) = \{{9\,92,--•,9n) e G" : uj{gi, g2,..., gn) = g}\. Comparing 

(4.1.a) with (3.2.a), one can also observe that Prg(G) = P^ig), where P^ is 

the probability distribution of G associated to a^. 

Note that, for u){xi,X2) = 2:1X2X^^2;̂ ^ we have Pr^(G) = Pvg{G), a 

notion used and studied extensively by M. R. Pournaki and R. Sobhani [40], 

which coincides with the usual commutativity degree Pr(G) of G if we take 

g = I, the identity element of G. 

It is easy to see that 0 < Pr^ (G) < 1. Also, we have 

Proposition 4.1.1. Let G be a finite group and u{xi,X2,. • •, Xn) be a non-

trivial admissible word. Then 

^^^ P^ (̂̂ ) ^ \G : Z(G)|" - |G:Z(G)|" - °' 

(b) Pr'^(G) = 1 if and only if G is abelian. 

Proof (a) Consider an n-tuple {gi, 92, • • •, gn) £ G" in which n — 1 coordi­

nates are chosen from the center Z{G). Clearly, u{gi,g2,..., ^n) = 1 and the 
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number of such n-tuples is \Z(G)\"-\n\G\-{n-1)IZ(G)[). Hence, part (a) 

follows. 

(b) We are to show tha t u;{gi, 92, • • •, gn) = I for all gi, g2,...,gn^Gii and 

only if G is abelian. Since uj is admissible, the 'if part is obvious. So, let 

^{9u92,---,gn) = 1 (4.1.6) 

for all ^1, ^2, • • •, 5n e G. We first show, using induction on n, that 

U!{Xi,X2,....,Xn) = 0JlUU2VUl3U~^U4V~^U5, {4.1.c) 

where u = Xj or x^^ and v = Xj ov xj^ for some i, j with I < i ^ j < n, and 

each Wfe, 1 < fc < 5, is a word in the remaining n - 2 letters; we may have 

tUfc = 1 for some or all k. Clearly, (4.1.c) holds if n = 2. 

Assume that n > 2. Then 

uj{xi,X2,...,Xn) = yujey'^ujT, (4.1.d) 

where y — x,. or x~^ for some r with 1 < r < n, and we, wy are words in the 

remaining n - 1 letters; noting that we may have wy = 1, but we always have 

(Je 7̂  !• If 'î e is an admissible word, then, by induction hypothesis, u^, and 

hence uj{xi, 2:2, • • •, a;„) has the form given by (4.1.c). On the other hand, if 

UQ is not an admissible word, then 

UQ = UJsZUg (4.1.e) 

a n d U7 = UJIQZ''^UJXI, (4 .1 . / ) 

where 2; = Xs or x~^ for some s with 1 < s 7̂  r < n, and us^ui^^uJio.uin are 

words in the n — 2 letters in the set {xi,X2, • • • ,Xn} — {xr,Xs}. Thus, once 
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again, it follows, from (4.1.d), (4.1.e) and (4.1./), that uj{xi,X2, • • • ,Xn) has 

the form given by (4.1.c). This estabhshes our claim. 

Finally, let a, b be any two elements of G. In (4.1.c), let us put x^ = a, 

Xj — b and Xt = 1 for all t such that \<i^t^j<n. Then, using (4.1.6), 

we have aba~^b~^ = 1 for all a,bEG, showing that G is abelian. This 

completes the proof of pajt (b). D 

Note that Prg (C) may be regarded as a completely multiplicative arith­

metic function of finite groups in the sense of [4]. More precisely, we have 

Proposition 4.1.2. Let H and K be two finite groups and uj{xi, x^,.--, Xn) 

be a non-trivial admissible word. If [h, k) £ H' x K', then 

Proof. Note that the elements {{hi,ki),..., {hn, kn)) £ {H x KY satisfying 

a;((/ii, fci),..., (hni kn)) = (/i, A;) are in one to one correspondence with the 

elements {{hi,..., /i^), (fei,..., kn)) £ H^ x K"^ satisfying u{hi,..., hn) = h 

and uj{ki,... ,kn) = k. Hence, the result follows from (4.1. a). D 

The following result shows that Pr^(G) is an invariant under isoclinism 

(see Section 1.1) of finite groups. 

Proposition 4.1.3. Let G and H be two finite groups and {(t^^tp) be an 

isoclinism from G to H. If g £ G' and u{xi,X2,---,Xn) is a non-trivial 

admissible word, then 

Pr^(G) = Pr;^(,)(i/). 
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Proof. Since cj(xi, 0:2,..., Xn) is an admissible word, the induced word map 

a^ : G" —> G factors through the quotient group G"/Z(G'") = (G/Z(G))". 

Therefore, we have 

|{(5i,52,-.-,5n) e G" :cj(5i,52,---,5n) = 5}| 

= |{(5i^(G),52^(G),. . .,9nZ{G)) e {G/Z{G)r : uj{9u92, • • • ,Pn) = 5}| 

X |Z(G)r . (4.1.5) 

Let K be the subgroup of G generated by 91,92, ••• ,9n- Note that 

^li^'', p2-f̂ ', • • •, 9nK' € K/K', an abeUan group. Since u;(a;i, 2:2, •. •, a;„) is 

an admissible word, it follows that 

u;{giK', 92K',..., gnK') = K', the identity element of K/K' 

=^co{gi,92,..-,9n)K' = K' 

=^ <^{9i, 92, • • •, 9n) e K'. 

Thus, uj{gi,g2, • • • ,9n) is a product of commutators in K. In other words, 

there exits an even positive integer m such that 

i^{9\i92,---,9n) = [u;i,a;2][w3,(^4]---km-i,w„i], (4.1./i) 

where ujj = ^^(51,52, • • •, 5n) for some a;j(xi, 12, • • •, x„) € F(xi, X2,.. . , x„), 

1 < j < m. Choose Ke H such that <i){g^Z{G)) = KZ{H), l<i<n. Put 

(D̂  = (j^j{h\, /12, • • •) /'•n)) 1 < J < •'T̂ - Then, from (4.1.ft), using Figure 1.1, we 

have 

= xl;{aG{uJiZ{G),U2Z{G))). ..i;{aG{um-iZ{G),ujmZ{G))) 
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= a„{<p{u,Z{G)), <P{U2Z{G)))... aH{<f>{LOm-iZ{G)), 0(a;^Z(G))) 

= aH{0,Z{H),Cj2Z{H)). ..aH{Cj„,-iZ{H),Cj^Z{H)) 

= u>{hi,h2,... ,hn). 

