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A generalization of the usual spherical model of spin-glasses is introduced, and its static and
dynamic behavior is fully studied. The generalized model is given the name quantum spherical
model to contrast it with the usual model which we call the classical spherical model. The
results of the quantum model reduce to those of the classical model in appropriate limits. How-
ever, the quantum model shows some new and interesting features. The equilibrium entropy of
spin-glasses which is negative at sufficiently low temperatures in the classical model is found po-
sitive in the quantum version, and it vanishes at zero temperature. The dynamic properties of
quantum and classical spherical models are similar except in the infinite time limit when dif-
ferent equilibrium behavior is obtained as expected. The magnetization, order-parameter, and
on-site correlations are found to decay exponentially above the transition temperature, and alge-
braically at and below it in the long-time limit. A closed-form expression for the dynamic sus-
ceptibility valid at all temperatures is also obtained. The algebraic decay predicted by our model
may serve as a model form of behavior in the interpretation of experimental relaxation data on

spin-glasses.

I. INTRODUCTION

In recent years there has been considerable pro-
gress in the theory of spin-glasses. In the most com-
monly studied model,'~7 the system is described by N
spins — each pair of spins interacting through a ran-
dom exchange J; with average value zero and vari-
ance N~'ag2. The spins can be classical'™ or quan-
tum.®7 Sherrington and Kirkpatrick? (SK) solved the
static model for classical spins using the replica trick.!
Later, Kosterlitz, Thouless, and Jones® (KTJ) solved
it for classical spherical spins obtaining results similar
to those of SK. These solutions, though apparently
exact, have some unphysical properties. Most prom-
inently, the entropy at low temperatures turns out to
be negative. The existing solutions for quantum
spins®’ have similar defect. On the other hand,
phenomenological* and numerical® studies show that
the model itself is physical and the solutions men-
tioned above are in error at low temperatures. There
are some formal attempts® to correct the SK solution
but there is no general consensus on these so far.

The dynamics of spin-glass systems with infinite-
range random exchange interactions has also been
studied recently by several authors.>* % Kinzel and
Fischer? (KF) have employed the Glauber model for
this purpose and have obtained results valid at and
much above the spin-glass transition temperature Tp.
The KF calculation has been improved upon by Kirk-
patrick and Sherrington® (KS) by taking into account
the Onsager reaction field neglected by KF. These
authors (KS) have also studied this model by Monte
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Carlo techniques. Ma and Rudnick!” (MR) have
considered a time-dependent Ginzburg-Landau model
(TDGL) and have obtained results for 7 < Ty,.

The plan of this paper is as follows. Section II in-
troduces our quantum spherical model of spin-
glasses. In Sec. III its statics are solved exactly and a
closed-form expression for the free energy is ob-
tained. In Sec. IV the dynamics of the model are stud-
ied starting from a phenomenological Langevin-like
equation. In Secs. III and IV various contacts are
made with the earlier results in appropriate special
cases. However, the analysis contained in these sec-
tions is more exhaustive, and many new results are
obtained. Section V contains some concluding re-
marks.

II. MODEL

Let us first consider a model of spin-glasses charac-
terized by the Hamiltonian

p?
X=—3 3ISS+uZSP+355 . @D
IN} 1 1

Here S;and P, i=1,2, ..., N, are canonically con-
jugate classical variables ranging from —oo to +oo.
Following usual nomenclature in the field, the vari-
ables S; will be called spins. The interaction J; is a
random variable with mean zero and variance N~' o2
The first term in (2.1) gives the exchange energy of
spins S;. The second term, with an adjustable param-
eter w, is introduced to satisfy a constraint in the
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model, viz.,

2_‘,<s,-2> =N, (2.2)

where the angular brackets denote thermal average.
The third term in (2.1) is a Kinetic energy term with /
as a moment-of-inertia-like parameter.

The Hamiltonian given by (2.1) without the kinetic
energy term is called the spherical model of spin-
glasses. It is not difficult to see that the inclusion of
the kinetic energy term does not affect the properties
of the model.!! We shall therefore call (2.1) includ-
ing the kinetic energy term as the classical spherical
model. We call it classical in order to contrast it with
another model in which the variables S;, and P; in
(2.1) become operators and are required to obey the
Heisenberg commutation relation

[S,P.1=iKs, . (23)

The model (2.1) with the additional requirement
(2.3) will be called the quantum spherical model. It
should be noted that the quantumness of the model
is only in the commutation relation (2.3), and not in
the discreteness or vector nature of S;,P,. This model
has the virtue of being exactly solvable, and showing
some interesting differences from the classical spheri-
cal model. It is convenient to rewrite H in a general-
ized Fourier space whose bases are the orthonormal-
ized eigenfunctions of the large random matrix Jj;.
The matrix J; can be diagonalized by the transforma-
tion,

;‘,J,.,Aqu(i) =/ () (2.4a)

}_)s,m(x) =S, , (2.4b)

;‘,P,-dn(i) =P, , (2.40)
with

[S\P 1=irs /. (2.5)

The distribution of J, is given by'?

