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PREFACE
Let D be an integral domain, and let f(z) = Y .- 02" and g{z) =
Z;‘ b,2’ be polynomials with coefficients in D. Suppose that f(z)g(z) = 0.

Using the fact that the polynomial ring D{z] is also an integral domain, we
deduce that either f(z) = 0 or g(z) = 0. It follows that for each coeffi-

cient a, of f(z) and b, of g(X) we have a,b, = 0.( Of course, the converse

assertion, namely, a,b, = O for each ¢ and each j implies f(z)g(z) = 0, al-
ways holds, i.e., over all rings.) It was shown by E.Armendariz [EPA] that

reduced rings, i.e., rings with no nonzero nilpotent elements, have a similar
2

property.In order to study additional classes of rings which satisfy a simi-

—_—

lar condition, the notion of an Armendariz ring was introduced by M.B.Rege
-_—

and Sima Chhawchharia in [MBR & SC]. Thus an associative ring R is called

an Armendariz ring if whenever f(z) = 3. a,z* and g(z) = Yo by@ in

R|z] satisfy f(z)g(z) = O then a,b, = 0V 1,j. Using Nagata’s method of
idealisation ( trivial extensions ) M.B.Rege and Sima Chhawchkaria gave a
number of examples of Armendariz rings and non-Armendariz rings. Fur-

ther results on Armendariz rings were obtained by Anderson and Camillo in

[DDA & V(.

In this dissertation we have attempted to carry out a brief survey of the

work done in the area of Armendariz rings and related classes of rings and

modules.
TN

It is well-known that if R is a reduced ring then every idempotent in R is

central, i.e., ﬁf_ﬁbﬁlijﬂ; A result implicit in the proof of one of the theorems

in [DDA & VC] is the fact that all Armendariz rings are abelian. Anderson

and Camillo also studied ( in the commutative situation ) the relationship of



these rings with the class of Gaussian rings, which had beeen studied earlier

by Tsang, Gilmer and others. Basic results concerning Armendariz rings and

related rings have been collected in the first chapter.

A ring R is called semi — commutative if whenever a,b € R satisfy ab =0

then acb = 0 for each ¢ € R; R is reversible if whenever elements a,b € R

——————

satisfy ab = 0 we have ba = 0 It is easy to see that reduced rings are re-

versible, reversible rings are semi-commutative, and semi-commutative rings

are abelian. In view of this, it is natural to ask for examples of Armendariz

rings which are not semi-commutative. Such examples were furnished by

Y.Lee, N.K.Kim and Agata Smoktunowicz in [YL& NKK & ASj. They also

proved additional results about the relationships between Armendariz rings

and semi-commutative rings.In [NKK & YL:2], Kim and Lee studied exten-

sions of reversible rings and proved some results concerning their relationship

with Armendariz rings. We survey results obtained by these authors in the
third chapter.
A number of well-known ring theoretic properties have natural extensions
to modules and it is often fruitful to study these extensions. In this spirit
RSO Sy
a study of semi-commutative modules and Armendariz modules was carried

out by Buhphang and Rege in [AMB & MBR]. Their resuits have been sur-

veyed in section 2.2 ( devoted to Armendariz modules ) and section 2.3 (

semi-commutative modules ).

After the initial results from [MBR & SC] and [DDA & VC], a compre-
L_'_\

-

> o

> il

hensive study of the notion of Armendariz ring was carried out during 1999

- 2005. To quote from the introduction to [TKL & YZ}, ¢ The interest of
-—

this notion lies in its natural and useful role in understanding the relation

/ T ———
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between the annihilators of the ring R and the annihilators of the polynomial

——

ﬁ;g R[z] .. The reason behind these is the fact that Armendariz rings are

precisely the rings R for which there is a natural bijection between the set of

annihilators of R and the set of annihilators of R[z}’

After the class of Armendariz rings had been extensively studied (by
M.B.Rege, S.Chhawchharia, D.D.Anderson,V.Camillo, Y.Lee, N.K.Kim, C.
Huh, A.Smoktunowicz, T.-K.Lee, Y.Zhou and others - see the References ), a
number of authors introduced and studied analogues of the Armendariz prop-

erty. Prominent among these analogues are the classes of weak Armendariz

rings, quasi-Armendariz rings and Armendariz(PS) rings ( studied by T.-

K Lee, T.L.Wong, Y.Hirano, A.M.Buhphang, M.B.Rege and others ). These

concepts have module analogues as well. Basic properties and examples of

some of these analogues are recorded in the fourth chapter.

1
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Chapter 1

Basic definitions and results

In this chapter we record some basic definitions and notations used in this
dissertation. We also recall some well-known results needed by us.For unex-
plained concepts and results we refer to the books by Anderson-Fuller [AF],
Stenstrom [S] and Lambek [L].

There are two sections in this chapter dealing with basic concepts in (1)

rings, and (2) modules.

1.1 Rings

By a ring we mean an associative ring with an identity element. Subrings
and ring homomorphisms are unitary. The term ‘rng’ may occasionally be
used to denote ‘a ring which may not have an identity element’. (Integral )
domains need not be commutative.

All our left-sided ( resp., right-sided ) concepts and results have right-



sided ( resp., left-sided ) counterparts. They may not be stated explictly.

1.1.1 Notation. The letter R denotes a ring and D denotes a domain { in

particular, a division ring ).

1.1.2 Definition. An element a of a ring R is called an idempotent element

if a? = a.

1.1.3 Notation. We let I(R) denote the set of all idempotent elements of
R.

1.1.4 Definition. An element a of a ring R is called a nilpotent element if

a” = 0 for some positive integer n.

1.1.5 Notation. We let Nil(R) denote the set of all nilpotent elements of
R.

1.1.6 Definition. A ring R is called a reduced ring if it has no non-zero

nilpotent elements.

1.1.7 Proposition. For a ring R, the following conditions are equivalent.
(1) R is reduced..~
(2) Whenever a € R satisfies a®? = 0, thena=0.

1.1.8 Notation. For a ring R we let C(R) denote the centre of R.

1.1.9 Definition. A ring R is called anf all idempotent ele-

ments of R are central i.e. I(R) C C(R).

Are

1.1.10 Definition. A ring R is called a (vonNeumann) regular ring if given

a € R, there exists b € R such that aba = a.

2



1.1.11 Examples. If D is a division ring, then D is regular. The endomor-

phism ring of a vector space is always regular.

1.1.12 Proposition. Let R be a regular ring. Then the following statements

are equivalent.

(1) R is abelian. \/
(2) R is reduced. _/

Proof. (1) = (2) Let a € R satisfy > = 0. By hypothesis there exists b€ R
such that aba = a. This implies that (ba)? = ba € I(R). Since R is abelian
we get ba € C(R), and this gives a = aba = baa = ba® = 0. Hence R is
reduced.

(2) = (1) Suppose R is reduced. Let e € I(R), then (1 —e) € I(R). Now
we have (1 — e)e = 0. Since R is reduced and [ez(1 — e)]* = 0 we get

[ex(1 — e)] = 0. This implies

ex=ereVzeR (*)
Similarly we have (1 — e)ze =0 i.e.

rze=erxeVz€ER ()

Therefore from (*) and (**) we get ez = ze V z € R.Hence R is abelian. [0

1.1.13 Notation. The letter H denotes the division ring of real quaternions,

Z the ring of integers and Q the field of rational numbers.



1.2 Modules

1.2.1 Definition. Let R be a ring. By a left R-module we mean a set M
equipped with a binary operation + satisfying the conditions:

(1) (M, +) is an abelian group.

(2) There exists a map . : R x M — M, known as the external b.o of R on
M (or the scalar multiplication), such that the following hold.

(M1) r.(my +mg) =r.my +rme, Vr € Rymy,my € M.

(M2) (

(M3) (rs)m=r(sm),Vr,se Rme M.
(M4) 1.

ri+r)m=ri.m+remVr,ro€ R,meM.

m=m,¥YméEM.

1.2.2 Notation. The notation g M shall often be used to denote the left
R-module M. We shall also simplify 7.m ( the notation for the scalar multi-

plication of r € R withm € M ) as rm.

Unless otherwise mentioned, by an R-module we mean a left R-module.

1.2.3 Remark. A right R-module M is similarly defined as an additive abelian
group in which there exists a scalar multiplication . : M x R — M satisfying
(M1)' (myq + ma).r = my.r + mpr ¥V my,my € M,r € R.

(M2)'m.(r; +19) =m.ry + mry, Vm € M,ry,70 € R.

(M3)'m.(rs) = (m.r).sVm e M,r, s € R.

(Md)m.l=m,¥VmeM.



1.2.4 Notation. Mg shall often denote the right B-module M. We shall

again simplify m.r ( the notation for the scalar multiplication of 7 € R with

m € Mg ) to mr.

1.2.5 Definition. A module M which is both a left and a right R-module and
satisfies (rm)r’ = r(mr')Vr,r' € Randm € M iscalledaleft R— right R—
bimodule ( abbreviated to R — bimodule )

1.2.6 Definition. Let M,M' be left R-modules. A map 6 : M — M is
called an R — module homomorphism or an R — homomorphism or an
R — linear map if

(1) O(my + my) = 0(my) + 8(ma) ¥ my, my € M.

(2) 8(rm) =rf(m),Yre R,me M.

1.2.7 Definition. An R-module P is projective if given an exact sequence
B:M— N —0(pisonto) and an R-homomorphism g : P — N there
exists an R-homomorphism f: P — M such that So f = g.

1.2.8 Definition. A subset B of an R-module M is a basis for M if B

generates M and B is linearly independent.

1.2.9 Definition. An R-module M is free if it has a basis.

1.2.10 Remarks. If M is a free R-module, then M is projective.

Let M be a free module over a ring R. Then M is isomorphic to €, R, for
some indexing set I; the converse also holds.
A module P over a ring R is projective iff P is isomorphic to a direct sum-

mand of a free R-module.



1.2.11 Definition. Let D be a commutative domain and let M be a D-
module. The set T(M) = {m € M| 3r € D,r # 0 such that rm = 0} is a

submodule of M called the torsion submodule of M.

1.2.12 Definition. Let D be a domain. A left D-module M is said to be

torsion free if for m € M m £ 0, and r € D r # 0 we have rm # 0.

1.2.13 Remark. If M is a free module over a domain D, then M is torsion free.
For each module M over a commutative domain D the module M/T(M) is

torsion free .



Chapter 2

Basic results on Armendariz

rings and Armendariz modules

The notion of an Armendariz ring was introduced by M.B.Rege and Sima

Chhawchharia in [MBR & SC]. Further results on Armendariz rings were
R et
obtained by Anderson and Camillo in [DDA & VC}; they also studied ( in

the commutative situation ) the relationship of these rings with the class of

Gaussian rings, which had beeen studied earlier by Tsang, Gilmer and oth-

—
ers.Armendariz modules were studied by A.M.Buhphang and M.B.Rege in
[AMB & MBR].

After the initial results from [MBR & SC| and [DDA & VC], a compre-

hensive study of the notion of Armendariz ring was carried out during 1999
- 2005. To quote from the introduction to [TKL & YZ|, ‘ The interest of

this notion lies in its natural and useful role in understanding the relation

between the annihilators of the ring R and the annihilators of the polynomial

ring R[z].... The reason behind these is the fact that Armendariz rinéé are

N—



precisely the rings R for which there is a natural bijection between thi set

of annihilators of R and the set of annihilators of R[z] ( This last fact was

noted by Hirano[YH].)

In this chapter we record basic properties of Armendariz rings, Armen-
dariz modules and related rings and modules following various authors. Some

results in this chapter are new.



2.1 Armendariz rings

This section is devoted to the study of the basic properties and examples of

Armendariz rings.

2.1.1 Definition. Let R be a ring. Then R is called an Armendariz ring if
whenever f(z) = > " a,z" and g(z) = Z?:o bz’ € R[X] satisfy f(z)g(z) =
0 then a,bj =0V e,j

2.1.2 Examples. (a) Let D be an integral domain. Then D is an Armen-
dariz ring
Proof : Let f(z) = 3"y at, g(z) = 37 by’ € Rlz] satisfy f(z)g(z) = 0.

Since D[z] is a domain, we have f(z) =0 or g(z) = 0. Hence a,b, =0V 4, 7.

(b) Let Ry, R, be two Armendariz rings. Then R; x R, is Armendariz

Proof : Let f(z),g(z) € Rilz] X Rplz]. Then f(z) = (fi(z), fo(z)) =
(D" auz, 3" ant'), 9(x) = (91(2), g2(z)) = (3o by12?, 3 by21?) where fi(z), g1(z) €
Riz], f2(7), 92(z) € Ralz].

Assume f(z)g(z) = 0. Then this implies that f,(z)g;(z) = 0, fo(z)g2(z) = 0.
Since Ry, Ry are Armendariz rings, we have a,1b;; = 0,a,90,0 = 0V ¢,

Therefore (a1, a.2)(b;1,0,2) = 0. Thus Ry x R, is Armendariz.

(c) Every direct product of Wndariz.

(d) Subrings ( also, subrngs ) of Armendariz rings are Armendariz.

Proof : Let Ry be a subring of an Armendariz ring R and let f(z) =
>aat g(x) =Y ba? € Rylz] satisfy f(z)g(z) = 0. Since f(z), g(z) € R[z]
it implies that a,b, = 0 V 1, ( since R is Armendariz ).