It follows that there is an one to one correspondence between the n-tuples 

{giZ{G),g.2Z{G),.. .,gnZ{G)) e {G/Z{G)Y satisfying uj{gug2, ...,gn)^g 

and the n-tuples {h-^Z(H), h^ZiH),..., KZ{H)) 6 {H/Z{H)Y satisfying 

uj{hi,h2,...,hn) = •0(^)- Hence, by (4.1.^) and the corresponding equation 

for H, we have 

|G:Z(G)i" 

_ \{{h,Z{H), • • •, KZjH)) e {H/Z{H)r : ujhu. ..,K) = i^{g)}\ 
\H:Z{H)\-

^ QM{g)) 
\H-\ 

noting that \G : Z{G)\ = \H : Z{H)\. This completes the proof. D 

If G is a finite group and LO{XI^X2, • • •, â n) is a non-trivial admissible word, 

then, by Theorem 3.1.4, Cn is a character (in particular, a class function) of 

G. So, it follows from (4.1. a) that \i g,h G G' are conjugates in G, then 

Pr^(G) = Pr^(G). In the same line, we also have the following result. 
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Proposition 4.1.4. Let G be a finite group and a'(xi,X2,... ,Xn) be a non-

trivial admissible word. If g,h^ G' generate the same cyclic subgroup ofG, 

i/ienPr^(G) = Pr-(G'). 

Proof. Note that C^ is a rational valued character of G. Hence, in view of 

Result 1.2.2, the proposition follows from (4.1.a). Q 

Since Ĉ  is a character of G, it follows from Result 1.2.6 and (4.1. a) that 

\G\r P'̂ p(̂ )= E w ^ ( ^ ) . (4-1-0 
xelrr(G) 

where, by Proposition 3.2.1, we have [C^,x] ^ 0 for all x ^ Irr(G). This 

formula enables us to show that Pr^(G) < Pr(G). However, we need the 

following lemma, which is also used extensively in the forthcoming sections. 

n 

Lemma 4.1.5. / / X)n(at — 1) = 0, where r^ 's are positive rational numbers, 
1=1 

and Gi G C, \ai\ < 1 for alii = 1,2,..., n. Then ai — 1 for I <i <n. 

Proof Note that 

n n n 

0 = 5^Re(n(ai - 1)) = Y^niReiai) - 1) < E ^ i ( | a , | - 1) < 0. 
t = i 1=1 1=1 

Hence, for 1 < i < n, we have Re(ai) = |ai| = 1 which means that Ci = 1. D 

Proposition 4.1.6. Let G be a finite group, g EG' and uj{xi,X2,...,Xn) be 

a non-trivial admissible word. Then 

(a) Pr-(G) < Pr^(G) < Pr(G), 

(b) Pr^(G') = Prr(G) if and only ifg = l. 
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Proof, (a) Using (4.1.i), we have 

Pr-CG) = 
xelrr(G) 

\G\- X{9) 

^ E 
xelrr(G) 

^ | X { 5 ) | , Since [ C , x ] > 0 

< E % ^ X ( 1 ) = Prr(G), using (1.2.6) 
XGlrr(G) 

XGlrr(G) 

by Proposition 3.2.1 
X(l) |G|"' 

= Pr(G), using (1.5.6). 

This proves part (a). 

(b) Note that, for all x ^ Irr(G), we have [ C x ] > 0, and, by (1.2.6), we 

also have \x{g)\ ^ x(l)- Therefore, 

Pr-(G) - Prr(G) 

V - [C.x]x(i) /x (p) 

^ IGI" W ( l ) 

Xig) = X(l) V x e l r r ( G ) , 

5 = 1-

This proves part (b). 

= 0, using (4.1.z) 

using Lemma 4.1.5 

D 

Since Pr^(G) < 1 for all g eG',it follows from Proposition 4.1.1(b) and 

Proposition 4.1.6 that Prp(G) = 1 if and only if p = 1 and G is abehan. Of 

course, if G is abelian and g ^ \, then it is easy to see that Pr^(G) = 0, 

as a; is an admissible word. Hence, it is enough to study the notion Pr^(G) 

assuming that G is non-abelian. 
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4.2 A computing formula and some bounds 

Let G be a finite non-abelian group and g be an element of G'. In the previous 

section, we have introduced and studied the notion Prg(G) considering an 

arbitrary non-trivial admissible word u. However, for a particular choice of cj, 

the apparently insignificant-looking formula (4.1.i) becomes quite significant 

and it enables us to characterize G in terms of certain identities involving the 

generalized notion of commutativity degree mentioned in Section 4.1. This is 

exactly what has been done in this and the following sections. Accordingly, 

from now onwards we deal with the admissible word 

n > 2, which corresponds to a generalized commutator in G of length n. Also, 

we write Pr^(G) in place of Prg(G). Thus, in this case, we have 

p^n.^x !{(<?!, g2, ••- , gn) e G " : [gi, 92, • • • , 9n\ = 9}\ ,. „ . 
^"^gKG)- j^;^j , (4.2.aj 

where \gi,g2, • • •, 5'n] = 9x92 • • • 9n9\^92^ • • • 9n^- Needless to mention that all 

the results obtained in the previous section hold good also for Pr^(G). 

In view of the above consideration, it follows from (1.3.e) and (4.1.a) that 

where Sn is 1 or 2 according as n is even or odd. It is easy to see that if n 

is even, then Pr"(G) = Pr^"'"^(G). Hence, without any loss we may assume 

that n is even, that is, £„ = 1. Using (1.2.o), the formula (4.2.6) may be 

rewritten as 

X€lrr(G) 

X(l)/1 
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Pr:(G) 
\G'\ 

In particular, putting r̂ = 1, we have 

1 ^ < Pr^lG) < Vr\{G) = Pr(G); (4.2.d) 

noting that G has at least one non-hnear irreducible character. From (4.2. c), 

using (1.2.6), we also have 

Let m-G = min{x(l) : X ^ Irr(G),x(l) 7̂  ! } • If P is the smallest prime 

divisor of \G\, then it is easy to see that 

X(l) > mc > p > 2 (4.2./) 

for all X e Irr(G') with x(l) 7̂  1. 

In order to have some non-trivial bounds for Pr^(G) we need the following 

lemma, which, in view of (4.2./), also generalizes Result 1.5.2. 

Lemma 4.2.1. Let G be a finite non-abelian group and d be an integer such 

that 2 < d < ma • Then 

with equality if and only if cd{G) — {l,d}. 

Proof By (4.2./), x(l) > d for all x € Irr(G) with x(l) 7̂  1- Also, by 

(1.2.a), the number of non-linear irreducible characters of G is given by 

k{G) - \G : G'\. Therefore, from the degree equation (1.2.c), we have 

IGI = \G:G'\+ Yl X(l)' > \G : G'\ + d\k{G) - \G : G'l) 
xelrr(G) 

77 



with equality if and only if x(l) = d for all x ^ Irr(G) with x(l) ^ 1. Hence, 

noting that Pr(G) = ^ ^ , the lemma follows. |G| D 

Proposi t ion 4.2.2. Let G be a finite non-abelian group, g G G' and d be an 

integer such that 2 < d < ma- Then 

(a) 
1 

P r ^ ( G ) - ^ 
1 

Pr(G) 
-d^-^y^^^' \G'\ 

In other words, 

1 / d"'^ + 1 \ 1 / r7"-2 _ 1' 
-PKG) + ^ ^ 7 ^ < P r " ( G ) < - - i - Pr(G) + ' ^ dn-2 \G'\ d \G'\ 

(b) Pr^CG) 
|G'| < 3 - l 1 IG'I 

/n o^/ier words. 