(N27a?)[(20)2=JE12 for J? < (20)?

P(J)) =
g 0, otherwise . (2.6)
We obtain
1 2 P)%
=73 Qu-J)St+3~5 . (2.7
N N 21

It is evident that the Hamiltonian is a sum of har-
monic oscillators. This fact simplifies the analysis
considerably.

III. STATICS

The Hamiltonian (2.7) diagonalizes to

=73 (n+3)w, n,=0,1,2, ..., QI
A
where,
1/2
2u—J
Wy = —(—ﬁ——h)] . 3.2)
1
The partition function is given by
Z=73 P
)‘"1\
=TI Sexpl—Bn,+3)iw,] , (3.3)
A "y

where 8= (kzT)~'. Summation over n, yields

Z =1 (2sinh(5BEw )17 . (3.4)
A

The free energy per spin is

F=—N"'kzTInZ

=N~k T 3,In[2sinh (5 81w))] . (3.9
A
The spherical constraint (2.2) becomes
8F
ol T
or
N-lzl—”— (L +lexp(Brwy) —117 ) =1 . (3.6)
ol A2

To understand the nature of the phase transition
the behavior of u as a function of 7T has to be stud-
ied. From (3.6), we see that at high temperatures u
behaves as %kBTwith quantum corrections, and it

decreases as T decreases till it hits o. Let Ty be the
temperature when u equals o. For T < Ty, u sticks
at o as usual to keep the free energy real. The tran-
sition temperature T is determined by the equation,

4s 8¢ ! _ / _
38 4 28 I k=) lexp(28g081) ~117dk =1,

3.7

where g = (#2/15)'? and By = (kzT)~'. In writing
(3.7), the sum in (3.6) has been converted to an in-
tegral using (2.6). When g is greater than 37/4, Eq.
(3.7) has no solution for positive Tp, meaning that
there is no phase transition. When g is equal to
3m/4, Ty =0. For g less than 3m/4, there is a finite
To which depends on %, /, and o.

Thermodynamic quantities like the entropy, and
the specific heat can be obtained from (3.5) using
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(3.7). The entropy below the transition temperature
is particularly interesting. We obtain

S=N"ks 3, {5 Biiw,coth(+Biw,)
A

-—ln[2sinh(—;-,ﬁfiwx)]} . (3.8)

It is easy to check that the quantity in curly brackets,
and therefore S, is always positive. For temperatures
below the transition temperature, it is convenient to
write the free energy and entropy in an integral form
as

16kgT (4 .
F= T j; (42— k)22 n(2 sinhk) dk 3.9
and

y
S= 1::5 j; (A2 = k?) 2k k cothk —In(2sinhk) ] d k
(3.10)

where 4 =Bga. The leading term in (3.10) as
T—0,is

s=%.p024) , 3.11)

97

where D (24) is the usual Debye function. Clearly
as T goes to zero,

3
"""T' + (3.12)

8

The specific heat also goes like 7% as T —0. It
should be noted that this result comes essentially
from using the semicircular law (2.6). It does not
rule out that a model of spin-glasses based on short-
range random interactions on a lattice would give a
linear specific heat as observed in experiments.

To study the order parameter and susceptibilities
we introduce into (2.1) a term 3, H,S; where H, is
the magnetic field at the site / (in energy units). The
problem now becomes that of coupled, shifted, har-
monic oscillators, and can be solved similarly. The
sole effect is to add a term

~(AN 3 (p—=J)HE
A

where H,’s are the components of H; in the ¢,(/)
representation. The constraint equation (3.6) is
changed to

N 2[%— {-;—+[exp(Bﬁwx)-1]"}=1—Q2 ,
A A

(3.13)
where

Q*=N"" 2 (S\)?2

is the order parameter, and

H,

(S =__2M_J_A .

The ‘‘shattered’’ and normal susceptibilities are,
respectively,

XA=(2I~L_-I}\)—I ,
Xx=3Qu-J)" .
A

For T > Ty in zero field, u > o, so (S,) =0, which
implies Q =0. For T < T, u sticks at o, as it does
in the ordinary ferromagnetic case and in the classical
case.’ We find

T-To |

X
A To

max

for T > Ty

—o for T<T, ,

Q

T-T,
X~o! [1 —const 0 ” for T > Ty

=o' for T<T, .

