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Classification of finite groups is a central problem in theory of groups.
Even though finite abelian groups have been completely classified, a lot still
remains to be done as far as non-abelian groups are concerned. People all
over the world have used various types of invariants for classifying finite
groups, particularly the non-abelian ones. The comimutativity degree of a
finite group is one such invariant, and it seems that many interesting results
are possible to obtain with the help of this notion and its generalizations.

In recent years there has been a growing interest in the use of the prob-
abilistic methods in the theory of finite groups. These methods have proved
useful in the solution of several difficult problems on groups. In some cases
the probabilistic nature of the problem is apparent from its formulation, but
in other cases the connection to probability seems surprising and can not be
anticipated by the nature of the problem.

The roots of the subject matter of this thesis lie in a series of papers by
P. Erdos and P. Turan (see [5, 6, 7, 8]) published between 1965 and 1968,
and also in the Ph. D thesis of . S. Joseph [16] submitted in 1969, wherein
some problems of statistical group theory and commutativity in non-abelian
groups have been considered. In 1973, W. H. Gustafson {14] considered the
question — what is the probability that two group elements commute? The
answer is given by what is known as the commutativity degree of a group. It
may be mentioned here that the question, in some sense, was also considered
by Erdés and Turén [8].

Formally, the commutativity degree of a finite group GG, denoted by Pr((),

is defined as the ratio



Pr(G) = Number of ordered pairs (z,y) € G x G such that zy = yz

Total number of ordered pairs (z,y) € G x G

In other words, commutativity degree is a kind of measure for abelianness of
a group. Note that Pr(G) > 0, and that Pr(G) = 1 if and only if G is abelian.
Also, given a finite group G, we have Pr(G) < g with equality if and only if
E(G—G‘) has order 4 (see [2, 14]), where Z(G) denotes the center of G. This gave
rise to the problem of determining the numbers in the interval (0, g] which
can be realized as the commutativity degrees of some finite groups, and also
to the problem of classifying all finite groups with a given commutativity
degree.

In 1979, D. J. Rusin [23] computed, for a finite group G, the values
of Pr(G) when G’ C Z(@G), and also when G' N Z(@G) is trivial, where ¢’
denotes the commutator subgroup of G. He determined all numbers lying

in the interval (31, 1] that can be realized as the commutativity degree of

32
some finite groups, and also classified all finite groups whose commutativity
degrees lie in the interval (5, 1].

In 1995, P. Lescot [17] classified, up to isoclinism, all finite groups whose
commutativity degrees are greater than or equal to % It may be mentioned
here that the concept of isoclinismn between any two groups was introduced

by P. Hall [15]. A pair (¢, v) is said to be an isoclinism from a group G to
another group H if the following conditions hold:

(a) ¢ is an isomorphism from G/Z(G) to H/Z(H),
(b) v is an isomorphism from G’ to H', and
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(¢) the diagram

G G ¢ x¢ H _H
Z(G) ~ Z(G) Z(H) = Z(H)
ag ay
P
Gl Hl

commutes, that is, ay o (¢ X @) = 9 o ag, where a¢ and ay are given
respectively by ac(91Z(G), 92Z(G)) = [g1,9s) for all g1,9, € G and
an(hZ(H), haZ(H)) = [hy, ko for all hy, hy € H. Here, given z,y € G,

z,y| stands for the commutator zyz~!y~! of  and y in G.
Y )

In 2001, Lescot [18] has also classified, up to isomorphism, all finite groups
whose commutativity degrees lie in the interval (1, 1].

In 2006, F. Barry, D. MacHale and A. Ni Shé [1] have shown that if G is
a finite group with |G| odd and Pr(G) > 71, then G is supersolvable. They

also proved that if Pr(G) > %, then G is supersolvable. It may be mentioned

here that a group G is said to be supersolvable if there is a series of the form
{1}=A4C A CAC---CA =G,

where A; < G and Ai;1/A; is cyclic for each ¢ with 0 < i <7r —1.

In the same year 2006, R. M. Guralnick and G. R. Robinson [12] re-
established a result of Lescot (see [13]) which says that if G is a finite group
with Pr(G) greater than %, then either G is solvable, or G & A5 x B, where

As is the alternating group of degree 5 and B is some abelian group.
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The classical notion of commutativity degree has been generalized in a
number of ways. In 2007, A. Erfanian, R. Rezaei and P. Lescot [9] studied
the probability Pr(H, () that an element of a given subgroup H of a finite
group G commutes with an element of G. Note that Pr(G, G) = Pr(G). In
2008, M. R. Pournaki and R. Sobhani [22] studied the probability Pry(G)
that the commutator of an arbitrarily chosen pair of elements in a finite
group G equals a given group element g. They have also extended some of
the results obtained by Rusin. It is easy to see that Pry(G) = Pr(G) if g = 1,
the identity element of .

In Chapter 1, we briefly recall a few definitions and well-known results
from several relevant topics, which constitute the minimum prerequisites for
the subsequent chapters. In this chapter, we also fix certain notations. Given
a subgroup K of a group G and an element z € G, we write Cx(z) and
Clk(z) to denote the sets {k € K : kz = zk} and {kzk™! € G : k € K}
respectively; noting that, for K = (, these sets coincide respectively with the
centralizer and the conjugacy class of z in G. Also, given any two subgroups
H and K of a group G, we write C(H) ={k € K : hk =kh for all h € H}.
Note that Ckx(z) = Ck((z)), where (z) denotes the cyclic subgroup of G
generated by z € G

Further, we write Irr(G) to denote the set of all irreducible complex
characters of G, and ¢d(G) to denote the set {x(1) : x € Irr(G)}. If
x(1) = |G : Z(G)|'? for some x € Irr((¥), then the group G is said to
be of central type.

In Chapter 2, which is based on our papers [19] and {21], we determine,



for a finite group G, the value of Pr(G) and the size of 2—% when |G’ = p?

and |G’ N Z(G)| = p, where p is a prime such that gcd(p — 1,|G|) = 1. The
main result of Section 2.2 is given as follows.

Theorem 2.2.6. Let G be a finute group and p be a prime such that
ged(p — 1,|G|) = 1. If |G') = p? and |G' N Z(G)| = p, then

(a) Pr(G) 2”4_1 of Ca(G') is abelian
a) Pr(G) =

;1‘ (1-5:_1_1 +p?+p— 1) otherwise.

3 1 N
D if Co(G') 15 abelian
(b) szg)l =

2342 2543

P otherwise,

orp

where p* = |Co(G") : Z(Ce(G"))|. Moreover,

e . « G . G .
ez © Zlana)| = lzim - 2GE)] = p.

This theorem together with few other supplementary results, enable us to
classify all finite groups G of odd order with Pr(G) > % In the process we
also point out a few small but significant lacunae in the work of Rusin [23].
The main result of Section 2.3 is given as follows.

Theorem 2.3.3. Let G be a fimte group. If |G| 1s odd and Pr(G) > 2%, then

the possible values of Pr(G) and the corresponding structures of G', G'NZ(()
and G/Z(G) are given as follows:



Pr(G) G G' 1 Z(G) G/Z(G)
1 {1} {1} {1}
3(1+ 3%) Cs Cs (C3x C5)%, s>1
5(1+ 5) Cs Cs (Cs x Cs)®, s> 1
% Cr (1} Cr x C
34 C Cr Cy x Cy
& Cy or C3 x (7 Cs (C3 x C3) x Cs
C3 x C3 Cs x C3 C3
T C3 x C3 3 x (3 C4
% Cis {1} Cra @ C3
1—39' Cho {1} Cro @ C3
19 Ca Cs C3 x (C7 x Cs)
& Cs x Cj {1} (Cs x Cs) 3 C

In the above table C;, denotes the cyclic group of order n and x stands for

semidirect product.
In 22, Corollary 2.3], M. R. Pournaki and R. Sobhani have proved that,
for a finite group G satisfying | cd(G)| = 2, one has

r { G-

with equality if and only if G is of central type. In Section 2.4, we have

improved this result as follows.



Theorem 2.4.1. If G s a finite group, then
1 G'N-1
PO 2 i (14 i)
In particular, Pr(G) > I_C%’—l if G 15 non-abelan.
There are several equivalent conditions that are necessary as well as suf-
ficient for the attainment of the above lower bound for Pr(G).
Theorem 2.4.3. For a finite non-abehan group (7, the statements gwen

below are equivalent.

1 IG'| - 1
(a) P[‘(G) = -I_G_,—l (1 + m) .

(b) cd(G) = {1,|G : Z(G)|*/?}, which means that G 1s of central type unth
| cd(G)] = 2.
(c) |Cls(z)| = |G| for allz € G — Z(G).

(d) Clg(z) = G'z for all x € G — Z(G); wmn particular, G s a nilpotent
group of class 2.

(e) Co(z) 4G and G’ = 'C'ci(z) for all x € G — Z((/); wn particular, G 15 a

CN-group, that is, the centralizer of every element 1s normal.

() G' ={ly,z]): y € G} for allz € G—Z(G); w particular, every element

of G’ 18 a commutator.

Theorem 2.4.1 and Theorem 2.4.3 not only allow us to obtain some charac-
terizations for finite nilpotent groups of class 2 whose commutator subgroups

have prime order, but also enable us to re-establish certain facts (essentially



due to K. S. Joseph [16]) concerning the smallest prime divisors of the orders
of finite groups.

Proposition 2.4.4. Let G be a finite group and p be the smallest prime
divisor of |G|.

(a) Ifp #2, then Pr(G) # ;.

(b) When G is non-abelian, Pr(G) >
G' C Z(G). .

> i and only if |G'| = p and

Corrolary 2.4.5. If G is a finite group with Pr(G) = %, then |G| is even.
Proposition 2.4.7. Let G be a finite group and p be a prime. Then the

following statements are equivalent.
(a) |G'| =p and G’ C Z(Q).
(b) G 1is of central type with | cd(G)| =2 and |G'| = p.

(c) G is a direct product of a p-group P and an abelian group A such that
|P'| =p and ged(p, [A]) = 1.

(d) G is isoclinic to an extra-special p-group; consequently, |G : Z(G)| =

p%* for some positive integer k.

In particular, if G is non-abelian and p 1s the smallest prime divisor of |(/|,

then the above statements are also equivalent to the condition Pr(G) > 1—1).
In [18], Lescot deduced that Pr(Da,) — 1 and Pr(Qgn+:) — 1 as n — oo,

where D,, and (Q9n+1 denote the dihedral group of order 2n, n > 1, and the

quaternion group of order 2**1, n > 2, respectively. He also enquired whether



there are other natural families of finite groups with the same property. In
2007, I. V. Erovenko and B. Sury [10} have shown, in particular, that for
every integer k > 1 there exists a family {G,} of finite groups such that
Pr(Gnp) — 75 as n — oo. In the last section of Chapter 2 we have considered
the question posed by Lescot mentioned above. Moreover, we make the
following observation.
Proposition 2.5.1. For every integer k > 1 there exists a family {Gp} of
finite groups such that Pr(G,) — % as n — 00.
In the same line, we also have the following result.
Proposition 2.5.2. For every positive integer n there exists a finite group
G such that Pr(G) = 1.

In Chapter 3, which is based on our papers [3] and [4], we generalize the
following result of F. G. Frobenius [11]:

If G is a finite group and g € G, then the number of solutions of the

commutator equation zyx 'y~! = g in G defines a character on G, and is

given by
|G
(9)= > —=—x{g)
x(1)
x€lIrr(G)
We write F(zy,%s,...,Z,) to denote the free group of words on n
generators T, Zs,...,Tn. For 1 < i < n, we write ‘z, € w(z1,Z2,...,Zn)

to mean that z, has a non-zero index (that is, 2¥ forms a syllable, with
0 # k € Z) in the word w(z1,z3,...,Zn) € F(zy, 22, ...,Z,). We call a word
w(x1, T3, ..., Tn) admissible if each z, € w(zy,xs,...,Z,) has precisely two

non-zero indices, namely, +1 and —1. We write & (x1, Zo, ..., Z,) to denote



the set of all admissible words in F(z;, Zs,...,Zn).
Given a finite group G and an element g € G, let (¥(g) denote the number
of solutions (g1, g2, .., gn) € G" of the word equation w(zy,Zs,...,Zn) = g,

where G" = G X G x --- X G (n times). Thus,

Cruz}(g) = |{(glvg2a st agn) € G": w(ghg?a R 7gn) = g}l

The main result of Section 3.1 is given as follows.
Theorem 3.1.4. Let w(xy,Zs,...,2T,) € &(T1,Z2,...,Zn), n > 1. IfGisa
finite group, then the map (¥ : G — C defined by

C;‘zj(g) = I{(gl,g% cee ’gn) eG": w(917921 v ¢gn) = g}" ge G)

is a character of G.

Given any two finite sets X and Y, a function f : X — Y is said to
be almost measure preserving if there exists a sufficiently small positive real
number e such that

l |/~ (Yo)l Yol
| X Y]

<e forallYyCY.

In Section 3.2, we consider the following question posed by Aner Shalev
[24, Problem 2.10):
Which words induce almost measure preserving maps on finite simple groups?
More precisely, given an admissible word w(z1, T2, ..., Z,) and the induced
word map «,, : G* — ( defined by (91,92, ---,92) = w(g1,92,-- -, gn), We
proved that
Corollary 3.2.7. Let G be a finite simple group, and o(1) be a real number

depending on G which tends to zero as |G| — oo.
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() (V) _ [Y]

(a) If YCG, then e = €] +0(1). This means that the map
a,, 15 almost measure preserving.
(X X

(b) If X € G™, then Ialél ) > |IG|1I1 — o(1); wm particular, of X 15 such

that | X| = (1 — o(INIGI*, then {o,(X)| = (1 — o())G|. This means
that almost all the elements of G can be erpressed as w(gr,ga,. -, gn)

for some g1,92,...,9n € G.

In the last section of Chapter 3, we obtain yet another generalization of
Frobenius’ result mentioned above. The main results of this section are given
as follows.

Theorem 3.3.1. Let G be a fimste group, H QG and g € G. IfC(g) denotes
the number of elements (hy,gs) € H x G satisfying [hy,go] = g, then € 15 a
class function of G and

2y [ D Xy |H1[xg ]
C(g)—x%;c) >0 x(g)—xe%%c) X!

Corollary 3.3.2. Let G be a finite group. Then, unth notations as above, ¢
1 a character of G.
Proposition 3.3.3. Let G be a finite group, H QG and g € G. If (on(9),
n > 1, denotes the number of elements ((h1,91),.- -, (hn,9n)) € (H x G)"
satisfying [h1, 1] .. . [, Gn] = g. then Con 15 a character of G and

= 3 Gl

2n-—-1
x€Ilrr(G) X( 1 )

11



Proposition 3.3.4. Let H be a subgroup of a finite group G and g € G. Then
the number of elements (g1, ha, g3) € G x H x G satisfying gihagy 'gshy g5 =

g defines a character of G and s gwen by

E3(Q)= Z lG”HHXlIH’XH]X(g).

x€hr(G) X( )

In Chapter 4, which is based on our paper [20], we study the probability
Pry(G) that an arbitrarily chosen n-tuple of elements of a given finite group
G is mapped to a given group element g under the word map induced by a

non-trivial admissible word w(zy, zo, ..., z,). Formally, we write

wien _ Gnlg)
Plg((’) - 'Gnl 3

where (“(9) = {(91,92,---,9n) € G™ : w(g1,92,.--,9n) = g}|. The main
results of Section 4.1 are as follows.

Proposition 4.1.1. Let G be a finite group and w(xy,xs,...,T,) be a non-
trivial admissible word. Then

n|G: Z(G)|-n+1 > 1 > 0

@) P62 g zer 2@ zer 2

(b) Pry(G) =1 if and only if G is abehan.

Proposition 4.1.3. Let G and H be two finite groups and ($, ) be an
woclimsm from G to H. If g € (' and w(z1,%3,...,Z5) 15 a non-trunal
admissible word, then

Pr((f) = Priy, (H).
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Proposition 4.1.4. Let G be a finite group and w(zxy, za,...,Z,) be a non-
trivial admissible word. If g, h € G' generate the same cyclic subgroup of G,
then Pry(G) = Pry)(G).

Proposition 4.1.6. Let G be a finite group, g € G' and w(xy, x4, ...,z,) be

a non-trivial admissible word. Then
(a) Pry(G) < Pr{(G) < Pr(G),
(b) Pry(G) = Pr{(G) if and only if g = 1.

Let mg = min{x(1) : x € Irr(G), x(1) # 1}. Considering, in particular,
the word z,Z;... 2,27 2yt ... 2,1, n > 2, and writing Pry(G) in place of
Pr; (G), we obtain the following results in the sections 4.2, 4.3 and 4.4.
Proposition 4.2.2. Let G be a finite non-abelian group, g € G’ and d be an

integer such that 2 < d < mg. Then

1 1 1
n . < - LAY .
(a) [Prg(G) IG'l' < (Pr(G) lG'|) In other words,
1 _p(G)Jrin___z_il < Pr(@) < L pr(GH,di__?_"_l
dn—2 r Ted S Pl = dn—2 || '

. 1 1 1
P17(G) — @l < pr (1 - |_GT|) In other words,

1 d"+1 1 dr -1
—{ _ ] < P? < — {14 —01.
d"( 14 el )_Prg(G)_dn< + IG'I)

2"+ 1
In particular, Pry(G) < ~2n%—

13



Proposition 4.2.3. If G is a finite non-abelian simple group and g € ¢,
then

1 1 1 1
G - | < — [ — — = .
P6)- 7] < 55 (- 70)

In other words,

1 /-1 3241 1 1 3 2_-1
- < (1 . < - .
3"—2(12+ ] )-P‘g(c)-?»n—?(lz* ] )

In particular,

311—2+4
Pr? < —.
(0) S 320

Corollary 4.3.2. Let G be a finite non-abelian group with |cd(G)| = 2.
Then every element of G' is a generalized commutator of length n for all
n > 2; in particular, every element of G' is a commutator.

Proposition 4.3.3. Let G be a finite non-abelian group, g € G' and d be an

integer such that 2 < d < mg. Then

" 1 dn—2 -1 . )
(a) Prg(G) = = (Pr(G) + W) if and only if
g =1 and cd(G) = {1,d}.
mn—2
(b) Pry(G) = d"1‘2 (— Pr(G) + %) if and only if

g#1, cd(G) ={1,d} and |G'| = 2.

Proposition 4.3.4. Let G be a finite non-abelian group, g € G’ and d be an

integer such that 2 < d < mg. Then

(a) Prg(G) = % (1 + d|—(;|—1-> if and only if

g =1 and cd(G) = {1,d}.

14



men 1 dm +1
(b) Pry(G) = a;( 1+ Tl ) if and only +f

g# 1, cd(G) ={1,d} and |G'| = 2.

Proposition 4.3.7. Let G be a finite non-abelian group, g € G’ and p be

the smallest prime dwnsor of |G| Then

pﬂ. + p —_ 1
pn+1

Pry(G) =
of and only 1f g =1, and G 1s 1soclinic to

(z,y : 27 =1=¢", y 'zy = 2*)

2"+ 1
In particular, putting p = 2, PrZ(G) = St

and G 1s wsoclinic to Dg, the dihedral group, and hence, to Qg, the group of

if and only of g = 1,

quaternions
Proposition 4.4.1. Let G be a finite non-abelian group with |cd(G)| = 2
and g € G' Then

] ¢ - 1
n > 14— d
Pri(@) 2 i@ ( tie Z(G)I"”) an

. 1 1

Moreover, in each case, the equality holds 1f and only +f G 1s of central type

Corollary 4.4.2. Let G be a finite non-abelian group and g € G' If G 1s of
central type with | cd(G)| = 2, then

1 Gl -1
Pri(G) < 7 (1 + l———%—) and

Q
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Proposition 4.4.3. Let G be a finite non-abelian group and g € G'. If

G' C Z(G) and |G'| = p, where p 15 a prime, then

i1+%ﬂ if g=1

Pry(G) = P ( P
Li-%) i 9#1,

1

where k = alogp |G : Z(G)|.

Proposition 4.4.5. Let p be a prime. Let r and s be two positive integers

such that s | (p — 1), and 17 = 1 (modp) if and only if s | j. If

G={(ab:aP=b=1bab"' =a") and g€ G, then .

s‘ﬂ. + _1 )
e Y91
Pr(G) = 1
s —
] 1.
_— ifg#

Proposition 4.4.6. Let G be a finite non-abelian group and g € G'. If
G' N Z(G) = {1} and |G'| = p, where p 1s a prime, then

(a) G is isoclinic to the group (a,b : a? =b° =1, bab™! = a"), where

s|(p—1), andr? =1 (mod p) if and only of s | j,

_S_if___i ifg=1
n pn
&) Pye)=4 "

e fg# 1.

Proposition 4.4.7. Let G be a finite non-abelian group and g € G'. If
g # 1, then Pry(G) < ﬁ, where p is the smallest prime divisor of |G|. In

. . 1
particular, we have Pry(G) < 3.

16



Proposition 4.4.8. For each € > 0 and for each prime p, there exists a

finite group G such that

1
Pry(G) -

<E€

for all g € G".

Let GG be a finite group and g € G'. Let H and K be two subgroups of
G. In Chapter 5, which is based on our paper [4], we study the probability
Pr,(H, K) that the commutator of a randomly chosen pair of elements (one
from H and the other from K) equals g. In other words, we study the ratio

€ Hx K :[z,y] = g}|

and further extend some of the results obtained in [9] and [22]. Without any
loss, we may assume that G is non-abelian. The main results of the sections
5.1 and 5.2 are as follows.

Proposition 5.1.1. Let G be a finite group and g € G'. If H and K are
two subgroups of G, then Pry(H,K) = Pry-1(K, H). However, if g*> = 1,
or if g € HU K _(for example, when H or K is normal in G), we have
Pry(H,K) = Pry(K, H) = Prg-1(H, K).

Theorem 5.1.3. Let G be a finite group and g € G'. If H and K are two
subgroups of G, then

1 1 1
Prg(H,K)=|H“KI Z |CK(:c)l=|—| Z | Clx(z)|’

zeH z€H
g_II:ECl]((:E) g"l:cECEK(z)

where Cx(z) = {y € K : zy = yz} and Clg(z) = {yzy~' : y € K}, the

K -conjugacy class of z.

17



This theorem plays a key role in the study of Prg(H, K). As an immediate

consequence, we have the following generalization of the well-known formula

Pr(G) = 551

Corollary 5.1.4. Let G be a fimite group and H, K be two subgroups of G.

If H <SG, then
ki (H)
|H|

where ki (H) is the number of K -conjugacy classes that constitute H.

Pr(H, K) =

Proposition 5.1.5. If H is an abelian normal subgroup of a finite group G

with a complement K in G and g € G', then

Pry(H,G) = Pryg(H, K).

Corollary 5.1.6. Let G be a finite group and ¢ € G'. If H Q G with
Cc(z) = H for allz € H — {1}, then

Pr,(H,G) = Pry(H, K),

where K is a complement of H in G. In particular,

1 H -1
PI‘(H,G)=W+ |G|

Proposition 5.2.1. Let G be a finite group and g € G'. Let H and K be
any two subgroups of G. If g # 1, then

1CH (KO Cr (H)
|HIIK]

() Pry(H,K)# 0= Pr (H,K) >

18



21H N0 Z(G)lICe(H)]
|H||G| ’

(b) Pry(H,G) # 0 => Pr,(H,G) >

3
>
|G- Z(G)]?
Proposition 5.2.2. Let G be a finite group and g € G'. If H and K are

(c) Pry(G) # 0 = Pr,(G)

any two subgroups of G, then
Pry(H, K) < Pr(H, K)

with equality +f and only +f g = 1.
Proposition 5.2.3. Let G be a finite group and g € G', g # 1. Let H and

K be any two subgroups of G. If p 1s the smallest prume dwisor of |G|, then

H| = [Ca(K)| 1
Pr,(H, K) < < -,
o(H, K) PIH] .

Proposition 5.2.4. Let H, K, and K; be subgroups of a finite group G wath
K, C Ky. Then

Pr(H, K;) > Pr(H, K,)
with equality if and only of Clg, (z) = Clk,(z) forallz € H.

Proposition 5.2.5. Let H, K| and K; be subgroups of a finite group G with
K, C K,. Then

1 lf(:»l—lKll)
Pr(H, K,) > ——— (Pr(H, K,) + 22— 1211
t(H, K2) |I(2:1(1|( (H, K1) |H||K|

with equality of and only of Cy(z) = {1} for allz € K7 - K.
Proposition 5.2.6. Let H; C Hy and K; C K, be subgroups of a finite
group G and g € G'. Then

Prg(Hl, Kl) S |H2 . H]HK2 : K1|Prg(H2,K2)
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with equality if and only if

g 'z ¢ Clk,(z) for all z € Hy — Hy,
97 'z & Clk,(z) — Cly,(z) for all z € Hy,
and Cg,(z) = C,(z) for all z € Hy with g7'z € Cly,(z).