M-w)^-'<-'^i^(-w 
/n particular, Pr"(G) < 

2" + l 
2"+i 

Proo/. (a) By (4.2./), x(l) > rf for all x G Irr(G') with x(l) 7̂  1. Also, 

by (1.2.a), the number of non-linear irreducible characters of G is given by 

k{G) - \G : G'\. Hence, it follows from (4.2.e) that 

- d"-2 V IGI | G ' | ; d"-2 V ^""^ |G'| P^."(G') - j ^ 

This proves part (a). 

(b) In view of Lemma 4.2.1, part (b) follows from part (a); noting, for the 

particular case, that d>2 and \G'\ > 2. D 

78 



As an immediate consequence of Proposition 4.2.2(a), we have 

Ito PrJ(G) = ^ . (4.2.5) 

Proposition 4.2.3. If G is a finite non-abelian simple group and g € G', 

then 

Pr^(G) 
\G\ 

< 
1 1 

3"-2 Vl2 1G|. 

In other words, 

1 3n-2 

3"-2 V 12 

/n particular, 

+ 
+ V 

\G\ ^P^^(^)^^U + 
j n - 2 

12 |G| 

qn-2 I 4 

Pra(G')<7r-r 
9 ^ '' — Q n - 1 3"-i X 20 

Proof. It has been proved by J. D. Dixon [8] that, for a finite non-abeUan 

simple group G, Pr(G') < ^ . Also, for such groups, we have ma > 3, 

using Result 1.2.10. Hence, using the fact that G = G', the result follows 

from Proposition 4.2.2(a) with d = mc- For the particular case, note that 

\G\ > 60, since A^ is the smallest finite non-abelian simple group and its 

order is 60. D 

4.3 Some characterizations 

Let G be a finite non-abelian group and g G G'. In this section we show that 

G has some special properties expressible in standard groupy-theoretic terms 

if and only if Pr^(G) satisfies certain identities given by some of its upper 

and lower bounds mentioned in Section 4.2. 
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We begin with the following observation. 

Lemma 4.3.1. Let G be a finite non-abelian group and 1 ^ g E G'. If 

cd(G) = {l,rf}, then 

Proof. Using the second orthogonality relation (1.2.y), we have 

J2 X{9)X{1) = 0 
X6lrr(G) 

=^ Yl X{9) = - ^ - ^ , using (1.2.a). 
Xelrr(G) 

The result now follows from (4.2. c); noting that d > 2, since G is non-

abelian. D 

As an immediate consequence, we have the following corollary which is 

related to Remark 1.1.2, Result 1.2.11 and Theorem 2.4.3. 

Corollary 4.3.2. Let G be a finite group with |cd(G)| = 2. Then every 

element of G' is a generalized commutator of length n for all n > 2; in 

particular, every element of G' is a commutator. 

Proof. In view of Proposition 4.1.1(a) and Lemma 4.3.1, we have Prg(G) > 0 

for all g E G'. Hence, using (4.2.a), the result follows. D 

Now, corresponding to Proposition 4.2.2(a), we have 

Proposition 4.3.3. Let G be a finite non-abelian group, g E G' and d be an 

integer such that 2 < d < mo- Then 
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(a) Pr"(G) = - ^ (FI{G) + ^-^-r^ 1 if and only if 
d \G'\ 

g = l ondcd(G) = { l ,d} . 

(b) VT';{G) = ^^{-VX{G) + ^ ^ ^ ^ ] if and only if 
d"-2 \G'\ 

gf\, cd(G) = {l,d} and |G'| = 2. 

Proo/. (a) Note that 

|G| j ^ ^ ^ x ( l ) " - 2 d"-2|G| ^ 
'xelrr(G) ' xelrr(G) 

XGlrr(G) 

rf = x(l) V x e l r r ( G ) with x(l) ^ 1, 

cd(G) = {l,rf}. 

using (4.2. c) 

using Lemma 4.1.5 

This, in view of Proposition 4.1.6 and Proposition 4.2.2(a), completes the 

proof of part (a). 
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(b) Note that 

7T\ L . W T V ^ = -1^2Tn\ L 1' using (4.2.C) \G\ ^ ^ Y(1)" -^ cf'»-2|G'| 

x( i ) / i x(i)#i 

X6lrr(G) 

i n - 2 y . _]_(-x{g)d _ ^ 

= > - x(5)cr- ' = X(l)"" ' for all X e 1TT{G) with x(l) 7̂  1, 

using (1.2.6) and Lemma 4.1.5, and noting that x(l) > d for all x € Irr{G) 

with x(l) 7̂  1- Thus, we have 5 7̂  1, xig) is real, and -xig) = x(l) = ĉ  for 

all X € Irr(G) with x(l) 7̂  1. In particular, we have cd(G) = {l,d}. Also, 

using the second orthogonality relation (1.2.j), we have 

E x(̂ )x{i) = o 
Xelrr(G) 

= ^ \G : G'\ - d? {k{G) - \G : G'\) = 0 

= ^ |G"| = 2, using Lemma 4.2.1. 

Conversely, if ^ î̂  1, cd(G) = {l,d}, \G'\ = 2, then, by Lemma 4.2.1 and 

Lemma 4.3.1, we have 

This completes the proof of part (b). D 
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Corresponding to Proposition 4.2.2(b), we have 

Proposi t ion 4.3.4. Let G be a finite non-abelian group, g E G' and d be an 

integer such that 2 < d < mo- Then 

(a) Pr^(G) = ^ ( l + ^ ) ^f and only if 

g = l andcdiG) = {l,d}. 

(b) Pr^(G') = rfiT ( - 1 + - | ^ j 'f «"^ ^"^2/ if 

gy^l, cd(G) = {l,d} and \G'\ = 2. 

Proof. Using Proposition 4.2.2(a) and the first part of Lemma 4.2.1, we have 

P ' ; ( G ) - ^ < 5 ; ^ ( P r ( G ) - ^ ) < ; ^ ( l - ^ ) . 

Hence, part (a) follows from Proposition 4.3.3(a) using the second part of 

Lemma 4.2.1. 

Again, using Proposition 4.2.2(a) and the first part of Lemma 4.2.1, we 

have 

Pr;(G)-i^>^(pr(G)-^ >=:^(l- ' 

Hence, part (b) fdllows from Proposition 4.3.3(b) using the second part of 

Lemma 4.2.1. D 
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Lemma 4.3.5. Let G be a finite non-abelian group, and p be the smallest 

prime divisor of\G\. Then 

\G : Z{G)\ = p'^ ^=> cd{G) = {l,p} and \G'\ = p. 

Proof. By the first part of Result 1.5.2, we have 

So, by the second part of Result 1.5.2, we have 

Pr(G) = J,(l + ^ ) ^ cd(G) = {l,p} and 1G'| = p. 

On the other hand, using Result 1.5.1, we have 

Pr(G) = ^ f 1 + ^ ] ^ \G: Z{G)\ = / . 
P^ \ p 

Hence, the lemma follows. D 

Lemma 4.3.6. Let G be a finite group andp be a prime. Then \G : Z{G)\ = 

p^ if and only if G is isoclinic to the group presented as 

Proof. It has been observed in [23, page 136] that upto isochnism, there 

exists precisely one non-abelian group of order p^, and that the groups which 

are isoclinic to a group of order p^ are characterized by the property that 

their center has index p^. Hence, the lemma follows. D 

In view of the observations made in the above lemmas, we have the following 

result. 
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Proposition 4.3.7. Let G be a finite non-abelian group, g E G' andp be the 

smallest prime divisor of \G\. Then 

p" + p - 1 
Pr^(G) = 

pn+l 

if and only if g = 1, and G is isoclinic to 

{x,y : x^ =l = y^, y~^xy = x'P'^^). 