Therefore Ry is also Armendariz.



(e) A direct sum of Armendariz rings is Armendariz ( as a ring without iden-
tity )

This follows from (c) and (d)

(f) Let F be a field ( or, more generally a nonzero ring ). Take R =

F
, then R is not an Armendariz ring.
0 F - T

1 O 1 -1
Consider the two polynomials f(z) = + ) z and
0 0 0 0

g(z) = (O 0) + (0 1) z € R|z]. Then we have f(z)g(x) = 0, but
0 1 0 1

1 0 0 1

# 0.
0 0 0 1
(g) Let R be a nonzero ring. Then the n X n upper triangular matrix ring

over R is not Armendariz for n > 2.

2.1.3 Proposition. Let R be a reduced ring. For any f(z) = Y ., @zt and
g(x) = 371 ba satisfying f(z)g(z) =0 we have a,b, =0V i, ] .

Proof. Suppose f(z)g(z) = 0 (without loss of generality, we assume n greater

than m). Then

aobo =0 (0)

a1b0 + CLobl =0 (1)

agbo + a1b1 + aobz =0 (2)

an_1b0 + an_2b1 S ERTTTIN + an_m_lbm =0 (n — 1)



anbm =0 (n+ m)

Now apby = 0 implies (bpap)? = 0, and since R is reduced, we have byag = 0.
Similarly in general, whenever a;b; = 0, we have b;a; = 0 (since R is reduced).
Multiplying equation (1) by by (from the left ), (1) reduces to bya;by =0
Therefore (a;b5)? = 0 this implies that a1y = 0.

By continuing the same process, we have a;by =0V 1.

Therefore the system of equations (1),(2),............ (n-1) reduces to agh; =
0,a1by + agby =0, ......... yAn_gby + + @p-m—1bm = 0.

Since agh; = 0 implies byag = 0, therefore a;1b; + agby = 0 yields bja;b; =0
which implies that a;6; = 0.

Similarly we have a;b; =0V 7.

Finally after repeating the same process we get a;0; =0V 4, 7. O

Below we record some consequences of the above result.

2.1.4 Remarks. (a) Every reduced ring is Armendariz.

(b) If R is a Boolean ring, then R is Armendariz. This follows from the fact

that a Boolean ring is a reduced ring.

(c) If R is a commutative regular ring, then R is Armendariz.
-

(d) An Armendariz ring need not be a regular ring. Consider R = Z.

2.1.5 Proposition. Let D be a commutative P.I.D. and A an ideal of D.
Then D/A is Armendariz.

11



Proof. Given D is a commutative P.I1D. and A an ideal of D, therefore
A = Da for some a € D. We have only to look at the case a # 0.

Since a € D,a = p$'pSt......... Pyt where p;s are distinct prime elements in D.
Now D/A = D/Dp}...pe¢ &2 D/Dpi* % ............ x D/Dpg* ( by the Chinese
remainder theorem )

To show that D/A is Armendariz, it suffices to show that D/Dp® is Armen-
dariz for each e € N|J{0}.

Let f(e) = Yo @', 9(z) = Lo bje? € D/Dp?[a] satisfy 0 = f(z)g(z) =

f(z)g(z).

Now f(z)g(z) = 0 implies that p¢|f(z)g(z).

Case l e =1.

In this case Dp is a maximal ideal of D and so D/Dp is a field. Therefore
D/Dp is Armendariz.

Case 2 e > 1.

Now p¢|f(z)g(z) implies f(z) = p® fi(z), g(z) = p*2f2(x) where p does not
divide the g.c.d of the coefficients of fi(z) for I = 1,2. Now p¢|f(z)g(z) im-
plies that e < (e; + e) which implies that p®|a;b; V ¢, j which finally implies
that a;b; =0V 4, j.

Hence D/A is Armendariz. a

2.1.6 Corollary. For each integer n, Z,, is an Armendariz ring.

-—

Proof. This follow from Proposition (2.1.5) as Z is a P.I.D. O

2.1.7 Remarks. (a) If R is Armendariz and if A an ideal of R, then R/A need

not be an Armendariz ring.

Consider R = Z[z], A = (4) + (z?). Let f(T),g(T) € R[T)/A[T}, defined as

12



f(T) =2+ 32T and g(T) = 2 — 3zT. Then we have
f(T)g(T) = 0 but (3z)2 = 6z # 0.
(b) The above example also shows that if D is a U.F.D.and if A is an ideal

of R, then D/A need not be an Armendariz ring.

2.1.8 Definition. Let Rbe a commutatlve ring and let M be an R-module.Then

the group R@ M is a rlng under multiplication defined by (r,m).(s,n) =
(rs,rn+ sm) where r,s € R and m,n € M. We denote this ring by R(+)M
or T(R, M).We call T(R, M) the Nagata or trivial extension of R by M.

2.1.9 Definition. Let R be a commutative ring and h : R — R be a ring
homomorphism. Let M be an R-module. Then by R(+),M we mean the

group R® M with multiplication defined as (r,m).{s,n) = (rs, h(r)n+ sm).

—

2.1.10 Definition. Let A be an ideal of a ring R. Then R® (R/A) is a ring
under multiplication defined as (r,Z)(s,y) = (rs,ry + zs). We denote it by
R(+)R/A

The Nagata ( or trivial ) extension terminology is used in the contey of 1/

the constructions considered in 2.1.9 and 2.1.10 as well.

2.1.11 Remark. We have the identifications (R/A)[z] = R[z]/Alz] and (R(+)M|z]) &
Rlz](+)M|z]

T
2.1.12 Proposition. Let D be a domain, A an ideal of D. Suppose the ring

D/A is Armendariz. Then MZ’S Armendariz.

Proof. Let f(z) = Y (a;,%).z* = (fo(%), fu(z)) and g(z) = S(b;,75).27 =
(g0(z),q1) € {D(+)(D/A)}|z] satisfy f(z).g(x) =0 .

13



Now f(z).9(z) =0= (fo(x),fl(w))-(go(w),m =0=

fo(z).go(z) =0 (1)

and

fo(z).g1(z) + go(x)-f1(z) = 0 (2)

Since D(z] is a domain, we have fo(z) = 0 or go(z) = 0.

Case(1) If fo(z) = 0, then (2) becomes go(z)fi(z) = 0 in (D/A)[z] this
implies b,u, = 0 V i, j ( since D/A is Armendariz ).

and fo(z) =0=>a, =0V 1.

Therefore (a,,;)(b,,7;) =0V ¢, .

Case(2) go(z) = 0.

The proof is similar to that in case (1).

Therefore in both cases we have (a,,%@;){b,,7;) =0V i, .

Hence D(+)D/A is Armendariz. 0O

2.1.13 Proposition. Suppose that there ezist u,v € R such that u? = 0 = v?

and wv = vu # 0. Then R is not an Armendariz ring.

Proof. Consider f(z) = u+vz, g(z) = u—vz € R[z]. By the given condition
on u,v we have f(z)g(z) = 0 but uv = vu # 0. Hence R cannot be an

Armendariz ring. O

2.1.14 Theorem. A ring R is reduced iff the trivial extension T(R,R) =
R(+)R is Armendariz.

Proof. (=) Suppose R is reduced
Let f(z) = 3-(a,, ) .7 = (fo(2), f1(x)) and g(z) = 32(b), v;)-2? = (g0(2), 91(2))

14
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belonging to (R(+)R)[z] satisty f(z)g(z) = 0. Then
fo(x)go(z) =0 (1)

and

fo(z)g1(z) + fi(z)go(z) =0 (2)

Since R is reduced, we get go(z) fo(z) = 0.
Therefore go(z) fo(2)g1(z)+90(2) f1 (z)go(x) = O which implies { f; (z)g0(z))? =
0. This implies that

fi(z)go(x) =0 (3)

Using (3) we get fo(x)g1(z) = 0. Since R is reduced, we have from (1), (2), (3)
aibj = 0,u;b; = 0 and a;u; =0V 4, 5. So (a;, u;)(bj,v;) =0V 4,5

Therefore R(+)R is Armendariz.

(<) Assume R(+)R is Armendariz.

Suppose, if possible, R is not reduced .Then there exists 0 # a € R such that
a’®=0.

Let v = (0,1) and u = (a,0) € R(+)R ,then we have v? = u? = 0,but
vu = uv = (0,a) # 0 (since a # 0).Hence R(+)R is not Armendariz by the

above proposition.A contradiction. Thus R is reduced. O

2.1.15 Remarks. (a) If R is Armendariz,then R(+)R need not be an Armen-
dariz.

Example 1. By Corollary (2.1.6) for each natural number n the ring Z,
is Armendariz. It is not reduced, if n is not square-free. It follows from
the previous result that ( for example ) for the Armendariz ring Z4 the ring

Z4(+)Z,4 is not Armendariz.
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Example 2. We give another example where we show non-Armendarizness
by direct computation. This example is of independent interest because of

its usefulness in other situations.

b
Let Ty be a nonzero reduced ring and consider R = { (a ) :a,b e T}
0 a

Then R is Armendariz as R = Ty(+)To.

A
LetRO:{(
0

b G
()
) G [ 6
[ A )

Then we have f(z)g(z) = 0 with f(z), g(z) € Ry[z] but

B
) : A, B € R} and let
A

(-]
) 6

and
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[ (0
0
0

\ \0

ERE)
() G

Thus Ry = R(+)R is not Armendariz.
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£0.



For a subset S of R, the notation {g(S) denotes the left annihilator of S
in R.

2.1.16 Theorem. Let R be an Armendariz ring and let I be an ideal of R.

Then R/lgr(I) is an Armendariz ring.

Proof. Let f_(:cj =Ag+ L+ ceeeneeen +az"

and g(z) = by +byz+....+b,z™ belong in R[z]/lz(I)[z] where @; = a, +1z(I)
and b, = b, + Ix(I) satisfy f(z)g(z) = 0.

Then we have for 0 <k <n+m, ), _, &b € Ig(I) where 0 < i < n and
0 < j < m and since lg([) is the left annihilator of I in R, we get for all
u€1,),  _abu=0. This yields

(@ + a1z + ... + a,z™) (bou + biuz + ... + byuz™) = 0 € R[z).

Since R is Armendariz, we have a,b,u = 0V i,jand Vu € I = ab, €
Ir(I) = a,b, =0V i, j

Therefore R/lg(I) is an Armendariz ring. 0O
a b ¢
2.1.17 Proposition. Let R be a reduced ring. Then Ty ={|0 o d
0 0 a

a,b,c,d € R} is an Armendariz ring

a, b, G Dy 4 Ty
Proof. Let f(z) =>.1 0 @, d,|2*andg(z) =1 0 p, 5|
O 0 az 0 0 p]
€ Ti[z] satisfy
f(z)g(z) =0 (1)



Now f(z) and g(z) can be written as

Zazml Ebzxz Z szz fo(.’lﬁ) fl (‘T) f2($)

f(z)= 0 Sazt Y.dxt|=]| 0 fo(z)  fa(z)
0 0 > azt 0 0 fo(z)
Yoprt ga Y nw go(z)  q(z)  g(z)
and g(z) = 0 Sopx? Y53’ | = 0 90(z)  ga(z)
0 0 S p,a? 0 0 90(z)

from (1) we have fo(z)go(z) = 0, fo(z)g1(z) + fi(z)go(z) =0
fo(z)ga2(z) + fi(2)gs(z) + fo(z)go(x) = 0 and fo(z)gs(z) + fa(z)go(2) =0
Since R is reduced we have
fo(z)g0(z) = 0, fo(z)g1(x) = 0, fi(z)g0o(x) = 0, fo(z)g2(z) =0,
fi(z)gs(z) = 0, fo(x)go(x) = 0, fo(z)ga(z) = 0 and fa{z)go(z) =0
Then a,p, =0, a,q, = 0,b,p, = 0,a,7, = 0,b,5, =0,
¢s, =0,a,5, =0and dip, =0V ¢,
a, b c, D, g T
Hence { 0 @ d |- {0 p, s {=0Vyy

0 0 a, 0 0 P
Therefore T) is an Armendariz ring.

2.1.18 Remarks. (a) Let R be a non-zero ring and let
an Q12 13 14
0 a a a

Ra={ 11 23 24 . 0, € R}

0 0 an Q34

0 0 0 ai
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0 1 0 O o 1 -1 0
0 0 0 0 0 O 0 0
Consider two polynomials f(z) = +
0 0o 0 O 0 0 0 0
0 o0 0 O 0 0 0 0
and
o 0 0 0 0o 0 0 ©
0O 0 0 0 0o 0 0 1
g(z) - + z € R4[I]
0 0 0 1 0 0 0 1
0 0 06 0 o 0 06 O
0 0 0 O 0 0 0 1
0 0 0 O 0 0 0 0
Then f(z)g(z) = + .
0 0 0 0 0 0 0 0
0o 0 0 O 0o 0 0 O
0o 0 0 -1 0 0 0 O
6 0 O 0 0o 0 0 0
+ T+ =0, but
0 0 0 0 0 0 0 0
0 0 0 0 o 0 0 0
0 1 0 o0 60 0 0 O
o 0 0o ofjo o o0 1 _
# 0 So R, is not Armendariz.
0 0 0 0O 0 0 0 1
0 0 0 0 0 0 0 O

Similarly for n > 5 R, ( defined analagously ) is not Armendariz.