In particular, for g = 1, the condition for equality reduces to H, = H,, and
K, = K.
Corollary 5.2.7. Let G be a finite group, H be a subgroup of G and g € G".
Then

Pry(H,G) < |G : H[Pr(G)
with equality if and only if g=1 and H = G.

Theorem 5.2.8. Let G be a finite group and p be the smallest prime dividing
|G|. If H and K are any two subgroups of G, then

Cu(K)| | p(H| = [ Xu| ~ |Cu(K)]) + | Xa|

Pr(H, K) >
(H,5) = =1 HIK]
(0 - DICKUOI+ 1H] 1 Xul(K] - p)
and Pr(H,K) < — ,
(#, ) pIH] PIHIIK]

where Xy = {x € H : Cx(z) = 1}. Moreover, in each of these bounds, H

and K can be interchanged.

Corollary 5.2.9. Let G be a finite group and p be the smallest prime dividing
|G|. If H and K are two subgroups of G such that [H, K] # {1}, then

‘ 2p—-1

Pr(H,K) < =

In particular, Pr(H,K) < 3.
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Proposition 5.2.10. Let G be a finite group and H, K be any two subgroups
of G. If Pr(H,K) = -E— for some prime p, then p divides |G|. If p happens

to be the smallest prime divisor of |G|, then

and hence, H # K.

In particular, af(—,() N, #‘m—) if Pr(H,K) = 3
In the last section of chapter 5, with H normal in G, we also develop and

study a character theoretic formula for Pry(H, G) given by

Pry(H,G) = Z [X”’X"
xel el

Proposition 5.3.1. Let G be a finite group. If H is a normal subgroup of
G and g € G, then

1
Pr,(H,G HI{P — .
1,6) - 7] <101 (@) - i)

As an applicat.ion, we obtain yet another condition under which every
element of G’ is a commutator.
Proposition 5.3.3. Let G be a finite group and p be the smallest prime
dividing |G|. If |G| < p?, then every element of G' 1s a commutator.

We conclude the thesis with a discussion, in the last chapter, on some of
the possible research problems related to the results obtained in the earlier

chapters.
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PREFACE

Classification of finite groups is a central problem in theory of groups.
Even though finite abelian groups have been completely classified, a lot still
remains to be done as far as non-abelian groups are concerned. People all
over the world have used various types of invariants for classifying finite
groups, particularly the non-abelian ones. The commutativity degree of a
finite group is one such invariant, and it seems that many interesting results
are possible to obtain with the help of this notion and its generalizations.

In recent years there has been a growing interest in the use of the prob-
abilistic methods in the theory of finite groups. These methods have proved
useful in the solution of several difficult problems on groups. In some cases
the probabilistic nature of the problem is apparent from its formulation, but
in other cases the connection to probability seems surprising and can not be
anticipated by the nature of the problem.

The roots of the subject matter of this thesis lie in a series of papers by
P. Erdos and P. Turan (see [9, 10, 11, 12]) published between 1965 and 1968,
and also in the Ph. D thesis of K. S. Joseph {26} submitted in 1969, wherein
some problems of statistical group theory and commutativity in non-abelian
groups have been considered. In 1973, W. H. Gustafson [22] considered the
question — what is the probability that two group elements commute? The
answer is given by what is known as the commutativity degree of a group. It

may be mentioned here that the question, in some sense, was also considered

by Erdos and Turén [12].



Formally, the commutativity degree of a finite group G, denoted by Pr((G),

is defined as the ratio

_ Number of ordered pairs (z,y) € G x G such that ry = yz

P
r(G) Total number of ordered pairs (z,y) € G x G

In other words, commutativity degree is a kind of measure for abelianness of
a group. Note that Pr(G) > 0, and that Pr(G) = 1 if and only if G is abelian.
Also, given a finite group G, we have Pr(G) < g with equality if and only if
z—(Gc—) has order 4 (see [2, 22]), where Z(G) denotes the center of G. This gave
rise to the problem of determining the numbers in the interval (0, g] which
can be realized as the commutativity degrees of some finite groups, and also
to the problem of classifying all finite groups with a given commutativity
degree.

In 1979, D. J. Rusin [44] computed, for a finite group G, the values
of Pr(G) when G' C Z(G), and also when G' N Z(G) is trivial, where (/
denotes the commutator subgroup of G. He determined all numbers lying

11

in the interval (33,1] that can be realized as the commutativity degree of

some finite groups, and also classified all finite groups whose commutativity
degrees lie in the interval (33, 1].

In 1995, P. Lescot {30] classified, up to isoclinism, all finite groups whose
commutativity degrees are greater than or equal to % It may be mentioned
here that the concept of isoclinism between any two groups was introduced
by P. Hall [23]. A pair (¢, 9) is said to be an isoclinism from a group G to

another group H if the following conditions hold:

(a) ¢ is an isomorphism from G/Z(G) to H/Z(H),
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(b) % is an isomorphism from G’ to H', and

(c) the diagram

G G ¢x¢ H_ _H
Z(G) ~ Z(G) Z(H) "~ Z(H)
aG ay
P
el H'

commutes, that is, ay o (¢ X @) = 9 0 ag, where a¢ and ay are given
respectively by ag(912(G),922(G)) = [g1, 90| for all g1,9, € G and
ag(mZ(H), haZ(H)) = [hq, ho] for all hy, hy € H. Here, given z,y € G,

[z, y] stands for the commutator zyz 'y~ of z and y in G.

In 2001, Lescot [31] has also classified, up to isomorphism, all finite groups
whose commutativity degrees lie in the interval [-;—, 1].
In 2006, F. Barry, D. MacHale and A. Ni Shé [1] have shown that if G is

a finite group with |G| odd and Pr(G) > i

7, then G is supersolvable. They

also proved that if Pr(G) > %, then G is supersolvable. It may be mentioned

here that a group G is said to be supersolvable if there is a series of the form
{1}=A4C A CAC--CA =G,

where A; < G and A;,,/A; is cyclic for each i with 0 <i <7 — 1.
In the same year 2006, R. M. Guralnick and G. R. Robinson {20] re-
established a result of Lescot (see [21]) which says that if G is a finite group
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with Pr(G) greater than 43—0, then either G is solvable, or G = As x B, where
As is the alternating group of degree 5 and B is some abelian group.

The classical notion of commutativity degree has been generalized in a
number of ways. In 2007, A. Erfanian, R. Rezaei and P. Lescot [13] studied
the probability Pr(H, G) that an element of a given subgroup H of a finite
group G commutes with an element of G. Note that Pr(G,G) = Pr(G). In
2008, M. R. Pournaki and R. Sobhani [40] studied the probability Pry(G)
that the commutator of an arbitrarily chosen pair of elements in a finite
group G equals a given group element g. They have also extended some of
the results obtained by Rusin. It is easy to see that Pry(G) = Pr(G) if g = 1,
the identity element of G.

In Chapter 1, we briefly recall a few definitions and well-known results
from several relevant topics, which constitute the minimum prerequisites for
the subsequent chaLpters. In this chapter, we also fix certain notations. Given
a subgroup K of a group G and an element = € G, we write Ck(z) and
Clg(z) to denote the sets {k € K : kx = zk} and {kzk™! € G : k € K}
respectively; noting that, for K = G, these sets coincide respectively with the
centralizer and the conjugacy class of z in G. Also, given any two subgroups
H and K of a group G, we write Cx(H) ={k € K : hk = kh for all h € H}.
Note that Ck(z) = Ck({z)), where (z) denotes the cyclic subgroup of G
generated by z € G.

Further, we write Irr(G) to denote the set of all irreducible complex
characters of G, and cd(G) to denote the set {x(1) : x € Irr(G)}. If
x(1) = |G : Z(G)|V? for some x € Irr(G), then the group G is said to
be of central type.
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In Chapter 2, which is based on our papers [37] and [39], we determine,
for a finite group G, the value of Pr(G) and the size of 7% when |G’| = p?
and |G' N Z(G)| = p, where p is a prime such that ged(p — 1,|G|) = 1. The
main result of Section 2.2 is given as follows.

Theorem 2.2.6. Let G be a finite group and p be a prime such that
ged(p — 1,|G|) = 1. If|G'| = p* and |G' 0 Z(G)| = p, then

(a) Pr(G) 22:’1:1 if Co(G') s abelian
a) Pr(G) =

p—14 (;,’;T_:IT +p’+p-— 1) otherwise,

3 . 1] . .
D if Co(G') is abelian
(b) lz?G)I =

p?t2 or p¥*+3  otherwise,

where p** = |Cg(G') : Z(Cg(G"))|. Moreover,

G . G —1_G . G =
IG’nZ(G) : Z(Glnz(G))l - IE@ : Z('z(T))l "p2-

This theorem together with few other supplementary results, enable us to
classify all finite groups G of odd order with Pr(G) > % In the process we
also point out a few small but significant lacunae in the work of Rusin [44].
The main result of Section 2.3 is given as follows.

Theorem 2.3.3. Let G be a finite group. If |G| is odd and Pr(G) > 1%, then
the possible values of Pr(G) and the corresponding structures of G', G'NZ(G)
and G/Z(G) are given as follows:



Pr(G) G’ G'NZ(G) G/Z(Q)
1 {1} {1} {1}
11+ %) Cs Cs (C3 x C3), s>1
L1+4) Cs Cs | (Csx Gy, s>1
by Cr {1} Cr % Cs
55 Cr Cr Cr % Cy
i Cy or C3 x Cs3 C3 (C3 x C3) x C3
C3 x Cq Cs x Cs C3
121 CsxCs | CaxCs. Ct
= Cis {1} Ci3 % C;
= Cho {1} Cig % C;
2 Ca Cs C3 x (C7 % C3)
i Cs x Cs {1} (Cs x Cs) x Cs

In the above table C), denotes the cyclic group of order n and x stands for
semidirect product.
In [40, Corollary 2.3], M. R. Pournaki and R. Sobhani have proved that,
for a finite group G satisfying | cd(G)| = 2, one has
1 |Gl -1 >
Pr(@) > & (1 i
D2\ ez

with equality if and only if G is of central type. In Section 2.4, we have

improved this result as follows.
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Theorem 2.4.1. If G is a finite group, then
1 G'l-1
P02 157 (14 - 2

In particular, Pr(G) > ﬁ if G is non-abelian.

There are several equivalent conditions that are necessary as well as suf-
ficient for the attainment of the above lower bound for Pr(G).
Theorem 2.4.3. For a finite non-abelian group G, the statements given
below are equivalent.

1 |G -1
(a) Pr(G) = Teg (1 + |G : Z(G)|>

(b) ¢d(G) = {1,|G : Z(G)|/?}, which means that G is of central type with
cd(G)| = 2.

(c) |Cle(@)| = |G| for all z € G ~ Z(G).

(d) Cla(z) = G’z for all x € G — Z(G); in particular, G is a nilpotent

group of class 2.

(e) Ce(z) QG and G' = Cc?('z) for all x € G — Z(G); in particular, G is a

CN-group, that is, the centralizer of every element is normal.

(f) G'"={ly,z]: y € G} for all x € G — Z(G); in particular, every element

of G' is a commutator.

Theorem 2.4.1 and Theorem 2.4.3 not only allow us to obtain some charac-
terizations for finite nilpotent groups of class 2 whose commutator subgroups

have prime order, but also enable us to re-establish certain facts (essentially
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due to K. S. Joseph [26]) concerning the smallest prime divisors of the orders
of finite groups.

Proposition 2.4.4. Let G be a finite group and p be the smallest prime
divisor of |G|.

(a) If p# 2, then Pr(G) # %.

(b) When G is ‘non-abelian, Px(G) > o if and only if |G'| = p and
' C 2(G).

Corrolary 2.4.5. If G is a finite group with Pr(G) = 3, then |G| is even.
Proposition 2.4.7. Let G be a finite group and p be a prime. Then the

following statements are equivalent.
(8) |G') =p and G' C Z(G).
(b) G is of central type with | cd(G)| = 2 and |G’| = p.

(c) G is a direct product of a p-group P and an abelian group A such that
|P'| = p and ged(p, |A]) = 1.

(d) G is isoclinic to an extra-special p-group; consequently, (G : Z(G)| =

p* for some positive integer k.

In particular, if G is non-abelian and p is the smallest prime divisor of |G,

then the above statements are also equivalent to the condition Pr(G) > -;;.
In [31], Lescot deduced that Pr(Ds,) — & and Pr(Qgn+1) — 1 asn — oo,

where Dy, and (Jon+1 denote the dihedral group of order 2n, n > 1, and the

quaternion group of order 2", n > 2, respectively. He also enquired whether
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there are other natural families of finite groups with the same property. In
2007, I. V. Erovenko and B. Sury [16] have shown, in particular, that for
every integer k > 1 there exists a family {G,} of finite groups such that
Pr(G,) — 7 as n — oo. In the last section of Chapter 2 we have considered
the question posed by Lescot mentioned above. Moreover, we make the
following observation.
Proposition 2.5.1. For every integer k > 1 there exists a family {G,} of
finite groups such that Pr(G,) —  as n — oco.
In the same line, we also have the following result.
Proposition 2.5.2. For every positive integer n there erists a finite group
G such that Pr(G) = L.

In Chapter 3, which is based on our papers [5] and [6], we generalize the
following result of F. G. Frobenius [18]:

If G is a finite group and g € G, then the number of solutions of the

1

commutator equation zyz ly~! = g in G defines a character on G, and is

given by
G|
9= > —=xlg).
x(1)
x€lrr(G)
We write F(z1,%s,...,Z,) to denote the free group of words on n
generators Ty, Tz,...,Z,. For 1 < i < n, we write ‘z; € w(xy,zg,...,Z,)

to mean that z; has a non-zero index (that is, arf forms a syllable, with
0 # k € Z) in the word w(zy, T3, ...,%,) € F(x1,%2,...,2T,). We call a word
w(z1,Zg, ..., Zn) admissible if each z; € w(z;,x2,...,2,) has precisely two

non-zero indices, namely, +1 and —1. We write & (1, %2, ...,Z,) to denote
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the set of all admissible words in F(zy,Zs,. .., Zn).
Given a finite group G and an element g € G, let (¥'(g) denote the number
of solutions (g1, g2, ..., 9n) € G™ of the word equation w(zy,Zs,...,Zs) = g,

where G" = G X G X --- x G (n times). Thus,

C:(g) = ‘{(917921'-'1911) €eG": w(gl7g27' --,gn) =g}l

The main result of Section 3.1 is given as follows.
Theorem 3.1.4. Let w(x1,Zg,...,Zn) € F(T1,Z2,...,2Zn), n>1. IfG 15 a
finite group, then the map ¢ : G — C defined by

Cr‘f(g) = |{(91,92,- .. agn) € G" I(-U(g1,g2, s ,gn) = g}lv g € Ga

is a character of G.

Given any two finite sets X and Y, a function f : X — Y is said to
be almost measure preserving if there exists a sufficiently small positive real
number ¢ such that

I\ (Ye) Yl
X1 ¥

<e forallYy CY.

In Section 3.2, we consider the following question posed by Aner Shalev
[46, Problem 2.10):
Which words induce almost measure preserving maps on finite simple groups?
More precisely, given an admissible word w(z,z2,...,2,) and the induced
word map a,, : G™ — G defined by a,,(91,92,.--,9n) = w(91,92,- - -, gn), We
proved that
Corollary 3.2.7. Let G be a finite simple group, and o(1) be a real number

depending on G which tends to zero as |G| — oo.
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-1
(a) If Y C G, then MY—” = g +0(1). This means that the map

G| 1G]
o, 15 almost measure preserving.
(X X . . . .
(b) If X C G™, then |2 (X)) > |X] — o(1); in particular, if X is such

IG] |G|
that | X| = (1 — o(1))|G|™, then |a,(X)| = (1 — o(1))|G|. This means

that almost all the elements of G can be expressed as w(gi, g2, - -, gn)

for some g1,92,...,9n € G.

In the last section of Chapter 3, we obtain yet another generalization of
Frobenius’ result mentioned above. The main results of this section are given
as follows.

Theorem 3.3.1. Let G be a finite group, H QG and g € G. If ((g) denotes
the number of elements (hy, g2) € H x G satisfying [h1, g2) = g, then Cisa
class function of G and

{(g)= D =N = Y, —FE=xX(g).
(g x€lrr(G) X(l) Y x€hrr(G) X(l) X

Corollary 3.3.2. Let G be a finite group. Then, with notations as above, ¢
is a character of G.
Proposition 3.3.3. Let G be a finite group, H <G and g € G. If (anlyg),
n > 1, denotes the number of elements ((h1,91),-..,(hn,gn)) € (H x G)*
satisfying [h1, g1] - . - [Pn, gn] = g, then Con s a character of G and

Gnle) = 3 bl )

2n—1
x€lrr(G) X(l) "
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Proposition 3.3.4. Let H be a subgroup of a finite group G and g € G. Then
the number of elements (g1, h2, g3) € Gx H X G satisfying grhagrtgshy gy =
g defines a character of G and is given by

~ . |GHH|[XH’XH]
Cs(g)—xe%;c) X

In Chapter 4, which is based on our paper [38], we study the probability
Pry(G) that an arbitrarily chosen n-tuple of elements of a given finite group
G is mapped to a given group element g under the word map induced by a

non-trivial admissible word w(zy, z9, . .., z,). Formally, we write

Pey(6) = S5,

where G‘L)(g) = l{(gla921' e 7gn) € G": w(glag%' --agn) = g}' The main
results of Section 4.1 are as follows.
Proposition 4.1.1. Let G be a finite group and w(zy,x2,...,Zs) be a non-

trivial admissible word. Then

n|G: Z(G)|—-n+1 1
G-z = ¢ zoF 2

(a) Pri(G) 2

(b) PrY(G)=1 if and only if G is abelian.

Proposition 4.1.3. Let G and H be two finite groups and (p, 1) be an
isoclinism from G to H. If g € G' and w(x1,%3,...,%,) i a non-trivial
admissible word, then

Pry (G) = Pry, (H).
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Proposition 4.1.4. Let G be a finite group and w(z1,Zq,. .., Zn) be a non-
trivial admissible word. If g, h € G’ generate the same cyclic subgroup of G,
then Pry(G) = Pry(G).

Proposition 4.1.6. Let G be a finite group, g € G' and w(x1, T3,...,T,) be

a non-trivial admissible word. Then
(a) Pry(G) < Pr{(G) < Pr(G),
(b) Pry(G) = Pr{(G) if and only if g = 1.

Let mg = min{x(1) : x € Irr(G), x(1) # 1}. Considering, in particular,
the word 1% ... Toxy 25" ... 27!, n > 2, and writing Pry(G) in place of
Pr;(G), we obtain the following results in the sections 4.2, 4.3 and 4.4.
Proposition 4.2.2. Let G be a finite non-abelian group, g € G' and d be an
integer such that 2 < d < mgqg. Then

1
|G|

(a)

. 1 1
Pry(G) ~ I—G—;II < g (Pr(G’) - ) In other words,

dnl_z <-— Pr(G) + d|_c2:T 1) <SPr(G) < =3 (P‘-"(G) + ﬂ%;)

Pry(G) - I—Gl—q' < % (1 - IClr"I) In other words,

1 dr+1 1 at—1
— | _ —_— < n < — — 1.
dn( STel >—PTQ(G)~dn (“‘ Ted )

. . 9+ 1
In particular, Pry(G) < ST
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Proposition 4.2.3. If G is a finite non-abelian simple group and g € G',
then

1 1 1 1
G - | < —— [ — = = ).
Pry(©) |G|1—3"-2(12 IGI>

In other words,

1 -1 3n-2 41 1 1 3n-2 _1
- . < n < — .
33 (12 STe] ) S Pr(@) < 5 (12 MTe] )

In particular,

32 44
< .
G) < 3n-1 % 20

Pry(
Corollary 4.3.2. Let G be a finite non-abelian group with |cd(G)| = 2.
Then every element of G' is a generalized commutator of length n for all
n > 2; in particular, every element of G' is a commutator.
Proposition 4.3.3. Let G be a finite non-abelian group, g € G’ and d be an
integer such that 2 < d < mg. Then

(&) P2(G) = =g (Pr(G) + To2)  if and only

a) Pry —a—m(r( )+———|E,—'—-> if and only if
g =1 and cd(G) = {1,d}.

(b) Pry(G) = d"1*2 (— Pr(G) + d"l‘;—,-ll—l) if and only if

g#1,cd(G) ={1,d} and |G'| = 2.

Proposition 4.3.4. Let G be a finite non-abelian group, g € G’ and d be an

integer such that 2 < d < mg. Then

n 1 d* —1 , ,
(a) Pry(G) = e <1 + e ) if and only if

g =1 and cd(G) = {1,d}.
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(b) Pry(G) = 31; (—1 + %l) if and only if

g#1,cd(G) ={1,d} and |G'| = 2.
Proposition 4.3.7. Let G be a finite non-abelian group, g € G' and p be

the smallest prime divisor of |G|. Then

pt+p—1
pn+1

Pry(G) =

if and only of g =1, and G s isoclinic to
(z,y : 27 =1=y", yloy = "),
. . 2"+1
In particular, putting p = 2, Pr3(G) = Eose
and G 1is isoclinic to Dg, the dihedral group, and hence, to Qg, the group of

if and only if g = 1,

quaternions.
Proposition 4.4.1. Let G be a finite non-abelian group with |cd(G)| = 2
and g € G'. Then

n 1 IG’I -1
> Ay
Pri(G) 2 5 (1 *iG: Z<G>|n/2> and

n 1 1 .

Moreover, in each case, the equality holds if and only if G is of central type.
Corollary 4.4.2. Let G be a finite non-abelian group and g € G'. If G is of
central type with | cd(G)| = 2, then

Pr}(G) < ! (1+‘G|_1> and

|Gll 211
PrG) > o= (1-4) ifg#1
I‘g = |Gl| on 9 )
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Proposition 4.4.3. Let G be a finite non-abelian group and g € G'. If
G' C Z(G) and |G'| = p, where p 1s a prime, then

where k = %logp |G : Z(G)|.
Proposition 4.4.5. Let p be a prime. Let r and s be two positwe integers
such that s | (p— 1), and 17 =1 (modp) if and onlyif s | j. If
G=(a,b:a?=b=1bab'=a") and ge G, then

s"+p-—1

RN — ps™
Pry(G) = o1

pSTl

ifg=1

ifg#1L

Proposition 4.4.6. Let G be a finite non-abelian group and g € G'. If
G' N Z(G) = {1} and |G'| = p, where p is a prime, then

(a) G is isoclinic to the group {(a,b : a? =b* =1, bab™! = a"), where

s|(p—1), andr? =1 (mod p) +f and only +f s | 3,

s —;Sp;-—l ifg=1
(6) P@)={
] 1.
p_— ifg#

Proposition 4.4.7. Let G be a finite non-abelian group and g € G'. If
g # 1, then Prg(G) < 3, where p is the smallest prime divisor of |G|. In

particular, we have Pry(G) < 3.
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Proposition 4.4.8. For each € > 0 and for each prime p, there exists a

finite group G such that

n 1
Prg(G) - ;' <e€

forallg € G'.

Let G be a finite group and g € G'. Let H and K be two subgroups of
G. In Chapter 5, which is based on our paper [6], we study the probability
Pr,(H, K) that the commutator of a randomly chosen pair of elements (one

from H and the other from K) equals g. In other words, we study the ratio

{(z,y) € H x K : [z,y] = g}|
|H|| K| ’

Pry(H,K) =

and further extend some of the results obtained in [13] and [40]. Without any
loss, we may assume that G is non-abelian. The main results of the sections
5.1 and 5.2 are as follows.

Proposition 5.1.1. Let G be a finite group and g € G'. If H and K are
two subgroups of G, then Pry(H,K) = Pry-1(K, H). However, if g* = 1,
or if g € HU K (for example, when H or K is normal in G), we have
Pry(H,K) = Pry(K, H) = Pry1(H, K).

Theorem 5.1.3. Let G be a finite group and g € G'. If H and K are two
subgroups of G, then

1 1 1
Po(hK) = mrl 2 1O@I=m X (e

zeH zeH
g~ lzeCly () g~ lzeClk (z)

where Cx(x) = {y € K : zy = yz} and Clg(z) = {yzy™' : y € K}, the

K -conjugacy class of .
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This theorem plays a key role in the study of Pr,(H, K). As an immediate

consequence, we have the following generalization of the well-known formula

Pr(G) = ¥5L.