2" + l 
In particular, putting p = 2, Pr^(G) = if and only if g = I, 

and G is isoclinic to D^, the dihedral group, and hence, to Q%, the group of 

quaternions. 

Proof. By Proposition 4.2.2(b) with d = p, we have 

P" V \G'\ J ~ P^ \ P 

So, by Proposition 4.3.4(a), we have 

Pr^(G') = ^ ( l + ^ ^ ) <=^ 9 = l.cd(G) = {l,p} and \G'\ = p. 

Hence, the result follows from Lemma 4.3.5 and Lemma 4.3.6. D 

We conclude the section with the following remark. 

ReniEirk 4.3.8. If G is a finite non-abeUan simple group, then the equahty 

in Proposition 4.2.3 can never hold. Because in that case we would have 

equality in Proposition 4.2.2. This, in view of Proposition 4.3.3, would imply 

that I cd(G)| = 2, which, by Result 1.2.11, is impossible. 
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4.4 Some more bounds and identities 

As an immediate consequence of Proposition 4.3.4(a) and Lemma 4.3.1, we 

have 

Proposition 4.4.1. Let G he a finite non-abelian group with |cd(G')| = 2 

and g € G'. Then 

Pr?(G) > i^ (l + J ^ ^ ) and 

Moreover, in each case, the equality holds if and only if G is of central type. 

Corollary 4.4.2. Let G be a finite non-abelian group and g € G'. If G is of 

central type with \ cd(G)| = 2, then 

PrT(G) < j i ^ ( l + 1 ^ ) and 

Proof. In this case, the equality holds in each of the inequalities mentioned 

in Proposition 4.4.1. Also, since G is non-abeUan, we have l^^ l ^ 4. Hence, 

the corollary follows. D 

Proposition 4.4.3. Let G he a finite non-abelian group and g € G'. If 

G' C Z{G) and \G'\ = p, where p is a prime, then 

^ (l - ^ ) if 9^1, 

where k = hogp\G:ZiG)\. 
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Proof. If G' C Z{G) and G' is of prime order, then G is of central type with 

|cd(G)| = 2, by Result 1.2.7. That is cd(G) = {1, \G : Z[G)\^I'^]. Hence, in 

view of Proposition 2.4.7(a)(d), the result follows from Proposition 4.4.1. D 

More generally, we have 

Corollary 4.4.4. Let G be a finite non-abelian group and g G G'. If \G'\ is 

square free and G' C Z{G), then 

where kp = - log^ \Gp : Z{Gp)\, Gp is the Sylow p-subgroup of G, and 6p = l 

or 0 according as p \ o{g) or p] o{g). 

Proof. Note that G, being nilpotent, is the direct product of its Sylow sub­

groups. Therefore, since G' C Z{G) and |G'| is squarefree, it follows that, 

for each prime divisor p of |G'j, the Sylow p-subgroup Gp of G satisfies the 

conditions Gp C Z{Gp) and \G'p\ = p. It also follows that, all other Sylow 

subgroups (if any) of G are abehan. Hence, using Proposition 4.1.2 and 

Proposition 4.4.3, the corollary follows. D 

We now generalize a few results mentioned in Section 1.5. We begin with 

two results that generalize Result 1.5.10 and Result 1.5.12. 

Proposition 4.4.5. Let p be a prime. Let r and s be two positive integers 

such that s | (p — 1), and r^ = 1 (mod p) if and only if s \ j . If 

G= {a,b:a''= b'= l,bab-^ =a'') and g £ G', then 
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if 9 = ̂  
Pr^CC) = 

if 9 1^1-

Proof. It is easy to see that \G'\ = p and G' = CG{X) for every x ^ l,x e G'. 

I s " - 1 

Therefore by Result 1.2.9 we have cd(G) = {1,5}. Now the result follows 

from Lemma 4.3.1 and Proposition 4.3.4(a). D 

Proposition 4.4.6. Let G be a finite non-abelian group and g G G'. If 

G' n Z{G) = {1} and \G'\ — p, where p is a prime, then 

(a) G is isoclinic to the group {a,b : d^ = b^ = 1, bab"^ = a^), where 

s I (p — 1); and W s 1 (mod p) if and only if s \ j , 

' s" + p ^ 1 

(b) Pr"(G) = 

y ps^ 

ps"' 

1 

if9 = l 

Proof. Here {-^^)' = G', which is of order p. On the other hand, we have 

^ ( i f e ) = :zfe' whê ê ^ ( ^ ) <H<G, and so, [G, H] < G'0 Z{G) = {1}. 

This implies that H = Z{G), that is, Z{-^) = {1}. Therefore by Result 

1.5.11, we have 

^ =l^a,b : a^ = b' = 1, bab-^ = a'), 

where s | (p — 1), and r^ = 1 (mod p) if and only if s | j . Hence, part (a) 

follows from Result 1.1.9, and part (b) follows from Proposition 4.4.5 using 

Proposition 4.1.3. D 
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The following two results generalize Result 1.5.17 and Result 1.5.18. 

Proposition 4.4.7. Let G be a finite non-abelian group and g € G'. If 

g i^ \, then Pr^{G) < -, where p is the smallest prime divisor of \G\. In 

particular, we have Fr^{G) < | . 

Proof If Pr^(G) > ^, then, from {4.2.d) and Proposition 4.1.6 (a)(b), it 

follows that Pr(6') > -. Therefore, from Result 1.5.2, we have \G'\ < p + 1, 

and so, |C?'| = p. Hence, we have either G' C Z{G) or G" n Z{G) = {1}. In 

both the situations, we have, from Proposition 4.4.3 and Proposition 4.4.6, 

Pr^(G) < -. This contradiction proves the result. D 

Proposi t ion 4.4.8. For each £ > 0 and for each prime p, there exists a 

finite group G such that 
1 

<£ Pr^(G) - \ 
n p 

for all g eG'. 

Proof. In view of Proposition 4.4.3, it is enough to choose a positive integer 

k such that k > —^\ogp£, and consider G to be an extra-special j9-group of 

order p '̂'"*"̂  D 

We conclude this chapter with the following remark. 

Remark 4.4.9. Let G be a finite non-abeUan group. Then it follows from 

(4.2.C) that Pr^^2(G) < Pr^(G). On the other hand, ii g ^ G', g y^l and 

|cd(G)| = 2, then, using Lemma 4.3.1, we have PT^^^{G) > Pr"(G). 
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Chapter 5 

A generalization of relative 

commutativity degree 

In the previous chapter we have generahzed the existing notion of the prob­

ability that the commutator of an arbitrarily chosen pair of elements of a 

given finite group equals a given group element. This chapter also deals with 

a generalization of the same notion; however, unUke the previous chapter, we 

choose the two group elements in the commutator from two given subgroups 

of the given finite group. 