2.1.19 Proposition. Let R be an Armendariz ring. Then we have the fol-

lowing results:

(1) If ab = 0,ac™b = 0 for a,b,c € R and some integer n > 1, then achb = 0.
T TT——
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(2) Let a,b,c € R satisfy ab = 0 and " € C(R) for some integer n > 1, then

ach = 0.

Proof. (1) Consider f(z) =a(l —cz) and g(z) = (1 +cz+ ... + 12" 1)b
€ R[z]. Then f(z)g(z) = a(l — cz)(1 + cz + ... + 'z )b = 0 ( since
ab=0,ac"b=0).

Since R is Armendariz, we get ach = 0.

(2) Given ab = 0, we get ac™b = 0 (since c" € C(R))

Therefore from (1) we get ach = 0. 0

2.1.20 Corollary. Armendariz rings are abelian.

Proof. Assume that R is an Armendariz ring. Let r € R be arbitrary and
let e € I(R).

Write a = €,b =1 — e and ¢ = er(1 — e). Then we have

ab = e(l —e) = 0 and ¢ = er(1 — e)er(l — e) = 0. Therefore we get
ab=0,ac*b =0

Hence by Proposition (2.1.19(1)) we get acb = 0 i.e eer(l —e)(1 ~e€) =0

which implies er(1 —e) =0 =
er = ere (1)

Next take a; = 1—e,b; = e,c; = (1 — e)re. Then using the same process we
get ajciby =0 =

re = ere (2)

Therefore from (1) and (2) we have er =re Vr € R .

Hence R is abelian.
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Alternative proof:
Consider f(z) = (1 —e) + (1 — e)rez and g(z) = e — (1 — e)rez. Then
f@)g(z) =[(1 —¢€) + (1~ e)rez]le — (1 —e)rez] =0

Since R is Armendariz we get (1 — e)(1 —e)re=0= (1 —e)re =0
= re =ere (1)

Let fi(z) =e+er(l —e)z,g1(z) =(1—e) —er(l —e)x
Then f,(z)g:(z) = 0. Since R is Armendariz we have er(1 —e) =0

= er = ere (2)

From (1) and (2) we have er =re Vr € R
Therefore R is abelian. O

2.1.21 Remarks. {a) Armendariz rngs (rings without identity ) need not be

abelian
0 F

0 F

0 1 0 1 0 1
then we have A = € I{R) but A#A
0 1 0 0 0 0

Therefore R is not abelian.

Consider R =

(b) If R is abelian, then R need not be an Armendariz ring

Let R = Z4(+)Z,4 then R is abelian but R is not Armendariz. Take
f®) = (2,00 + (2,1) and g(z) = (2,0) - (2,1) € {Z4(+)Z4}{z]
then f(z)g(z) = 0 but (2,1)(2,0) = (0,2) #0

2.1.22 Proposition. Let R be an Armendariz ring. Then the ring R is
/ directly finite, i.e., yr = 1 whenever zy =1 for z,y € R.
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Proof. This holds since Armendariz rings are abelian ( by Corollary 2.1.20 )
and ( as seen below ) all abelian rings are directly finite:

Let 7,y € R ( an abelian ring ) satisfy 2y = 1. Since zy = 1, we have
(yz)? = (yz)(yz) = y(zy)z = yz; hence yr € I(R) and therefore yz € C(R).
Now 1 = (zy)? = (zy)(zy) = z(yz)y = (yz)zy = yz. Therefore R is directly
finite. d

2.1.23 Proposition. Let R be an Armendariz ring and let fy, fa,....fn €

R[z] satisfy fifa.....fn = 0. Then ajas...a, = 0 where a; is a coefficient of f;.

Proof. Assume f, f,.....fn = 0. Then we have fi(fs...f,) = 0. Since f1, (fofs...fn) €
R|z] and R is Armendariz , we have a;b = 0V coefficient b of f5f3...f,. Thus
we have a;1(fafs...fn) = 0. Again ay f2, (f3....fn) € Rlz] and (a1 f2)(f3....fn) =
0, we have ajasc = 0V coeflicient ¢ of (f3fs....fn) and as a coeflicient
of fa. Therefore ajayfs...fp = 0. By continuing in this way, we have

a1aqeasz...ay = 0. O

2.1.24 Proposition. A ring R is Armendariz iff R|z] is Armendariz.

Proof. (=) Suppose R is an Armendariz ring. Consider two polynomials
fT)=fo+ AT + ... + £,7" and g(T) = go + 91T + .... + guT™ € R[z][T})
where f;, g; € R[z]. Assume

f(T)g(T)=0 (1)

Let | = deg(fo) + deg(f1) + ... + deg(fn) + deg(go) + deg(g1)..... + deg(gm)
where deg(f;) (etc.) means the z-degree of the polynomial f;. Then we have
fl@) = fo+ fizt+ ... + foz™ and g(z') = go + g17' + ... + gmz'™. From

f(z")g(z") = 0 ( a consequence of (1)), since R is Armendariz and since !
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is ‘sufficiently large’, it follows that V ¢,7 the product ab vanishes for each
coefficient a of f, and b of g,. This yields f,g, =0V 1,.

Hence R|z] is Armendariz.
(«<) This is trivial as subrings of Armendariz rings are again Armendariz
a

2.1.25 Proposition. Let R be an abelian ring. Then the following conditions
are gq_uiyg_l_eﬂt
(1) R is an Armendariz ring.

(2) eR and (1 — e)R are Armendariz for every idempotent element e of R.

(3) eR and (1 — e)R Armendariz for some idempotent e of R.

Proof. (1) = (2).Suppose R is Armendariz. Let f(z) = }_ a;z* and g(z) =
Yo b,a? € eR[x] satisfy f(z)g(z) = 0. Sincef(z), g(z) also belong to R[z] and
R is Armendariz, we have a;b; = 0 V ¢, j. Hence eR is Armendariz.Similarly
(1 — e)R is Armendariz

(2) = (3) is trivial

(3) = (1) Since e € (I(R)[NC(R)), so we have R 2 eR x (1 — €)R as rings;

hence R is Armendariz. O

2.1.26 Remarks. (a) If R is Armendariz, then eRe is also Armendariz for
each idempotent e € I(R).
(b) If eRe is Armendariz for any nontrivial non-identity idempotent e of R,

then R need not be an Armendariz ring.

Z Z
Consider R= | ?1. Then R is not Armendariz by Example (2.1.2(f)).

0 Zs
The only nontrivial non-identity idempotents of R are
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1 0 1
bl ; o0 , ! and . But we have eRe = Zy, so
0 O 0 1 0 0 0 1

eRe is Armendariz for every nontrivial non-identity idempotent e in R

2.1.27 Proposition. Let R be a regular ring. Then the following conditions
are equivalent:
(1) R is abelian
LU AT
(2) R is Armendariz

Proof. (1) = (2) Suppose R is abelian. Let @ € R satisfy a®> = 0. Since R is
regular, 4 b € R such that

a = aba (1)
e = ab, then e € I(R) and since R is abelian, ab commutes with every element
of R.
So a = (ab)a = a(ab) = a®b = 0 (since a* =0) => a = 0.
This implies that R is reduced, hence R is Armendariz.

(2) = (1) By Corollary (2.1.20) we have R is abelian. O

2.1.28 Proposition. Let n > 2. Then R is reduced iff R[z]/(z™) is Armen-

dariz.

Proof. (=) Assume R is reduced. Let u denote T where T = z + (z?) in
R[z]/(z"). Then we have R[z]/(z") = Rluj= R+ Ru + ...... + Ru™™?, since
for ag + a1Z + ..... + an_1z"1 € R[z]/(z™), we have

ag + 1T + ... + @y 121 = a9 + a1 + ... + ay_ "' € Rlu] and
R+Ru+.. + Ru™ L.

Similarly taking by + bju + ... + bp_1u™' € R+ Ru+ .... + Ru™" (€ Rlu))
we have by + bju + ... + by u" P =by+ WIT + ... + b1z L € R[z]/(z")
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Let f =po+piT + ... + puT™ and g = go + 1T + ... + T* € R[u|[T)
where p, = ag+an,u+...+an_1u"" " and g, = bo, +by,u+... +by_1;u" " € Rlu]
Therefore f = (agy + a10% + -.. + Gn_1u™ V) + (o1 + oo + Cu-nu™ )T + .. +
(@om + Q1 + ... + @ u* HT™ =

f = (ago + a1 T + .. + agmT™) + (@10 + a1 T + ... + a1 T™)u + .. + (@10 +
an11T + o + G T™u 1t = fo + fiu+ .. + faru™!

with f, = a0 + auT + ..... + anT™ € R[T]

Similarly g = go 4+ g1u + .. + gn_1u™! with g, = byo + .. + b T*

€ R[T)

Assume fg = 0. Note that f,g,u**’ =0V 1,5 with ¢+ j > n, so it suffices to
check the cases of i + j < n. From fg = 0 we have

fogo =0, fog1 + figo =0, foga + frg1 + fago =0

SJogn1+ fign2+ ...+ fac190 =0

Since R is reduced, we get f,g, =0V 4,j=0,...n—1

Therefore R[z]/(z") is Armendariz.

(<) Suppose R[z]/(z") is Armendariz. Let r € R satisfy

r™® = 0 for some positive integer n. Consider the two polynomials f(T) =
r—zT

and g(T) = ™! + 2T + ... + 20171 € {R[z])/(z™")}[T]. We have
f(T)g(T) = r™—~z*T™ = (. Since R[z]/(z") is Arrnendagz we have rzn—1 =0
and this implies that r = 0.

Therefore R is reduced. U

2.1.29 Proposition. Let I be an ideal of a ring R. Suppose R/I 1s an
\
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Armendariz ring.  If 1 1s reduced (as a ring without identity), then R 1s

Armendariz.

—

Proof. Write T = I[z] and let a,b € R. If ab = 0, then (bfa)? = 0. Since [ is
reduced and bla C I, we get bla = 0. Let f(z) = a,2* and g(z) = > _ b2’
€ Rlz] satisfy f(z)g(z) = 0. Then (f(z) + I)(g(z) + I) = 0 in R[z]/I[z].
Since R/I is Armendariz we get a,b, € I ¥ 1,7. Now we proceed by induction
on m with m > 0. If m = 0, then we are done and so we assume m > 1
Claim: agb, =0V j € {0,1,2,...n}

Assume agb, # 0 for some 5 € {1,2..n}. Let [ be the smallest integer in
{1,2,...n} such that agb; # 0. Therefore we have agh, =0 V0 < 3 <1 -1
and this gives b,Iag = 0.....(1) ( by the previous argument ).

Hence (a1—,b;)(aobi)? = ai—,;b,(aobi)(aohi) € ai—;b,1aob; (since a,b, € IV 1,7).
from (1) we get a;_,(b,Iaq)b; = 0.

Therefore we have

a1-yb,(aghy)* = 0 (2)

(7 €{0,1,2,..0 - 1})
Now from f(z)g(z) = 0, we have the coefficient of z! is 0 = aob; + a1b_; +
oo + agbg

-1

= 0= aqeb + Zal_Jb, (3)
=0

Multiplying equation (2) (from the right) by (aeb;)* we get
0 = (aobs)(aohi)? + (X a1—yb,) (aob))
= (agb;)® = 0) ( using equation (2))

Since I is reduced and agb; € I, we get agh; = 0 which is a contradiction to
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the assumption that agh; # 0. Hence it follows that

aphy =0V5 € 0,1,....,n.

Now let f'(z) = 7, a;z*, then f (z)g(z) =0

Take fi(z) = Y77 aiz? but zfi(z) = f (z) so we get zf1(z)g(z) = 0 which
implies that fi(z)g(z) = 0. Since degree of fi(z) is m — 1 < m, so by
induction hypothesis, we get a;b; =0V 7,

Hence R is Armendariz. O

2.1.80 Remark. If R/I is Armendariz for every non-zero ideal I of R with [
Armendariz, then R need not be an Armendariz ring. ( Here we consider I

as a rng, i.e., a ring which may not have an identity.)

F F
Take R = where F' is a field.
0 F

Let f(z) = (1 O) + (1 —1) z and g(z) = (O 0) + (O 1) T
0 0 0 0 0 1 0 1

€ Riz]

0 0/ \0 1
So R is not Armendariz. Now we show that R/l and I are Armendariz for

1 0} {0 1
Then we have f(z)g{z) = 0 but ( ) #0

any non-zero ideal I of R.

F F 0 F 0 F
We have I; = I = and I3 = are the
0 0 0 F 0 o0

only three non-zero proper ideals of R.

Then R/I} = F so R/I, is Armendariz .
;" bzt ) b,z
Let f(z) = (Z > ) and g(z) = (Z“"” 2 ’x> € Lj]

0 0 0 0
satisfy f(z)g(z) = O then we get
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(@) (X a,2’) =0 and (3 a,z")(b,2?) = 0
Since F is a field, we have azaf] = 0 and a,b; =0V,
a, b, a; b;

0 0 0 0
So I; is Armendariz.

We also have R/I, & F so R/I, is Armendariz. Applying the same method

Therefore = 0.

as in the case of I} we get I is Armendariz.