Corollary 5.1.4. Let G be a finite group and H, K be two subgroups of Gi.
If HQG, then
kx(H)

|H]

where ki (H) is the number of K -conjugacy classes that constitute H.

Pr(H,K) =

Proposition 5.1.5. If H is an abelian normal subgroup of a finite group G

with a complement K in G and g € G, then

Pr,(H,G) = Pr,(H, K).

Corollary 5.1.6. Let G be a finite group and g € G'. If H < G with
Ce(z) = H for allz € H — {1}, then

Pry(H,G) = Prg(H, K),

where K is a complement of H in G. In particular,

Pr(H,G) = ‘1?' + lHliG‘l !

Proposition 5.2.1. Let G be a finite group and g € G'. Let H and K be
any two subgroups of G. If g # 1, then

|CH(K)|Ck (H))]

(a) Pry(H,K) # 0= Pry(H,K) > HIK| ,
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2|17 N Z(G)||Ce(H)]
|H||G| ’

(b) Pry(H,G) # 0 = Pr,(H,G) >

3
>
— G Z(G)P
Proposition 5.2.2. Let G be a finite group and g € G'. If H and K are

(c) Prg(G) # 0 = Pry(G)

any two subgroups of G, then
Pry(H,K) < Pr(H,K)

with equality if and only if g = 1.
Proposition 5.2.3. Let G be a finite group and g € G', g # 1. Let H and
K be any two subgroups of G. If p is the smallest prime divisor of |G|, then
|H| = |Cu(K)| oy

plH]| P

Pry(H,K) <

Proposition 5.2.4. Let H, K, and K, be subgroups of a finite group G with
K, C K,. Then

Pr(H, K,) > Pr(H, K>)
with equality if and only if Clk,(z) = Clk,(z) forallz € H.
Proposition 5.2.5. Let H, K| and K, be subgroups of a finite group G with
K, C K,. Then

1 |K2|“|K1|>
Pr(H,K;) > ———— | Pr(H,K}) + ————
(H, Kz) |K2:K1|< *(H KD+ =)

with equality if and only if Cy(x) = {1} forallz € Ky — Kj.
Proposition 5.2.6. Let H; C Hy; and K, C K; be subgroups of a finite
group G and g € G'. Then

Prg(Hl,Kl) _<_ lH2 . H1||K2 . KllPrg(Hg,KQ)
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with equality if and only if

g 'z ¢ Cly,(x) forall x € Hy — Hy,
g 'z ¢ Cly,(z) — Clg,(z) for all z € Hy,
and Ck,(z) = Ck,(z) for all z€ H, with g~ 'z € Cly, ().

In particular, for g = 1, the condition for equality reduces to H, = H,, and
K, = K,.
Corollary 5.2.7. Let G be a finite group, H be a subgroup of G and g € G'.
Then

Pr,(H,G) < |G : H|Pr(G)
with equality if and only if g=1 and H = G.

Theorem 5.2.8. Let G be a finite group and p be the smallest prime dividing
|G|. If H and K are any two subgroups of G, then

(Ca(F)| | p(H] ~ [ Xn] = |C(K)]) + | Xn]

Pr(H, K) = =g K]
(0= DICKU)| + 1H]  |Xul(K]~p)
and Pr(H,K) < Pl H| PIHIK]

where Xg = {z € H : Cx(z) = 1}. Moreover, in each of these bounds, H
and K can be interchanged.

Corollary 5.2.9. Let G be a finite group and p be the smallest prime dividing
\G|. If H and K are two subgroups of G such that [H, K| # {1}, then

2p—1

Pr(H,K) < =

In particular, Pr(H, K) < 3.


file:///Xnm/-p

Proposition 5.2.10. Let G be a finite group and H, K be any two subgroups
of G. If Pr(H,K) = 2%1 for some prime p, then p diwides |G|. If p happens

to be the smallest prime divisor of |G|, then

H K
Cu(K) G Ck(H)’

IR

1

and hence, H # K.

In particular, C_lek—) Xy = 5KL(H3 if Pr(H,K) = 3.
In the last section of chapter 5, with H normal in GG, we also develop and
study a character theoretic formula for Pro(H,G) given by

_ X5 X
Prg(H,G)—IGIXEIzn%G) oy x(9).

Proposition 5.3.1. Let G be a finite group. If H is a normal subgroup of
G and g € G, then

- 1
PI‘g(H, G) - F,l

<|G: H] (Pr(G) _ Té’—l) .

As an application, we obtain yet another condition under which every
element of G’ is a commutator.
Proposition 5.3.3. Let G be a finite group and p be the smallest prime
dividing |G|. If |G'| < p?, then every element of G' is a commutator.

We conclude the thesis with a discussion, in the last chapter, on some of
the possible research problems related to the results obtained in the earlier

chapters.
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Chapter 1

Preliminaries

In this chapter we briefly recall a few definitions and well-known results, some
of which are pinpointed as per our requirements, and fix certain notations.

All these constitute the minimum prerequisites for the forthcoming chapters.

1.1 Some topics from the theory of groups

Let G be a group with center Z(G) = {z € G:zy =yz forally € G}. If
x € G, then the centralizer and the conjugacy class of z in G are given by
Ce(z) = {y € G : zy = yz} and Clg(z) = {2¥ € G : y € G} respectively,
where z¥ = yzy~1. Note that Z(G) = IQGCG(x).

Given any two subgroups H and K of G, we write Cx(H) to denote the
set {k € K : hk = kh for all h € H}. In particular, when K = G, the set
Ce(H) = {z € G : zh = hx for all h € H} is called the centralizer of H in
G. Also, given a subgroup H of G, the set Ng(H) = {z € G:zHz™! = H}



is called the normalizer of H in G. Clearly, Ng(H) = G if and only if H <G.

In this regard, we have the following result.

Result 1.1.1. {43, page 130] Let H be a subgroup of a group G. Then there
is a homomorphism, with kernel Co(H), from Ng(H) to Aut(H), the group
of all automorphisms of H. That is, Co(H) < Ng(H) and the quotient group
Ng(H)/Cg(H) can be regarded as a subgroup of Aut(H).

(A) Commutators and commutator subgroup.

Given z,y € G, the element [z,y] = zyz~'y~! € G is called the commu-
tator of z and y in G. Clearly, [z,y] = [y,z]™! for all 2,y € G. In fact, we
also have the following slightly more complicated commutator identities (see

[43, pages 92-93])
[z, y2] = [z, yl[z, 2] and [zy, 2] = [y, 2]"[=, 2], (1.1.a)

[z, W™ 2Py, 27 2l 27 wll" =1, (1.1.5)

where z,y,z2 € G. Equation (1.1.b) is also known as the Jacobi iden-
tity. It may be mentioned here that, given zq,z3,...,2, € G, we can
form commutators by suitably positioning n — 1 pairs of brackets across
- them in such a way that each pair of brackets gives rise to a commutator.
The commutators so obtained are called n-fold commutators, for example,
[[z1, z2], [x3, Z4]], [Z1, [z2, [£3, Z4]]] are 4-fold commutators; on the other hand,

~1,-1
[Z1,Z2, ..., ZTp] = T1T2 ... TnZ] Ty ...

x; ! is called a generalized commutator
of length n. Note that if n > 3, then a generalized commutator of length
n is not necessarily a commutator, whereas every n-fold commutator is a

commutator.



The subgroup G’ of G generated by all commutators in G is called the
commutator subgroup of G. More generally, given any two subgroups H
and K of G, one also talks about the subgroup [H, K] of G generated by
all commutators of the form [h, k], where h € H and k£ € K. Obviously,
[G,G] = G'. Note that G’ < G and the quotient group G/G’ is abelian.
Moreover, given H < G, we have H 4 G with G/H abelian if and only if
G'C H.

Remark 1.1.2. Commutators originated over 125 years ago through the
hands of Dedekind. The fact that the commutators do not always constitute
a subgroup led to the study of finding various conditions under which every
element of the commutator subgroup is a commutator. In [27], L. C. Kappe
and R. F. Morse have made a detailed survey describing a number of such

conditions available till date.

If G' C Z(G), then the group G is said to be nilpotent of class 2. If
(G/Z(@)) € Z(G/Z(G)), then G is said to be nilpotent of class 3. In this

way one defines nilpotent groups of class m > 2.

Result 1.1.3. [43, page 91) A finite group is nilpotent if and only if it is the
direct product of its Sylow subgroups.

Result 1.1.4. [1, Lemma 3.8] Let G be a finite group and p be the smallest
prime dwisor of |G|. If p is odd and G’ = C,, x Cy, then G is nilpotent.

A subgroup H of G is said to be central subgroup if H C Z(G), and H is
called a characteristic subgroup if it is invariant under every automorphism

of G, that is, if o(H) C H for all o € Aut(G).

3



Result 1.1.5. [35, Lemma 7] If a group G has a cyclic, characteristic, non-
central subgroup, then there is no group K such that G = K'.

A finite p-group G is called eztra-special if G’ and Z(G) coincide and have
order p. Any non-abelian group of order p? is extra-special. More generally,

we have

Result 1.1.6. [42, page 146] An eztra-special p-group is a central product
of a finite number of non-abelian normal subgroups of order p®, and so has
order p?*t! for some positive integer k. Conversely, a finite central product

of non-abelian groups of order p* is an extra-special p-group.

It may be recalled here that a group G is said to be the central product of
its normal subgroups G1,Ga,...,Gy if G = G1G,...Gy, [G,,G;] = {1} for
i# j, and G,N []G, = Z(G) for all i. Clearly, Z(G,) = Z(G) for all <.
(B) Class equ:’:lion.

It is well-known that if G is a finite group, then | Clg(z)| divides |G| for

all z € G, in fact, we have
|G : Cg(z)] = |Cle(z)| = |[G,z]| < |G| (L.1.c)

for all z € G, where [G,z] = {[y,z] : y € G} C G'. Note that [G, z] is not
necessarily a subgroup of G. Since z¥ = yry~'z7'z € G’z for all z,y € G,
we also have

Cle(z) C Gz (1.1.d)

forallz € G.



It is easy to see that G is the disjoint union of its conjugacy classes, and
that Z(G) consists of precisely those elements of G whose conjugacy classes

have exactly one element. So, it follows that if G is a finite group, then
1G] =12(G)| + > |G : Calas)l, (1.1.e)

where one z; is chosen from each conjugacy class having more than one
element. This is known as the class equation of G.
(C) Semidirect product of groups.

Let H and N be any two groups, and 6 : H — Aut(N) be a homomor-
phism. Let us write §(h) = 6, for all h € H. Then the Cartesian product

N x H forms a group under the binary operation

(n1, h1)(ng2, k) = (164, (n2), hiha),

where (n;, h;) € N x H, i = 1,2. This group is known as the semidirect
product of N and H (with respect to 8 ), and is denoted by N xg H. It is easy
to see that if 8 is the trivial homomorphism, then N xg H = N x H, the direct
product of N and H. Quite often we drop the suffix § from xg, provided there
is no ambiguity regarding the choice of a non-trivial homomorphism . Such
groups play a very significant role in the construction of finite non-abelian
groups.

Let G be a group with subgroups N and H such that NG, NH =G
and N N H = {1}. Then, considering the homomorphism 6 : H — Aut(N)
given by 6,(n) = hnh~! for all h € H and for all n € N, it is not difficult to
see that G = N xg H.



A subgroup N of a group G is said to have a complement in G if there
exists a subgroup H of G such that NN H = {1} and VH = G. In this

regard we have the following result, often called Schur-Zassenhaus Theorem.

Result 1.1.7. [29, Theorem 6.2.1] Let G be a group and N < G such that
gcd(JN|, |G : N|) = 1. Then N has a complement H in G, and hence, G is
a semidirect product of N and H.

(D) Isoclinism of groups.
Let G and H be any two groups. Then a pair (¢, 9) is said to be an
tsoclinism, a concept introduced by P. Hall [23, page 133}, from G to H if

the following conditions hold:
(a) ¢ is an isomorphism from G/Z(G) to H/Z(H),
(b) % is an isomorphism from G’ to H', and

(c) the diagram

G G ¢ x¢ H H
Z(G) " Z(C) Z(H) * Z(H)
aG ag
(]

G’ H'

Figure 1.1: Isoclinism from G to H

commutes, that is, ag o (¢ X ¢) = ¥ 0 ag, where ag and ay are given
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respectively by ag(912(G), 92Z(G)) = [g1, 9] for all g,92 € G and
ag(hZ(H), hoZ(H)) = [hy, ho] for all hy, hy € H.

It is easy to see that isoclinism is an equivalence relation among groups.

If there is an isoclinism from G to H, we say that G and H are isoclinic.

Result 1.1.8. [23, page 135] Given a group G, there exists a group H such
that H is isoclinic to G and Z(H) C H'. If G s finite, so is any such H.

Result 1.1.9. |23, page 135] If G is a group and N is a normal subgroup of
G such that G' "N = {1}, then G is isoclinic to G/N.

1.2 Characters of finite groups

Given a positive integer n, let V be an n-dimensional vector space over the
field C of complex numbers. For definiteness, we may assume that V = C".
Let GL(V) be the group of all invertible linear operators on V. It is well-
known that there is an isomorphism from GL(V) onto GL(n,C), the group
of all invertible n x n matrices over C, which maps each linear operator on V
to its matrix representation with respect to a fixed basis of V. Thus, without
any loss, we may identify GL(V) with GL(n,C). It may be mentioned here
that most of the materials in this section have been collected from [25].

Let G be a finite group. A homomorphism ¢ : G — GL(n,C) = GL(V)
is called a (complex) representation of G of degree n. Note that ® may also be
viewed as an algebra homomorphism, using the method of linear extension,

from the group algebra C|G] of G over C to the algebra M,(C) of all n x n



matrices over C. We usually use the same symbol to denote a representation
of G and the corresponding linearly extended algebra homomorphism.

Two representations ®1, ®; : G — GL(n,C) of G are said to be similar
if there exists a P € GL(n,C) such that ®,(g) = P~1®y(g)P forall g € G.

Given a representation ® : G — GL(n,C) = GL(V) of G, a subspace
W of V is said to be G-invariant if it is invariant under the linear operator
®d(g), that is, ®(g)(W) C W for all g € G. The representation ® is said to
be irreducible if there is no G-invariant subspace of V' other than {0} and V
itself.

The following result is also sometimes referred to as Schur’s lemma for

irreducible representations.

Result 1.2.1. [25, page 26| Let @ be an wreducible representation of degree
n of a finite group G. If A is an n x n matriz over C which commutes with
®(g) for all g € G, then A = al,, for some o € C, where I,, is the n x n

identity matriz over C.

Let ® : G — GL(n,C) be a representation of G. Then the (complex)
character of G afforded by ® is defined to be the function x : G — C given
by x(g) = tr ®(g), the trace of ®(g), for all g € G. Note that x(1) = n, the
degree of ®. x(1) is called the degree of x. A character of G of degree 1 is
called a linear character. In particular, the constant function 1¢ : G — C,
given by 1g(g9) = 1 for all g € G, is a linear character, called the principal
character of G. We write Lin(G) to denote the set of all linear characters of

G. Tt is well-known (see [25, page 25]) that

|Lin(G)| =|G:G'|, and G'= N kery, (1.2.a)
x€Lin(G)



where ker x = {g € G : x(¢) = x(1)}, called the kernel of x. If ¢ € G and x
is a character of G, then it is also known (see [25, page 20]) that

Ix(g)] < x(1) and x(g7") = x(9), (1.2.5)

where ‘—’ stands for complex conjugate.

Result 1.2.2. [25, page 72| Let G be a finite group and x be a rational
valued character of G. If g,h € G generate the same cyclic subgroup of G,

then x(g) = x(h).

A complex number is called an algebraic integer if it satisfies a monic
polynomial with coefficients in Z, the set of all integers. Note that the

rational algebraic integers are precisely the elements of Z.

Result 1.2.3. [25, page 35] Let x be a character of a finite group G. Then
x(g) is an algebraic integer for all g € G.

It is easy to see that similar representations of G afford equal characters
(in fact, as noted.in [25, page 17], the converse is also true). Characters
afforded by irreducible representations are called irreducible characters. The
set of all irreducible characters of G is denoted by Irr(G). Clearly, all linear
characters of G are irreducible. It is a fact (see [25, page 16]) that G is
abelian if and only if all its irreducible characters are linear. More generally,

we have | Irr(G)| = k(G), the number of conjugacy classes of G, and

Gl= 3 X (1.2.0)

x€Irr(G)



which is called the degree equation of G. It is also known (see {25, page 38])
that x(1) divides |G| for all x € Irr(G); in fact, x(1) divides |G : Z(G)| for
all x € Irr(G).

Let x € Irr(G), and @, be a representation of G which affords x. Let
I, be the x(1) x x(1) identity matrix over C. Let z € Z(C[G]), the center
of the group algebra C[G] of G over C. Then, considering ®, as an algebra
homomorphism from C[G] to M,(C), it follows from Result 1.2.1 (Schur’s
lemma) that @, (2) = al,. Since the only matrix similar to af, is al, itself,
there exists a well-defined algebra homomorphism w, : Z(C[G]) — C given
by ®,(2) = w,(2)1, for all z € Z(C[G]). Let £ be a conjugacy class of G
with class sum K - Y.z in C[G] and let g € J¢. Note (see [25, page 15])
that the class sums of :ffthe conjugacy classes of G form a basis for Z(C[G]).

In this regard, we have the following result.

Result 1.2.4. [25, pages 35-36] Let G be a finite group. Then, with notations

same as above, wy(K) is an algebraic integer and

o () = XOIH]

x(1)
From the above-mentioned Schur’s lemma, it also follows (see {49, page 5354])

that

1y _ 1G]
;‘I’x(l‘w = x_(ﬁX(y) I (1.2.d)

for all y € G.
A function ¢ : G — C is called a class function of G if it is constant on
the conjugacy classes of G. One can easily see that all characters of G are

class functions.
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Result 1.2.5. [25, page 16] Fuvery class function ¢ of a finite group G can

be uniquely expressed as

b= ax (1.2.€)

x€lIrr(G)

where ay € C. Moreover, ¢ is a character of G if and only if each a, is a

non-negative integer and v # 0.

Let ¢ and 9 be any two class functions on G. Then
1 —
[, 9] = @Zw(g)ﬂ(g) (1.2.f)
geG
defines the inner product of ¢ and 4.
Let Irr(G) = {x1,Xx2,---»Xx}- Then, for 1 <1i,j <k and for h € G, we

have

R o1y g Xi(h)
]Glg;xz(gh)x](g ) 6”xi(1)'

(1.2.9)
This is known as the generalized orthogonality relation (see [25, page 19)). In
particular, putting h =1 in (1.2.g), we have
1 _
X xs) = TGTIZXi(g)Xj(g 1) = 8. (1.2.h)
geG

This is known as the first orthogonality relation (see [25, page 20]). In view

of this relation, Result 1.2.5 may be reformulated as follows

Result 1.2.6. Fvery class function ¢ of a finite group G can be expressed as

e= Y lp.xlx (1.2.4)
x€lrr(G)

Moreover, ¢ is a character of G if and only if [, x] is a non-negative integer

for ali x € Irr(G) and ¢ # 0.
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On the other hand, if g, h € G, then

T (o = | Clc(g)| if h € Clg(g) (1.2.4)
XEIE{(G) 0 otherwise.
This is known as the second orthogonality relation (see [25, page 21]).
Let H be a subgroup of G. Let ¥ be a class function of G. Then the
restriction of ¥ to H is a class function of H, and it is denoted by dy. In
particular, if x is a character of G, then x|, is a character of H and we have

(see [25, page 28])
[Xus Xu) S1G : H|[x, x]- ' (1.2.k)

On the other hand, for any class function ¢ of H, the induced class function

#€ on G is given by
1

¢°(9) = TH] Iezg ¢°(zgz™"),

where ¢°(h) = ¢(h) if h € H and ¢°(y) = 0if y ¢ H. In this regard, we have

[6,9x] = [¢°, 9], (1.2.0)

where ¢ and ¥ are class functions on H and G respectively. This is known
as Frobenius Reciprocity (see [25, page 62]).

Let cd(G) = {x(1) : x € Irr(G)}. It is well-known (see [25, page 28])
that |G : Z(G)|*? is an upper bound for cd(G). The group G is said to be of
central type if this upper bound is attained, that is, if x(1) = |G : Z(G)|/?
for some x € Irr(G).
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Result 1.2.7. [25, Problem 2.13] If p s a prime and G s a fimite group
with |G'| = p and G' C Z(G), then x(1)* = |G : Z(G)| for every non-lnear
x € Irr(G), that 15, G 15 of central type urth | cd(G)| = 2.

Result 1.2.8. (28, page 1701] If p 1s a prume and G 15 a finite group with
|G’| = p, then | cd(G)| = 2

Result 1.2.9. [25, Problem 2.18] Let G be a finite group, A < G such that
A = Cg(a) for every a € A with a # 1, and G/A be abehan. Then G

has exactly %‘% non-linear 1rreducible characters all having degree equal to

|G : Al

Result 1.2.10. [24, Proposition 6.8] Let G be a finite stmple non-abehan
group. Then there does not exist any x € Irr(G) wath x(1) = 2.

Result 1.2.11. [25, Corollary 12.6] Let G be a finate group. If | cd(G)| = 2,

then G' 1s abelian.

Result 1.2.12. [25, Theorem 12.11] Let G be a finite non-abelan group and
p be a prime. Then cd(G) = {1,p} +f and only 1f one of the follousng holds.

(a) There exists abelian A < G with |G : A| = p.
(b) 1G: Z(G)| = p*.

Result 1.2.13. {25, Lemma 12.12] Let G be a finate group. If A< G with A
abelian and G/A cyche, then |A| = |G'||AN Z(G)|.
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1.3 Equations in a finite group

F. G. Frobenius is perhaps the first among a large number of mathematicians
who have made elaborate studies of equations in finite groups. One of his

classical results (see [18]) says that if G is a finite group and g € G, then the

number of solutions of the commutator equation zyz~'y~! = g in G defines
a character on GG, and is given by
G
(=Y . (3.0

xGIrr(G)X( )
In [28, Corollary 1], P. Kellersch and K. Meyberg have shown that, for

n > 1, the number of solutions of the equation

1297 x5t Ton_1TonTon 1 Tgn =G (1.3.b)
is given by
|G|2'n—1
énlg) = Z TW—n;TX(Q)- (1.3.c)
xGIrr(G)X

Recently, T. Tambour [49, Theorem 1] has proved that, for » > 1, the

number of solutions of the equation

T1Ty. .. Tpxiiay . x =g (1.3.d)
is given by
G n—1
mo) = 3 4 o), (13.¢)
x(1)ren
x€lrr(G)

where €, = 1 or 2 according as n is even or odd. It may be mentioned here

that Tambour has also reproved the result in (1.3.c).
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Note that, as x(1) divides |G| for all x € Irr(G), the functions ¢, &, and
nn given by (1.3.a), (1.3.c) and (1.3.e) respectively define characters of G.

On the other hand, S. P. Strunkov [48, Theorem 2| considers two abstract
functions fi(z;) and fo(z2) defined on two sets X, and X, with their values
in G. He proves that if the numbers of solutions of the equations f;(z;) = g
and fo(x2) = g, in the finite subsets Q; C X; and Q3 C X5, define characters

on G and are given by

Pi(g) = D ayx(g) and ¥s(g) = D bex(g)

x€lrr(G) X€Irr(G)
respectively, where a, and b, are non-negative integers, then the number of
solutions of the equation fy(z1)fo(z2) = g, in the subset £; x Q2 C X x X3,
define a character on G and is given by

o) = Y o bxio) (13.5)

x€lrr(G) ( )
Strunkov {47, Lemma 1] also derives that if H is a subgroup of G and
g € G, then the number of elements (g1, g2, k3, h4) € GX G x H x H satisfying
gihag; g2hag; " = g is given by

dlo) = GIHP T [X"T’(i;'ix(g» (1.3.9)
x€lIrr(G)

Once again, it is easy to see that ¢ defines a character of G.
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1.4 Equidistributed and measure preserving
maps

Let X,Y be two finite sets, and let € > 0. A function f : X — Y is said
to be e-equidistributed if there exists a subset Y’ C Y with the following

properties:

(@) Y] 2 |Y|(1 - e);

|X] - 1X| :
(b) |Y|( e) < |f )| < % ~—(1 + €) uniformly for all y € Y.