This chapter is based on our paper [6]. 
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5.1 Definition, some basic properties and a 

computing formula 

Let G be a finite group and g ^ G'. Let H and K be two subgroups of 

G. Let us define Pvg{H, K) to be the probability that the commutator of a 

randomly chosen pair of elements (one from H and the other from K) equals 

g. In other words, 

PVg{H, K) = — - — . (5.1. a) 

If ^ = 1, the identity element of G, then for brevity we write 'Pi\{H, K) — 

PT{H,K). Note that iov H = K = G, we have PTg{H,K) = Pvg{G), a 

notion studied originally by M. R. Pournaki and R. Sobhani [40]. On the 

other hand, ii K = G and g = I, then Pvg{H,K) = PT{H,G), a notion, 

called the relative commutativity degree of H in G, studied originally by A. 

Erfanian, R. Rezaei and R Lescot [13]. 

Consider the subgroup [H, K] of G generated by the commutators [x,y], 

where x £ H and y £ K. Clearly, 

Pv(H,K)^l 4=» [H,K] = {1}, 

and Pvg{H,K) = Q <=^ g ^ {[x,y] :xeH,ye K}, 

Henceforth, in view of the above implications, the finite group G has been 

assumed to be non-abelian. It is also easy to see that if Cf({x) = {1} for all 

X e H - {1}, then 
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The following proposition says that Fvg{H, K) is not very far from being 

symmetric with respect to H and K. 

Proposition 5.1.1. Let G he a finite group and g 6 G'. If H and K are 

two subgroups of G, then Frg{H,K) = Pvg-i{K,H). However, if g'^ = 1, 

or, if g G H U K (for example, when H or K is normal in G), we have 

PTg{H,K) = PTg{K,H) = Pvg-^{H,K). 

Proof. The first part follows from the fact that [a:,y]~^ = [y,x]. For the 

second part, it is enough to note that ii g £ H, then {x,y) ^-^ {y~^, yxy"^), 

and if 5 € X, then {x,y) i-* {xyx~^,x~^) define bijective maps from the set 

{{x, y)e H X K : [x, y] = g} to the set {{y, x) e K x H : [y,x] = g}. D 

PVg{H, K) respects the Cartesian product in the following sense. 

Proposition 5.1.2, Let Gi and G2 be two finite groups with subgroups 

Hi,KiC Gi and i/2, -̂ 2̂ Q ^2- Let gi e G[ and ^2 £ Gj. Then 

P%i,.2)(^i X H2,K, X K,) = Pvg,{H^,K,)Pvg,{H2,K2). 

Proof. It is enough to note that for all Xi,y\ G G\ and for all 0:2,2/2 € G2 we 

have [(xi,X2),(yi,y2)] = (bi.t/i] , [x2,t/2])- • 

We now derive a computing formula which plays a key role in the study 

OiPXg{H,K). 

Theorem 5.1.3. Let G be a finite group and g 6 G'. If H and K are two 

subgroups ofG, then 
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where CK{X) = {y E K : xy = yx) and C£/f(x) = {yxy ^ : y E K}, the 

K-conjugacy class of x. 

Proof. We have 

{{x, y)EH xK : [x,y] = g}= U {re} x K^,, 
xeH 

where K^ = {y E^ K : [x, y] — g}. Note that, for any x e H,we have 

K,^(l>^=^ g-'x e CiKix). 

Let Kx ^ (f) for some x E H. Fix an element yo E K^. Then y K->̂  gyQ^y 

defines a one to one correspondence between the set Kx and the coset gCK{x). 

This means that |/^a;| = \CK{X)\. 

Thus, we have 

|{(x,y)&HxK •.[x,y\=g)\ = Y}^-\ = E l'^^(^)l-
xeH xeH 

g-^xeceK(x) 

The first equahty in the theorem now follows from (5.1.a). 

For the second equality, consider the action of K on G by conjugation. 

Then, for all re G G, we have 

I C£K{X)\ = I orb(x)| = \K : stab(a:)| = j^l^^. (S.l.c) 

This completes the proof. D 

As an immediate consequence, we have the following generalization of the 

well-known formula Pr(G') = ^ . 
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Corolleiry 5.1.4. Let G be a finite group and H, K be two subgroups of G. 

IfH<G, then 

where kxiH) is the number of K-conjugacy classes that constitute H. 

Proof. Note that K acts on H by conjugation. The orbit of any element 

X € H under this action is given by C /̂<:(rr), and so H is the disjoint union 

of these classes. Hence, we have 

noting that, for ^ = 1, the condition g~^x G CiK{x) is superfluous. D 

U H <G with Ccix) C H hv a\\ x e H - {1}, then, using Sylow's 

theorems and the fact that non-trivial p-groups have non-trivial centers, we 

have gcd(|// | , |G : H\) = 1. So, by Result 1.1.7 (the Schur-Zassenhaus 

Theorem), H has a complement in G. Such groups belong to a well-known 

class of groups called the Probenius groups; for example, the alternating 

group ^4, the dihedral groups of order 2n with n odd, the non-abelian groups 

of order pq, where p and q are primes with q\{p— 1). 

Proposition 5.1.5. If H is an abelian normal subgroup of a finite group G 

with a complement K in G and g € G', then 

PT,{H,G)=Pr,{H,K). 

Proof. Let x ^ H. Since H is abelian, we have 

CHK{X) = {hk : hkx = xhk} = {hk : kx = xk} = HCK{X). 
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Thus, \CHK{X)\ = \H\ \CKix)\. Also, since H is abelian and normal, C£K{X) = 

O^HKix). Hence, from Theorem 5.1.3, it follows that 

S-ia:6C^//Ar(x) 

This completes the proof. D 

Corollary 5.1.6. Let G be a finite group and g ^ G'. If H < G with 

CG{X) = H for allxe H - {1}, then 

Fv,{H,G) = 'Pv,{H,K), 

where K is a complement of H in G. In particular, 

Proof. The first part follows from the discussion preceding the above propo­

sition, and the second part follows from (5.1.6). D 

5.2 Some bounds and inequalities 

Let H and K be any two subgroups of a finite group G. Then we have 

{CH{K) XK)U{HX CK{H)) C {{x,y) eHxK:[x,y] = 1}. 

Therefore, from (5.1.a), it follows that 

Pr{H,K) > - ^ ^ p + i^ii^j . 

On the other hand, we have 
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Proposition 5.2.1. Let G be a finite group and g € G'. Let H and K he 

any two subgroups of G. If g ^ 1, then 

\C^{K)\\CK{H)\ 
(a) Pvg{H, K)y^O=^ Ptg{H, K) > 

(b) Prg{H, G)y^O=> PTgiH, G) > 

(c) Pr,(G) ^ 0 =^ Pr,(G') > 

\H\\K\ ' 

2\HnZ{G)\\CG{H)\ 

\H\\G\ 

3 

\G:Z{G)r 

Proof. If Pvg{H, K) =^ Q, then there is a pair {x,y) € H x K such that 

g = [x,y]. Since g ^ 1, we have x ^ CH{K) and y ^ CK{H). Consider the 

left coset T(̂ ,j,) = (x, y)(C//(/^) x CK{H)) of C//(/i') x GK{H) in H X K. 