Finally R/I; = F(4)F, so R/I; is Armendariz. Also IZ = 0 so I3 is Armen-
dariz.

2.1.31 Definition. Let R be a commutative ring with identity. For f € R[z],

the content A; of f is the ideal of R generated by the coefficients of f. The
ring R is called a Gaussian ring if Agy = AfAgV f,g € R|z] .

2.1.32 Proposition. If R is a Gaussian ring, then R is Armendariz.

Proof. Let f = ) a,2*,g = Y_b,x? € R[z] satisfy fg = 0. Clearly Afy = 0.
Since R is Gaussian we have 0 = Ayy = AfA, and this implies that a,b, = 0

Vi,j (sincea, € Af and b, € Ay ).

Therefore R is an Armendariz. |

2.1.33 Definition. Let D be a commutative integral domain with quotient
field K. By a fractional ideal I of K we mean a non-zero D-submodule of
K such that d} C D for some non-zero d € D. For a fractional ideal I of K
by I=! ( the inverse of I ) we mean the set of all z € K with zI ¢ D; I"!is

again a fractional ideal. We say that I is invertible if II™! = D.

2.1.34 Definition. A Priifer domain is a commutative domain in which

every non-zero finitely generated ideal is invertible.
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2.1.35 Remark. The converse of Proposition 2.1.32 is false, i.e., if R is a
commutative Armendariz ring then R need not be Gaussian. This follows
from the theorem ( due to Tsang )that a commutative integral domain is
Gaussian iff it is Priifer.(See [DDA & BGK, Theorem 1.3].) Hence the ring
of polynomials in one ( or more )indeterminate(s) over the ring of integers,

being a non-Priifer domain, is an Armendariz ring which is not Gaussian.

2.1.36 Proposition. Let R be a commutative ring. If R is Gaussian, Then

R/I is also Gaussian.

Proof. Let f(z) = _ a;x%, g(x) = b;z? € R[z], then by hypothesis we have
Afg = Ang (*)

Now for f(z) = f(z) + I[z], g(z) = g(z) + I|z] € R[z]/I[z] we are to show
Ag; = AjAg. Since Aj; C AjAg, therefore it is enough to show that A7Adg C
A??' We know that a generator of ATAg look likes 625; = ﬂ; Now a_ib—]' €
AzAg, which implies that a;b; € A;A,. Then by (*) we get a;b; € Ay, and
this gives a;b; = 3 rxc; (for some ¢, € Agy ). This implies that a:b; € Ay,.
Hence AjAg C Aj,. Therefore Az; = A7Ag. Thus R/I is Gaussian. a

2.1.37 Proposition. Let R be a commutative ring. Then R is Gaussian iff

R/I is Armendariz for every ideal I of R.

Proof. ( = ) Suppose R is Gaussian, then R/I is Gaussian ( by Proposition
(2.1.36) ). Therefore by Proposition (2.1.32) we have R/I is Armendariz.
( < ) Suppose R/I is Armendariz for every ideal I of R . Let f(z) =
Yo aizt, g(z) = Y bz’ € Rlz]. Since Aj, C AfA,, therefore it is enough to
prove that

AfA, C Ap, (%)
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For proving (*), it is sufficient to prove A;A;/Asy = 0. A generator of
AfA,/Asy ( as an R-module or ideal of R/Ay, ) is of the form a;b;. Now
we have f(z)g(z) = 0 € R/A;, , which implies that a;b; = 0 V 1,5 ( since
R/Ay, is Armendariz ). Therefore AjA,/A;; = 0ie., AfA; = Ay, Hence

R is Gaussian . 0

2.1.38 Notation. Let R be a commutative ring. We denote the set of all
prime ideals of R by Spec(R) and the set of all maximal ideals of R by
Maz(R).

2.1.39 Definition. Let R be a commutative ring and A be an ideal of K.
Then A is locally principal if V P € Spec(R) the ideal Ap of Rp is principal.

For the proof of the following result we refer to [DDA & BGK, Theorem
1.1].

2.1.40 Remark. Let R be a commutative ring and let f(z) € R[z]. If A is
locally principal then Af, = AfA, V g(z) € R[z].

2.1.41 Definition. A commutative ring R is called an arithmetical ring if
~—___—\

every finitely generated ideal of R is locally principal.

2.1.42 Proposition. An arithmetical ring is Gaussian (and, therefore, Ar-

mendariz).

Proof. Let R be an arithmetical ring and let f(z) € R[z]. By hypothesis Af

( being finitely generated ) is locally principal. Hence we get A;Ag = Ay,
V g(z) € R[z]. Therefore R is Gaussian and by Proposition (2.1.32) R is

Armendariz. O
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2.1.43 Corollary. Let R be a commutative principal ideal ring. Then R is

Gaussian ( and, therefore Armendariz).

Proof. Let R be a commutative P.LR. and let A be an ideal of R . Since R
is a P.IR., we have A = Rz for some z € R. Hence for every P € Spec(R) ,
Ap = Rp?. Therefore R is arithmetical. Then by Proposition (2.1.42) R is

Gaussian. Hence R is Armendariz. ( This extends Proposition 2.1.5) O

Commutative von Neumann regular rings and Dedekind domains are
other examples of arithmetical { and, therefore, Gaussian ) rings. ( We

already know that they are Armendariz since they are reduced.)

2.1.44 Remark. Some examples of Armendariz (PS) rings are given in Section

4.3 below. These are also automatically Armendariz rings.
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2.2 Armendariz modules

This section is devoted to the study of the basic properties and examples of

Armendariz modules. We follow [AMB & MBR] here.

7

2.2.1 Definition. Let R be a ring,and M an R-module. We call M an

Armendariz module if for f(z) = Y a;z* € R[z] and g(z) = Zf:o m;z’ €

M|z] satisfying f(z)g(z) = 0, then we have a;m; =0V 1, j.

©2.2.2 Proposition. Let D be a domain and M a torsion free D-module.

Then M is Armendariz.

Proof. Let f(z) = > ;' € D{z] and g(z) = z;?:o m;z’ € M|z] satisfy
f(z)g(z) = 0. Now M is torsion free implies M{z] is a torsion free D[z]-

module, so we get f(z) =0 or g(z) = 0. Thus M is Armendariz. O

2.2.3 Corollary. Let D be a domain and M is a free D— module. Then M

1s Armendariz.

Proof. This follow from Proposition (2.2.2) as free D-modules over domains

are torsion free. O

2.2.4 Remarks. (a) A ring R is Armendariz iff the module g R is Armendariz
'_"x

(b) Let R be a ring and M be a free R-module. Then M need not be an
Armendariz module. Consider R = M5(Z), M = R. Clearly, gpM is free but

rM is not Armendariz

2.2.5 Proposition. The class of Armendariz R-modules is closed under (1)

direct products, (2) submodules and (3) direct sums.
——————— —
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Proof. (1) Let {M,}icr be a family of Armendariz R-modules. Let f (z) =
S azt € Rlz], my(z) = S oo Uz’ € Mifz]. Suppose f(z)(mu(z))ier = 0.
Then this implies that (f(z)m(z))ier = 0 = f(z)m(z) = 0 for each [ € I.
Since M, are Armendariz for each [ € I, so a,u; = 0V 4,5. Hence [ M is an
Armendariz R-module.

(2) Let f(z) = 3% ja,2* € R[z] and n(z) = Eé:o n,z’ € Niz] where
N < M. Suppose f(z)n(x) = 0; then a,n, = 0V 1, since n(z) € M[z] and
M is Armendariz. Hence submodules of an Armendariz modules are again
Armendariz.

(3) Since a direct sum is a submodule of the corresponding direct product,
therefore by (1) and (2) we get direct sums of Armendariz modules are again

Armendariz. 0

2.2.6 Proposition. Let R be an Armendariz ring and M is a free R- module.

Then M is Armendariz.

Proof. Given R is Armendariz and M is a free R- module, therefore we have
M = P R and since a direct sum of an Armendariz modules is Armendariz,

we get that M is an Armendariz module. O

2.2.7 Proposition. Let R be an Armendariz ring and M an R-projective
—_—

module. Then M is an Armendariz module.

Proof. Since M is R-projective module, therefore M 2 a direct summand of
a free R-module F'. But F is free, and so Armendariz by (2.2.6). Hence M

is Armendariz as submodules of Armendariz modules are Armendariz. O

2.2.8 Remarks. (a) If R is reduced and M is a free R-module, then M is

Armendariz
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. /(b) I R is a reduced ring and M is R-projective, then M is Armendariz.
/() If D is a domain, and M is D-projective, then M is Armendariz.
(d) Let D be a commutative domain, M is a D-module. Then M/T(M)
is Armendariz. This follows from the result that M/T(M) over a commu-
tative domain is torsion free and hence by Proposition (2.2.2) M/T(M) is

Armendariz

v 2.2.9 Proposition. Let R be a commutatwe ring and M an R-module. If
R(+)M s Armendariz, then M 1s Armendariz.

Proof. Let f(z) ="  a,2" € R[z] and g(z) = Zf:[) m,z? € M[z].Assume

f(z)g(z) =0 (1)

Consider (f(z),0),(0,g(z)) € {R(+)M}{z]. Then (f(z),0)(0,9(z)) = (0, f(z)g(z)) =
(0,0) by (1). Since R(+)M is Armendariz, we get (a,,0)(0,m,) = (0,0) =

(0,a,m,}) =0 = a,m, = 0. Hence M is Armendariz. a

2.2.10 Remark. The converse of Proposition (2.2.9) is false, ie., if R is a
commutative ring, and M is an Armendariz R-module, then R(+)M need
not be an Armendariz ring. Consider R = Zy, M = Z,, but Z4(+)Z,4 is not

Armendariz.

\/}.2.11 Proposition. Let D be an integral domain, M a D-bimodule and
R = D(+)M, the Nagata extension of D by M. The ring R is Armendariz

f and only if both pM and Mp are Armendariz.

Proof. (=) Suppose R is Armendariz. Let f(z) = 3.7 a,2* € D[z] and
g9(z) = 3270 b2’ € M[z] satisfy f(z)g(z) =0
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Then for (f(z),0), (0, g(z)) € {D(+)M}|z], we have

(f(z),0)(0,g(z)) = (0, f(z)g(z)) = (0.0). Since R’ is Armendariz we have
(a;,0)(0,b;) = (0,0) and this implies (0, a;b;) = 0 = a;b; = 0.

Therefore M is Armendariz as a left (and similarly , right) D-module.

(<) Suppose M is Armendariz. Let f(z) = (fo(z), fi(z)) = Y (ai, m;)z*)
and g(x) = (90(2), 01 (2)) = £ (b5, my)a?) € {D(+)M}a]

satisfy f(z)g(z) = 0. This implies (fo(z), f1(z))(go(z), g1 (z)) =0

and this implies fo(x)go(x) = 0 and fo(z)g1(z) + fi(z)ge(z) = 0.

Since D is a domain we get fo(z) = 0 or go(z) = 0 (or both).

Case(1): Assume fo(z) = 0.

Then we get fi(z)go(xz) = 0. Since M is an Armendariz D—module we have
wib; =0V i, j.

Therefore (0, u;)(b;,v;) = (0,u;b;) =0 |
Case(2):g0(z) = 0, fo(z) # 0. The proof is similar to that in case (1)

Case (3): fo(z) = 0 = go(z) is trivial.

Therefore D(+)M is Armendariz. O

. /2.2.12 Corollary. If D is a commutative domain and M is a torsion free

D- module, then D(+)M is an Armendariz ring.

Proof. From Proposition (2.2.2) M is Armendariz. Therefore on applying
Proposition (2.2.11) we have D(+)M is Armendariz. O

2.2.13 Corollary. Let D be a domain (not neccesarily commutative). Let
R = D(+)(D/A), then R is an Amendariz ring iff D/A is an Armendariz

ring.
Proof. The proof follows from Proposition (2.2.11) O
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2.2.14 Corollary. If K is a field and V 1is a vector space over K, then

K(+)V is a commutative Armendariz ring which is not reduced if V # 0

Proof. Since V is a torsion free K-module, then by Corollary (2.2.12), K(4)V
is Armendariz.

K(+)V is commutative, since for (a,u), (b,v) € K(+)V we have

(a,u)(b,v) = (ab,av + bu) = (b,v)(a,u) ( since K is a field ab = ba)

This gives K (+)V is commutative.

But K(+)V is not reduced when V # 0, since for each (0,v) € K(+)}V we
have (0,v)% = (0, 0). O

2.2.15 Remarks. (a) If D is a commutative domain, M is a free D-module

then D(+)M is Armendariz.
(b) If R is not a domain, M is a free R-module then R(+)M need not be
an Armendariz ring. Consider R = Z4, M = Z,, then R(+)M = Z4(+)Z4

which is not Armendariz
(¢) If D is a commutative domain, M is a torsion module, then D(+)M can

be Armendariz. Take R = Z, M = Z4 then R(+)M = Z(+)Z4 is Armendariz.

2.2.16 Proposition. Let D a domain ,h: D — D is a ring monomorphism
and M is a D-bimodule which is torsion free on both the left and the right.

Then D(+),M is an Armendariz ring.