In particular, if € is sufficiently small, then f is called almost equidistributed.
A function f: X — Y is said to be almost measure preserving if there

exists a sufficiently small positive real number ¢ such that

.lf {(Yo)l _ Yol
| X1 Y|

<e¢ forallY, CY.

It is known that a function f : X — Y is almost measure preserving if

it is almost equidistibuted. In fact, we have

Result 1.4.1. {19, Proposition 3.2] If f : X — Y is e-equidistributed, then

(a) lf—ll)?'/())l - Ill)/f'! <3 forallY,CY,
|£(Xo)| o |Xol
(b) Y] > IX] — 3¢ for all Xo C X.

Given a function f: X — Y, let Ps denote the probability distribution
(associated to f) on Y defined by

_ 17w

Py(y) x|

,YEY.
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Let U be the uniform distribution on Y given by U(y) = ‘—1—‘, y €Y. Let

Y
[|Pr — Ul|; denote the L;-distance between P and U given by

1Py =Ulh=)_

yeyY

Py(y) — % :

In this regard, we have

Result 1.4.2. [19, Lemma 3.1(ii)] Let § > 0. If ||P; — U||s < 6, then f is
V6 -equidistributed.

Consider now a finite group G, and let P be a probability distribution on

G which is also a class function on G. Then, by (1.2.e), we have

P=|G|™ z Ay X

x€lrr(G)

with suitable complex coeflicients a,. It has been proved in {19, Lemma 2.3]

that

IP=Ulh <( ) laxY (1.4.0)
x€lrr(G)
x#1a

1.5 Commutativity degree of finite groups

Let G be a finite group. The commutativity degree of GG, denoted by Pr(G),
is the probability that a randomly chosen pair of elements of G commute and

is given by
{(z,y) € G x G : [z, y] = 1}]
|G x G| ’

Pr(G) = (1.5.a)
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Clearly, Pr(G) = 1 if and only if G is abelian. W. H. Gustafson (22} has

shown that
_k(G)
G|’

where k(G) is the number of conjugacy classes of G. He has also proved

that Pr(G) < 2 if G is non-abelian. In [2, Theorem 3], S. M. Belcastro and

Pr(G) (1.5.5)

G. J. Sherman have proved that Pr(G) = £ if and only if ]Z—(%—)I = 4. More

generally, we have

Result 1.5.1. [33, Theorem 3] Let G be a finite non-abelian group and p be

the smallest prime divisor of |G|. Then

2
ptp-1
PT(G)ST

with equality if and only if |%| = p?.

The following result, possibly due to K. S. Joseph [26], can be derived

easily from the degree equation (1.2.c).

Result 1.5.2. Let G be a finite non-abelian group and p be the smallest
prime divisor of |G|. Then

1 |G’|—1) 1( p2—1>
Pr(Q) < — [1+ 2 =2 =2 (14 B2
@< (+5) =5 (14 7
with equality if and only if cd(G) = {1, p}.

In [44, Section IV], D. J. Rusin has characterized all finite non-abelian

groups G with Pr(G) > & and tabulated his findings as follows:
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Pr(G) G G'NZ(G) G/Z(G)
11+ ) C, Cs (Cy)%,s>1
2 Cs {1} S
1—76 Cyor Cy x Cy Cy Dg
Cy x Cy Cy X Cy C3or Cj
> Cs Cs C3 x Cs
G {1} Dy
2 Ca x Cy Cy x Cy C3or C}
% Ce Cy Cox SsorT

Table 1.5.3: Groups with Pr(G) > 41

In this table, C, denotes the cyclic group of order n,
Ds,, denotes the dihedral group of order 2n and T

stands for the non-abelian group of order 12 besides

A4 and Cy x S3.

Pr(G) may be regarded as a completely multiplicative arithmetic function

of finite groups, in the sense of [4]. In other words, we have

Result 1.5.4. [22, page 1033] If H and K are any two finite groups, then
Pr(H x K) = Pr(H) Pr(K).

P. Lescot has pfoved that Pr(G) is an invariant under isoclinism of groups.

More precisely, we have
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Result 1.5.5. [30, Lemma 2.4] If G and H are any two isoclinic finite groups,
then Pr(G) = Pr(H).

Some of the useful results regarding Pr(G) may be listed as follows.

Result 1.5.6. (36, Proposition 3.3] Let G be a finite non-abelian group and
p be the smallest prime divisor of |G|. If G' N Z(G) = {1}, then Pr(G) < %.

Result 1.5.7. [20, Lemma 2(i)] If G is a finite group and H is a proper
subgroup of G, then

Pr(H)

In particular, Pr(G) > l—G—}ﬂg if H is an abelian subgroup of G.

Result 1.5.8. [44, Section II] Let p be a prime. If G is a finite p-group with
G' C Z(Q), then

1 (p-1)|G": K]
PrlG)=—= |1+ ,
( ) 'G" Kgly p]G : K*I
G’ /K cyclic

where K* = {z € G : [G,7] C K} <G and & = [[(Cyne X Cpn.) with
p<p™ <pm=pF=|G": K|

As a consequence of the above result we also have

Result 1.5.9. Let p be a prime and G be a finite group with |G'| = p. If
G' C Z(@G), then 'Z(%S = (Cp x Cp)®, for some s > 1, and

Pr(G)=l(l+p_1).

p2s
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Result 1.5.10. [44, page 243] Let p be a prime. Let r and s be two positive
integers such that s | (p — 1), and v’ =1 (mod p) if and only if s|j. If
G={(a,b:a? =b°=1,bab~! =a), then
s? -1

Pr(G) = ——J;%—.
Result 1.5.11. [44, Proposition 5] Let p be a prime and G be a finite group
with |G'| = p. If Z(G) = {1}, then G = (a,b: a® = b* = 1,bab™! = a7),
where s | (p— 1), and r7 =1 (mod p) if and only if s | 5.

Combining Result 1.5.10 and Result 1.5.11, we have

Result 1.5.12. [44, Section III] Let p be a prime and G be a finite group
with |G'| = p. If G’ N Z(G) = {1}, then

(8) 7% =(ab:a? = =1,bab™ = a),

where s | (p — 1), and v’ =1 (mod p) if and only if s | j.
s24+p—1
ps®
Result 1.5.13. [3, page 303] Let G be a finite group and p be a prime. If G

(b) Pr(G) = Pr(zE) =

is non-abelian, H I G and |G : H| = p, then

_Pr(H) p+1
PrG) =~ 5+ GPK;HICG@:)I-

Moreover, if H is abelian, then |7%l = p|G|, |Ce(z)| = |G : G'| for all

z €G- H and
1 p?P-1
Pr(G) = — + ———.
©) P PG
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The concept of commutativity degree has been considered and generalized
by several authors. Given a subgroup H of a finite group G, A. Erfanian,
R. Rezaei and P. Lescot [13] have considered the probability Pr(H,G) for
an element of H to commute with an element of G. They proved ~ among

others — the following result.

Result 1.5.14. [13, Theorem 3.5| Let H be a subgroup of a finite group G
and p be the smallest prime dividing |G|. Then

[Z@G)nH| | p(IH] - |2(G)N H]) 1Z(G)n H| + |H|
|H| |H||G| 2|H|

In [40}, M. R. Pournaki and R. Sobhani have considered the probability

Pr(H,G) <

Pry(G) that the commutator of an arbitrarily chosen pair of elements in a
finite group G equals a given group element g. Some of the results proved

by them are as follows.

Result 1.5.15. [40, Theorem 2.1] Let G be a finite group and g € G'. Then
Pr,(G Z X(g
x€Irr G)
Result 1.5.16. [40, Proposition 5.1} Let G be a finite group and g € G’.
Then Pry(G) < Pr(G) with equality if and only if g = 1.

Result 1.5.17. [40, Proposition 5.2) Let G be a finite group and g be a

non-identity element of G'. Then Pry(G) < 3.

Result 1.5.18. [40, Proposition 5.3] For each positive real number ¢ there

exists a finite group G and an element g € G’ such that

1 1
57E< Pr,(G) < 5
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Chapter 2

Revisiting commutativity

degree of finite groups

In this chapter we obtain a characterization for all finite groups of odd order
having commutativity degree at least -% We also obtain a lower bound for
commutativity degree and derive some necessary and sufficient conditions for
attaining this bound. Finally, we compute the value of commutativity degree
for certain standard families of finite groups.

This chapter is based on the papers [37] and [39)].

2.1 Some auxiliary results

Let G be a finite group. Let p be the smallest prime divisor of |G|. Then,

from (1.1.¢), we have
p < |Clg(z)|] < |G| <= z€ G- Z(G). (2.1.a)

23



Clearly, if | Cfs(z)] = p, then G/Cq(z) forms an abelian group (in fact, a
cyclic group of order p), and so, G’ C Cg(z), which means that z € Cg(G').
So, for all z € G — Cg(G"), we have

p < |Clg(z)). (2.1.b)

Note that Cg(G') = QG Ce(z) <G, using Result 1.1.1. So, by (1.1.¢),

z 1
| Cg(z)| divides |E‘ZC(;EJ7)'I for all x € G'. Moreover, 5%,—) is abelian if and
only if G’ is abelian, and in either case [C¢(G’), z] is a subgroup of G’ for
all z € G, which can be easily deduced from the commutator identities in

(1.1.a). Also, using the Jacobi identity (1.1.b), we have
(Ce(G)) € Z(G) C Z(Ce(@)). (2.1.¢)
In view of the above discussion, we have

Lemma 2.1.1. Let G be a finite group and p be a prime. Then

(a) EGC(;T') can be embedded in Aut(G'), and so, | Clg(z)| divides | Aut(G")|
for all x € G'. In particular, if ged(p — 1, |G|) = 1 and |G'| = p, then
G' C Z(G).

(0) If 555 = Gy, then (z,C(G) = G, [G, 2] = [Co(G"), 7] and] Clo(a)
divides |G'| for all z € G — Ce(G).

Proof. Part (a) follows from Result 1.1.1, noting, for the particular case, that
| Aut(C,)| = p—1. Part (b) follows from (1.1.c) and the identities in (1.1.a),
noting that [Ce(G'), z] is a subgroup of G'. |
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In view of Result 1.5.4, the following generalization of Result 1.1.4 sim-

plifies our task considerably.

Lemma 2.1.2. Let G be a finite non-abelian group and p be a prime such
that ged(p—1,|G|) = 1. If |G'| = p? and |G'NZ(G)| = p, then G is nilpotent
of class 3; in particular, G = P x A, where A is an abelian group and P is

a p-group such that |P'| = p? and |P'N Z(P)| = p.

Proof. We have

l(”ﬂ%)' - IGch(g)l N lG' nGz,(G>l —F

So, it follows from Lemma 2.1.1(a) that G/Z(G) is nilpotent of class 2, and

hence, G is nilpotent of class 3. Thus, in particular, G is the direct product
of its Sylow subgroups. The proof follows considering P to be the p-Sylow
subgroup and A to be the product of the rest of the Sylow subgroups. 0O

Given H C @G, consider the set H* = {z € G : [G,z] C H}. Then, as

observed in [44, Section I], we have
Lemma 2.1.3. Let G be a finite group. If H, Hy, H; < G, then
(a) (G'NH)*=H*, {1}* = Z(G), and (G')* =G,
(b) (HiNHy)* = HiNH}, and H{Hy C (H1Hy)",
(¢c) Hy € H, = H; C Hj,
(d) HLH*AG, and Z(G/H) = H*/H,
(e) G/H* is never a non-trivial cyclic group.

25



Proof. Parts (a), (b), (c) and (d) follow from the definition of ( )* operation.

For part (e), note that G/H* = E(G‘G%{_) a

2.2 Groups with |G'| =p? and |G'N Z(G)|=p

Let G be a finite group. Recall that the commutativity degree of G, denoted
by Pr(G), is defined as the ratio

_(=9) € G x G [z,9) = 1)
G x G '

As noted in Result 1.5.8 and Result 1.5.12, D. J. Rusin has computed the
values of Pr(G) when G’ C Z(@G), and when G'NZ(G) = {1}. In this section

Pr(G)

we determine the value of Pr(G) and the size of 2—(%—) when |G'| = p? and
|G’ N Z(G)| = p, where p is a prime such that ged(p — 1,|G|) = 1. It may be
noted here that, on a number of occasions, the structure of 7(%7 is determined
by its size. For example, using GAP [51] and the notion of semidirect product

(see Section 1.1), we have
Result 2.2.1. If G is a finite group with G’ € Z(G), then E(QG_) s 1somorphic
to CyxC3, (C3x C3) X Cs, C13xCs, CigxCs, C3x(CrxC3) or (CsxCs) xCs
according as | (5| s 21,27,39,57,63 or 75.

We begin with a few lemmas.

Lemma 2.2.2. Let G be a finite group and p be a prime. If |G'NZ(G)|=p

and C(G") is non-abelian, then Z—%%% = (C, x Cp)* and

Pr(Ca(c) = £ (1+257).

for some positive integer s.
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Proof. In view of (2.1.¢), the lemma follows from Result 1.5.9. O

Lemma 2.2.3. Let p be a prime and G be a finite group such that G' ¢ Z(G)

and one of the following conditions holds:
(a) G' = Cp aﬁd ged(p — 1,|G)) =1,
(b) G'=Cp,xCp, and ged(p®—-1,|G]) =
Then |5%7| =|G'NZ(G)| = |Clg(z)] =p for all z € G' - Z(G).

Proof. Since | Aut(Cp2)| = p(p — 1) and | Aut(C, x Cp)| = p(p + 1)(p — 1)?,
the result follows from Lemma 2.1.1(a), noting that G’ — Z(G) is a union of

conjugacy classes of G. O

Lemma 2.2.4. Let G be a finite group and p be the smallest prime divisor

of IGl. If G' ¢ Z(G) and |C—G<§G—,)| = |G' N Z(G)| = p, then Z(G)* C Cu(C)

Cg{G")

and 20

can be embedded in G'nZ(G)

Proof. By Lemma 2.1.3(d), we have Z(G)* # Ce(G"). Let z € Z(G)*. Then,
using (1.1.¢) and the definition of Z(G)*, we have | Clg(2)| < |G'NZ(G)| = p.
This, in view of (2.1.b), implies that 2z € Cg(G’). Thus, Z(G)* € Cge(G).
Again, let £ € G — Cg(G’). Since E‘G_C(;G"_)’ and hence, G’ is abelian, it can be
easily seen, using (1.1.a), that the mapping f : Co(G") — G'Z(G)/Z(G),
defined by f(z) = [z, z]Z(QG), is a homomorphism. Also, using the definition
of Z(G)* together with (2.1.c) and Lemma 2.1.1(b), we have ker f = Z(G)*.
Thus, it follows that Ce(G")/Z(G)* is isomorphic to a subgroup of C’—;—%gl
This completes the proof. O
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Lemma 2.2.5. Let p be a prime. If G is a finite p-group such that |G'| = p?
and |G' N Z(G)| = p, then Z(G)* N Z(Ce(G)) = G'Z(Q).

Proof. By Lemma 2.2.3, @%3 is abelian. Also, by Lemma 2.1.2, G is nilpo-
tent of class 3. So, it follows that G'Z(G) C Z(G)* N Z(Cg(G")). For the
converse, we first fix £ € G — C(G’) and y € G’ — Z(G). Then, by Lemma
2.1.1(b), Cs(z) N Z(Ce(G")) = Z(G). Therefore, since y ¢ Z(G), we have
[y, z] # 1. Now, let 2 € Z(G)*NZ(Cs(G')). Note that both z and y are in
Z(G)*, and so, [2,z], [y}, z] € G' N Z(G), which is cyclic of order p. Hence,

it follows that there is a positive integer ¢ with 1 <7 < p — 1 such that
[y—l’ z]' = [z, 7]
= [y'z,z] =1
= y'z € Cg(1)
= y'2 € Z(G), since y'z € Z(Cc(G"))
= 2 € G'Z(G), since y* € G'.
This completes the proof. a

The main result of this section is given as follows.

Theorem 2.2.6. Let G be a finite group and p be a prime such that
ged(p — 1,|G)) = 1. If |G'| = p* and |G' N Z(G)| = p, then

(a) Pr(G) 2%;—1 if Ce(G") is abehan
a r =

1%; (;)%:_17 +p2+p-— 1) otherunse,
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o if Ca(G") is abelian

(b) 155 =

2542

p*t2 or p?+3  otherwise,

where p** = |Co(G') : Z(Co(G"))|. Moreover,

G . G _—_1_G_ . G —
lclnz(c) : Z(anz(c))' = lﬂc‘j : Z(?{E))I = p.

Proof. In view of Lemma 2.1.2, we can assume that G is a p-group. So, by
Lemma 2.2.3, we have |G : Cg(G')| = p.

(a) If z € G — Cg(G’), then it follows from Lemma 2.1.1(b) and (2.1.b)
that | Cls(z)| = p?, and hence, |Cg(z)| = |G|/p®. Thus, the result follows
from Result 1.5.13 and Lemma 2.2.2.

(b) By Lemma 2.2.4, we have |Cq(G’) : Z(G)*| = p. Therefore, using the
second isomorphism theorem [43, page 25] and Lemma 2.2.5, we have

/ , P if Co(G’) is abelian
|Z(Ca(GN) : G'Z(G)| =

lorp otherwise.
Hence, using the first part of Lemma 2.2.2, the result follows from the normal
series Z(G) C G'Z(G) € Z(Ce(G")) C Ce(G") C G.
The final statement follows from Lemma 2.2.4 and Lemma 2.1.3(a)(c). O

2.3 Groups of odd order with Pr(G) > %

In {1, Theorem 4.12], F. Barry, D. MacHale and A. Ni Shé have proved that

if G is a finite group with |G| odd and Pr(G) > 3%, then G is supersolvable.
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It may be recalled that a group G is said to be supersolvable if there is a

series of the form
{1} =AC A CAC---CA =G,

where A4; QG and A,43/A4, is cyclic for each 1 with 0 <i<r—1.
In this section we obtain a characterization (similar to the one mentioned
in Table 1.5.3 obtained by Rusin) for all finite groups G of odd order with

Pr(G) > #. We also point out a few small but significant lacunae in the

work of Rusin. As usual, we begin with a few lemmas.
Lemma 2.3.1. Let G be a finite group such that |G| is odd.
(a) If G' = Cis, then G’ C Z(G).
(b) IfG' = Cy and G' € Z(G), then |§%ﬁl = |G'NZ(G)| = 3 and ezactly
one of the following conditions holds:
(i) |Clg(z)| =21 for allz € G — Cg(G").
(i) There exists a subset X of G — Cg(G') such that
X| = 21Z(Ca(@))| and
7 ifre X
| Cle(2)] =
21 freG—(Ce(G)UX).

Proof. Note that | Aut(Cys)| = 8 and | Aut(Cy)| = 12. Therefore, (a) and
the first part of (b) follow from Lemma 2.1.1(a).
For the second part of (b), we first observe, using (2.1.b) and Lemma

2.1.1(b), that |Clg(z)] = 7 or 21 for all z € G — Ce(G’). Now, assume
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that the condition (i) fails. Then there is an zy € G — Cg(G’) such that

| Clg(zo)| = 7. Since IF?GW' = 3, it is easy to see that
G- CG(G/) = .’EoCG(G/) U CIIEICG(G’). (230.)

Let X = 10Z(Ce(G")) U 25 Z(Ce(G")). Clearly, X C G — Cg(G").
Since | Clg(xo)| = | Clg(zy)|, it follows from (1.1.c), (1.1.a) and Lemma
2.1.1(b) that | Cle(z)| = 7 for all z € X. On the other hand, suppose that
T € G- (Ce(G')U X). Then, by (2.3.a), we have z = zow or x5 w for
some w € Cg(G") — Z(Cg(G")). Choose w; € Ca(G') — Z(C(G')) such that
[wy,w] # 1. Then, by (1.1.a) and (2.1.¢), we have

[w1, Zo)[wq, W] if 2 = zow
[’wl’x] =

wy, oo Nwy, w]  if z = zglw.
[w1, zq 0

Note that o([wq, w]) = 3 and o([w, zo]) = o([wy, z5']) = 1 or 7, and hence, it
follows that o([wy, z]) = 3 or 21. Thus, using (1.1.c), we have | Clg(z)| = 21.
This completes the proof. O

Lemma 2.3.2. Let G be a finite group. If |G| =3 (mod 6), G' = Cs x Cs
and |G' N Z(G)| =1, then

(a) |Clg(z)] =3 for allz € G' - Z(G),

(b) etz = 3-

Proof. Note that no non-identity element of G is conjugate to its inverse,
and also that G' — Z(G) is a union of conjugacy classes of G.

(a) Let z € G' — Z(G). Since |G’ — Z(G)| = 24, we have | Clg(z)| < 12.
This, in view of Lemma 2.1.1(a), implies that | Clz(z)] = 3 or 5. On the
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other hand, since z° = 1, it is a routine matter to see that the classes Clg(z),
Clg(z?), Clg(z?) and Clg(z?) are all distinct and have the same size. Thus,
considering the possible partitions of 24 with 3 and 5 as summands, we have
| Cla(z)| = 3 for all z € G' — Z(G).

(b) Suppose that there exist two elements z,y € G’ — Z(G) such that
Ce(z) # Cs(y). Then, as seen above, |G : Cg(z)| = |G : Ce(y)| = 3, and so

Ca(x) l _
Ce(z) N Cc(y)

Cg(m)CG(y)‘ _
Ce(y)

Therefore, using the series
Ce(G') € Co(z) NColy) € Colz) € G,

we see that 9 divides |%G,)| However, in view of Lemma 2.1.1(a), we
have Iﬁ(ﬂl = 3, 5, or 15. Hence, it follows that Cg(z) = Cg(y) for all
z,y € G' — Z(G). This completes the proof. O

We are now in a position to characterize all finite groups of odd order

with commutativity degree at least %, essentially replicating the technique

used by Rusin in {44, Section IV].

Theorem 2.3.3. Let G be a finite group. If |G| is odd and Pr(G) > 22, then
the possible values of Pr(G) and the corresponding structures of G', G'NZ(G)

and G/Z(G) are given as follows:
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Pr(G) G' G'NZ(G) G/Z(G)
1 {1} {1} {1}
11+ Z) Cs Co | (GG, s>1
i+ %) Cs Cs (Cs x C5)°, s> 1
553 Cy {1} Cr % Cy
3%‘35 o Cy Cqr x Cy
u Cy or C3 x C3 Cs (C3 x C3) x C3
Cs x Cs Cs x Cs c3
) Cs x Cs Cs x Cy C3
5 | on W | cunc
3 Cro {1} Cio % C3
2 Ca Cs C3 x (C7 % C3)
1] GxG | (1 | Gxa)xG

Table 2.3.4: Groups with |G| odd and Pr(G) > 1

Proof. Without any loss, we can assume that G is non-abelian. Now, by
Result 1.5.2, we have |G’| < 25. Also, by Result 1.1.5, G’ is not isomorphic to
the unique non-abelian group of order 21. So, it follows that G’ is isomorphic
to C3 x Cs, Cy, Cy5, Ca1, Cs x Cs, Cos or Cp, where p is an odd prime with
p < 23. We analyze these possibilities as follows:

Case 1. G' C Z(G).

If G’ = C,, with p as above, then, by Result 1.5.9, there is a positive
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integer s such that Z(G) = (Cp x Cp)® and

Pr(G) = E (1 + p;1> .

It follows that s can have infinitely many values for p = 3 and 5, whereas

s =1 is the only possibility if p = 7. For the rest of the values of p, we have
Pr(G) < 4.
If G' = C3 x C3, then, by Result 1.5.8, we have
1 2 2 2 2

32m1 32m2 32m3 32m4

: 2m, __ | G
with 3™ = IK: ,

1 <4 < 4, where K,, Ky, K3 and K4 are the proper

non-trivial subgroups of G'. Note that if 1 <i# j < 4, then K,N K, = {1},

and so, by Lemma 2.1.3, we have K} N K = Z(G). Without any loss, we
may assume that 1 < my; < my < mz < my. Thus, for my > 2, we have

1 2 2 2 2 11

Pr(G) < 5 (1—{- stsmtst 34> =

Also, we have

|KTIIKG| = |KTKGI KT 0 K3 = [KTKG1Z2(G)] < |GIIKG,

> | £

which implies that Kl

G .. .
xr %y This, in turn, gives my; + my > my.

Hence, it follows that, for Pr(G) > ,1,;, we must have m; = my = 1 and

1 < m3 <my < 2. Now, by Result 1.5.8, %

3-groups. Therefore, given g € G, we have g®e Kl N K3 = Z(G), and thus
Z_(GG_) is also an elementary abelian 3-group. Moreover, by Lemma 2.1.3, we

have
K3
Z(G)

KiK;
K3

G
K3

=9

= 81.