Clearly, |T(,,j,)| = \GH{K)\\GK{H)\, and [a, 6] = g for all (a,fe) € T( ,̂j,). This 

proves part (a). 

Similarly, part (b) follows considering the two disjoint cosets T(x,y) and 

T{x,yx) with K = G, while part (c) follows considering the three disjoint cosets 

'^(x,y), T(xy,x) and T(^x,yx) with H = K — G. D 

As a generalization of Result 1.5.16, we have 

Proposition 5.2.2. Let G he a finite group and g ^ G'. If H and K are 

any two subgroups of G, then 

Prg{H,K)<Px{H,K) 

with equality if and only if g = 1-
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Proof. By Theorem 5.1.3, we have 

Clearly, the equality holds if and only if g~^x e C£K(X) for ^^^ x € H, that 

is, if and only if ^ = 1. D 

The following is an improvement to Result 1.5.17. 

Proposition 5.2.3. Let G be a finite group and g ^ G', g ^ 1. Let H and 

K he any two subgroups of G. If p is the smallest prime divisor of \G\, then 

p\H\ p 

Proof. Without any loss, we may assume that CH{K) ^ H. Let x ^ H 

be such that g~^x G C^i<-(x). Then, since g ^ I, we have x ^ CH{K) and 

I CiK{x)\ > 1. But I C£K{X)\ is a divisor of \K\, and hence, of |G|. Therefore, 

I CiK{^)\ > P- Hence, by Theorem 5.1.3, we have 

\H\ f^ P p\H\ p 
g~-^xeceK(x) 

This completes the proof. D 

Pv{H, K) is monotonic in the following sense. 

Proposition 5.2.4. Let H, Ki and K2 be subgroups of a finite group G with 

K1QK2. Then 

Pr{H,Kr)>Pv{H,K2) 
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with equality if and only if C£KI{X) = C /̂C2(a:) for all x e H. 

Proof Clearly, CiKA^) Q CeK2{^) for all xeH. So, by Theorem 5.1.3, we 

have 

The condition for equality is obvious. D 

Since Pr(/f, K) = Pr(/C, / / ) , it follows from the above proposition that if 

Hi C H2 and Ki C A'2 are subgroups of G, then 

Pr(i/i,/^i)>Pr(//2,/^2). 

Proposition 5.2,5. Let H, Ki and K^ he subgroups of a finite group G with 

K1CK2. Then 

with equality if and only if CH{X) = {1} for all x G K2 — Ki. 

Proof. By Theorem 5.1.3, we have 

\K2:Ki\ V ^ ' ^̂  ' \H\\Ki\ J-

Clearly, the equality holds if and only if 

x ; (tcH(̂ )i -1 )=0 , 
xeK2-Ki 

that is, if and only if CH{X) = {1} for all x e K2- Ki. O 
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In general, Prg{H, K) is not monotonic. For example, if we consider 

G = S3,g = (123), H = ((12)), K, = ((1)), K^ = ((13)) and K^ = S^, 

then 

Pr , ( / / , Ki) = 0 < Pv,{H, K,) = -> Fv,{H, K,) = -. 

However, we have 

Proposition 5.2.6. Let Hi C H2 and K\ C K2 he subgroups of a finite 

group G and g E G'. Then 

Pvg{Hi,Ki) < \H2 : Hi\\K2 : Ki\Pvg{H2, K^) 

with equality if and only if 

g-'^x ^ CiK2{^) for all xE H2-H1, 

g-^x i C£KAX) - CiKA^) for all x e H^ 

and CKI{X) = Cx^i^) for all x e Hi with g~^x e C£KI{X)-

In particular, for g = I, the condition for equality reduces to Hi — H2, and 

Ki = K2. 

Proof By Theorem 5.1.3, we have 

\Hi\\Ki\Pr,{Hi,Ki)= ^ \CKAX)\ 

s-iiec^Ki(x) 

< E \CK,{x)\ = \H2\\K2\Pr,{H2,K2). 
X&H2 

The condition for equality follows immediately. D 
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Using Propostion 5.2.2, we have 

CorollEu-y 5.2.7. Let G be a finite group, H be a subgroup ofG and g G 6". 

Then 

Frg{H,G)<\G:H\PT{G) 

with equality if and only if g = I and H — G. 

The following theorem generalizes Result 1.5.14. 

Theorem 5.2.8. Let G he a finite group and p he the smallest prime dividing 

\G\. If H and K are any two subgroups of G, then 

and Pv{H, K) < 

\H\ \H\\K\ 
{p-l)\C„{K)\^\H\ \Xu\[\K\-p) 

p\H\ p\H\\K\ ' 

where XH = {X ^ H : CK{X) = !} • Moreover, in each of these bounds, H 

and K can he interchanged. 

Proof. If [//, K] = \, then there is nothing to prove, as in that case CH{K) = 

H, and XH equals H or an empty set according as K is trivial or non-trivial. 

On the other hand, if [H, K]^ I, then XM H CH{K) = (f), and so 

^\CKix)\ = Y^ \CKix)\ + J ] (C;,(x)|+ J2 l̂ (̂̂ )l 

= \XH\^\K\\CH{K)\+ Y. I^^(^)1-
x^H-{X„\JCn{K)) 

But, for all x G H-{XE^GH{K)), we have {1} ^ CKix) ^ K, which means 

that p < \CK{^)\ ^ ^ - Hence, using Theorem 5.1.3, we get the required 

bounds for PT(H, K ) . The final statement of the theorem follows from the 

fact that Pr(i / , K) = Pr{K, H). D 
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As a consequence we have 

Corollary 5.2.9. Let G be a finite group andp be the smallest prime dividing 

\G\. If H and K are two subgroups of G such that [H,K] ^ {1}, then 

2p-l 
Pv{H, K) < 

p^ 

In particular, Pv{H, K) < ^. 

Proof. Since, [H, K] i- {1}, we have K ^ {1} and GH{K) ^ H. So, \K\ > p 

and \CH{K)\ < ^ . Therefore, by Theorem 5.2.8, we have 

P\H\ P p^ 4' 

since p >2. D 

One can see that the above bound is the best possible. For example, if we 

consider a finite non-abelian group G with p as the smallest prime divisor 

of |G| and two cycHc subgroups H and K of order p generated by two non-

commuting elements a and b, then, using (5.1.6), we have Pr(i/ , K) = ^ ^ . 

Proposition 5.2.10. Let G be a finite group and H, K be any two subgroups 

of G. IfPv{H, K) = ^^ for some prime p, then p divides \G\. Ifp happens 

to be the smallest prime divisor of\G\, then 

H K 
— Op , and hence, H ^ K. 

CH{K) ^'' CK{H) 

In particular, ^ ^ = C2 = 5 ^ ^ /Pr(^ , K) = | 
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Proof. The first part follows from the definition of Pr(i/ , K). 

For the second part, by Theorem 5.2.8, we have 

2 p - l ^ {P-1)\CH{K)\ + \H\ 

p2 - p\H\ 

^ \ H : CH[K)\ < p. 