Connections with the classical spherical model can
be made by taking the limit # —0. The critical tem-
perature Ty obtained from (3.7) becomes o/kp in
agreement with the KTJ result. The quantum correc-
tions to this value are of order #2, and tend to de-
crease Tp. The leading term in entropy below Tp, in
the limit # — 0 becomes

S=—’kB ln(ga/kBT) + o (314)

This also agrees with the KTJ result. Clearly as
T —0 the entropy becomes negative, and diverges
logarithmically. This is unphysical; however, it is a
usual phenomenon in classical-spherical-model calcu-
lations.

The behavior of the susceptibilities agrees with the
KT]J classical results for T << T,. For T > T, how-
ever, the quantum behavior agrees with the classical
one only in the vicinity of Tp.

IV. DYNAMICS

The Heisenberg equation of motion for S, is
Sy=Gir)71Ls,,3¢] . 4.1

The equation of motion for P, is written semi-
phenomenologically as

Py=(if)~'[P,,3€] - Br(in)7'[S,,3] + /,(1) . (4.2)

The first term on the right-hand side (rhs) is all we
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would have if the system were isolated. However, it
is assumed to be in contact with a heat reservoir at
temperature 7. The second and third terms on the
rhs represent the effect of this thermal contact.
These terms can be understood as follows. The term
P, on the left-hand side (lhs) is a force term accord-
ing to Newton’s second law. So the second, and
third terms on the rhs have to be forcelike too. The
second term is written as a general velocity-pro-
portional viscous-force term. I' is a phenomenologi-
cal parameter and (i%)~![S,,H] is the velocity S,.
The term f,(t) represents a random force arising
from the thermal fluctuations. Its time average and
correlation is given by the equations

(/r(D)=0, 4.3)
(S(Df (1)) =278, ,,8(1 = 1) . 4.4

The quantity T on the rhs of (4.4) is the same T as
in (4.2) by virtue of the Einstein relation. Equations
(4.1) and (4.2) can be greatly simplified by using
(2.1) and (2.3). All A modes decouple, giving

S,=P,/I
and

Po==Qu-1)85,~ELP 10

The solution of the P, equation is
1
P = [ 1=@u=0)83() + 1]
xexp[—BI7'T(+—1t')]dt' .

This solution is substituted in the S, equation and
the terms that vary rapidly in the S, equation are
neglected, i.e., S,(r) is assumed nearly constant over
time periods of the order (kz7/T'). This is the usual
procedure of elimination of fast modes. It yields

Sy (D =—=(kgT/T)Qu~J) S, () +£,(D , (4.5)
where

=1 [ dt £, expl =T =) ks TI

It is easily verified,

(fi(D)=0 (4.6)
and

(S f (1)) =21"8,,.8(t —1') (C%))]
in the limit ['/kg TI — oo, where I''= (kg T)?/T. The
limit I'/kg T going to infinity should be understood to
mean that we are interested in time periods much

longer than I'/(kg T)2. Equations (4.5)—(4.7) are the
starting points of our analysis of dynamics. It is not

difficult to see that the dynamical equations for the
classical spherical model also have the same form as
Egs. (4.5)—(4.7). It is a property of the coupled har-
monic oscillator nature of our model that its dynam-
ics is the same in classical and quantum versions. Of
course, the long-time equilibrium properties are dis-

tinct.
In the following we choose I'' =1 for convenience.
Equation (4.5) can be easily solved to give

(§,(D) =(S,(0)) +a,exp[—BQu—-J)t] , (4.8)
where a, = (S5,(0)) — (S,(c0)) and u is given by

(1-B80)?* forg< o™}

Ez — =
k=2p(p=0) 0, otherwise . 4.9)

For the correlation one obtains
(85,(0)5,(N) = (5,(0)5,(0))
+byexpl—-BQ2u—J)\)11 , 4.10)
where
by=(S%(0)) — (5,(0)$,(=0)) .

It should be noted that while (5,(0)) in (4.8) is an
arbitrary initial value, the quantity (S?(0)) in (4.10)
is not. The value of (S?(0)) is related uniquely to
the equilibrium susceptibility of the system via the
fluctuation-dissipation theorem.!> We now present
our results.

1. Magnetization

We define M (1) =3, (S,()). Clearly, for the in-
teractions given by (2.6), M (o) =0. However, if
the system is given a nonzero initial magnetization
M(0), it relaxes as follows:

M) =M(0)(Bat) ' [,(2B801) exp(—2But) ,

where I; denotes a modified Bessel function in the
standard notation. For long times it gives

M) ~M(0)(Bat)exp(—«kt) .
In view of (4.9), M (r) decays exponentially above
ksTo=o, and as 1~ at and below it.

2. Order parameter

An Edwards-Anderson-like! order parameter may
be defined as Q?(1) = 3, (S;)%. In contrast with the
magnetization, Q?(o0) is 1 —(T/Tp) for T < Ty and
zero otherwise. We get

0%(1) = Q*() +[0*(0) — Q% ()]
x (2Bat) ', (4Bot) exp(—4But) .