<9

|2(_G5=K;
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On the other hand, for my = 2, we have
7]~ |%

Q)| |K;

K;
2(G)

> 81,

and hence I%G)I = 81.

Let m;y = mg = m3 = 1 and my = 2. Let z € K} and y € K. Then,
by the definition of ( )* operation, [z,y] € K3 and [z,y]™* = [y, z] € K. So,
[z,y] € K1 N K3 = {1}. Therefore, K} C Cg(K3). Similarly, K3 C Cq(K3),

and hence KK C Cg(K3). If Co(K3) = G, then it follows that K} = Z(G),

G

and so |%G)| =%

= 9, a contradiction. Thus, we have K} K3 # G. But,

by Lemma 2.1.3, we have

Gl _I612(©)] _
ik~ KGR

and so K{K; = (G, a contradiction. Therefore, it is not possible to have

my = my = my = 1 and my = 2. Hence, & (if my = my = my = my = 1)

and 32 (if my = my = 1,m3 = my = 2) are the only values of Pr(G), in the

1
75"

1}, and, as noted above, on each occasion 2% is an elementary

abelian 3-group with IE(%T' < 81. In fact, if Pr(G) = £, then we have

|§(G_G)| = 81. On the other hand, if Pr(G) = {, then equality holds in Result

interval |

1.5.2, and so, using Result 1.2.12 and the second part of Result 1.5.13, we
have | 7| = 27.

For the rest of the possibilities for G', we have Pr(G) < %, using Result
1.5.4 and Result 1.5.8.
Case 2. G'NZ(G)={1}.

In this case, by (2.1.c), Cg(G’) is an abelian group. Moreover, in view of

Lemma 2.1.1(a), Lemma 2.2.3 and Lemma 2.3.1, it is not possible to have
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IG'| = 3, 5,9, 15, 17 or 21.

If |G'| =7, 11, 13, 19 or 23, then Pr(G) and IZ—(%—)I are determined by
Result 1.5.12. More precisely, since there is a unique odd divisor n > 1 of
p — 1 for each p € {7,11,13,23}, we have Pr(G) = £ and |Z—(GG—)| = 21 if
|G'l = 7, and Pr(G) = & and |—Z—(GG—)| = 39 if |G| = 13, while Pr(G) < %
if |G'| = 11 or 23. On the other hand, if p = 19, then there are two such
odd divisors (n = 3 and n = 9) of p — 1. It can be seen that if n = 3, then
Pr(G) = & and I—Z(G—G)| = 57, whereas Pr(G) < & ifn=9.

If |G'| = 25, then, by Lemma 2.2.3, we must have G’ = C5 x Cs and
|G} = 3 (mod 6). So, using Lemma 2.3.2(b) and the second part of Result
1.5.13, we have Pr(G) = 33 and | 35| = 75.

Case 3. G' ¢ Z(G) and G'N Z(G) # {1}.

In this case, |G'| =9, 21 or 25 ( |G'| # 15, by Lemma 2.3.1(a)).

If |G’ = 9, then |G’ N Z(G)| = 3. Using Theorem 2.2.6, we see that &I is
the only value of Pr(G), in the interval [, 1], and it occurs when Cg(G) is
abelian. Also, in that case, we have [—Z%l = 27.

If |G'| = 21, then, by Lemma 2.3.1(b), |tz = [G' N Z(G)| = 3. Using
Result 1.5.13 together with Lemma 2.2.2 and Lemma 2.3.1(b), we see that
29

1% is the only value of Pr(G), in the interval |

Cc(G') is abelian. Also, in that case IQZQ((—GQ)—Il = 21 (using Result 1.2.13), and

11

72, 1], and it occurs when

G |
hence | 7| = 63.
Finally, if |G’| = 25, then |G' N Z(G)| = 5. But, using Theorem 2.2.6, we
see that Pr(G) < 4 .

Thus, in view of Remark 2.2.1, the theorem is completely proved. O
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We conclude the section with the following remark.

Remark 2.3.5. In [44, Section IV], Rusin classifies all finite groups G with

Pr(G) > :% However, there are a few of points that are worth noting.

(a)

(b)

In Case 2, he surprisingly misses out one situation, namely,

Pr(G) = 2, &' = Cy, G NZ(C) = {1, Z_(GGS

= 14’ ng‘h

where Dy, is the dihedral group of order 14. Accordingly, this situation
does not appear in Table 1.5.3.

In Case 3, he claims to have been able to show that if |G'| = 4 and
|G' N Z(G)} = 2, then

1 1 1 1
PT(G)=Z(1+§§+§"2§),
where 2% = |Ce(G") : Z(Ca(G))], 2% = lclng(c) : Z(ancz;(c:))i and
s+1>t>1. But, as noted in Theorem 2.2.6, we always have t = 1,

and in that case, the value of Pr(G) obtained by him coincides with

the one given by Theorem 2.2.6(a) for p = 2.

While summarizing all the possibilities for Pr(G), Rusin writes that
if Cy x Cy = G' C Z(G), then 7% = C32 or C4, no matter whether
Pr(G) = & or £ (compare with Table 1.5.3). However, arguing in
the same manner as we have done in a similar situation in the proof
of Theorem 2.3.3, namely, C3 x C3 =2 G' C Z(G), it can be seen that

75 = O3 or Cf according as Pr(G) = 55 or Z.
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(d) He also writes that if Pr(G) = 2, G’ = Cg and G' N Z(G) = C,, then
Z_(GG_) = (3 x S3 or T, where T is the non-abelian group of order 12
besides A4 and C; x S3 (compare with Table 1.5.3). However, it is
well-known that 7" Z—(GG—) for any G.

2.4 A lower bound for Pr(G)

Given a finite group G with |cd(G)| = 2, M. R. Pournaki and R. Sobhani
[40, Corollary 2.3] have proved that

1 G - 1
Pr(@) 2 17 (1 o Z(G)l>

with equality if and only if G is of central type.

In this section, we obtain this lower bound for Pr(G) without impos-
ing any additional restriction on G. We also derive certain necessary and
sufficient conditions, in terms of standard group-theoretic concepts, for the
attainment of this bound. As a consequence we obtain some characteriza-
tions for finite nilpotent groups whose commutator subgroups have prime
order. In particular, we prove certain results, concerning finite groups hav-
ing p as the smallest prime dividing their orders, whose proofs are either not

available or not easily accessible in the literature.

Theorem 2.4.1. If G is a finite group, then

1 G| -1
Pr(@) 2 &7 (1 e Z(G)l) |

In particular, Pr(G) > |—G1,—| if G is non-abelian.
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Proof. We prove this theorem in two different ways — one using the class
equation (1.1.e) and the other using the degree equation (1.2.c).

Class equation method: Let x,,T5,...,x; constitute the complete set of rep-
resentatives of the conjugacy classes in G consisting of non-central elements.

Clearly, t = k(G) — |Z(G)|. So, by the class equation, we have
Gl = [Z(G)[+ Y | Cle(z:)| < |Z(G)|+|GI(K(G) - Z(G))),

using (1.1.d). Thus,
k(G) 1 ( |G'| -1 )
PriG)= —> 2> — {14+ == |-
D =Tar =i\ oz
Degree equation method: Note that x(1)? < |G : Z(G)| for all x € Irr(G).
Also, the number of linear characters in Irr(G) is given by |G : G'|. So, by

the degree equation,

Gl =1G: G+ Y x(1)?
x€lrr(G)
x(1)#1

<|G:G+ > 1G:Z(G)
x€Irr(G)
x(1)#1

=|G: G+ |G: Z(G)|(k(G) — |G : G'}).
Thus, once again, we have the desired inequality. a

Remark 2.4.2. If G is a finite group, then, using Result 1.5.7 with H =

Z(G), we also have
1

= ez
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However, it can be readily checked that

1 < 1 (1 + |G| —1 )
IG:Z(G)* ~ |&| G Z(G)|
with equality if and only if G is abelian.

The following theorem while providing us with several equivalent condi-
tions, that are necessary as well as sufficient for equality to hold in Theorem
2.4.1, relates itself to the subject matter of [17] and [36], dealing respectively
with the groups of central type that are nilpotent and the C N-groups, that
is, the groups in which the centralizer of every element is normal. It is also

very much in line with Remark 1.1.2.

Theorem 2.4.3. For a finite non-abelian group G, the statements given

below are equivalent.

1 G~ 1
(a) Pr(G) = Ted (1 + |G : Z(G)|)

(b) cd(G) = {1, |G : Z(G)|"/*}, which means that G is of central type with
|cd(G)] = 2.

(c) |Cle(z)| = |G| for all z € G — Z(G).

(d) Clg(z) = G'z for all z € G — Z(G); in particular, G is a nilpotent

group of class 2.

(e) Co(z) G and G' = 5(?(—17 for all x € G — Z(G); in particular, G is a
CN-group.

(f) G' ={ly,z] : y € G} for allz € G—Z(QG); in particular, every element

of G' is a commutator.
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Proof. The equivalence of (a) and (b) follows from the degree equation method
used for proving Theorem 2.4.1; on the other hand, the class equation method
gives the equivalence of (a) and (c).

The equivalence of (c) and (d) follows from (1.1.d). For the particular case
in (d), note that if G’ € Z(G), then there exists a commutator g € G—Z(G),
and so, we have Clz(g) = G'g = G', which is impossible.

If (d) holds, then, for each z € G — Z(G), the map f : G — G, given
by f(y) = yzy~lz71, defines a surjective homomorphism with kernel Cg(z).
Thus (e) holds. On the other hand, (c) follows immediately from (e).

Finally, it is easy to see that (d) and (f) are equivalent. O

Theorem 2.4.1 and Theorem 2.4.3 not only allow us to obtain some charac-
terizations for finite nilpotent groups of class 2 whose commutator subgroups
have prime order, but also enable us to re-establish certain facts (essentially
due to K. S. Joseph [26]) concerning the smallest prime divisors of the orders

of finite groups.

Proposition 2.4.4. Let G be a finite group and p be the smallest prime
diwisor of |G|.

(a) If p#2, then Pr(G) # %.

(b) When G is non-abelian, Pr(G) > % if and only if |G'| = p and
G' C Z(G).
Proof. (a) If Pr(G) = %, then Result 1.5.2 gives |G'| < p + 1. In addition, if

p # 2, we have |G'| = p. But then, by Theorem 2.4.1, we have Pr(G) > zl)

which is a contradiction. This proves part (a).
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(b) If Pr(G) > %, Result 1.5.2 gives |G'| < p+ 1, whence |G'| = p. Now, by

Lemma 2.1.1(a), we have

<|Aw(G)| =p-1.

C'G(G')l
Hence, we must have Cg(G’) = G; equivalently, G’ C Z(G). This proves

part (b), noting that its converse follows from Theorem 2.4.1. O
As an immediate consequence, we have
Corollary 2.4.5. If G is a finite group with Pr(G) = %, then |G| is even.

From Proposition 2.4.4, we also have, as an immediate corollary, the

following improvement to Result 1.5.6.

Corollary 2.4.6. Let G be a finite group and p # 2 be the smallest prime
divisor of |G|. If G is non-abelian with G' N Z(G) = {1}, then Pr(G) < ;.

Finally, in this section we have the following result.

Proposition 2.4.7. Let G be a finite group and p be a prime. Then the

following statements are equivalent.
(a) |G'|=p and G’ C Z(G).
(b) G is of central type with |cd(G)| =2 and |G'| =p

(c) G is a direct product of a p-group P and an abelian group A such that
|P'| = p and ged(p, |A]) = 1.
(d) G is isoclinic to an extra-special p-group; consequently, |G : Z(G)| =

%k for some positive integer k.
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In particular, if G is non-abelian and p is the smallest prime divisor of |G|,

then the above statements are also equivalent to the condition Pr(G) > zl).

Proof. The equivalence of (a) and (b) follows from Theorem 2.4.3(b)(d) and
Result 1.2.7.

In view of Result 1.1.3, (c) follows from (a), considering P to be the Sylow
p-subgroup of G and A, the product of the other Sylow subgroups (if any)
of G.

If (c) holds, then G is isoclinic to the p-group P. Since |P’| = p and
P'N Z(P) # {1}, we have P’ C Z(P). Therefore, from Result 1.1.8, it
follows that P is isoclinic to a finite group H such that Z(H) = H' & P/,
which in view of Result 1.1.3, makes H into an extra-special p-group. Thus,
(d) follows from the fact that isoclinism is transitive (using Result 1.1.6 for
the second part).

If (d) holds, then it follows that |G| = p and G/Z(QG) is abelian. Hence,
we have (a).

The particular case follows from Proposition 2.4.4(b). a

Remark 2.4.8. In view of Result 1.2.8, the expression |cd(G)| = 2 in the

statement (b) of Proposition 2.4.7 is superfluous.

2.5 Some additional observations

Consider the symmetric group S,, of degree n > 3 and the corresponding
alternating group A,. It is well-known that

P(n)

Pr(S,) = v

’ (250,)
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where P(n) denotes the number of partitions of n. This, in fact, follows
from a well-known result that £(S,) = P(n), where k(S,) is the number of
conjugacy classes of S,.

In [7], J. Dénes, P. Erdos and P. Turdn have derived that k(A4,) =
$(P(n)+3Q(n)), where Q(n) is the number of partitions of n having distinct
odd parts. Therefore, it follows that

3Q(n)

n!

Pr(A,) = Pr(S,) +

Thus, Pr(4,) > Pr(S,).
Consider the dihedral group Ds,, n > 1, and the quaternion group Qon+1,
n > 2. In [31], P. Lescot has deduced that

n+3

if nisodd
PI’(Dgn) = n4—:—16
if miseven
4n
and
2" ' +3

Pr(Q2n+1) = —21‘LT.

Clearly, Pr(Dqy,) — i— and Pr(Qgnn1) — % as n — oo. In this regard, Lescot
enquired whether there is any other natural family of groups with the same
property. It may be mentioned here that the following groups also have the

same property:

Mamn = <(Z,b ca™ = 0" = 1, bab~! = Cll—l)a
Qun = (o 7 = 1,7 = b = 0™

and  SDp = (a,b:a?™ " = 87 = 1,bab™" = a2,
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This is because certain tedious computations yield

3
m4i if mis odd
—— if m is even,
dm

Pr(Qun) = 13

dm

20243

and PI'(S.DQn) = _§'n.+_
In [16, Corollary 1.2}, I. V. Erovenko and B. Sury have shown, in partic-
ular, that for every integer k > 1 there exists a family {G,} of finite groups
such that Pr(G,) — 7 as n — oco. In this connection, we have the following

observation.

Proposition 2.5.1. For every integer k > 1 there ezxists a family {G,} of

finite groups such that Pr(G,) — 1 asn — oo.

Proof. In view of Result 1.5.4, it is enough to show the existence of a family
of finite groups {G,} such that Pr(G,) — % asn — oo. Put G, = ES(n, p),
an extra-special p-group of order p***!. Then by Result 1.5.9, we have

1 p-1 1

Pr(G,.L)=11—3+p2n+1 —>E as n — 00.

This completes the proof. a

We conclude this section with the following proposition which says that
the reciprocal of every positive integer can be realized as the commutativity

degree of some finite group.

Proposition 2.5.2. For every positive integer n there ezists a finite group

G such that Pr(G) = L.
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Proof. We shall prove the proposition by induction on n. If n = 1, we may
take G to be any abelian group. If n = 2, we may take, in view of (2.5.a),
G = S3. So, assume that n > 3 and that the proposition is true for all
positive integers k < n.
Case 1. n =0 or 2 (mod 4).

In this case, n = 2%.m, where a, m are positive integers and m is odd.
Clearly m < n. So, by induction hypothesis there exists a finite group G
such that Pr(G) = %. Hence, using (2.5.a) and Result 1.5.4, we have

1 1
Pr(G x (53)%) = Pr(G).(Pr(S3))* = =—.
m.2% n
Case 2. n =1 (mod 4).
In this case, "T% is a positive integer and "T+3 < n. So, by induction

hypothesis, there exists a finite group G such that Pr(G) = n_4;§_ Hence,

n+3 4 1
Pr(Dy, x G) = . = —.
f(Dan X G) n n+3 n
Case 3. n =3 (mod 4).
In this case, "TH is a positive integer and "T“ < n. So, by induction

hypothesis, there exists a finite group G such that Pr(G) = niﬂ-l' Hence,

3n+3 4

PI‘(DGnXG)= 1on n+1=

1
~.

This completes the proof. a
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Chapter 3

A class of word equations and

word maps

In this chapter we generalize the classical result of F. G. Frobenius regarding
the number of solutions of a commutator equation in a finite group. As a
consequence, we obtain a class of almost measure preserving word maps on
finite simple groups.

This chapter is based on our papers [5] and [6].

3.1 A generalization of Frobenius’ result

Let F(z1,z2,...,Z,) be the free group of words on n generators 1, z, . . . , .
For 1 < i < n, we write ‘z; € w(zy,Z2,...,%,)" to mean that z; has a
non-zero index (that is, ¥ forms a syllable, with 0 # k € Z) in the word

w(zy,Ta,..., ) € F(z1,29,...,2,). Let us call a word w(zy,xs,...,Zn)
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admissible if each x; € w(z1, o, ...,x,) has precisely two non-zero indices,
namely, +1 and —1. Let & (z1,%2,...,Z,) denote the set of all admissible
words in F(x1,Z2,...,ZTn).

Given a finite group G and an element g € G, let (¥(g) denote the number
of solutions (g1, 92,--.,9) € G™ of the word equation w(z, z2,...,2,) = g,

where G" = G x G X - -+ x G (n times). Thus,

¢2(9) = 1{(91,92,---,9n) € G" 1 w(g1,92,---,9n) = g},

where w(g1, g2, . . - , gn) denotes the image of w(zy, z2, . . . , £,) under the unique
natural homomorphism 7 : F(z1,%,...,Z,) — G which maps z; to g;,

1 < i < n. Conventionally, (§(g) =1 if ¢ = 1 and zero otherwise.

Lemma 3.1.1. Let G be a finite group. Let f be an automorphism of

F(zy,T9,...,Zs), n > 1. Ifwi(21,Zq,...,2Za) and wy(z1, 29, ..., %,) are any
two admissible words in F(zy,%s,...,%,) such that f(wi(z1,22,...,2,)) =
WQ(.'El, Io,... ,iL‘n), then

Gg) = Grg)
forallg € G.

Proof. Let (g1,92,.--,9:) € G™ be such that wy(g1,92,...,9n) = g. This
means that, if 7 : F(z,Zs,...,2,) — G denotes the unique natural homo-

morphism given by z, — ¢; for 1 < i < n, we have

T(wo(T1, oy ..., ZTn)) =g
or, (7o f)wi(z1,%2,...,20)) =g

or, wl(hl,hg,...,hn) =g,

438



putting h; = (70 f)(z;) € G for 1 < ¢ < n; it may be noted here that 7o f is

the unique natural homomorphism from F(zi,s,...,Z,) to G which maps
each z; to h;. Thus, to every solution (g1, ga, . . ., gn) of wo(z1,Z2,...,Zs) =g
there corresponds a solution (A1, s, ..., hy) of wi(zy,2,...,2Zn) = g. Since

f is an automorphism, it follows that this correspondence is bijective. This

proves the lemma. O

Remark 3.1.2. For each ¢ € S,,, the symmetric group of degree n, and for

each e; € {1,—1}, 1<i<mn, we have an automorphism
f:F(z1,Z2y...,Tn) — F(:cf;‘(l),x?(z),...,zz'(‘n)) = F(x1,Z2,...,Zn)
which maps each z; to xi‘(i), 1<i<n.

Remark 3.1.3. If w(zy,2s,...,2n) € &(21,%0,...,Z,) With x; ¢ w(zy, z9,

., Zpn) for some i, then

w(Z1, T2, ..., Tn) = wilT1, ..o, Tiy - -, Tp)
for some wy(z1,...,%i,...,2,) € &(21,...,Zi,...,Zn), where T; means that

z; is omitted. Moreover, we have
G(g) =|GlGii(g) ¥V g€G.
We now state and prove the main result of this section as follows.

Theorem 3.1.4. Let w(zy,Zy,...,Tn) € &L (T1,Z2,...,2Z4),n > 1. IfGisa

finite group, then the map ¢ : G — C defined by
C:(g) = I{(glag2a- . ag'n.) e G" 5‘-0(91,92,- - sgn) = Q}|, g € G)
is a character of G.
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Proof. We shall, in fact, derive several inductive formulae for (¥(g). First
note that VY h, g € G, the maps g, — h™lg,h, 1 < i < n, give rise to a one

to one correspondence between the solutions of the equations
w(zy,Tg, .., Tn) =g and w(zy,T,...,2,) = h 'gh.

So, it follows that (¢ : G — C is a class function on G. We also observe, by

Remark 3.1.3, that if w(z1,zs,...,2,) = 1, the trivial word, then
|G|* if g=1

0 if g#1.

This clearly defines a character of (G, namely, the multiple of the regular

Cu(g) =

character of G by |G|*!. It may be recalled that by a reqular character of
G we mean a character p : G — C such that, for g € G, p(g9) = |G| or
0 according as g = 1 or ¢ # 1. So, it is enough to prove the theorem for
non-trivial words in & (z,, 2, ..., Z,), and we shall do so using induction on
n, the numbers of generators x1,Zq, ..., Zy.

Obviously, there is nothing to prove when n = 1. So, let us assume that

the theorem is true for all n < k, where k£ > 2.

Let w(zy,Zq,...,zk) € & (21, %Zg,...,2k). Then, in view of Lemma 3.1.1
and Remark 3.1.2, we may permute z,,zo,...,Z; suitably to see that the
equation w(zy, 2y, .. .,Tx) = g possesses the same number of solutions in G*

as does the equation
T1w1 (T2, X3, .+« ., T)T1 " wo(To, T3y . - ., Tk) = 4, (3.1.a)

where w1 (z2, T3, . - ., Zk), wo(T2, 3, . .., Tk) € F(x1, %2, ..., 2k) with the prop-

erty that, V i = 1,2, each z, € w,(22,23,...,2x), 2 < j < k, has index
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+1 and/or —1. Note that we may or may not have w,(xa,Z3,...,2x) €
A (29,23,...,2x). In fact, wi(z2,2s3,...,2k) € &(x9,23,...,2x) if and
only if wy(xs,z3,...,7) € & (T2,23,...,2x). Also, it is possible that we
may have wy(z2, z3,...,zx) = 1. However, if wy(z,,z3,...,2x) = 1, then, by
the induction hypothesis, there is nothing to prove.

We shall complete the proof of the theorem considering some cases and

subcases as follows:
Case 1.  wo(x:y,Z3,...,%k) € H(T2,T3,...,Tk)-

In this case, we also have w;(xy,z3,...,2x) € #(z2,73,...,Ty), 88 men-

tioned above, and we shall settle this case in two subcases.
Subcase 1.1.  wa(x,x3,...,zk) # 1.

In this case, since
-1
Tyw1 (T, T3y - - -, Tk ) L1 wolZo, T3, . .., Tk) € H(T1, T2, - - -, Th)s

it follows that we(zs, T3, ..., z) and Tiw (s, T3,...,2x)2]" are admissible
words in less than k generators (see Remark 3.1.3). In fact, there exist

positive integers r, s < k with r + s = k such that
Wa (T, T3y -« s k) = W3(Tag, Tag,y - - oy Lo, ) € H(Th), Tagy -+ -1 T,
and
mlwl(zg,z3,...,xk)x1’1 = Wil Z1,Zg9y -1 Ty,) € (X1, Tpg, .., Zy,),

where 2 <i, # j, <k Vp=1,2,...,r and Vg=2,3,...,s. Consider now
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the word equations

wg(]?il,l'iz, A ,;L‘ir) = ]'L

-1
and w4(.’131,.'l)j2,...,11,‘ja) =—‘gh y

where h € G. By induction hypothesis, both (~* and (%4 are characters of

G. Then, the number of solutions of the word equation (3.1.a) is given by

wig) = > _G2(h) ¢t (gh™)

heG

= (6%, x] x(h) (6, ¥lw(gh™
B o) (2 o)

_ G|

= Xe;g)[ * IG5 57y X(9) (3.1.5)

using the generalized orthogonality relation (1.2.g). Hence, it follows that (Y’

is a character of G.
Subcase 1.2.  wo(zg, T3, ... , ZTk) = L.