Since p is the smallest prime divisor of jGI, it follows that \H : CH{K)\ = p, 

whence ^ ^ ^ Cp\ noting that CH{K) 7̂  H because Pr(/ / , /sT) = 2^^ ^ 1. 

Similarly, we have ^-jm — Cp. Since - ^ ^ is never cyclic unless trivial, we 

have Hj^K. 

The third part follows from the first two parts. D 

5.3 A character theoretic formula 

In this section, we derive a character theoretic formula for the generalized 

relative commutativity degree of a finite group G. As an application, we 

obtain yet another condition under which every element of G' is a commutator 

(compare with Remark 1.1.2, Theorem 2.4.3 and Corollary 4.3.2). 

Let Hhea. normal subgroup of G. Let ^{g) denote the number of solutions 

{x,y) ^ H X G of the equation [x, y] = g. Then, by {5.1.a), we have 

P r . ( i / , G ) = j | ^ . (5.3.a) 

It has been observed in Theorem 3.3.1 that 

\H\[XH^XH]. 

x(i) xelrr(G) 
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Therefore, it follows that 

pr,{H,G)=±. x ; xig)- (5.3.6) 

This character theoretic formula enables us to strengthen Corollary 5.2.7 as 

follows. 

Proposition 5.3.1. Let G he a finite group. If H is a normal subgroup of 

G and g G G', then 

Px,{H,G) 
1 

\G'\ 
<\G:H\[ Pr(G) 

1 

\G'\ 

Proof. For all x € Irr(G) with x(l) = 1, we have G' C ker x and [x^, XH] — 1-

Also, \G : G'\ equals the number of linear characters of G. Therefore, by 

(5.3.6), 
1 1 

p,(H,o) = _ . E 
X€lrr(G) 

[XH ' XHI 

x(i) xig)-

Since |x(^)| < xO-) for all x ^ Irr(G), we have, using (1.2.k), 

PT,{H,G) 
\G'\ - \n\ ^ \XH>XH] \G\ 

xelrr(G) 

<j^^i\lniG)\-\G:G'\)\G:H\ 

= \G:H\{priG)-^^. 

This completes the proof. 

In particular, we have 

D 
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Corollary 5.3.2. Let G he a finite group. IfG' contains a non-commutator 

(an element which is not a commutator), then Pv{G) > 7J77. 

Proof. The corollary follows by choosing a non-commutator g E G', and 

putting H = G. O 

Finally we have the following result. 

Proposition 5.3.3. Let G be a finite group and p be the smallest prime 

dividing \G\. If\G'\ < p^, then every element ofG' is a commutator. 

Proof. By Result 1.5.2, we have 

\G'\ V P' 

Hence, if G' contains a non-commutator, it follows, using Corollary 5.3.2, 

that \G'\ >p^ + l. This completes the proof. D 
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Chapter 6 

Conclusion and some possible 

research problems 

In Chapter 2 through. 5, we have studied and generahzed the notion of com-

mutativity degree of a finite group. We have obtained several identities and 

inequaUties involving these notions and in a few occasions we could develop 

certain character theoretic formula for these notions. We have also observed 

that these concepts can very well be used to obtain certain characterizations 

of finite groups. More precisely, a finite group possesses certain special prop­

erties expressible in standard group theoretic terms if (and, quite often, only 

if) its commutativity degree (including its generalizations) satisfies certain 

identities and inequalities. For example, on more than one occasion, we are 

able to provide new conditions under which every element of the commuta­

tor subgroup of a finite group is actually a commutator. We are also able 

to provide certain conditions under which a finite group is of central type or 
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nilpotent of class 2. In this chapter, we mention certain regearch problems, 

for further considerations, which are related to the results obtained in the 

earlier chapters. 

6.1 Research problems 

In Chapter 2, we have obtained a characterization for all finite groups G 

of odd order satisfying the condition Pr(G) > ^ . It is not difficult to see 

that the technique used for this purpose is not applicable to the situation 

Pr((7) < | . In this regard we have the following problem. 

Problem 6.1.1. To characterize all finite groups of odd order having com-

mutativity degree greater than or equal to a number less than | | . 

In the same line we also have another problem. 

Problem 6.1.2. To characterize all finite groups (not necessarily of odd 

order) having commutativity degree greater than or equal to 11 
75' 

In Chapter 3, we have seen that given an admissible word uj{xi, X2,.. . , x„), 

a finite group G and an element g ^ G, the number of solutions of the word 

equation uj{xi,X2,. • -^Xn) = g defines a character of G. In this regard we 

have the following problem. 

Problem 6.1.3. To explicitly determine a complex representation ofG which 

affords the above-mentioned character. 

The same question can be asked for various characters of G obtained in 

Section 3.3. 
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Let w{xi,X2,...,Xn) denote the product of x ° \ 2;2^ . . . , x"", x^"', 

x^"^,.. . , x~'^" in a randomly chosen order, where each CKI is a natural num­

ber, I < i < n. In view of Section 3.1, one may also hke to consider the 

following problem. 

Problem 6.1,4. Given a finite group G and g E G, to determine whether 

the number of solutions of the word equation i(;(x], X j , . . . , x„) = g defines a 

character of G. 

Let u;(xi,X2,... ,Xn) be an admissible word and H he a. subgroup of a 

finite group G. Let g & G and C,uj{g) be the number of solutions of the word 

equation a;(xi, X2,.. . , x^) = ^, when the values of a given set of variables x, 

are restricted to H. In this connection, we can pose the following problem 

(see Section 3.3). 

Problem 6.1.5. To determine whether C,uj is a character of G. 

Moreover, as in Chapter 5, one can also try to tackle the following problem. 

Problem 6.1.6. To study the ratio PT'^{H,G) = i^^j^L?, where r is the 

number of variables that are restricted to H. 

Given a finite group G, an element g E G' and an admissible word u, we 

have studied, in Chapter 4, the ratio Pv'^{G) defined by (4.La). Let H be a. 

subgroup of G. Consider the ratio 

l{(5i,£/2,---,5n) e G " : u{gi, g2,..., gn) E H}\ 
Pr^CG) = 

|G" 
Clearly, Pr'^(G) = E P C ( G ) . Also, if H is cychc of prime order, then, 

geH 
by Proposition 4.1.4, we have Pr'^(G) = Prt(G) + {\H\ - l)Pr^(G), where 

1 ^ h E H. In this connection, the following problem is worth considering. 
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Problem 6.1.7. To study Pr'^(G) under various group theoretic assumptions 

on H, and to see whether it helps in characterizing G. 

In Chapter 4, we have also studied the ratio Pv'^{G) assuming that ui is 

a generalized commutator. In this regard we have the following problem. 

Problem 6.1.8. To study the ratio Pr^(G) assuming that u is an n-fold 

commutator. 

In [34], D. MacHale has introduced the concept of the commutativity 

degree of finite rings. He noticed that there are a number of results on 

the commutativity degree of rings that are similar to the ones for groups, 

though the notion of conjugacy in groups has no obvious analogue in rings. 

Obviously, his techniques are quite different from those adopted for groups. 

Problem 6.1.9. To find ring theoretic analogues of various results obtained 

in the earlier chapters. 

The above problem can also be posed for other algebraic structures. 