»

Proof. Let f(z) = 3 (a;, mi)2* = (fo(2), fiz)), 9(x) = 3o(bj, n;)2? = (9o(2), 91(2)) €
{D(+)rM}[z]
Suppose f(z)g(z) = 0 then (fo(z), f1(z))(g0(2), 9:(z)) = (0,0)
= fo(z)go(z) = 0 and
h{fo(2))91(z) + go(z) fi(z) = 0 (1)
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Since D is a domain we get fo(z) = 0 or go(z) =0

Suppose fo(z) = 0(f1(z) # 0) then equation (1) becomes go(z)f1(z) = 0.
Since M is torsion free on both left and right we get go(z) = 0
Therefore f(z) = (0, fi(z)), 9(z) = (0, g;(x)) and this implies that
(0,m3)(0,m5) = 0

Next assume go(x) = 0 then equation (1) reduces to A(fo(z))g:1(z) =0

=
h(fo(z)) =0 (2)

(since M is torsion free on both left and right)

Since & is a monomorphism we have from (2) fo(z) =0

Therefore f(z)g(z) = (0, f1(z))(0, g1(2)) = (0,0) = (0,m;)(0,n;) =0

Hence D(+),M is Armendariz. O

2.2.17 Corollary. Let D be a commutative domain, let h : D — D be
a ring monomorphism and let M be a free D-module. Then D(+),M is

. '\_
Armendariz.
irmendariz.

Proof. This follows from Proposition (2.2.16) since M is free it implies that

M 1is torsion free. 0

2.2.18 Corollary. Let K be a field, h : K — K is a field monomorphism
and V is a vector space over K. Then the ring K(+),M is Armendariz.

Proof. This follows from Corollary (2.2.17). a

2.2.19 Remark. If R is not a domain, M is a free R-module, h : K — K is a
ring monomorphism, then R(+),M need not be an Armendariz ring. Take

R =74 M = Z4 and h = I then R(+),M = Z4(+)Z4 is not Armendariz.
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2.2.20 Proposition. Let M be an R-bimodule Then R(+)M 1s an Armen-
dariz ming iff the following conditions are satisfied:

_(a) R 1s an Armendariz ring

_Ab) M 15 an Armendariz left and right R-module «~

_fe) If f()9(z) = 0 € Ral, then {(x)Mz] () Mlzlg(z) = 0

Proof. (=) Suppose R(+)M is Armendariz.

(a) Since R is a subring of R(+)M (R = R(+)0 C R(+)M), therefore R is
Armendariz.

(b) Let m(z) = Z;C:O m,z’ € M[z] and f(z) = > ;a,5* € R|z]

satisfy f(z)m(z) = 0. Then (f(z),0)(0,m(z)) = (0, f(z)m(z)) = (0,0)
Since the ring R(4)M is Armendariz, we get (0, a,m,) = (0,0) V 1, and this
implies a,m;, =0V ¢,

Therefore M is Armendariz as a left R-module ( and similarly as a right
R-module ).

(c) Let f(z),g9(x) € R[z] satisty f(z)g(x) = 0.

Suppose f(z)m(z) = m (z)g(z) # 0 for some m(z), m'(z) € M][z]

Let (f(z),0)+(0,m (z))y and (g(x),0)~ (0, m(z))y € {R(+)M}[z][y]. Then
we have

{(£(=),0)+(0, m'(2))yH(9(2), 0)~(0,m(z))y} = (0,0). But (f(x),0)(0,m(z)) #
0 which contradicts the fact that {R(+)M}[z] is Armendariz. Therefore we
conclude that f(z)M[z] () M[z]g(z) = 0 if f(z)g(z) = 0.

(<) Suppose that all the three conditions are satisfied.

Let a(z) = Y2 glar, m)a* = (£(2), m(x)) and

B@) = Xo(by, )7 = (9(s), U(s)) € {R(+)M}[z] where f(z), g(x) € Riz]
and m(z),l(z) € M[z]. Suppose a(z)B(z) = 0. Then we have f(z)g(z) =0
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and f(z)l(z) + m(z)g(z) =0.....(1)

Now using (a) ( since f(z)g(z) = 0), we get a;b; = 0V 4,7 and from equa-
tion (1) we have f(z)l(z) = —m(z)g(z) € f(z)M[z] M[z]g(z) = 0. Now
this implies that f(z)l(z) = m(z)g(z) = 0. Now using condition (b), we get
all;y =0and m;b; =0V 4,5

Therefore (a;, m;)(b;,1;) =0V i, 3.

Hence R(+)M is Armendariz. 0

2.2.21 Corollary. Let R be a reduced ring and let A be an ideal of R,such
that R/A is reduced. Then R(+)(R/A) is Armendariz.

Proof. By Proposition (2.2.20), we only need to show that

f(@)(R/A)[z](R/A)[z]g(z) = 0 whenever f(z)g(z) = 0 in R|[z] since con-

ditions (a) and (b) are satisfied.

Since f(z)(R/A)[z](R/A)[z]g(z) = 0 iff (f(z)R[z] + Alz]) (R[z]g(z) +
Alz]) C A[z] therefore it is enough to show that (f(z) R[z]+A[z]) N(R[z]g(z)+

Alz]) C Ala].

So let f(z)f (z) + Ale] = ¢ (2)g(2) + Alz] € (f(z)Rlz] + Alz]) N(Rlz]g(z) +

Alz))...(1) for some f'(z), g (z) € R[z]

Since R is reduced,f(z)g(z) = 0 = g¢(z)f(z) = 0. Therefore multiplying

equation (1) (from the right) by f(z), we have )

f(z)f (z)f(z) + Alz] = Alz]which implies that f(z)f (z) € Alz] (since R/A

is reduced ).

Therefore, (f(z)R[z] + Alz]) N(R[z]g(x) + Alz]) C Alz].

Hence R(+)(R/A) is also Armendariz. O

(
z) =

\/.2.22 Remark. If R is Armendariz and R/A is also Armendariz for some
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ideal A of R, then R(+)(R/A) need not be Armendariz.
Take R = Z/8Z and A = 0 then R = Z/8Z and R/A = (Z/8Z)/0 = Z/8Z
are Armendariz but Z/8%(+)Z/8Z is not Armendariz.

2.2.23 Proposition. Let § : R — A be a ring homomorphism and let M
be an A-module. Regard M as a left R-module via §. Then we have the
following results

/{1) If sAM is Armendariz, then g M is Armendariz.

\/%} If @ is onto, then the converse of the statement in (1) holds.

_A8) If A 1s an Armendariz ring, then A is Armendariz as a left R- module.

Proof. (1) Let f(z) = Y0 ja,3" € R[z] m(z) = Y r_ym,a’ € M(z] satisfy

f(z)m{z) = 0. Then we have

0(f(z))g(z) =0 (rm =0(r)mr € R,m e M) = ) 0(a)z*> b2’ =0

= 0(a,)b, = 0V 4,7 (since 4 M is Armendariz)

Now a,b, = 0(a,)b, =0V 1,5 .

Therefore kM is Armendariz.

(2) Assume gM is Armendariz. Let f(z) = Y. a,2* € Alz] and m(z) =
Z;C:o m,x’ € M|[z] satisfy f(z)m(z) = 0. Since 6 is onto, therefore for
each a, € A, 3b, € R such that 6(b,) = a,, Now f(z)m(z) = 0 =
Yaz'm(z) = 0= " 0b)z Zf:o myz? = 0= 603 bz")) maz? =0
= > bx*Y m,x? = 0 (by definition r.m = 0(r)m) = bm, = 0Vi,j (since
rM is Armendariz). Then a,m, = 6(b,)m, = bym, = 0V i, j. Therefore 4 M
is Armendariz.

(3) Since A is an Armendariz ring, then by Remark (2.2.4(a)) 44 is an
Armendariz module. Hence by part (1) gA is Armendariz as a left R-

module.O .
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5.2.24 Corollary. For any n € Z, Z, is an Armendariz Z-module.

Proof. Let 8 : Z — Z,, be the ring homomorphism defined as
8(z) = z+nZ. Then 0 is onto. Since Zy, over Z, is Armendariz (by Corollary

(2.1.6)), therefore by Proposition (2.2.23(1)) Z, is an Armendariz Z-module.
0

.2.25 Proposition. The following conditions are equivalent
(1) R is an Armendariz ring.

(2) Every torsionless R-module is Armendariz.

(8) Every submodule of a free R-module is Armendariz.

(4) There ezists a faithful R-module which is Armendariz.

Proof. (1) = (2). Let M be a torsionless R-module. Then M < [] R for
some product of copies of R. Since [] R is Armendariz as an R-module, and
a submodule of an Armendariz module is Armendariz, M is also Armendariz.
(2) = (3) Let N be a submodule of a free R-module M, then N < @ R (since
M is free = M = (P R ) which implies that N is a torsionless R-module.
Hence by (2) N is Armendariz.

(3) = (4) Take M = R, then R is a faithful R-module which is Armendariz.
(4) = (1) Let M be a faithful R-module which is Armendariz. Then R <
JI M for some product of copies of M. Since [] M is Armendariz as M is

Armendariz, we have R is an Armendariz ring.O O

2.2.26 Notation. If M is a left R-module we denote R/ann(M) by R and
the ring of endomorphisms Endg(M) by E(M).

\/2.2.27 Proposition. The following conditions are equivalent
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(1) The left R-module M is Armendariz
(2) The left R-module M is Armendariz.

Proof. (1) = (2) Let zkM is Armendariz. We have the natural onto ring
homomorphism 6 : R — R defined as §(r) = r + ann(M) = 7. Therefore by
Proposition (2.2.23(2)) we have zM is also Armendariz.

(2) = (1) Let M be Armendariz. Then by Proposition (2.2.23(1)) rM is
g

Armendariz.

. /é228 Remarks. (a) If the left R-module M is Armendariz, then R is an
Armendariz ring.
Since M is a faithful R-module, therefore we have R < [] M for some product
of copies of M. Now M is Armendariz implies R is an Armendariz ring.
(b) Suppose the right E(M)-module M is Armendariz, then the ring E(M)
is Armendariz:
Since M is faithful as a right E(M)-module, by (4) = (1) of Proposition
(2.2.25), we get the result that F(M) is an Armendariz ring.

2.2.29 Proposition. A module M is Armendariz iff every finitely generated

submodule of M is Armendariz.

Proof. ( =) Suppose that M is an Armendariz R-module. Then by Propo-
sition (2.2.5(2)) every finitely generated submodule of M is Armendariz.

( <= ) Suppose every finitely generated submodule of M is Armendariz.
Let f(z) = >I ,az* € R[z] and m(z) = Z§=0 m;z’ € M]z] satisfy
f(z)m(z) = 0in M[z]. Then m(z) € {Rmo+ Rm; + .... + Rmy }{z] and since
every finitely generated submodule of M is Armendariz, we get a;m; = 0V

1,7. Hence M is Armendariz. t
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2.2.30 Corollary. Let M be a Z-module. Then (1) M is Armendariz as a
Z-module and (2) Z(+)M is an Armendariz ring.

Proof. Since every finitely generated submodule of M over Z is Armendariz,
then by Proposition (2.2.29) M is Armendariz over Z. ( We use Corollary
(2.2.24) and the structure theorem for finitely generated Z-modules ). Now
on applying Proposition (2.2.11) we get Z(+)M is also Armendariz. 0O

We record the following special case of the above result ( its extension to
arithmetical rings is recorded in Corollary (2.2.41) below ) and mention that -
when D is a commutative integral domain - there are interesting connections
between the Armendarizness of the D-module K/D and the condition ‘D is

integrally closed’. These will be studied elsewhere.
2.2.31 Corollary. Q/Z is an Armendariz Z-module.

Proof. Since every finitely generated submodule of Q/Z over Z is Armen-

dariz, so by Proposition (2.2.29) Q/Z is Armendariz over Z. O

2.2.32 Notation. Let M be an R-module, let C(R) be the centre of R and
let T be a multiplicatively closed subset of C(R). Then T~'M is an T™'R-
module, where T-'M = {®:me M,seT}and TR = {$:a€eRtc
T}.

2.2.33 Proposition. Let M be an R-module and C = centre(R). Then the
following conditions are equivalent.

(1) M is Armendariz

( 2) T-'M is Armendariz T~' R-module for each multiplicatively closed subset
T of C. T
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(8) Mp is an Armendariz Rp module for each P € Spec(C).
(4) Mg is an Armendariz Rg-module for each Q € Max(C).

Proof. (1) = (2) Let f(z) = 3%, “1* € {T~'R}{z] and m(z) = Zé:o %L.’II] €
{T-'M}[x] satisfy f(z)m(z) = 3. Then this gives (tot1...t) f(z)(s081...5)m(z) =
% = 3 u € T such that u(tot;..tx) f(z)(s0s1..8)m(z) = 0. Since M is Ar-
mendariz R-module we get u(toty..bim1tit1..t5)a,(S081..8;—15j41-.8)mj = 0V

. . . {tot1.ti—1tay1 . k)02 (SOS1..5;—15;41.50) __ 0 em _ 0 ..
i, 7, then this gives (totstk)(5051..51) =17 %35 1 Vi j

Therefore T-'M is Armendariz as an T~' R-module.
(2) = (3) and (3) = (4) are trivial.
(4) = (1) Let f(z) = Y.r ,a;2" € R[z] and m(z) = Z?:o m,a’ € Mz]

satisfy f(z)m(z) = 0, then this implies i%@m_gﬂ =%in Mgy V Q € Maxz(C).