In this case, the word equation (3.1.a) becomes
- T1wr (T2, T3, - - -, Ti)T] T = G (3.1.¢)
For h € G, consider the equation
wi(z2, T3, ..., Tk) = h~lgh.

By induction hypothesis, ¢, is a character of G. So, the number of solutions

of the word equation (3.1.c), that is, of the word equation (3.1.a), is given by

=S¢ (k7 gh) = |GIG (9)- (3.1.d)

heG

92



Hence, it follows that (}’ is a character of G.
Case 2. wolxo, x3,-..,%k) & F(22,23,...,Tk).

In this case, there exists an z;, 2 < i < k, such that the index of z; in
wo(T2, T3, ...,%k) is either +1 or —1. In view of Lemma 3.1.1 and Remark
3.1.2, we may assume without any loss that ¢ = 2 and the index of z; in
wy(a, T3, ..., 2x) is +1. Consequently, the index of x4 in wy(z9, T3, ..., zx)
is —1.

Let us put wy(T2, T3, ..., ;) = £ Then we can write

T =w3(a:3,...,xk)§w4($3,...,$k) (316)
for some ws(zs,...,Tk), wa(z3,...,zx) € F(z3,...,zx). Putting this value

of z3 in wi(zg, x3,...,zx) and then replacing € by z5 1 we may rewrite the

word equation (3.1.a) as
Z‘]U)5(IL'2, v axk)xl—lxgl =9, (31f)

where ws(za,...,xx) € F(z9,...,zx). From (3.1.e), it follows that the free
group F(z1,zs,...,Z) is also generated by i, 3,...,%¢. Assuch, there
is an automorphism of F(z1, s, ...,z:) which maps £ to z;' and fixes each
z;, where ¢ # 2. This automorphism transforms the word equation (3.1.q)
into the word equation (3.1.f), and so, from Lemma 3.1.1, it follows that the

two equations have the same number of solutions in G*. Now,

ws(Tg, ..., Tk) = we(T3, ..., Tk)Towr(T3,. . ., Tk), (3.1.9)
where we(z3, . .., Zk), wr(Ts,...,2k) € F(z3,..., k). Note that we may have
one or both of wg(zs, ..., zx) and wr(zs,...,Zx) equal to 1.
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Let (g1,89,---,9%) € G*. Let x € Irr(G), and @, be a representation of
G affording x. Then, using (1.2.d), we have

_ G
Z‘I’x(g1w5(gz, o gR)gT ) = I—I‘X(ws(gz, o g0) I
= x(1)

Multiplying this equality on the right by ®,(g5;') and then summing over all

92:93,---,0k € G: we get

1.— G _
> O(qws(er .., g6)9r et = % > xlws(ge, .- 96)2x(92)-
91, gk€G X 92, 9L€G
This, on taking trace, gives
1 |G _
> x(gws(ge: - 96)97'05 ") = (—ll) > x(ws(g2,- - 96)x(g7").
a1, 1gk€G X 92, 7ngG

The left side of this equality is

> Ge(9)x(e) = GG, x]

geG
Thus, we have

CEx] = X—(IEQQ%EE(;x(ws(gQ, o ex(erY): (3.1.h)

Note that, if £ = 2, then, in view of the first orthogonality relation (1.2.h),

the expression (3.1.h) becomes

w1 161
G =say
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This in turn gives the famous formula due to Frobenius, namely,

Gl = Y Ii’) x(9).

x€Irr(G)
Thus, ¢4 is a character of G. So, we assume that k > 3.
Consider now the word equation

w8($3, ce ,fEk) = w7(1173, e ,mk)ws(:c;;, ceey .'L‘k) = h, (311)

where h € G. By induction hypothesis, (;®, is a character of G. Also,

since we(gs, - - -, Gk)g2w7(9gs, - - -, 9x) and gowr(gs, - - ., gk )we(ga, - - - , gx) are con-
jugates in G, it follows from (3.1.¢) that
X(w5(g2’ v 7gk)) = X(g2w7(g3) s vgk)wG(g& e ,gk))'

So, from (3.1.h), we have

[¢¢,x] = —(1— S xlgawr(gs, -, gk)ws(gs, - -, 8))x(95 )

93,...9xk€G 926G

= Z 2(R) D x(g2h)x(g7"),  using (3.1.4)

hGG g2€G
= ZC;‘S’”z( IGI using (1.2.9)
heG
= ‘G‘ or a. T
- (X(l)> . forall x € r(G).
Thus,
|G| .
CGelg) = — ) 122 x] x(9) (3.1.9)
g Xeg(a)(xm) x) x(g)- j

Hence, it follows that (}’ is a character of G. This completes the proof of the

theorem. 0O
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It may be mentioned here that if the structure of the admissible word
w(xy, Ze,...,Zy) is known to us, then, for each g € G, the technique adopted
in the proof of Theorem 3.1.4 can also be used to derive an explicit formula
for the number of solutions of the word equation w(z;,zs,...,z,) = g in
terms of the irreducible characters of G. We illustrate this as follows.

Consider the word equation

-1 -1 -1 -1
T1%2 -+ Tny1%] TngaTy .- Tpi1Tpio =0, (3.1.k)

where n > 1. Then, proceeding in the same way as we did in Case 2 in the

proof of Theorem 3.1.4, we have

_ -1 -1 -1 -1
W(T1, T2y, Tng2) = T1T3 ... Tng1 Ty TngaTy - Tpy1Znio

_ 1,1 -1 -1
and  ws(Z3, T4, s Tns2) = Tny2T3Ta.. . Tny1T3 Ty - .- T Trgo-

In view of Remark 3.1.2, we see, using (3.1.d) and (1.3.¢), that the number

of solutions of the word equation

wg(:c3, T4y... ,.’E,H_g) = h,,

where h € G, is given by

G0 = [Glah) = 5 I xh),

x€lrr(G)
Therefore, by (3.1.5), the number of solutions of the word equation (3.1.k) is
given by

Cole)= 3 TJ)fl’#r_.—en—_lx(g»

xElrr(G)
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In particular, putting n = 1 in the word equation (3.1.k) and then using

(1.3.f), we can at once see that the number of solutions of the word equation

1 _

-1, ,-1.~1 -1 -1 -
11311122.’131 13.’112 1123 “ e .’L‘3n_2333n_1$3n_2$3n333n_11:3 - g

is given by

wo= Y 0. (3.1.1)

2n—1
x€lrr(G) X(l)

Remark 3.1.5. It may be noted here that the expression (1.3.c¢) obtained by
P. Kellersch and K. Meyberg can also be derived from the expressions (1.3.a)
and (1.3.f) obtained by F. G. Frobenius and S. P. Strunkov respectively.

3.2 Certain measure preserving word maps

The terminologies used in this section have been described in Section 1.4 and
in Section 3.1. Let G be a finite group. Let w(z1,zs,...,Z,) be a word in
F(zy,29,...,2,), and o, : G — G be the corresponding word map given
by aw(91,92,- -+, 9n) = w(g1,92; - - -, gn)- In this case, we say that the map o,
is induced by w. In [46, Problem 2.10], A. Shalev asks — Which words induce
almost measure preserving maps on finite simple groups. In this section, we
show that if G is simple and w(z1,z9,...,Z,) is a non-trivial admissible
word, then a, is almost measure preserving, and almost all the elements of
G can be expressed as w(g1, 92, .-.,9n) for some g1,92,...,9n € G. It may
be mentioned here that S. Garion and A. Shalev [19, Theorem 7.4, Corollary
7.5] have made such conclusions considering the word z?z% and the words

which correspond to n-fold commutators in some arrangement of brackets.
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Needless to mention that every admissible word does not correspond to an
n-fold commutator, for example, 7,25 . .. T,z x5 " .. czth
Let w(zy, 3, . . ., Tn) be a non-trivial admissible word in F(z1, T2, ..., T,)

and g € G. Note that

(aw)_l(g) = {(glag% e agn) € G": w(gl,QZ, fee )gn) = g}

So, we have |(a,) "' (9)] = ¢“(g), the number of solutions of the word equation
w(z1,Z2,...,Z,) = g. Therefore, the corresponding probability distribution

on G (associated to oy,) is given by

(ew) " ()l _ ¢al9)

FP,(g) =P, (g9)= = ) 3.2.a

Since (% is a class function on G (see Theorem 3.1.4), we have

G= Y &xx
X€EIrr(G)
Therefore, by (3.2.a), we have
P, =G G 3.2.
| I Z lGIn—IX ( )
x€Irr(G) .

The following crucial result, in fact, plays the pivotal role in enabling us

to replicate the technique used by Garion and Shalev.

Proposition 3.2.1. Let G be a finite group and x € Irr(G). Then

|G|*!
x(1)

05 [Gx] <
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Proof. The proof is essentially same as that of Theorem 3.1.4, except that
the induction here starts at n = 2, when by Frobenius’ formula (1.3.a) we

have

w G|
<.2 = Z X_(15X$

x€lIrr(G)

and so, for all x € Irr(G),
|G|
@ x| = —= > 0.
For the rest of the proof, we assume, as usual, that the result is true for all
n < k, where k > 3. Then, for each of the expressions of ({/, as mentioned

in (3.1.0), (3.1.d) and (3.1.5), we have, using the induction hypothesis,

I |k-—1
x(1)

This completes the proof. a

0< ¢, x] < for all x € Irr(G).

Rest of our results are quite similar to the ones obtained by Garion and

Shalev. Accordingly, the so called Witten zeta function (see [50]) given by

)= Y x(1)7, (3.2.¢)

x€lrr(G)
where s is a real number, and the quantities
1/2
5(G) = (¢¥2) - 1),
1/4
(@) = (¢°(2)-1)"
once again play significant roles in the proofs. In [32, Theorem 1.1}, it has

been proved that if G is simple and s > 1, then (%(s) — 1 as |G| — oo,
which implies that ¢(G) — 0 as |G| — oo.
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Let U be the uniform distribution on G given by U(g) = ﬁ, g € G. Then

we have

Proposition 3.2.2. Let G be a finite group. Then, with notations as above,

|F, — Ul < 6(G).

Proof. In view of (3.2.b) and (1.4.a), we have

1/2
(¢, x]|?
x€lrr(G)
x#le
1/2
_—1 : - .
Z (1)2 , using Proposition 3.2.1
xGIrr(G)X
x#lc

= (¢%(2) - 1)1/2, using (3.2.c).
This completes the proof. O

As a consequence, we obtain a lower bound for the number of group

elements that are of the form w(gy,go,...,gn), where g1, 9s,...,9, € G.

Corollary 3.2.3. Let G be a finite group. Then, with notations as above,
|imay| > (1 - 6(G))IG.

Proof. Using Proposition 3.2.2, we have
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1
§(G) > " |P.(g) - [l
geG
1

= Z Pw(g) - _’
geG—imay, 'G|

. —_1‘ _ G~ [imay|
geEG—im ay, ‘Gl lG‘

Hence, the result follows. O

The equidistribution and measure preserving properties of the map a,, in

terms of the parameter ¢(G) are given as follows.

Proposition 3.2.4. Every finite group G has a subset S with the following
properties:

(a) IS] > (1 - «(G))IC;

(b) (1 —e(GNIGI" < [(aw)™Hg)l < (L + e(G)IGI™™, or equivalently,

1 —¢(G) 1+ ¢(G)
G| G|

Proof. Tt is enough to see, using Proposition 3.2.2 and Result 1.4.2, that the

< P,(g9) < forallge S.

map a,, is €(G)-equidistributed. O

Proposition 3.2.5. Let G be a finite group. Then, with notations as above,

the map «, satisfies the following conditions:

(a) ‘(—a“—’l)G;lln(Y—)l — PC%: <3¢(G) forallY CG.

(Ol o 1X]
6T~ Icl

(b) If X € G™, then — 3¢(G).
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Proof. The results follow from Result 1.4.1, noting that the map a,, is €(G)-
equidistributed. O

Remark 3.2.6. As noted in [19, page 4633], Proposition 3.2.2 through
Proposition 3.2.5 have some significance only when G = G’, that is, when G

is a perfect group.

Finally, through the following corollary, we achieve our goal mentioned

at the beginning of this section.

Corollary 3.2.7. Let G be a finite simple group, and o(1) be a real number

depending on G which tends to zero as |G| — oo.

) (Y Y
(a) If Y C G, then I_(Q—I)E’IT(—M = |I—G—: +0(1). This means that the map
a,, 18 almost measure preserving.
W(X X .
(b) If X C G™, then Ialél ) > IIGIL — o(1); in particular, if X is such

that | X| = (1 — o(1))|G|", then |a,(X)| = (1 — 0o(1))|G|. This means
that almost all the elements of G can be expressed as w(gi,ga,---,9n)

for some g1,92,...,9n € G.

Proof. Follows from Proposition 3.2.5, noting that ¢(G) = o(1). O

3.3 Equations having restricted variables

In this section, we consider the number of solutions of word equations in a
finite group G by restricting the choice of the values of some of the variables to

a given subgroup of G. In the process we obtain yet another generalization of
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Frobenius’ result given by (1.3.a). Let H be a subgroup of G and g € G. Let
¢(g) denote the number of elements (h, g2) € H x G satisfying [hy, go] = g.

Theorem 3.3.1. Let G be a finite group. If H<G, then C is a class function

on G and

G
6(g)= Z IH”XH’XH]X(Q)= Z IH”X{I,X]X(Q)

xElrr(G) X(l) x€Irr(G) X( )
forallg € G.

Proof. Since for each a € G, the map (hy, g2) — (ahia™!,agoa™!) defines a
one to one correspondence between the sets {(h1,92) € H X G : [hy, g2] = g}
and {(hy, g2) € H x G : [h1, g2] = aga™'}, it follows that C is a class function
on G. Thus, by (1.2.7), we have

(@)= D [ xixg)- (3.3.0)

xElIrr(G)

Let x € Irr(G), and let ®, be a representation of G' which affords x. Then,
using (1.2.d), we have

_ G
Z(I) g2h‘1 lg2 N = l( |)X(h’1 )IX,
g2€G

where hy € H. Multiplying both sides by ®,(h1), and summing over all
hy € H, we get

Z <) (h192h11 _1 = lG‘)Z@ h1 hl )

(h1,92)€EHXG hieH
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Taking trace, we have

T x(ughiie?) = i(—') S xth)x(h)
hi€eH

(h1,92)€HXG

= > x(9){(g) = Z X (h) X ()

9€G h €H
~ IHI[XH7 XH]
= [y, (| = ==L 280
Hence, in view of (3.3.a) and (1.2.0), the theorem follows. O

In particular, we have

Corollary 3.3.2. Let G be a finite group. Then, with notations as above, ¢

is a character of G.

Proof. It is enough to show that x(1) divides |H|[x,, x| for each x € Irr(G).
So, let x € Irr(G) and @, be a representation of G which affords x. Then, in
view of the discussion preceding Result 1.2.4, there is an algebra homomor-
phism w,, : Z(C[G]) — C given by ®,(2) = wy(2)1, for all z € Z(C[G)).
Since H < G, there exist hy, ho,...,h, € H such that H = 1<l;J<T Clg(h,).
Let K, = ¥, =z, the class sum corresponding to Clg(h,), 1 < i <r. By

2€Clg (hy)
Result 1.2.4, w,(K,) is an algebraic integer with

X (ha)| Cla(hy)|

wy(K,) = ,1<i<r
Therefore, it follows that
IH D xad = D_x(B)x(h7Y) = [ Cla(ha)x(ha)x (R
heH 1<1<r
= > x(Dux(K)x(h).

1L
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Thus,

'HI[XHi XH
X(l Z U}X ’
1<i<r

which, in view of Result 1.2.3, is an algebraic integer, and hence, an integer.

This completes the proof. O

The following proposition is a generalization of the result of P. Kellersch

and K. Meyberg given by (1.3.¢).

Proposition 3.3.3. Let G be a finite group, H<G and g € G. If (an(g),
n > 1, denotes the number of elements ((h1,91),---,(hn,gn)) € (H x G)"
satisfying [hy, 1] - . - [An, gn) = g, then Con s a character of G and

Cn(9)= D 'G|n_1}§|n[§”’x”]nx(g).

2n—1
x€lrr(G) ( )

Proof. In view of Theorem 3.3.1 and Corollary 3.3.2, the proposition follows
from the result of Strunkov given by (1.3.). O

As a slight modification of Strunkov’s result mentioned in (1.3.g), we also

have the following result.

Proposition 3.3.4. Let H be a subgroup of a finite group G and g € G. Then
the number of elements (g1, kg, g3) € G x H x G satisfying gihagy 'g3hy 95" =
g defines a character of G and is given by

53(9)__: Z IGHH”XH’XH]X(Q).

x€Irr(G) X(l)

Proof. For each a € G, (g1, ha, g3s) — (ag1, h2, ags) defines a one to one corre-

spondence between the sets {(g;, ho, g3) € G x H xG : g1hog7 " gshy 95" = g}
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and {(91,h2,93) € G x H x G : gihygy tgsha'gs! = aga™'}. So, it follows

that (s is a class function on G. Thus, we have

Go)= >, [G&xx(9). (3.3.)

x€Irr(G)

Let x € Irr(G), and @, be a representation of G which affords x. Then,
using (1.2.d), we have

G
3 &, (o1hagi?) = 1o ()1,

Q1 EG ( )
where hy € H. Multiplying both sides by ®,(g3h;'95"), and summing over
all ho € H and g3 € G, we get

1 g1 - G 1
S nlemgleh'n) =10 X xmoamh's?)

(91,h2,93)€GxHXG (h2,93)EHXG

Taking trace, we have

S X(91h291_193h2193_1)"m Y x(he)x(hg)

(91,h2,93)EGXHXG (h2,93)€eHXG

= x(9)Gs(9) = o )Zxﬂ (h2)x, (h2")

geG ho€eH

|G| HI[X s X]
x(1) ’

which is clearly a non-negative integer since x(1) divides |G|. Hence, in view

=[x 53] =

of (3.3.b), the proposition follows. a

As an immediate consequence, it follows from (1.3.f) that the number

of elements ((gi1, ha,93), - - -, (93n-2, Ran—1,93n)) € (G X H x G)" satisfying
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grhagy lggh; 193_ Y Gan—2han_1 g;,}_zggmhs',}_l ggnl = g defines a character of G

and is given by

5371(9): Z lalzn—llH‘n[XﬂvXH]n

(-1 x(9)-

x€Irr(G)

This, is in fact, a generalization of (3.1.]).
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Chapter 4

Commutativity degree

generalized through words

In this chapter we study the probability that an arbitrarily chosen n-tuple of
elements of a given finite group is mapped to a given group element under
the word map induced by an admissible word. This generalizes the existing
notion of the probability that the commutator of an arbitrarily chosen pair
of group elements equals a given group element. In particular, considering
an admissible word that corresponds to a generalized commutator, we also
obtain certain characterizations of the given finite group.

This chapter is based on our paper [38].

68



4.1 Definition and basic properties

Let G be a finite group and g be an element of G’. Let w(zy,Za,...,T,)
be a non-trivial admissible word (see Section 3.1) in F(zy,zs,...,Z,) and
0y, : G® — G be the corresponding word map induced by w. Let us define
Pr(G) to be the probability that an arbitrarily chosen n-tuple in G™ is

mapped to ¢ under a,. In other words,

P@«ﬂ:ﬁgﬁ, (4.1.0)

where ((g) = [{(91,92,---,9n) € G™ : w(91,92,-..,9n) = g}|. Comparing
(4.1.a) with (3.2.a), one can also observe that Pry(G) = P,(g), where P, is
the probability distribution of G associated to a,.

Note that, for w(zy,z9) = T1z.27 75", we have Pry(G) = Pry(G), a
notion used and studied extensively by M. R. Pournaki and R. Sobhani [40),
which coincides with the usual commutativity degree Pr(G) of G if we take
g = 1, the identity element of G.

It is easy to see that 0 < Pr;(G) < 1. Also, we have

Proposition 4.1.1. Let G be a finite group and w(z1, 2, ...,Z,) be a non-
trivial admissible word. Then

nG:Z(G) —n+1 1 S o,

@) PNO) 2 —Fz@r 2 Ezor 2

(b) Pi¥(G)=1 if and only if G is abelian.

Proof. (a) Consider an n-tuple (g1, g2, - .., gn) € G™ in which n — 1 coordi-
nates are chosen from the center Z(G). Clearly, w(gi, 9s,...,9,) = 1 and the
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number of such n-tuples is | Z(G)|["~}(n |G| — (n—1)|Z(G)|). Hence, part (a)

follows.

(b) We are to show that w(g1,92,---,9x) =1 for all g1,9s,...,gn € G if and

only if G is abelian. Since w is admissible, the ‘if’ part is obvious. So, let

w(glyg%"-ygn) = 1 (41b)
for all g1, g2,...,9n € G. We first show, using induction on n, that
W(Z1,Tay .y Tn) = WiUwovwyu lwy v ws, (4.1.¢)

where u = z; or xi‘l and v = z; or :cj_l for some ¢, j with 1 <4 # j < n, and
each wg, 1 < k <5, is a word in the remaining n — 2 letters; we may have
wy = 1 for some or all k. Clearly, (4.1.¢) holds if n = 2.

Assume that n > 2. Then

w(Z1, T2, .., Zn) = Ywey wr, (4.1.d)

where y = x, or ;! for some r with 1 < r < n, and wg, wy are words in the
remaining n — 1 letters; noting that we may have w; = 1, but we always have
we # 1. If wg is an admissible word, then, by induction hypothesis, wg, and

hence w(zy, Zg,. .., %,) has the form given by (4.1.c). On the other hand, if

wg is not an admissible word, then
We = WgzZwy (416)
and w7 = wygz lwy, (4.1.f)

where z = z, or .'12;'1 for some s with 1 < 5 # r < n, and wg, wg, wig,wq; are

words in the n — 2 letters in the set {zy,2,...,2,} — {2, z,}. Thus, once
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again, it follows, from (4.1.d), (4.1.€) and (4.1.f), that w(z1, z2,...,Z,) has
the form given by (4.1.c). This establishes our claim.

Finally, let a, b be any two elements of G. In (4.1.c¢), let us put z, = q,
z; = b and z, = 1 for all ¢ such that 1 < i # ¢ # j < n. Then, using (4.1.}),
we have aba™ b™' = 1 for all a, b € G, showing that G is abelian. This
completes the proof of part (b). O

Note that Pry(G) may be regarded as a completely multiplicative arith-

metic function of finite groups in the sense of [4]. More precisely, we have

Proposition 4.1.2. Let H and K be two finite groups and w(xy, Zs,...,Zn)
be a non-trivial admissible word. If (h,k) € H' x K', then

Pré, o (H x K) = Pry(H)Pr(K).

Proof. Note that the elements ((h1,k1),..., (ha, kn)) € (H x K)™ satisfying
w((h1, k1), - .., (hn,kn)) = (h,k) are in one to one correspondence with the
elements ((h1,...,Rn), (K1,...,kn)) € H® x K" satisfying w(hy,...,hy) = h
and w(ky,...,k,) = k. Hence, the result follows from (4.1.q). O

The following result shows that Pry(G) is an invariant under isoclinism

(see Section 1.1) of finite groups.

Proposition 4.1.3. Let G and H be two finite groups and (¢,¢) be an
isoclinism from G to H. If g € G' and w(xy,Zs,...,%Ts) i a non-trivial
admissible word, then

Pr(G) = Pty (H).
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Proof. Since w(zy,T2,...,Z,) is an admissible word, the induced word map
a, : G" — G factors through the quotient group G*/Z(G") = (G/Z(G))".

Therefore, we have

[{(91,92,---,9n) € G" : w(g1,92,- .., 9) = g}|
= I{(QIZ(G),92Z(G)7 s agnZ(G)) € (G/Z(G))n : w(gl,QQ, s ,gn) = g}l
x |Z(G)I" (4.1.9)

Let K be the subgroup of G generated by ¢1,92,...,9,. Note that
nK', 9K, ...,9.K' € K/K', an abelian group. Since w(zy,Z,...,T,) is

an admissible word, it follows that
w(gK',g2K',...,gnK') = K', the identity element of K/K'

= w(gl,gg, . ,gn)K, = KI

ad w(glvg2) v 7gn) € KI'

Thus, w(g1, gz, - - -1 9n) is a product of commutators in K. In other words,

there exits an even positive integer m such that

w(91,92, cee ,Qn) = [wl,wz][ws,w4] cen [wm—l;wm]a (4-1-h)

where w; = w,(g1,92,- .., 9n) for some w,(z1,9,...,2%s) € F(z1,22,...,%x),
1 < 7 <m. Choose h, € H such that ¢(q.Z(G)) = h,Z(H), 1 <1< n. Put
@; = w,(hy, he, ..., hy), 1 < j < m. Then, from (4.1.h), using Figure 1.1, we

have

¢(g) = dj([wla wQ]) ce w([wm—la wm])
= ¥(ac(wi1Z(G),w2Z(G))) . . . Y(ac(wm-1Z(G),wmZ(G)))
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= ap(d(w1Z(G)), p(w2Z(G))) - . . an(wm-1Z(G)), dlwmZ(G)))
= an(nZ(H), 0o Z(H)) ... an(@m1 Z(H), omZ (H))
= [d'}l,d)g] o [G)m_l,u")m]

= W(hl, h2, .. ,hn).