Again for long times Q2(1) relaxes to its equilibrium
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value exponentially above Ty, and as 1>/ at and
below it.

3. On-site correla, 'ns

The expression G (1) =3, (S,(0)S,()) gives the
on-site unequal time correlation. In calculating this
quantity, an account has to be taken of the fluctua-
tion dissipation theorem which dictates that

(§3(0)) =B 'X(w=0)=[8Q2pn—-J)]1" , (41D

where X,(w) is the dynamic shattered susceptibility of
the system. We obtain

G(N=G()+ 3 [8Qu—-J)]"!

AZh,,

xexpl—-B2u—J)t] , (4.12)

where G (e0) =g7'X, (0). For T < Ty, the integral
in (4.12) yields

G(1) =G (o) +N(Ba) [ 1y(28a1) +1,(2B801)]

x exp(—28at) . (4.13)

For T > Ty, the sum in (4.12) can be evaluated in
the long-time limit and gives

G() =G () +N(Ba)™"
x [(wt)2exp(—kt) —Vrerf(Vrr )] .(4.14)

For the long-time decay, we obtain from (4.13) and
(4.14), respectively, G (1) ~¢7'/2 at and below T
and G (1) ~ ™3> exp(—«t) above Ty. This behavior
agrees with the calculations of MR, KS, and KF in
the appropriate cases. One should note that the gen-
eral result (4.14) has a crossover behavior. As one
approaches Ty from above, one has to wait a longer
and longer time ¢t ~x™' ~ (T — Tp) 2 to see the ex-
ponential decays characteristic of the paramagnetic
phase.

4. Dynamic susceptibility
The dynamic susceptibility X(w) is obtained from

the correlation function by the use of the fluc-
tuation-dissipation theorem

X(w)=x"(w) +ix"(w)
=x(0) —iwg j:e dt e (S;(0)S,(1)) .
We obtain

X'(w)=(2Bc?)'[28u—(4 +B)'?] , (4.15a)
X' (w) =280 [w—(4-B)"] , (4.15b)

where for T > Ty,
w=028)"'(1+p%?) ,
=2l +B8a)* + w2l (1 —Ba)* +w2] 2,
B=31(1-g%)2-w?] ,
and for T < T,
u=o ,
A=2(w*+16B207wW)'2 |

=12
B=—5w
In the high-frequency limit, Eqs. (4.15a) and (4.15b)
give X(w) ~B(1 +B2a)w2—iBw™" for T > T,
and X(w) ~2B8%aw2—iBw™! for T<T,. In the
low-frequency limit, they give, for 7> Ty,

x(w) —x(0) ~—B(1 —g2aH)wr+iw(1 —g2a¢?)] ,
and for T < Tp,
X(w) = x(0) ~—(280H)w!2[1 +i(280)'?] .

It can be easily seen that the low-frequency dynamic
susceptibility reveals a crossover similar to the one
mentioned earlier in connection with the on-site
correlations.

V. CONCLUDING REMARKS

The analysis presented in this paper offers a com-
plete description of spin-glass statics and dynamics at
a mean-field level. It agrees with the previous calcu-
lations and also fills some gaps in these. The entropy
in our quantum model is always positive, and van-
ishes as 77 in the zero-temperature limit. This also
predicts a T° specific heat at low temperatures. How-
ever, the observed specific heat in most spin-glass-
like systems is linear in T in the low-temperature re-
gion. This may be due to the spherical constraint,
the mean-field nature of the calculation, or the use of
the semicircular law. It is possible that a model of
short-range random interactions will show a linear
specific heat. The prediction of algebraic decays of
various dynamic quantities at and below the transition
temperature had not been noted before. It, however,
supports the point brought out by Thouless, Ander-
son, and Palmer that in the spin-glass system the
fluctuations remain anomalously large even below the
transition temperature. This may be related also to
the experimental situation which is somewhat uncer-
tain.'* % If the fluctuations are anomalous below the
transition temperature, then of course the experi-
ments will not show either a very. sharp order-
parameter transition, or clean results below the tran-
sition.
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Finally, we wish to comment on the usefulness of
the spherical constraint in studying spin-glasses. The
fact that it makes the model solvable is obvious. The
solution, however, does not suffer from some pathol-
ogies that the spherical constraint produces in the
ferromagnetic case. In that case the constraint is too
severe. Due to the translational invariance the

overall constraint (2.2), imposes a constraint on each
individual spin, namely (S?) =1 for each i. In the
spin-glass case, however, this is not so. Only the sys-
tem as a whole has to satisfy Eq. (2.2). This per-
mits more freedom to the system, as compared with
the ferromagnetic case, to arrange itself in the lowest
free-energy state.
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