Since Mg is Armendariz Rg-module, we get %% = 2 and this gives a,m; = 0

Y 1, 7. Therefore M is Armendariz. O

2.2.34 Proposition. Let D be a commutative domain and M a D-module.
Then the module M is Armendariz iff its torsion submodule T(M) is Armen-

dariz.

Proof. ( =) Suppose M is Armendariz. Since T (M) is a submodule of M,
therefore T(M) is also Armendariz.

(<) Suppose T(M) is an Armendariz D-module. Let f(z) = 3% a,2* €
Diz], g(x) = }_5_,mya? € M{z] satisfy f(z)g(z) = 0. Then we have

AoTrly = 0 (1)
Aoy + aymg = 0 (2)
aome + aymy + agimy = 0 (3)
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army = 0 (k+n+1)

Assume ag # 0. Now multiplying equation (2) by ag we get (aq)’m; = 0
( since aga;mg = ajagmo = 0 from equation (1) ) which implies that (ao)?
annihilates both mg and m; . On using the same process we get (ag)*my = 0
( from equation (3) ).By continuing we get g(z) € T(M)[xz]. Since T'(M) is an
Armendariz D-module we have a;m; = 0V 4, j. Hence M is an Armendariz

D-module. 4

2.2.35 Proposition. Let R be a commutative ring. The ring R s Gaussian

iff every cyclic R-module is Armendariz.

Proof. Suppose R is Gaussian. Let M be a cyclic R-module, then M = Rm
for some m € M. Since the map 8 : R — Rm defined as 6(r) = rm is onto,
therefore R/Ker(6) = Rm. Then by applying Proposition (2.1.37) we get
M is Armendariz.

Let every cyclic R-module be Armendariz. Then in particular the ring R/I
is Armendariz ( since the cyclic R-module R/I is Armendariz iff the ring
R/I is Armendariz ). Therefore on applying Proposition (2.1.37) we get the

ring R is Gaussian. O

2.2.36 Definition. A ring R is left (right) Gaussian if every cyclic left (

right ) R-module is Armendariz.

2.2.37 Definition. A ring R is left (right) strongly Gaussian if every left

( right ) R-module is Armendariz.

-
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2.9.38 Remarks. (a) A ring R is called completely Armendariz if every ho-
momorphic image of R is Armendariz.

(b) Left Gaussian rings are completely Armendariz.

Proof : Let R be a left Gaussian ring and I an ideal of R. Then the cyclic left
R-module R/I is Armendariz. Hence R/I is an Armendariz ring.Therefore
R is completely Armendariz.

(c) Left invariant, ¢ompletely Armendariz rings are left Gaussian.

Let R be a left invariant and completely Armendariz ring. If M is a cyclic
left R-module, then M = Rm for some m € M. Therefore M = R/I, for
some left ideal I of R. Now R/I is a quotient ring of R ( since [ is also a
right ideal ). Since R is a completely Armendariz ring, and M = R/I, the
R-module M is Armendariz.

(d) (i) The Gaussian property is not left-right symmetric and (ii) Completely
Armendariz rings need not be left Gaussian. We show this by an example.
Let L be a field and let K = L(Y,T) be the field of rational functions in two
commuting indeterminates Y and T. Let h be the endomorphism of the field
K defined via h(Y) = Y? and h(T) = T?. The ring R = K(+),K has the
following properties.

(i) Apart from R and 0 the only right ideal of R is 0(+)K, which is also a
left ideal.Since the ring Ry = R/(0(+)K) is a field, Ry is Armendariz as a
right R-module. We know that R is an Armendariz ring. The ring R is thus
a right Gaussian and completely Armendariz ring.

(ii) Let W = h(K) = L(Y?,T?),a subfield of K. Then B = 0(+)W is a left
ideal of R. We now show that the cyclic left R-module R/B is not Armen-

dariz,and thus the ring R is not left Gaussian.
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Let f(X) = (0,Y) + (0,7)X € R[X], and g(X) = (¥,0) + (-T,0)X €
(R/B)[X]. Then we have f(X)g(X) =0, but (0,Y)((—~T,0) # 0 in R/B.

A proof of the next proposition can be found in [DDA & BGK, Remark
1.5]. ( By the content A, of g(z) € M[z] we mean the R-submodule of M

generated by coefficients of g(z).)

2.2.39 Proposition. Let R be a commutative ring and let f(z) € R(z]. The
ideal Ay is locally principal iff for each R-module M and each g(z) € M|z]

we have AgAg = Ayq.

2.2.40 Proposition. Let R be a commutative ring. The ring R is strongly

Gaussian iff R is arithmetical.

Proof. Let R be a strongly Gaussian ring and let I be a finitely generated
ideal of R. So I = A; for some f(z) € R[z]. Let M be an R-module and

g(x) € M|z]. Then f(z)g(z) = 0in M[z]/A,lz] ( where g(z) = g(z)+Af,z]
) which implies that Af; = 0. Since M /Ay, is Armendariz we have A;Az = 0,
ie., AfAy/Asg = 0 which implies that Ay A, = A;,. Therefore by Proposition
(2.2.39) we get I = Ay is locally principal. Thus R is arithmetical.

Let R be an arithmetical ring, let M be an R-module and let f(z) € R|z]
, 9(x) € M(z] satisfy f(x)g(z) = 0. Then we get A;, = 0 and Since A; is
locally principal, we have A;A, = Af, = 0 ( by Proposition (2.2.39)) which

implies that M is Armendariz. Therefore R is strongly Gaussian. O

2.2.41 Corollary. If R is arithmetical, then every R-module is Armendariz.
In particular if R is arithmetical, then K/R is Armendariz as an R-module

where K = Ty 'R ( Ty is the set of a non-zero-divisors of R )
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Proof. This follows directly from Proposition (2.2.40) ( since R strongly

Gaussian implies every R-module is Armendariz ). d

2.2.42 Remark. Let M be a module over Z, then M is Armendariz as Z-
module. ( This special case of Corollary (2.2.41) has already been recorded
in (2.2.30). )
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Chapter 3

Semi-commutativity and

reversibility

In this chapter we study the concepts of semi-commutative rings, semi-

commutative modules and reversible rings. These classes are intimately

connected with the classes of Armendariz rings and modules; they are also

objects of independent interest. The class of Armendariz rings, as well as the
]

class of semi-commutative rings, are both ‘sandwiched’ between the class of

reduced rings and the class of abelian rings. A comparative study of Armen-

dariz rings and semi-commutative rings was garried out by C.Huh, Y.Lee and
Agata Smoktunowicz in [CH,YL & AS]. Semi-commutative modules were in-
troduced and studied in [AMB & MBR]. The class of reversible rings, studied
by Cohn ( in [PMC] ) and other authors, lies between the classes of reduced

rings and semicommutative rings. In [NKK & YL:2|, Kim and Lee studied

extensions of reversible rings and proved some results concerning their rela-

tionship with Armendariz rings.

e,

—
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3.1 Semi-commutative rings

This section is devoted to the study of the basic properties and examples of

semi-commutative rings.

3.1.1 Definition. A ring R is called semi — commutative if whenever a,b €

R satisfy ab = 0, then acb = 0 for each c € R.

3.1.2 Example. Any commutative ring is semi-commutative
3.1.8 Remark. Subrings of semi-commutative rings are semi-commutative.

3.1.4 Proposition. A semi-commutative ring is abelian.

v
Proof. Let R be a semi-commutative ring. Then for any a,b € R satisfying
ab = 0 we have acb = 0 forall ¢ € R.
Let a = e,b = (1~ e) where e € I(R). Then ab = 0.
Since R is semi-commutative we have azb =0V z € R,
=>ex(l—e)=0=

exr = exe (1)

Similarly we have ba = 0, and this gives (1 — e)ze = 0 =
xe = exe (2)

From (1) and (2) we have ze =ex Vz € R .
Therefore R is abelian. O
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3.1.5 Proposition. Let R be a ring. Then the following statements are
equivalent.

(1) R is semi-commutative

. A2) The right annihilator of each element of R is an ideal of R.

v (8) The left annihilator of each element of R is an ideal of R.

\/(4) For a,b € R, ab =0 implies aRb = 0.

Proof. (1) = (2). Let a,7 € R and let = € Tg(a). Now z € rg(a) = az =
0.Since R is semi-commutative we get arz = 0 and this gives rz € 7g(a);
hence 7z(a) is a left ideal of R. Therefore we have rg(a) is an ideal of R (
since 7g(a) is a right ideal of R ).

(2) = (3) Let = € Ig(a), then za = 0,50 for any t € R, tza = 0 = tz € [g(a).
Therefore lg(a) is a left ideal of R. Now z € lg(a) = za =0 = a € rg(z).
Since rg(z) is an ideal of R we get for any t € R, ta € rg(z), i.e.,, zta =0 =
xt € lg(a). Therefore Ig(a) is an ideal of R.

(3) = (4) Let a,b € R satisfy ab = 0. Then we have a € (g(b)

Since left annihilator of every subset of R is an ideal, therefore we have ( for
r€R)ar €lg(d) =>arb=0Vre€R=aRb=0.

(4) = (1) Let a,b € R satisfy ab = 0. Then by the given condition aRb = 0,
we get ach =0V ce R.

Therefore we have R is semi-commutative. O

The following result of M.B.Rege and S.Chhawchharia has led to several

results of the same type.

/ 3.1.6 Proposition. Let R be an Armendariz ring. Then R is semi-commutative

iff R[z] s semicommutative.
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Proof. ( = ) Suppose R is a semi-commutative ring.

Let f(z) = Y.ioy @z’ and g(z) = Y7, b;a’ € R[a] satisfy
f(z)g(z) =0 (1)

Now Consider a polynomial h(z) = Y., ckz* € R[z]. Since R is Armen-
dariz, from (1) we get a;b; =0V 4,7

By hypothesis R is semi-commutative. Therefore we have a;cb; =0V c € R.
Then this gives a;ctb; =0V 4, 7, k.

Therefore we have f(z)h(z)g(z) =0V h(z) € R[z].

Hence R[] is semi-commutative.

( <= ) This follows from the fact that a subring of a semi-commutative ring

is again semi-commutative. 0

8.1.7 Remark. If R is semi-commutative. Then R[z] need not be. Take
the ring R = (Zy + A)/I where Z, is the field of integers modulo 2 ,
A = Zslag, a1, a2, by, b1, by, ] is a free algebra of polynomials with zero con-
stant terms in noncommuting indeterminates ag, a1, as, by, by, ba, c over Zg
and I is an ideal generated by agbg, a1ba + a2by, agby + a1by, aghy + a1by +
azbg, a2by, agrby, asrby, (ag + a1 + a2)7(bo + b1 + b2) with r € A. (The details
of the proof are given in [CH,YL & AS, Example (2)}).

3.1.8 Proposition. Let R be a regular ring. Then the following conditions
are equivalent.

v~ (1) R is an Armendariz ring
(2) R is a reduced ring

(8) R is semi-commutative
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Proof. (1) = (2) Suppose R is Armendariz, then R is abelian. Now R 1s
abelian and regular (given) implies R is reduced.

(2) = (3) Let a,b € R satisfy ab = 0, then ba = 0 ( since R is reduced ) =
azb =0V z € R ( on using R is reduced )

Therefore R is semi-commutative.

(3) = (1) Let R be a semi-commutative ring. Now R is both regular and
semi-commutative, hence R is reduced. Therefore by Proposition (2.1.3) R

is Armendariz. O

3.1.9 Remarks. (a) If R is Armendariz and semi-commutative, then R need
not be regular. Consider R = Zj,.

(b) Semi-commutative ring need not be Armendariz.Consider R = Z4(+)Z4.
(c) If R is Armendariz,then R need not be semi-commutative. Take the ring

in [CH,YL & AS, Example 14 ]

3.1.10 Proposition. Let I be an ideal of R and R/I is a semi-commutative
M—M—

ring. If I is reduced ( as a ring without identity ), then R is semi-commutative.

Proof. Let a,b € R satisfy ab = 0. Then we get
(a+I)b+1I)=ab+1=1= abe I. Since R/I is semi-commutative we
get aRb C I.

Now (bIa)?* = blabla = 0 ( since ab=0)

Since bla C I and I is reduced, we have
bla =0 (1)

So ((aRb)I)? = aRbIaRbI = aR(bIa)RbI = 0 ( from (1) )
Since I is reduced and aRbI C I, we get aRbI =0
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Now as aRb C I we have (aRb)(aRb) C aRbI = 0. Since I is reduced and
aRb C I, we get aRb = 0.

Hence R is semi-commutative. O

3.1.11 Remark. However even If R/I and I are semi-commutative for every

non zero proper ideal I of R, even then R need not be semi-commutative.

F
Consider R = where F' is a field. Then R is not semi-commutative,
0 F
1 0 0 0 1 1
forif A = ,B = we have AB = 0 but forC = ,
0 o0 0 1 0 1
ACB # 0.