It follows that there is an one to one correspondence between the n-tuples
(912(G), 9:2(G), ..., gnZ(G)) € (G/Z(G))" satistying w(g1,92,..-,9:) = g
and the n-tuples (M Z(H),h:Z(H),...,h,Z(H)) € (H/Z(H))™ satisfying
w(hy, hg, ..., hy) = ¥(g). Hence, by (4.1.g) and the corresponding equation

for H, we have

Pr(G) = ¢ lg)

el

_ H@1Z(G),. .., 9.2(G)) € (G/Z(G))" : w(g1, - - -, gn) = g}

' IG: Z(G)I?
— I{(h’IZ(H)’ cry h’nZ(H)) € (H/Z(H))n : w(hl’ EEE) hn) = w(g)}I
|H : Z(H)|"
_ Gw(g)
|H™|
= Pfi(g)(H)’
noting that |G : Z(G)| = |H : Z(H)|. This completes the proof. O

If G is a finite group and w(zy, Za, . . ., Z,) is a non-trivial admissible word,

then, by Theorem 3.1.4, ¥ is a character (in particular, a class function) of
G. So, it follows from (4.1.a) that if g,h € G’ are conjugates in G, then

Py (G) = Pry;(G). In the same line, we also have the following result.
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Proposition 4.1.4. Let G be a finite group and w(xy,x,,...,z,) be a non-
trivial admissible word. If g,h € G’ generate the same cyclic subgroup of G,
then Pry (G) = Pry)(G).

Proof. Note that (¥ is a rational valued character of G. Hence, in view of

Result 1.2.2, the proposition follows from (4.1.a). a

Since (¥ is a character of G, it follows from Result 1.2.6 and (4.1.a) that

Pec)= Y By, (4.1)

n
x€lrr(G) I |

where, by Proposition 3.2.1, we have [¢¥,x] = 0 for all x € Irr(G). This
formula enables us to show that Pr;(G) < Pr(G). However, we need the

following lemma, which is also used extensively in the forthcoming sections.

n
Lemma 4.1.5. If Y ri(a, — 1) = 0, where r,’s are positive rational numbers,

1=1
anda; €C, |a;| <1 foralli=1,2,...,n. Thenag; =1 for 1 <i<n.

Proof. Note that

0= ZRe(n(ai -1)) = Zri(Re(ai) -1)< Zri(|a,| -1 <o.

Hence, for 1 < i < n, we have Re(a;) = |a;| = 1 which means that a, = 1. O

Proposition 4.1.6. Let G be a finite group, g € G’ and w(zy,z2,...,Z,) be

a non-trivial admissible word. Then
(a) Pry(G) < Pr{(G) < Pr(G),
(b) Pr;(G) = Pr{(G) if and only if g = 1.
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Proof. (a) Using (4.1.4), we have

Pc) = | 3 By

x€lrr(G) | |n

< ¥ Sl s 20

xEIrr(G)
< Z [—|£G’}_’>‘<1X(1) = Pry(G), wusing (1.2.b)
x€lrr(G)
G x(1) "
< Z = Dby Proposition 3.2.1
x€Irr(G) X(l) |G|
k
= -I(?GI)- = Pr(G), using (1.5.b).

This proves part (a).
(b) Note that, for all x € Irr(G), we have [(¥,x] > 0, and, by (1.2.b), we
also have |x(g)| < x(1). Therefore,

Pr¥(G) = P¥(G)

[ ]X(l) 9) _ . .
= XG%—::G) (X(l) —1) = 0, wusing (4.1.9)

<~ x(9) = x(1) Vx€Ir(G), using Lemma 4.1.5
= g=1
This proves part (b). O
Since Pry(G) < 1 for all g € 7, it follows from Proposition 4.1.1(b) and
Proposition 4.1.6 that Pry(G) = 1 if and only if g = 1 and G is abelian. Of
course, if G is abelian and g # 1, then it is easy to see that Pr;(G) =0,

as w is an admissible word. Hence, it is enough to study the notion Pr,(G)

assuming that G is non-abelian.
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4.2 A computing formula and some bounds

Let G be a finite non-abelian group and g be an element of G’. In the previous
section, we have introduced and studied the notion Pry(G) considering an
arbitrary non-trivial admissible word w. However, for a particular choice of w,
the apparently insignificant-looking formula (4.1.7) becomes quite significant
and it enables us to characterize G in terms of certain identities involving the
generalized notion of commutativity degree mentioned in Section 4.1. This is
exactly what has been done in this and the following sections. Accordingly,
from now onwards we deal with the admissible word z,z,. .. xnxl_lx; L T,
n > 2, which corresponds to a generalized commutator in G of length n. Also,

we write Pry(G) in place of Pry(G). Thus, in this case, we have

Prn(G) — {{(ghg?v' .. 7gn) € (;’IGnI [glag%' . agn] = g}|’

(4.2.a)
where (91,92, -+, 9n] = 9192 - - gng7 95" .. g} Needless to mention that all
the results obtained in the previous section hold good also for Pry(G).

In view of the above consideration, it follows from (1.3.e) and (4.1.a) that

oy = L x(9)
Pr*(G) | Glxg;(c)X(l)""e“’ (4.2.b)

where ¢, is 1 or 2 according as n is even or odd. It is easy to see that if n
is even, then Prg(G) = PrZH(G’). Hence, without any loss we may assume
that n is even, that is, ¢, = 1. Using (1.2.a), the formula (4.2.b) may be

rewritten as

11 x(9)
P} (G) = — + — — . 4.2.c
") =161 6] 2 X (4.2
x(1)#1
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In particular, putting g = 1, we have

|_c1;7| < Pri(G) < Pri(6) = Pr(G); (4.2.d)

noting that G has at least one non-linear irreducible character. From (4.2.¢),

using (1.2.b), we also have

Pr™(G > W%-_? (4.2.€)

x€Irr(G)
x(1)#1

Let mg = min{x(1) : x € Irr(G), x(1) # 1}. If p is the smallest prime

1 1
)“k‘ﬂ,s@

divisor of |G|, then it is easy to see that

x(1) >meg>p =2 (4.2.F)

for all x € Irr(G) with x(1) # 1.
In order to have some non-trivial bounds for Pry(G) we need the following

lemma, which, in view of (4.2.f), also generalizes Result 1.5.2.

Lemma 4.2.1. Let G be a finite non-abelian group and d be an integer such

that 2 <d < mg. Then

Pr(G) < % (1 4 fi—TG_—ll>

with equality if and only if cd(G) = {1,d}.
Proof. By (4.2.f), x(1) > d for all x € Irr(G) with x(1) # 1. Also, by

(1.2.a), the number of non-linear irreducible characters of G is given by

k(G) — |G : G'|. Therefore, from the degree equation (1.2.c), we have

IGl=1G: G+ Y x(1)?2|G:G|+d*kG)-1G: )
x€lrr(G)
x{(1)#1
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with equality if and only if x(1) = d for all x € Irr(G) with x(1) # 1. Hence,

noting that Pr(G) = %C%Z, the lemma follows. O

Proposition 4.2.2. Let G be a finite non-abelian group, ¢ € G’ and d be an
integer such that 2 < d < mg. Then

1 1 1
"G — —| < -—.
(a) |Pry(G) | S 7 (Pr(G) |G'|> In other words,
1 d?+1 1 "2 -1
— - <P <
s (PO + ) < P30 < i (P + ).

1
Pry(G) — |G’|\ < (1 - ﬁ) In other words,

1 d*+1 1 at—1
| - ——— | <P < — —_ .
dn( SRNTeT )- (0 < G (” |G'|>

2" +1
In particular, Pry(G) < Qn%

Proof. (a) By (4.2.f), x(1) > d for all x € Irr(G) with x(1) # 1. Also,
by (1.2.a), the number of non-linear irreducible characters of G is given by

k(G) — |G : G’|. Hence, it follows from (4.2.€) that
1 [(k(G) 1 1 1
< - = Pr
<z (6t - 161) == (PO 7).

(b) In view of Lemma 4.2.1, part (b) follows from part (a); noting, for the

!
G|

Pry(G) —

This proves part (a).

particular case, that d > 2 and |G| > 2. O
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As an immediate consequence of Proposition 4.2.2(a), we have
1
. ngny L
JLngoPrg(G) =G (4.2.9)
Proposition 4.2.3. If G is a finite non-abelian simple group and g € G/,
then

In other words,

1 /-1 3241 1 1 321
— | — 4+ ———— | <P < — 4 — .
3n-2(12+ Gl )—PYQ‘G)-?)M(M“L Tel )

In particular,

3n-2 4 ¢4

= 3n-1x 20

Proof. 1t has been proved by J. D. Dixon (8] that, for a finite non-abelian
simple group G, Pr(G) < %2 Also, for such groups, we have mg > 3,
using Result 1.2.10. Hence, using the fact that G = G, the result follows
from Proposition 4.2.2(a) with d = mg. For the particular case, note that
|G| > 60, since As is the smallest finite non-abelian simple group and its

order is 60. 0

4.3 Some characterizations

Let G be a finite non-abelian group and ¢ € G’. In this section we show that
(G has some special properties expressible in standard group-theoretic terms
if and only if Pry(G) satisfies certain identities given by some of its upper

and lower bounds mentioned in Section 4.2.
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We begin with the following observation.

Lemma 4.3.1. Let G be a finite non-abelian group and 1 # g € G'. If
cd(G) = {1,d}, then

1 1
n = — —_ > .
Pry(G) Tel (1 d") >0

Proof. Using the second orthogonality relation (1.2.7), we have

> x(g)x(1)=0
x€lrr(G)
. . !
= Z x(g) = G 'dG I, using (1.2.a).
x€lrr(G)
x(1)#1

The result now follows from (4.2.c); noting that d > 2, since G is non-

abelian. O

As an immediate consequence, we have the following corollary which is

related to Remark 1.1.2, Result 1.2.11 and Theorem 2.4.3.

Corollary 4.3.2. Let G be a finite group with |cd(G)| = 2. Then every
element of G' is a generalized commutator of length n for all n > 2; in

particular, every element of G’ is a commutator.

Proof. In view of Proposition 4.1.1(a) and Lemma 4.3.1, we have Pr(G) > 0

S

for all g € G'. Hence, using (4.2.a), the result follows.
Now, corresponding to Proposition 4.2.2(a), we have

Proposition 4.3.3. Let G be a finite non-abelian group, g € G' and d be an

integer such that 2 < d < mg. Then
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(8) Pr(G) = dnl_z (Pr(G) + dnl_;,l' 1) if and only if
g =1 and cd(G) = {1,d}.
(b) Prj(G)= Ell_—Q <— Pr(G) + 9["_|‘2%—_1> if and only if

g# 1, cd(G) ={1,d} and |G'| = 2.

g

Proof. (a) Note that

1 1 1
Pri(G) — — = —
16 57 = 75 (MO 17)
1 1 1 1
— = Z T2 T T2 1A Z ]., using (426)
‘G| x€lIrr(G) X(l) d |G| x€Irr(G)
x(1)#1 x(1)#1
1 dn—?
— Z n—2 ( n—2 - 1) =0
xGIrr(G)d X(l)
x(1)#1
< d=x(1) Vxe€lr(G) with x(1) #1, using Lemma 4.1.5
< cd(G) ={1,d}.

This, in view of Proposition 4.1.6 and Proposition 4.2.2(a), completes the

proof of part (a).
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(b) Note that

1 1 1
P (G = ——— | Pr(G) - —
w6 T e ( )~ 137
_x(g) .
' Z O = d” 2| | Z 1, using (4.2.c)
x€lr(G) X€EIre(G)
x(1 )9&1 x(1)#1
dn 2
= Z dar— -2 ( (g)n~1 - 1) =0
xelrr(G)
x(1)#1

= ~x{g)d"? = x(1)™* for all x € Irr(G) with x(1) # 1,

using (1.2.6) and Lemma 4.1.5, and noting that x(1) > d for all x € Irr(G)
with x(1) # 1. Thus, we have g # 1, x(g) is real, and —x(g) = x(1) = d for
all x € Irr(G) with x(1) # 1. In particular, we have cd(G) = {1,d}. Also,

using the second orthogonality relation (1.2.5), we have

> xlgx(1) =
x€lrr(G)
= |G:G|-d*(k(G)~|G:G"])=0
?+1
= |G| =2, using Lemma 4.2.1.

Conversely, if g # 1, cd(G) = {1,d}, |G'| = 2, then, by Lemma 4.2.1 and

Lemma 4.3.1, we have

1 dv?+1 1 1
=={1- =) =PrQ).
a5 (PO ) =3 (1- ) P90
This completes the proof of part (b). O
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Corresponding to Proposition 4.2.2(b), we have

Proposition 4.3.4. Let G be a finite non-abelian group, g € G’ and d be an
integer such that 2 < d < mg. Then

. 1 -1\ ,
(a) Pry(G) = p (1 + I_G7l_> if and only if

g =1 and cd(G) = {1,d}.

(b) Prg(G) = dl ( 1+ dT(;'*'_|1> if and only if

g#1,cd(G) ={1,d} and |G'| = 2.

Proof. Using Proposition 4.2.2(a) and the first part of Lemma 4.2.1, we have

o105 a0 ) 520 )
Hence, part (a) follows from Proposition 4.3.3(a) using the second part of
Lemma 4.2.1.

Again, using Proposition 4.2.2(a) and the first part of Lemma 4.2.1, we

have

12w (PO -5) 2 7 ()

Hence, part (b) follows from Proposition 4.3.3(b) using the second part of

Prg(G) -

Lemma 4.2.1. 0
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Lemma 4.3.5. Let G be a finite non-abelian group, and p be the smallest

prime divisor of |G|. Then
|G : Z(G)| = p* <= cd(G) = {1,p} and |G’| = p.
Proof. By the first part of Result 1.5.2, we have

1 p2—1> 1( p2~1>
PriG) < = {1+ < =11+ .
H )'P2< |G| p p

So, by the second part of Result 1.5.2, we have

P

Pr(G) = = (1 + P ; 1) <= cd(G) ={1,p} and |G'| = p.

On the other hand, using Result 1.5.1, we have

p 1 p? -1 . o
r(G’)=F 1+ p < |G:Z(G)|=7p"

Hence, the lemma follows. O

Lemma 4.3.6. Let G be a finite group and p be a prime. Then |G : Z(G)| =

p? if and only if G is isoclinic to the group presented as
(z,y : ¥ =1=1F, y~'zy = 2"*),

Proof. 1t has been observed in [23, page 136] that upto isoclinism, there
exists precisely one non-abelian group of order p®, and that the groups which
are isoclinic to a group of order p® are characterized by the property that

their center has index p?. Hence, the lemma follows. O

In view of the observations made in the above lemmas, we have the following

result.
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Proposition 4.3.7. Let G be a finite non-abelian group, g € G’ and p be the

smallest prime divisor of |G|. Then

n pt+p—1
Prg(G)=___p_n+_1_

if and only if g =1, and G s isoclinic to

(z,y : 27 =1=1?, y lzy = zPH).

2"+ 1
In particular, putting p = 2, PI‘Z(G) = 27:1

and G is isoclinic to Dg, the dihedral group, and hence, to Qg, the group of

if and only if g = 1,

quaternions.

Proof. By Proposition 4.2.2(b) with d = p, we have

1 p"—l) 1( p’"—l)
Pr*(G) < — 1+ <=1+ .
s(©) p"( |G| p" p

So, by Proposition 4.3.4(a), we have

"—1
Pry(G) = I% (1 +F » ) < ¢g=1,cd(G) ={1,p} and |G'| = p.
Hence, the result follows from Lemma 4.3.5 and Lemma 4.3.6. O

We conclude the section with the following remark.

Remark 4.3.8. If G is a finite non-abelian simple group, then the equality
in Proposition 4.2.3 can never hold. Because in that case we would have
equality in Proposition 4.2.2. This, in view of Proposition 4.3.3, would imply
that | cd(G)| = 2, which, by Result 1.2.11, is impossible.
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4.4 Some more bounds and identities

As an immediate consequence of Proposition 4.3.4(a) and Lemma 4.3.1, we

have

Proposition 4.4.1. Let G be a finite non-abelian group with |cd(G)| = 2
and g € G'. Then

) 1 G- 1
Pr} (G) 2 @ (1 + W) and

n BEI SRS S R
PO < 17 (1~ ) 07

Moreover, in each case, the equality holds if and only if G is of central type.

Corollary 4.4.2. Let G be a finite non-abelian group and g € G'. If G is of

central type with | cd(G)| = 2, then
1 |G'| -1
Pri(G) < red (1 + o ) and

Pry(G) 2 151'] (1—%) if g#1.

Proof. In this case, the equality holds in each of the inequalities mentioned
in Proposition 4.4.1. Also, since G is non-abelian, we have I—Z-%I > 4. Hence,

the corollary follows. (N

Proposition 4.4.3. Let G be a finite non-abelian group and g € G'. If
G' C Z(G) and |G'| = p, where p is a prime, then
i42l) if g=1
Pry(G) = ? ( P )
Li-3%) # 9#1,
where k = —;—logplG : Z(G)).
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Proof. If G’ C Z(G) and G’ is of prime order, then G is of central type with
|cd(G)| = 2, by Result 1.2.7. That is cd(G) = {1, |G : Z(G)|*/?}. Hence, in
view of Proposition 2.4.7(a)(d), the result follows from Proposition 4.4.1. O

More generally, we have

Corollary 4.4.4. Let G be a finite non-abelian group and g € G'. If |G'| is
square free and G' C Z(G), then

o= 1 (30 )" (L (+250)™

PG|

1
where k, = 3 log, |Gy : Z(Gp)l, Gy is the Sylow p-subgroup of G, and 6, = 1
or 0 according as p | o(g) or p4 o(g).

Proof. Note that GG, being nilpotent, is the direct product of its Sylow sub-
groups. Therefore, since G' C Z(G) and |G| is squarefree, it follows that,
for each prime divisor p of |G'|, the Sylow p-subgroup G, of G satisfies the
conditions G,, € Z(G,) and |G,| = p. It also follows that, all other Sylow
subgroups (if any) of G are abelian. Hence, using Proposition 4.1.2 and

Proposition 4.4.3, the corollary follows. O

We now generalize a few results mentioned in Section 1.5. We begin with

two results that generalize Result 1.5.10 and Result 1.5.12.

Proposition 4.4.5. Let p be a prime. Let r and s be two positive integers
such that s | (p =~ 1), and 7 = 1 (modp) if and only if s | j. If
G={ab:a?=b°=1,bab"' =a") and g€ G, then
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s"+p-—1
ps™

s —1 )
~ ifg#1
DS

Proof. 1t is easy to see that |G'| = p and G' = Cg(z) forevery z # 1,z € G'.
Therefore by Result 1.2.9 we have ¢d(G) = {1,s}. Now the result follows
from Lemma 4.3.1 and Proposition 4.3.4(a). O

ifg=1
Pry(G) =

Proposition 4.4.6. Let G be a finite non-abelian group and g € G'. If
G'NZ(G) = {1} and |G'| = p, where p is a prime, then
(a) G is isoclinic to the group {(a,b : a®» =b*=1, bab™! =a"), where
s|(p—1), and r? =1 (mod p) if and only if s | j,
s"+p~—1
ps™

s —1

ps™

ifg=1
(b) Prg(G) =

ifg#1

Proof. Here (Z—(Gc—))’ = (, which is of order p. On the other hand, we have
Z(Z(_GG_)) = E%IG_)’ where Z(G) < H < G, and so, [G, H] < G'NZ(G) = {1}.
This implies that H = Z(G), that is, Z(3¢=) = {1}. Therefore by Result
1.5.11, we have

G
Z(G)

G

——— — . P — }S — —1= T
Z0) (a,b : a? =b°=1, bab a’y,

where s | (p — 1), and 7/ = 1 (mod p) if and only if s | j. Hence, part (a)
follows from Result 1.1.9, and part (b) follows from Proposition 4.4.5 using
Proposition 4.1.3. O
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The following two results generalize Result 1.5.17 and Result 1.5.18.

Proposition 4.4.7. Let G be a finite non-abelian group and g € G'. If
g9 # 1, then Prp(G) < 3, where p is the smallest prime divisor of |G|. In

particular, we have Pry(G) < 3

Proof. If Pry(G) > 2, then, from (4.2.d) and Proposition 4.1.6 (a)(b), it
follows that Pr(G) > %. Therefore, from Result 1.5.2, we have |G'| < p + 1,
and so, |G’| = p. Hence, we have either G' C Z(G) or G'N Z(G) = {1}. In
both the situations, we have, from Proposition 4.4.3 and Proposition 4.4.6,

Pry(G) < %. This contradiction proves the result. a

Proposition 4.4.8. For each € > 0 and for each prime p, there exists a

finite group G such that

PI7(G) - %1 <e

for allg € G'.

Proof. In view of Proposition 4.4.3, it is enough to choose a positive integer
k such that k > ——% log, ¢, and consider G to be an extra-special p-group of

order p?*t1, O
We conclude this chapter with the following remark.

Remark 4.4.9. Let G be a finite non-abelian group. Then it follows from
(4.2.¢) that Pr7*?(G) < Pr}(G). On the other hand, if g € G', g # 1 and

|cd(G)| = 2, then, using Lemma 4.3.1, we have Prj**(G) > Prj(G).
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Chapter 5

A generalization of relative

commutativity degree

In the previous chapter we have generalized the existing notion of the prob-
ability that the commutator of an arbitrarily chosen pair of elements of a
given finite group equals a given group element. This chapter also deals with
a generalization of the same notion; however, unlike the previous chapter, we
choose the two group elements in the commutator from two given subgroups
of the given finite group.

This chapter is based on our paper [6].
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5.1 Definition, some basic properties and a
computing formula

Let G be a finite group and ¢ € G'. Let H and K be two subgroups of
G. Let us define Pry(H, K') to be the probability that the commutator of a
randomly chosen pair of elements (one from H and the other from K) equals

g. In other words,

[{(z.y) € H x K : [z,9] = g}|

Prolf, K) = [HIR]

(5.1.a)

If g = 1, the identity element of G, then for brevity we write Pry(H, K) =
Pr(H,K). Note that for H = K = G, we have Pry(H,K) = Pr,(G), a
notion studied originally by M. R. Pournaki and R. Sobhani [40]. On the
other hand, if K = G and g = 1, then Pry(H, K) = Pr(H,G), a notion,
called the relative commutativity degree of H in G, studied originally by A.
Erfanian, R. Rezaei and P. Lescot [13].

Consider the subgroup [H, K] of G generated by the commutators [z, y],
where z € H and y € K. Clearly,

Pr(H,K)=1 < [H,K]= {1},
and Pry(H,K)=0 < g¢ {[z,y]:z€ Hye K}.

Henceforth, in view of the above implications, the finite group G has been
assumed to be non-abelian. It is also easy to see that if Cx(z) = {1} for all

z € H — {1}, then

11 1
Pr(H,K) = == + =

S 5.1.b
= TR THIR (5:1.6)
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The following proposition says that Pr,(H, K) is not very far from being

symmetric with respect to H and K.

Proposition 5.1.1. Let G be a finite group and g € G'. If H and K are
two subgroups of G, then Pry(H,K) = Pro~(K, H). However, if g* = 1,
or, if g € HU K (for example, when H or K is normal in G), we have
Pr,(H, K) = Pry(K, H) = Pr-1(H, K).

Proof. The first part follows from the fact that [z,y]™* = [y,z]. For the
second part, it is enough to note that if g € H, then (z,y) — (y~ !, yzy™!),
and if g € K, then (z,y) — (zyz~!,z7') define bijective maps from the set
{(z,y) € Hx K : [z,y] = g} to the set {(y,z) € K x H : [y,z] = g}. O

Pr,(H, K) respects the Cartesian product in the following sense.