Since the days of W. H. Gustafson [22], a number of people, Uke A. 

Erfanian, R. Kamyabi-Gol, R. Rezaei and F. Russo (see [14, 15, 41, 45]) have 

studied the concept of commutativity degree of certain classes of compact 

groups. In this connection one may like to consider the following problem. 

Problem 6.1.10. To study the analogues of various results obtained in the 

earlier chapters in case of compact groups. 

Needless to mention that the methods and the techniques used in this 

thesis do not seem to be adequate enough to tackle the above mentioned 

problems. Moreover, a few of them are beyond the scope of this thesis. 
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ON SOLUTIONS OF A CLASS OF EQUATIONS 
IN A FINITE GROUP 
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Let G be a finite group and io(,Xi, X2, •.., x„) denote the product of Xi,X2, • ..yX„, 
xjr', X2~*,.. . , x„~^ in a randomly chosen order. The object of this article is to prove 
that the number of solutions of the equation a{Xi, X2,. •., x„) = g, with g e G, defines 
a character of G. 

Key Words: Finite groups; Group characters. 

2000 Mathematics Subject Classification: 20C15. 

1. INTRODUCTION 

Throughout this article, G denotes a finite group. Let F{xx, X j , . . . , x„) denote 
the free group of words on n generators jr,, jtj. • • •. ^„- For \ < i < n, we write 
X, ̂  03{x\, X2, •.., x„) to mean that x, has a nonzero index (i.e., ocf forms a 
syllable, with 0 7̂  ^ 6 Z) in the word oj{x\, X2,..., x„). A word 0}{x\, X2,..., x„) € 
F{x\, X2, •.., x„) is called admissible if each x, e aj(j:,, jcj. •• • ,x„) has precisely two 
nonzero indices, namely, +1 and —1. Let sf(A;,, JCJ, . . . , JC„) denote the set of all 
admissible words in F(J:, , j c j , . . . . x„). For g e G, let CHig) denote the number of 
solutions (a,, 02, • •., a„) e G" of the equation a;(j:,, J t j , . . . , ;c„) = g, where G" = 
G X G X •• • y. G {n times). Thus, 

C(5) = \{{au a2,..., aj e G" : co{a„a2 a„) = g}\, 

where a;(a,, 02. • • •. a„) denotes the image of a)(jt,, j c j , . . . , x„) under the unique 
natural homomorphism t : F(xi, X2,... ,x„) —> G which maps x, io a,, \ < i < n. 
Conventionally, ^oig) = 1 if g = \ and zero otherwise. In this article, we prove 
that, for each a){xi, X2,..., xj e s4{xi,X2 x„), n > \, the map Ĉ  : G ->• C is a 
character of G. This is a generalization of a classical result of Frobenius [1]. 

Since the days of Frobenius, equations in finite groups have been studied by 
many authors who include Solomon [6], Isaacs [2], Kerber and Wagner [4], Strunkov 
[7, 8], Tambour [10], etc. Strunkov [9] has summarized the connections betvî een 
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A B S T R A C T . Given any two subgroups H and X of a finite group G, and an 

element g 6 C?, the aim of this article is to study the probabiMty tha t the 

commuta tor of an arbitrarily chosen pair of elements (one from H and the 

other from K) equals g. 

M a t h e m a t i c s S u b j e c t Class i f icat ion (2000) : 20C15, 20D60, 20P05 

K e y w o r d s : commutat ivi ty degree, commutators, group chareicters 

1. Introduction 

Throughout this paper G denotes a finite group, H and K two subgroups of 

G, and g an element of G. In [1], Erfanian et al. have considered the probability 

Pr(jy, (?) for an element of H to commute with an element of G. On the other hand, 

in [8], Poumaki et al. have studied the probability Prj(G) that the commutator of 

an arbitrarily chosen pair of group elements equals g (a generalization of this notion 

can be found also in [7]). The main object of this paper is to further generalize 

these notions and study the probability that the commutator of a randomly chosen 

pair of elements (one from H and the other from K) equals g. In other words, we 

study the ratio 

Vr (TT rn l^^'^'^) €HxK: xyx-'y-' = g)\ 

and further extend some of the results obtained [1] and [8]. In the final section, 

with H normal in G, we also develop and study a character theoretic formula for 

PTg(H,G), which generalizes the formula for Prj(G) given in ([8], Theorem 2.1). 

In the process we generalize a classical result of Probenius (see [2]). 

Note that ii H = K = G then PTg{H,K) = Prg(G), which coincides with the 

usual commutativity degree Pr(G) of G if we take 5 = 1 , the identity element of G. 

It may be recalled (see, for example, [3]) that Pr(G) = -iW where k{G) denotes 

the number of conjugacy classes of G. On the other hand, ii K = G and g = I then 

PTg{H,K)=PT{H,G). 
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Abstract The commutativity degree of a fitiite group G, denoted by Pr(G), 
is the probability that a randomly chosen pair of elements of G commute. The 
object of this paper is to derive a lower bound for Pr(G) and study some of its 
consequences towards characterizing G. 

Keywords Finite groups • Group characters • Commutativity degree 
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1 Introduction 

Given a finite group G, its commutativity degree, denoted by Pr(G), is the 
probability that a randomly chosen pair of elements of G commute. It may 
be recalled (see, for example, [2]) that Pr(G) = ^ where /r(G) denotes the 
number of conjugacy classes of G. 

The primary object of this paper is to derive a lower bound for Pr(G) with 
no restriction on the finite group G. It may be mentioned here that Poumaki 
(see [9], Corollary 2.3) has obtained this bound under an additional hypothesis 
that |cd(G)| = 2, where cd(G) = [xil)-X^ Irr(G)} with Irr(G) denoting the 
set of all irreducible complex characters of G. 

We also derive certain necessary and sufficient conditions under which 
this lower bound is attained, and as a consequence we obtain some character­
izations for finite nilpotent groups whose commutator subgroups have prime 
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Abstract: Commutativity degree of a finite group is the probability that 
the commutator of two arbitrarily chosen group elements equals the identity 
element of the group. The object of this paper is to study the probability 
that the generalized commutator of an arbitrarily chosen n-tuple of group 
elements equals a given group element. 

Key words: finite groups, group characters, commutativity degree. 
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1. INTRODUCTION 

Throughout this paper G denotes a finite group, g an element of the 
commutator subgroup G', and n > 2 a positive integer. Recall that the 
generalized commutator of an n-tuple (xi, X2,. • •, Xn) G G"̂ , the n-fold 
product of G with itself, is given by 

[xi,X2,..., .x„] = X1.T2 •. • .•r„a:i'\T2 ^ ...x~^e G'. 

In [12], Pournaki et al. have considered the probability Pxg{G) that 
the commutator of an arbitrarily chosen pair of group elements equals 
g, and extended the work of Rusin [14]. The main object of this paper 
is to study the ratio 

\{{xi,X2,...,Xn)eG'' : [xi,X2,...,Xn]= g}\ 

|G|n 

and further extend the results obtained by Pournaki et al. At the same 
time, we obtain some new results as well. It may be mentioned here 
that some of the works that have been carried out in [3], [5] and [11] 
are related to the present problem. 

Pr^(G) = 
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