Now we show that R/I is semi-commutative for every nonzero proper ideal’

I of R. The only nonzero proper ideals I of R are

oG oa)=6 oY)

F F
case(l) Let I = , then R/I 2 F. Therefore R/I is semi-
0 0
a b s d a b c d
commutative. Let , € I satisfy =
0 0 0 0 0 0 0 0
ac ad
0. Then =0 = ac = 0 = ad.Since F is a field, either a = 0 or
0 0
c=d=0. If a =0 then
0 b e f d
=0Ve feF
0 0 0 0 0 O
a

d e f 0 0
If ¢ = d = 0 we have = 0.
0 0 0 0 0 0

Hence [ is semi-commutative.
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F : .
case(2) Let I = | ) Then R/I & F. Hence R/I is semi-commutative.

F

0 a 0 .
Let € I satisfy
0 0

(0 a) ( C) = 0. Then ad = 0 = bd. Since F is a field, either
o & d
a=0=0or

0 e 0 c

If ¢ = 0 = b then 4 ~0.
0 b

o

odO

0

f
0 a 0 e
If d =0, we get

Therefore I is semi-commutative.

0 F

case(3) Let I = , then R/I = F(+)F. Hence R/I is semi-
0 0

commutative.

0 a 0 b 0 a 0 b
Let , € I, then we have =0, so
0 0 0 O 0 0 0 O

b C)C )

Therefore I is semi-commutative.

3.1.12 Proposition. Let R be a reduced ring. Then R(+)R is a semi-

commutative ring.

Proof. Let (a,b), (c,d) € R(+)R satisfy (a,b)(c,d) = 0. Then this gives
(ac, ad + be) = 0 which implies

ac=10 (1)
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and
ad +bc = 0 (2)

Since R is reduced, we have ca = 0. Now multiplying (2) (from the right )by
a we get ada + bca =0 = ada =0 = ad = 0.

Then equation (2) reduces to bc = 0. Since R is reduced we get for r,s € R
arc = 0,ard =0, dasc =0 (%)

So for any (r, s) € R(+)R, (a,b)(r, s)(c,d) = (arc,ard +asc+brc) = 0 (from
(*)).

Hence R(+)R is a semi-commutative ring. O

3.1.18 Remarks. (a) If R(+)R is a semi-commutative ring, then R need not
be a reduced ring. Take R = Z4,then R is not reduced but R(+)R = Z4(+)Z4

is semi-commutative as R(+)R is commutative.

(b) If R is a semi-commutative ring, then R(+)R need not be a semi-

commutative ring.

Let Sp = H(+)H. Then S, is semi-commutative by Proposition (3.1.12). Let

(o i o))
b G

R = Sy(+)S;. Then for X = )

b))
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( 0 1 k0
0 o0 0 %
Y =
€ So0(+)So we have XY = g but for
0 o0 0 1
\ 0 o0 0 0 J
(ﬁ 0 0 o))
0 0 o
Z = )

XZY = £ 0.

(3 ()/

Therefore R So(+)Sp is not semi-commutative.

a b c

3.1.14 Proposition. Let R be a reduced ring. Then S; ={}|0 a d

0 0 a
a,b,c,d € R} is a semi-commutative ring.
ay b1 Ci a9 b2 Co
Proof. Let A = | 0 a di{,.B =10 as dy| € S satisfy
0 0 ar 0 0 az

AB = 0.

Then we have
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a1q9 = 0 (1)

a1b2 + b1a2 =0 (2)
aicsy + b1d2 +ciay = 0 (1)
a1d2 + dlaz =0 (4)

From (1) we have aya; = 0 (since R is reduced )

Multiplying equation (2) (from the left ) by as, we get aza;b + agbiag =0
= azbiaz = 0 (since aza; = 0 ) = agb; = 0 (since R is reduced ) = bja; = 0.
Therefore from (2) we get a;b; = 0.

Again multiplying equation (4) ( from the left ) by ay we get axdya =0 =
asd; = 0 which implies that dia; =0

Hence equation (4) reduces to a1dz =0 = dza; = 0

Now multiplying equation (3) ( from the left ) by a; we get azcia; = 0 =
c1ay = 0. Therefore equation (3) reduces to ajco + b1dy = 0....(5). On mul-
tiplying equation (5) (from the right )by a; we get a;coa; = 0 = aye2 = 0.
Hence from (5) we get byd = 0. Since R is reduced,we get R is semi-

commutative.So for r, s,t,u € R we have

oa1rag = 0,a17by = 0,a;8a2 = 0,b1ras =0 (%)
a17cy = 0,a18ds = 0,0y7dy = 0 €3
aitas = 0,bjuay = 0,¢c1ray = 0,a17dy; = 0 (% * %)
ajuag = 0,dyras =0 (% * %)
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T s t

Now forany {0 r o | € S; we have

0 0 r
a, bl 1 T S 1 a b2 Co
0 a; d; 0 r u 0 aa dp| = 0 (On using equa-
0 0 a; 0 0 T 0 0 [25)
tions (¥),(*¥),(***) and(****) ).
Hence S; is a semi-commutative ring. O
a b c d
0 a e f
3.1.15 Remark. Let Ty = { i a,bcde f,g € R}
0 0 a g
0 0 0 a
where R is a reduced ring. Then T} is not semi-commutative.
0 1 -1 0 0 0 0 O
0 0 0 0 0
Take A = ,B = € Tp. Then we
0 0 0 0 0 0 0 1
0 o0 0 0 0 0 0 o0
0 0 0 O
0 0 1 0
have AB = 0 but for C = € Ty we have
0 0 0 0
0 o0 0 O

ACB = # 0. Therefore T} is not semi-commutative.

o O O O
o o o o
o O O O
O O O =
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3.1.16 Proposition. Let R be a reduced ring and consider the ring
T11 T12 Z13 Z14
0 T T T

To = A H 12 # 1T € R}. ThenTy is a semi-commutative
0 0 T11 Z12

Ting.
a1 a2 013 G4 bin bz bz by
0 a a 0 b b b
Proof. Let A = ar 12 24 ,B _ 11 12 24
0 0 a1n Q2 0 0 bin b2
0 0 0 ais 0 0 0 bu

€ Ty satisfy AB = 0. Then we have

anb;; =0 (1)

arbiz + ar2b; =0 (2)

aibiz + a12b1z + arzby; =0 (3)
a11big + aizbog + a13b12 + a1abn =0 (4)
a11bas + @12b12 + a24b11 = 0 (5)

Multiplying equation (2) (from the right )by a;; and used the condition that

R is reduced, we get

a11bi2 = 0,a19b1; =0 (6)

On multiplying (3) (from the right ) by a;; we get
a11b13a11+ 12012011+ 013011011 = 0 = anbizar; = 0 (since bigay; = 0 = byyan

). Since R is reduced,we get a;1b;3 = 0. Therefore (3) reduces to
aigbiz + a13b;; =0 (7)
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Again by multiplying (7) by a1, (from the right ) and used that R is reduced

we get,

a12bi2 = 0,a1301; =0 (8)

Similarly by continuing the same process we get

airbes = 0, 12012 = 0, a24b1; = 0 (9)
a11b14 = 0, a12b24 = 0,a13b12 = 0, 014011 =0 (10)

Now from equations (1),{6),(7),(8),(10) ( using that R is semi-commutative

as R is reduced )we get

a1rbyin = 0,a,17b12 = 0, a197b11 = 0 (%)

ay17b13 = 0, a118b12 = 0, a127b12 = 0,011t =0 (%)
a128b11 = 0,a137b1; = 0,a117b14 = 0,a118b24 = 0 (% * *)
a127boy = 0, a11tb12 = 0, a128b12 = 0, a137b12 =0 (% * %)
anuby = 0,a12vby; = 0,a138b1; = 0,a147b011 =0 (% * % * %)
ay17bay = 0, a118b1p = 0,a128b12 = 0,a119b;; =0 (% * * * xx)
a128b11 = 0,a947b1; = 0 (% % % % % * %)

T s t U

0 r s v
Vrstuv€R. Now for any C = € Tp we get

0o 0 r s

0O 0 O r
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Q
—_
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—_
N

2
—
w

Q
i
.

-
w
o~

0
0 0 0 a1 0 0 0
(*) (**) (***),(****),(***** ******

b3
ACB = 0 arl a2 24 0 T S 0 by bia
0 0 a; aio 0 T 0 1

T 0

)

d *******)

0 ( on using equations an

).

Hence T} is semi-commutative. O

3.1.17 Proposition. Let R be a ring and let e be a central idempotent el-

ement of R. Then R is semi-commutative iff eR and (1 — e)R are semi-

commutative.
————

Proof. ( = ) Suppose R is semi-commutative. Let a; = ea,b; = eb € eR
satisfy a;1b; = 0, i.e., eaeb = 0 = eazeb = 0V z € R (since R is semi-
commutative ) = eayeb =0V y € eR.

Therefore eR is semi-commutative.

Similarly (1 — e)R is semi-commutative.

( <= ) Assume eR and (1 — e)R are semi-commutative. Therefore we have
R = eR x (1 —e)R ( Since e € (I(R)(NC(R)) ). Hence R is also semi-

commutative. ]

3.1.18 Corollary. If R is semi-commutative, then eRe and

(1 —e)R(1 — e) are semi-commutative.

Proof. This follows from Proposition (3.1.17) as (1 — e)R(1 —e) = R(1 —
e). O

3.1.19 Corollary. R is semi-commutative iff eRe is semi-commutative for

alec I(R).
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Proof. ( = ) This follows from the fact that a subrng ( as a ring without
identity ) of a semi-commutative ring is again semi-commutative.
( < ) Suppose eRe is semi-commutative for all e € I(R), then choosing

e =1, R = 1R1 is semi-commutative. O

3.1.20 Remark. If eRe is semi-commutative for any non-trivial non-identity

idempotent element e of R, then K need not be semi-commutative.

Z Z
Consider R = 2 ). The non-trivial non-identity idempotent of R

1 0 0 O
Let A = ,B:( , then AB = 0 but
0 1

(1 1) (0 1)
A B= £0.
0 1 0 0

Therefore R is not semi-commutative,but eRe = Z, is semi-commutative.

3.1.21 Proposition. Suppose that R is an Armendariz ring and let C(R)
be the center of R. If N is a right ideal of R such that N C Nil(R), then

C(R) + N is both an Armendariz ring and a semi-commutative ring.

—_—

Proof. Let z,y € C(R)+ N. Then z = a+n,y = b+m for some a,b € C(R)
andn,m € N. Now z—y = (a—b)+(n—m) € C(R)+ N (since a,b € Z(R)
implies a — b € C(R) as Z(R) is a subring of R and since N is a right ideal
of R implies that for any n,m € N n—m € N ). Therefore C(R) + N is a
subring of R. Hence C'(R) + N is Armendariz as R is Armendariz.

Now we will show that C'(R) + N is semi-commutative.
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Let a+n,b+m € C(R)+ N satisfy (a+n)(b+m) = 0, then for any z € C(R)

we have

(a+n)z(b+m) =z(a+n)(b+m)=0 (1)
and for any [ € N 3 some k € N such that I*¥ = 0, we have (a+n)lF(b+m) =0
and by proposition (2.1.19) we have

(a+n)l(b+m)=0 (2)

Combining equations (1) and (2) we have (a+n)(z+{)(b+m) =0V z+{ €
C(R)+ N.
Therefore C(R) + N is semi-commutative. O

3.1.22 Definition. A ring R is called locally finite if every finite subset of

R generates a finite semi-group multiplicatively.

3.1.23 Proposition. Let R be a locally finite Armendariz ring. Then R s

a semi-commutative ring.

Proof. Let a,b € R satisfy ab = 0. Since R is a locally finite ring, we

have for every 7 € R 3 integers m,! > 1 such that v™ = r™*. Then

m+21 m-i,.1 m+l

T =7t =17

By induction we have r™ = r™(+1)_ Pyt h = [ + 1, then with h > 2
(rm)t = ()

Now rh=1m — plh=2imtm — p(h=2mpm — p(h=2)m(m)h from (*) which implies

that ,r(h-l)m = phm=2m+hm _ ,2hm-2m _  2(h-1)m _ (,r(h—l)m)Z_

Hence r(*~U™ is an idempotent element of R.
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Since R is Armendariz, we have r(*~Y™ is a central element of R .
Therefore arh=Vmp = r(h-Dmgp — O which implies that arb = 0 ( by Propo-
sition (2.1.19)

Hence R is semi-commutative. (W]

\/3.1.24 Proposition. Let R be a ring and Q be a multiplicatively closed subset
of R consisting of central non-zero- divisors. Then R is semi-commutative

iff Q7R is semi-commutative.

[—

Proof. ( = ) Suppose R is semi-commutative.Let o = u™la , = v7'b
€ Q7 'R, where u,v € Q and a,b € R satisfy af = 0. This implies that
ulav7d = 0 = u'v~lab = 0 ( since u,v € C(R) ) which implies that
(uv)~lab =0 = ab = 0.

Since R is semi-commutative, we have azb =0V z € R.

Lety = w™lz where w € Q,z € R, then ay8 = v taw*zv b = (vwv) ‘azb =
0 (sinceazb=0Vz€R)

Therefore Q7! R is semi-commutative.

( < ) This is trivial as a subring of semi-commutative ring is again semi-

commutative. O

3.1.25 Remark. The map 6 : R — Q'R defined as 6(a) = a/lis1—1
Proof : Suppose 6(a) = 0, then a/1 = 0 which implies that there exists
w € ) such that wa = 0. Since w is a non-zero-divisor we get a = 0 .Hence

fis1—1.