Proposition 5.1.2. Let G; and Gy be two finite groups with subgroups
H1,K1 C Gy and Hy, K2 C Gy. Let gy € Gy and g, € GYy. Then

Pr(gl,gQ)(Hl X HQ, K] X Kz) = Prgl (H], K])Prgz(Hz, Kz)
Proof. Tt is enough to note that for all z1,y; € G1 and for all x4,y € G5 we
have (1, Z2), (Y1, ¥2)] = ([21, 11, [T2, v2])- O

We now derive a computing formula which plays a key role in the study

of Pry(H, K).
Theorem 5.1.3. Let G be a finite group and g € G'. If H and K are two
subgroups of G, then

1 1 1
Pry(H,K) = THIIR] Z |Ck(z)| = m Z m,

zeH zeH
g~ lzeCly () g~ lzeClk ()
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where Cx(z) = {y € K : zy = yz} and Cly(z) = {yzy™ : y € K}, the

K -conjugacy class of x.
Proof. We have
{(z,9) e Hx K : [z,y] =g} = U {2} x K,
zeH
where K, = {y € K : [z,y] = g}. Note that, for any z € H, we have
K, # ¢ <= g7 'z € Clg(x).

Let K, # ¢ for some z € H. Fix an element y9 € K,. Then y — gyg'y
defines a one to one correspondence between the set K, and the coset gCx(x).
This means that |K;| = |Ck(z)].

Thus, we have

{z,y) e HxK : [g,y] =g} =D |K:|= > [Ck(a)l
zeH z€H
9~ 1z€Cek (z)
The first equality in the theorem now follows from (5.1.a).

For the second equality, consider the action of K on G by conjugation.

Then, for all z € G, we have

K]
|Cr ()}

This completes the proof. O

| Clk(z)| = |orb(z)| = | K : stab(z)| = (5.1.¢)

As an immediate consequence, we have the following generalization of the

well-known formula Pr(G) = E['(GGTZ
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Corollary 5.1.4. Let G be a finite group and H, K be two subgroups of G.

If H S G, then
ki (H)
|H|

where ki (H) is the number of K-conjugacy classes that constitute H.

Pr(H, K) =

Proof. Note that K acts on H by conjugation. The orbit of any element
x € H under this action is given by Clx(z), and so H is the disjoint union

of these classes. Hence, we have

1 1 ky(H)
Pr(H,K) = — = ;
)= L@~ A
noting that, for g = 1, the condition g~'z € Clg(z) is superfluous. O

If H QG with Cg(z) € H for all z € H — {1}, then, using Sylow’s
theorems and the fact that non-trivial p-groups have non-trivial centers, we
have ged(|H|,|G : H|) = 1. So, by Result 1.1.7 (the Schur-Zassenhaus
Theorem), H has a complement in G. Such groups belong to a well-known
class of groups called the Frobenius groups; for example, the alternating
group Ay, the dihedral groups of order 2n with n odd, the non-abelian groups
of order pq, where p and q are primes with q|(p — 1).

Proposition 5.1.5. If H is an abelian normal subgroup of a finite group G

with a complement K in G and g € G’, then
Pry(H,G) = Pry(H, K).
Proof. Let z € H. Since H is abelian, we have
Chi(z) = {hk : hkx = zhk} = {hk : kz = zk} = HCk(z).
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Thus, |Cyx(z)| = |H||Ck(z)|. Also, since H is abelian and normal, Clx (z) =
Clyk(z). Hence, from Theorem 5.1.3, it follows that

1
Prg(H,G)=]H'2iK| > |Cux(z)| = Pry(H, K).
zeH

g~ lzeCly (z)

This completes the proof. O

Corollary 5.1.6. Let G be a finite group and g € G'. If H < G with
Ce(z) = H for allz € H — {1}, then

Pr,(H,G) = Pr,(H, K),

where K is a complement of H in G. In particular,

1 |H|-1
Pr(H,G)—I—}T' i

Proof. The first part follows from the discussion preceding the above propo-

sition, and the second part follows from (5.1.5). O

5.2 Some bounds and inequalities
Let H and K be any two subgroups of a finite group G. Then we have
(Cu(K) x K)U(H x Cx(H)) C {(z,y) € H x K : [z,y] = 1}.

Therefore, from (5.1.a), it follows that

(Cu(K)|  1Cx(DI(H] — ICu(K)])
|H| |H|K] '

Pr(H,K) >
On the other hand, we have
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Proposition 5.2.1. Let G be a finite group and g € G'. Let H and K be
any two subgroups of G. If g # 1, then

|CH(E)||Ck (H)]
|H||K]

(a) Pry(H,K) # 0 = Pr,(H,K) >

2|H N Z(G)||Ce(H)]

(b) Pry(H,G) # 0 = Pr,(H,G) > i :

(c) Pry(G) #0 = Pr,(G) > T@'_g-(@W
Proof. If Pry(H,K) s 0, then there is a pair (z,y) € H x K such that
g = [z,y]. Since g # 1, we have z ¢ Cy(K) and y ¢ Cx(H). Consider the
left coset Tz, = (2,y)(Cu(K) x Cx(H)) of Cx(K) x Cx(H) in H x K.
Clearly, |T(zy)| = |Cu(K)||Ck(H)|, and [a,b] = g for all (a,b) € T(;,). This
proves part (a).

Similarly, part (b) follows considering the two disjoint cosets T{,,) and

T(z.yz) With K = G, while part (c) follows considering the three disjoint cosets
Tz Tayz) @0d Tigyey With H = K = G, -

As a generalization of Result 1.5.16, we have

Proposition 5.2.2. Let G be a finite group and g € G'. If H and K are

any two subgroups of G, then
Pr,(H,K) < Pr(H, K)

with equality if and only if g = 1.
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Proof. By Theorem 5.1.3, we have

Pry(H K) = e 3 [Ck(a)

zeH
g~ 1zeClk (z)

> |Cx(z)| = Pr(H, K).

z€H

|H||K|

Clearly, the equality holds if and only if ¢g7'z € Clk(z) for all z € H, that
is, if and only if g = 1. ]

The following is an improvement to Result 1.5.17.

Proposition 5.2.3. Let G be a finite group and g € G', g # 1. Let H and
K be any two subgroups of G. If p is the smallest prime divisor of |G|, then

|H]| = |Cu(K)| 1
plH| < p

Proof. Without any loss, we may assume that Cy(K) # H. Let ¢ € H
be such that g~z € Clx(z). Then, since g # 1, we have z ¢ Cy(K) and
| Clk ()| > 1. But | Clk(z)] is a divisor of | K|, and hence, of |G|. Therefore,
| Ck(z)| > p. Hence, by Theorem 5.1.3, we have

1

Pr,(H,K) <

< Hl = ICu(K)| 1
Pry(H,K) < — < < -.
ol ] z;{ P ST HE p
g~ lzeClyk (z)
This completes the proof. a

Pr(H, K) is monotonic in the following sense.

Proposition 5.2.4. Let H, K; and K; be subgroups of a finite group G with
K, € Ky. Then
PI‘(H, Kl) 2 PT(H, Kz)
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with equality iof and only if Cly,(x) = Clg,(z) forallz € H.

Proof. Clearly, Cly,(z) C Clg,(z) for all z € H. So, by Theorem 5.1.3, we

have

Pr(H, K;) > = Pr(H, Kj).
U TE l,;,t Gl (@) ImZtceKz(m)t . 1)
The condition for equality is obvious. a

Since Pr(H, K) = Pr(K, H), it follows from the above proposition that if
H; C Hy and K; C K, are subgroups of G, then

PI‘(Hl, Kl) > PI‘(HQ, Kg)

Proposition 5.2.5. Let H, K; and Ky be subgroups of a finite group G with
K, € Ky. Then

Pr(H, Ky) 2 (prtar ey + k)

1
|K2: Ky [H|| Ky
with equality if and only if Cyx(z) = {1} forallz € Ky —~ K;.

Proof. By Theorem 5.1.3, we have

z€K2—Ki
|Ka| — lKll)
|Hl|Ki| )

1

> ———— | Pr(H, K;) +

Clearly, the equality holds if and only if

S (Cu(@]-1) =0,

r€Ka—K;

that is, if and only if Cy(z) = {1} for all z € K3 — K. O
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In general, Pr,(H, K) is not monotonic. For example, if we consider
G =53, 9g=(123), H={((12)), K1 = ((1)), K2 = ((13)) and K3 = S,

then

1

Prg(H, KI) =0 § PI'g(H, Kz) = 2 Prg(H, K3) = 6

e R

However, we have

Proposition 5.2.6. Let H; € Hy and K, C K> be subgroups of a finite
group G and g € G'. Then

Prg(HI, Kl) S IH2 : H1HK2 : K1|Prg(H2, Kz)
with equality if and only if

g 'z ¢ Clk,(z) for all z € Hy — Hy,
g 'z ¢ Clk,(z) — Clg,(z) for all z € Hy,
and Ck,(z) = Ck,(z) for all z € Hy with g7'z € Clg,(z).

In particular, for g = 1, the condition for equality reduces to Hy = H,, and

K] = Kg.

Proof. By Theorem 5.1.3, we have

|Hi||K1|Pro(H1, K)) = > [Ck,(2)]
z€eH,
g‘la:GClK1 (z)

> |Cky()| = | Hal|Ko|Pry(Ha, Ko).

zeHy
g~ lzeClk,(z)

A

The condition for equality follows immediately. O
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Using Propostion 5.2.2, we have

Corollary 5.2.7. Let G be a finite group, H be a subgroup of G and g € G".
Then

Pr,(H,G) < |G: H|Pr(G)
with equality if and only if g =1 and H = G.
The following theorem generalizes Result 1.5.14.

Theorem 5.2.8. Let G be a finite group and p be the smallest prime dividing
|G|. If H and K are any two subgroups of G, then
[CaUO] | pUH] — | Xl ~ |COn(K)]) + | X4l

Pr(H.K) 2 =, IR
(0= DICK(K) + 1H]  1Xul(K]| - p)
and Pr(H,K) < DI H] I HIIK]

where Xg = {z € H : Cx(z) = 1}. Moreover, in each of these bounds, H

and K can be interchanged.

Proof. 1f [H, K] = 1, then there is nothing to prove, as in that case Cy(K) =

H, and Xy equals H or an empty set according as K is trivial or non-trivial.
On the other hand, if [H, K] # 1, then Xy N Cu(K) = ¢, and so
YoICk(@) = Y ICk@)+ Y ICk@i+ > (Cka)l
zeH reXy zeCy(K) T€EH~(XyUCH(K))

= |Xu|+ |K||Cu(K)| + > |Ck ().

2 H—(XuUCh (K))
But, for all z € H— (X UCyH(K)), we have {1} # Ck(z) # K, which means
that p < |Ck(z)] < l%l. Hence, using Theorem 5.1.3, we get the required
bounds for Pr(H, K). The final statement of the theorem follows from the
fact that Pr(H, K) = Pr(K, H). a
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As a consequence we have

Corollary 5.2.9. Let G be a finite group and p be the smallest prime dividing
|G|. If H and K are two subgroups of G such that [H, K] # {1}, then

2p—1
Pr(H,K) < poa

In particular, Pr(H, K) < 3.

Proof. Since, [H, K] # {1}, we have K # {1} and Cy(K) +# H. So, [K| > p
and |Cy(K)| < JL:l. Therefore, by Theorem 5.2.8, we have

(- DICa(K) +|H| 5 +1_2p-1_

3
Pr(H,K) < < < -,
(H, K) DIH] r = 7 53

since p > 2. O

One can see that the above bound is the best possible. For example, if we
consider a finite non-abelian group G with p as the smallest prime divisor
of |G| and two cyclic subgroups H and K of order p generated by two non-

commuting elements a and b, then, using (5.1.b), we have Pr(H, K) = 2%}1.

Proposition 5.2.10. Let G be a finite group and H, K be any two subgroups
of G. If Pr(H,K) = 2%-1— for some prime p, then p divides |G|. If p happens

to be the smallest prime divisor of |G|, then

H
Cu(K)

14
IR

Cp and hence, H # K.

K
Ck(H)’

In particular, %(K) =N~ E(%f) if Pr(H,K) = 3.
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Proof. The first part follows from the definition of Pr(H, K).
For the second part, by Theorem 5.2.8, we have
-1 _ (p=1)|Cu(k)| +|H]
P plH|
=|H: Cy(K)| < p.

Since p is the smallest prime divisor of |G|, it follows that |H : Cy(K)| = p,
whence 5;1{(1{—) = (Cp; noting that Cy(K) # H because Pr(H, K) = 2%;—1 # 1.
Similarly, we have ’C‘;}%T) = Cp. Since 'z_(HF) is never cyclic unless trivial, we
have H # K.

The third part follows from the first two parts. O

5.3 A character theoretic formula

In this section, we derive a character theoretic formula for the generalized
relative commutativity degree of a finite group G. As an application, we
obtain yet another condition under which every element of G’ is a commutator
(compare with Remark 1.1.2, Theorem 2.4.3 and Corollary 4.3.2).

Let H be a normal subgroup of G. Let ((g) denote the number of solutions
(z,y) € H x G of the equation [z,y] = ¢g. Then, by (5.1.a), we have

Pr,(H,) = JEI(IT()JI (5.3.0)

It has been observed in Theorem 3.3.1 that

> IHl[XH’ XH]
¢(9) = —E 2y (g).
XG%%G) x(1)
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Therefore, it follows that

1 Xsr> X )
Pr,(H,G) = G IXE%%@ i) x(9). (5.3.b)

This character theoretic formula enables us to strengthen Corollary 5.2.7 as

follows.

Proposition 5.3.1. Let G be a finite group. If H is a normal subgroup of
G and g € G', then

Pr,(H,G) ~

@) <10+ 41 (Pe0) - )

Proof. For all x € Irr(G) with x(1) = 1, we have G’ C ker x and [x,,, x,] = 1
Also, |G : G'| equals the number of linear characters of G. Therefore, by
(5.3.),

Prg(H, G) lG’ lGl Z XH:

x€lrr(G)
x(1)#1

Since |x(9)] < x(1) for all x € Irr(G), we have, using (1.2.k),

Pry(H,G) — Z Do Xn)
xEIrr(G)
x{1)#1
—-|G:GN|G: H
IGI (|1rr(G) - |G : GT)) | l
1
=|G: H| | Pr(G) - ) .
6: 11 (PG - 7
This completes the proof. O

In particular, we have
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Corollary 5.3.2. Let G be a finite group. If G’ contains a non-commutator

(an element which is not a commutator), then Pr(G) > !Tz’l

Proof. The corollary follows by choosing a non-commutator g € G’, and

putting H =G. - O
Finally, we have the following result.

Proposition 5.3.3. Let G be a finite group and p be the smallest prime
dividing |G|. If |G'| < p?, then every element of G’ is a commutator.

Proof. By Result 1.5.2, we have

1 |G’|—1>
PriG) < — {14+ ——].
© =157 (1+5;

Hence, if G' contains a non-commutator, it follows, using Corollary 5.3.2,

that |G’| > p? + 1. This completes the proof. O
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Chapter 6

Conclusion and some possible

research problems

In Chapter 2 through 5, we have studied and generalized the notion of com-
mutativity degree of a finite group. We have obtained several identities and
inequalities involving these notions and in a few occasions we could develop
certain character theoretic formula for these notions. We have also observed
that these concepts can very well be used to obtain certain characterizations
of finite groups. More precisely, a finite group possesses certain special prop-
erties expressible in standard group theoretic terms if (and, quite often, only
if) its commutativity degree (including its generalizations) satisfies certain
identities and inequalities. For example, on more than one occasion, we are
able to provide new conditions under which every element of the commuta-
tor subgroup of a finite group is actually a commutator. We are also able

to provide certain conditions under which a finite group is of central type or
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nilpotent of class 2. In this chapter, we mention certain research problems,
for further considerations, which are related to the results obtained in the

earlier chapters.

6.1 Research problems

In Chapter 2, we have obtained a characterization for all finite groups G
of odd order satisfying the condition Pr(G) > % It is not difficult to see
that the technique used for this purpose is not applicable to the situation

Pr(G) < 5. In this regard we have the following problem.

Problem 6.1.1. To characterize all finite groups of odd order having com-

mutativity degree greater than or equal to a number less than 2.

In the same line we also have another problem.

Problem 6.1.2. To characterize all finite groups (not necessarily of odd

order) having commutativity degree greater than or equal to %

In Chapter 3, we have seen that given an admissible word w(z;, zs, .. ., Z,),
a finite group G and an element g € GG, the number of solutions of the word
equation w(xy,Zs,...,2,) = g defines a character of G. In this regard we

have the following problem.

Problem 6.1.3. To explicitly determine a complez representation of G which

affords the above-mentioned character.

The same question can be asked for various characters of G obtained in

Section 3.3.
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Let w(z;,z2,...,2,) denote the product of z7*, x52, ..., 28, =™,

n !

z3*,..., 7% in a randomly chosen order, where each «, is a natural num-

ber, 1 < i < n. In view of Section 3.1, one may also like to consider the

following problem.

Problem 6.1.4. Given a finite group G and g € G, to determine whether
the number of solutions of the word equation w(z,,Zs,...,Z,) = g defines a

character of G.

Let w(zy,z9,...,z,) be an admissible word and H be a subgroup of a
finite group G. Let g € G and fw(g) be the number of solutions of the word
equation w(zi, I, ...,Z,) = g, when the values of a given set of variables r,
are restricted to H. In this connection, we can pose the following problem

(see Section 3.3).
Problem 6.1.5. To determine whether C, is a character of G.
Moreover, as in Chapter 5, one can also try to tackle the following problem.

Problem 6.1.6. To study the ratio Pry(H,G) = ‘—f%%:;, where v is the

number of variables that are restricted to H.

Given a finite group G, an element g € G’ and an admissible word w, we
have studied, in Chapter 4, the ratio Pry(G) defined by (4.1.a). Let H be a
subgroup of G. Consider the ratio

l{(gl7g2""’gn)EGn . w(91,92,--~;gn)€ H}l
Pry(G) = .
Clearly, Pry(G) = > Pry(G). Also, if H is cyclic of prime order, then,

geH
by Proposition 4.1.4, we have Pr;(G) = Pr{(G) + (|H| — 1)P13(G), where

1# h € H. In this connection, the following problem is worth considering.
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Problem 6.1.7. To study Pr,(G) under various group theoretic assumptions

on H, and to see whether it helps in characterizing G.

In Chapter 4, we have also studied the ratio Pry(G) assuming that w is

a generalized commutator. In this regard we have the following problem.

Problem 6.1.8. To study the ratio Pr‘;(G) assuming that w is an n-fold

commutator.

In [34], D. MacHale has introduced the concept of the commutativity
degree of finite rings. He noticed that there are a number of results on
the commutativity degree of rings that are similar to the ones for groups,
though the notion of conjugacy in groups has no obvious analogue in rings.

Obviously, his techniques are quite different from those adopted for groups.

Problem 6.1.9. To find ring theoretic analogues of various results obtained

in the earlier chapters.

The above problem can also be posed for other algebraic structures.

Since the days of W. H. Gustafson [22], a number of people, like A.
Erfanian, R. Kamyabi-Gol, R. Rezaei and F. Russo (see [14, 15, 41, 45]) have
studied the concept of commutativity degree of certain classes of compact

groups. In this connection one may like to consider the following problem.

Problem 6.1.10. To study the analogues of various results obtained in the

earlier chapters in case of compact groups.

Needless to mention that the methods and the techniques used in this
thesis do not seem to be adequate enough to tackle the above mentioned

problems. Moreover, a few of them are beyond the scope of this thesis.
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Let G be a finite group and o(xy, x5, ..., x,) denote the product of x,, x5, ...,%,,
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1. INTRODUCTION

Throughout this article, G denotes a finite group. Let F(x;, x,, ..., x,,) denote

the free group of words on n generators x|, x,,...,x,. For 1 <i <n, we write
x, € w(x,, X, ..., %,) to mean that x, has a nonzero index (ie., x* forms a
syllable, with 0 # k € Z) in the word w(x,, x,, ..., x,). A word w(x;, x,, ..., x,) €

F(x;, x5, ..., x,) is called admissible if each x, € w(x, x, ..., x,) has precisely two
nonzero indices, namely, +1 and —1. Let ¢(x,, x, ..., x,) denote the set of all
admissible words in F(x;, x, ..., x,). For g € G, let {?(g) denote the number of
solutions (a,, a5, ..., a,) € G* of the equation w(x,, x,,...,x,) =g, where G" =
G x G x -+ x G (n times). Thus,

G® =Waa,....a,) € G 1 0ay, a5, ..., a,) = g},

where w(a,, a,, ..., a,) denotes the image of w(x;, x,,...,x,) under the unique
natural homomorphism t : F(x;, x,, ..., x,) — G which maps x, to a,, 1 <i <n.
Conventionally, {§(g) =1 if g =1 and zero otherwise. In this article, we prove
that, for each w(x;, x,, ..., x,) € ¥(x|, x5, ..., x,),n>1,themap (Y :G—>Cisa
character of G. This is a generalization of a classical result of Frobenius [1].

Since the days of Frobenius, equations in finite groups have been studied by
many authors who include Solomon [6], Isaacs [2], Kerber and Wagner {4], Strunkov
{7, 8], Tambour [10}, etc. Strunkov [9] has summarized the connections between
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other from K) equals g.
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1. Introduction

Throughout this paper G denotes a finite group, H and K two subgroups of
G, and g an element of G. In [1], Erfanian et al. have considered the probability
Pr(H, G) for an element of H to commute with an element of G. On the other hand,
in {8], Pournaki et al. have studied the probability Pr,(G) that the commutator of
an arbitrarily chosen pair of group elements equals g (a generalization of this notion
can be found also in [7]). The main object of this paper is to further generalize
these notions and study the probability that the commutator of a randomly chosen
pair of elements (one from H and the other from K) equals g. In other words, we
study the ratio
{(z.y) € H x K :ayz”'y "' = g}]|

|H||K] ’
and further extend some of the results obtained (1] and [8]. In the final section,

Pry(H,K) =

(1)

with H normal in G, we also develop and study a character theoretic formula for
Pry(H,G), which generalizes the formula for Pry(G) given in ([8], Theorem 2.1).
In the process we generalize a classical result of Frobenius (see {2]).

Note that if H = K = G then Pry(H, K) = Pry(G), which coincides with the
usual commutativity degree Pr(G) of G if we take ¢ = 1, the identity element of G.
It may be recalled (see, for example, (3]) that Pr(G) = “Clscg\l where k(G) denotes
the number of conjugacy classes of G. On the other hand, if K = G and g = 1 then
Pr,(H,K) = Pr(H,G).
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Abstract. The commutativity degree of a finite group G, denoted by Pr(G),
is the probability that a randomly chosen pair of elements of G commute. The
object of this paper is to derive a lower bound for Pr(G) and study some of its
consequences towards characterizing G.
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1 Introduction

Given a finite group G, its commutativity degree, denoted by Pr(G), is the
probability that a randomly chosen pair of elements of G commute. It may
be recalled (see, for example, [2]) that Pr(G) = %%"1 where k(G) denotes the
number of conjugacy classes of G.

The primary object of this paper is to derive a lower bound for Pr(G) with
no restriction on the finite group G. It may be mentioned here that Pournaki
(see [9], Corollary 2.3) has obtained this bound under an additional hypothesis
that |cd(G)| =2, where cd(G) = {¥ (1) : ¥ € Irr(G)} with Irr(G) denoting the
set of all irreducible complex characters of G.

We also derive certain necessary and sufficient conditions under which
this lower bound is attained, and as a consequence we obtain some character-
izations for finite nilpotent groups whose commutator subgroups have prime
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Abstract: Commutativity degree of a finite group is the probability that
the commutator of two arbitrarily chosen group elements equals the identity
element of the group. The object of this paper is to study the probability
that the generalized commutator of an arbitrarily chosen n-tuple of group
elements equals a given group element.
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1. INTRODUCTION

Throughout this paper G denotes a finite group, ¢g an element of the
commutator subgroup G', and n > 2 a positive integer. Recall that the
generalized commutator of an n-tuple (z;, z2, ..., z,) € G, the n-fold
product of G with itself, is given by

(T1, Ty .. Tp] = 29Ty ... xpzy zy . 2t € G
In [12], Pournaki et al. have considered the probability Pry(G) that
the commutator of an arbitrarily chosen pair of group elements equals

g, and extended the work of Rusin [14]. The main object of this paper
is to study the ratio

I{(.’E], T, ..., .’L‘n) cG" ;. [(L‘l, Ig,... ,:L'n] = g}l

IG|" ’
and further extend the results obtained by Pournaki et al. At the same
time, we obtain some new results as well. It may be mentioned here

that some of the works that have been carried out in (3], [5] and (11|
are related to the present problem.

Pr(G) =
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