- 3.1.26 Corollary. Let R be a ring. Then R[x] is semi-commutative iff

R[z; 27! is semi-commutative.
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Proof. ( =) Assume R[z] is semi-commutative. Consider 2 = {1, z, z2, ...}

Since R[z; 7' = Q! R|z], by Proposition (3.1.24) R[z; z~'] is semi-commutative.
( <) Since R|[z] is a subring of R[z; 2], therefore R[z] is semi-commutative.

O

\/3.1.27 Proposition. Let R be a ring and let n be a positive integer. If R is

reduced, then R|z]/(z™) is a semi-commutative ring, where (z™) is the ideal

generated by ™.

Proof. Let S = R[z]/(z™). If n = 1, then S = R. Hence S is semi-
commutative ( since R is reduced ).

Forn > 2 put u = = + (z”), then S = R[u].

Let A=ap+a1u+ ... + @ 1u™ 1, B=0by+bju+...+b_ju™! €S satisfy
AB = 0. Note that for i + j > n, a;b;u*™’/ = 0, so it is sufficient to check for
the case i + j < n.

From AB = 0, we have

aobo =0 (1)

a0b1 + albo =0 (2)

a062 + a1b1 + a2b0 =0 (3)

aobn_g + albn_;; + ... + an_3b1 -+ an_gbo =0 (TL - 1)
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aobn_l -+ albn_g + ... + an_2b1 + an_1b0 =0 (n)

Since R is reduced, we have a,b, = 0V 4,5 = a,¢b, = 0....(*) V¢ € R and
forall 4, j (since R is reduced ).

Let C = cy+ ciu+ .....ch_1u™ ! be any element of S.

From (*) we have a,cxb, =0V 4,7, k.

Therefore ACB =0

Hence S is semi-commutative. O

3.1.28 Remarks. (a) If R[x]/(z") is semi-commutative, then R need not be
reduced. Take R = Z4, then R[z]/(z") is semi-commutative as R is a com-
mutative ring.

(b) If R[z]/(z?) is semi-commutative, then R is also semi-commutative.

(c) If R is semi-commutative, then R[z]/(z?) need not be semi-commutative.
Take R = H(+)H, then R is semi-commutative as H is reduced.

Denote T = z + (z?)

0 7 1 0 0 1 1 0
Let A = + 7 and B = - T E
0 O 0 1 0 0 0 1

{H(+)H}{z]/(z?). Then we have AB=0.

b3 )
Take C = + then we have
0 g 0 1
confy ol e 9 )
0 O 0 1 0 3 0 1 0 0
0

B
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3.2 Semi-commutative modules

This section is devoted to the study of the basic properties and examples of

semicommutative modules.

3.2.1 Definition. Let M be a left E-module. Then M is semi—commutative
if whenever @ € R and m € M satisfy am = 0, then we have acm = 0V

c € R.

3.2.2 Examples. (a) If R is a commutative ring, then M is semi-commutative

as an R-module.

(b) A ring R is semi-commutative iff the module gR is semi-commutative.
.R

(c) Submodules of semi-commutative modules are semi-commutative.

3.2.3 Proposition. Let D be a domain and let M be a torsion free D-

module. Then M 1is semi-commutative.

Proof. Let a € R and m € M satisfy am = 0. Since M is torsion free, we
have either a = 0 or m = 0.
Therefore for any ¢ € R we get acm = 0.

Hence M is semi-commutative. d

3.2.4 Proposition. If {M,;} is a family of semi-commutative modules over
R; then we have the following results.

(1) The direct product [[ M; is semi-commutative.

(2) Direct sum @ M; is semi-commutative.

Proof. (1) Let @ € R and (m;);er € [[ M; satisfy a(m;)icr = 0. Then we
have am; =0V : € 1.
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Since M; is semi-commutative, we get acm; = 0V ¢ € R. Hence ac(m;)ie; = 0
Viel

Therefore [[ M; is semi-commutative.

(2) This follows from Example (3.2.2(c)) as the direct sum of a family of

modules is a submodule of the direct product of the family. O

3.2.5 Proposition. Let R be a semi-commutative ring and let M be a free

ER-module. Then M is semi-commutative.

Proof. Since M is a free R-module, it implies that M = € R. Now using
the fact that a direct sum of copies of R is semi-commutative as R is semi-

commutative, we get M is also semi-commutative over K. O

3.2.6 Proposition. Let R be a semi-commutative ring and let M be a pro-

jective R-module. Then M is semi-commutative.
h*_—_\

Proof. Since M is projective R-module, therefore M is isomorphic to a direct
summand of a free R-module F which is semi-commutative as F = @R
(since € R is semi-commutative ),and by Example (3.2.2(c)) we have M is

a semi-commutative R-module. O

3.2.7 Remarks. (a) If M is a free R-module, then M need not be semi-
commutative.

Take R = M2(Z), M = R, then g M is free but g M is not semi-commutative.

(b) If R is reduced and M is a free R-module, then M is semi-commutative.

(¢) If Risreduced and M is R-projective module, then M is semi-commutative.

e ———
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3.2.8 Proposition. Let D be a ( not necessarily commutative ) integral do-
main and let M be a D-bimodule. Then the ring D(+)M is semi-commutative

iff M is a “ semi-commutative D-bimodule ‘.

Proof. ( = ) Suppose D(+)M is semi-commutative.
Let a € D and m € M satisfy am = 0.
Then we have (a, 0)(0,m) = (0,am) = 0. Since D(+)M is semi-commutative,
we get V (¢, n) € D(+)M (a,0)(c,n)(0,m) = (0,acm) = 0 which implies that
acm = 0.
Therefore M is semi-commutative .
( <= ) Suppose M is semi-commutative as a D-bimodule.
Let (a,m), (b,n) € D(+)M satisfy (a,m)(b,n) = 0. Then we get
(ab, an + mb) = (0,0) ,ie.,
ab =10 (%)

and

an +mb =0 (*%)

From ab = 0 we have either ¢ = 0 or b = 0 (since D is a domain).
Case (1) Suppose a = 0 then equation (**)reduces to mb = 0. Since M is

semi-commutative we have for any ¢ € D
meb =0 (% * x)

Now for any (c,I) € D(+)M we have (0,m)(c,1)(b,n) = (0,mc)(b,n) =

(0, mcb) = 0 ( from equation (***) ).
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Case (2) Suppose b = 0 then equation (*) becomes
an =10 (1)

Then for any ¢ € D we get
acn =0 (2)

( M is semi-commutative ).
Let (c,!) be any element of D(+)M . Then we get (a, m)(c,1)(0,n) = (0,acn) =
0 (from equation (2) ). Therefore in both cases we have D(+)M is semi-

commutative. O

3.2.9 Remark. If the ring R(+)M is semi-commutative, then the ring R is

semi-commutative and the modules R M, Mg are semi-commutative.

3.2.10 Proposition. Let M be an R-bimodule. Then R(+)M is semi-
commutative if the following conditions are satisfied:

(1) R is semi-commutative

(2) M 1is semi-commutative.

(3) If ab =0 in R, then aM (Y Mb = 0.

Proof. Let (a,m), (b,n) € R(+)M satisfy (a, m)(b,n) = (0,0).
Then we get (ab, an + mb) = (0,0) which implies that ab = 0 and
an+mb=0.

From equation an + mb = 0 we get an = 0 = mb (since aM [\ Mb =10 ).
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Since R and M are semi-commutative we get

ach =10 (1)

and

acn = 0 = mcb (2)
Y ¢ € R. Now for any element (c,!) € R(+)M, we have

(a,m)(c, 1)(b,n) = (ac, al+mc)(b,n) = (ach, acn+alb+meb) = (0,0+alb+0)

(%)
( from (1) and (2) ) Since alb € aM [ Mb = 0 so we have alb = 0. Therefore
we have (a,m)(c,1)(b,n) = (0, alb) = (0,0) .

Hence R(+)M is semi-commutative. O

3.2.11 Remark. If R is a semi-commutative ring and M is semi-commutative
as a left as well as right- module over R, then R(+)M need not be semi-
commutative.

Let R = H(+)H, M = H(+)H. Then R(+)M is not semi-commutative by
Remark (3.1.3(c)).

3.2.12 Proposition. Let D be a domain, h : D — D be a ring monomor-
phism and let M be a D- bimodule which is torsion free on both left and right.

Then D(+),M is semi-commutative.

Proof. Let (a,m), (b,n) € D(+)nM ( m # 0,n # 0 ) satisfy (a,m)(b,n) = 0.
Then we have

ab=0,h(a)n+mb=0 (1)

Since D is a domain we get a =0 or b= 0.

Case (1) a = 0. Then equation (1) reduces to mb = 0. Since M is torsion
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free on the right, we get b = 0.
Therefore for any (c,!) € D(+)nM we have
(0,m)(c, 1)(0,n) = (0, mc)(0,n) = (0,0).

Case (2) b= 0.

Now b = 0, implies that equation (1) reduces to h{a)n = 0. Since M is
torsion free on the left, we get h(a) = 0.

Now h(a) = 0 implies a = 0 ( since h is a ring monomorphism )

Therefore for any (c,l) € D(+),M we have

(0, m)(c, 1)(0,n) = 0.

Hence D(+),M is semi-commutative. d

3.2.13 Remarks. (a) Let K be a field, h : K — K be a ring monomorphism,
then K(+),M is semi-commutative for every vector space V over K .

(b) If R is not a domain, M is a ‘free R-bimodule’ and A : R — R is a ring
monomorphism, then R(+),M need not be semi-commutative.

Take R = H(+)H,M = R and h =1 : R — R, then by Remark (3.1.13(b))

R(+)pM is not semi-commutative.

3.2.14 Proposition. Let R be a reduced ring and let A be an ideal of R such
that R/A is reduced. Then R(+)(R/A) is semi-commutative.

Proof. Let (a,7), (b,3) € R(+)(R/A) satisfy (a,7)(b,3) = 0.
Then we get
ab=0 (1)

and



Now multiplying equation (2) ( from the right ) by a, we get @sa = 0. Since
R/A is reduced we get @3 = 0. Similarly rb = 0.

On using the condition that R/A is semi-commutative we get

acs =0 (3)
We also have

ath = 0 (4)
and

reh =0 (5)
YeteR.

Therefore for any (c,t) € R(+)(R/A) we have

(a,7)(c,t)(b,5) = (ach, acs + atb + rcb) = (0,0) ( since ach =0V ¢ € R and
from equations (3),(4) and (5) ).

Hence R(+)(R/A) is semicommutative. O

3.2.15 Proposition. Let 0 : R — A be a ring homomorphism and let M be
an A-module. Regard M as a left R-module via 6. Then we have
(1) If AM is semi-commutative, then gM is semi-commutative.

(2) If 8 is onto, then the converse of the statement in (1) hold.

(3) If A is a semi-commutative Ting, then A is semi-commutative as a left

R-module.

Proof. (1) Let r € R, m € M with rm = 0.
Then §(r)m = 0 ( since rm = 0(r)m).
Therefore for any s € R, (rs)ym = 0(rs)m = 6(r)0(s)m = 0 since §(r)m =0

in 4M and 4M is semi-commutative.
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Hence g M is semi-commutative.

(2) Let zkM be a semi-commutative module. Let a € A, m € M satisfy
am = 0.

Since 6 is onto, so given any y € A 3 z € R such that 6(z) = y.

Therefore for a € A 3 r € R such that (r) = a.

Now am = 0 implies 8(r)m =0, i.e.,
™m =20 (1)

Let b € A, then 3 s € R such that 6(s) =b .
Therefore we have abm = 6(r)f(s)m = 6(rs)m = rsm = 0 ( from (1) and
rM is semi-commutative )

Hence oM is semi-commutative.

—

(3) A is a semi-commutative ring, then 4A is a semi-commutative mod-
ule ( by Example 3.2.2(b) ). Therefore on applying result (1) we get pA is

semi-commutative. O

3.2.16 Proposition. The following conditions are equivalent:

(1) R is a semi-commutative ring

(2) Every torsionless R-module is semi-commutative.

(3) Every submodule of a free R-module is semi-commutative.

(4) There ezists a faithful R-module which is semi-commutative.

Proof. The proof is the same as in the case of Armendariz modules ( Replace

‘ Armendariz ¢ by ‘semi-commutative ¢ in the proof of Proposition (2.2.25))
O

77



3.2.17 Notation. Recall that we denote Endg(M) by E(M) and R/ann(M)
by R.
3.2.18 Proposition. Let M be an R-module. Consider the following condi-

tions

(1) The left R-module M is semi-commutative.

(2) The left R-module M is semi-commutative.

(3) R is a semi-commutative ring

(4) The right E(M)-module M is semi-commutative

(5) The ring E(M) is semi-commutative.

Then we have

(1) if (2)

(2) = (3)

(4) = (5)

Proof. (1) = (2) Define a map ¢ : R — R as 6(r) = r + ann(M), then @ is
clearly onto.

Hence by Proposition (3.2.15) we have zM is semi-commutative.

(2) = (1) By Proposition (3.2.15) gM is semi-commutative.

(2) = (3) Since M is faithful as a left R-module, so we have R < P M
for some direct sum of copies of M.

Hence R is a semi-commutative ring ( since M is semi-commutative ).

(4) = (5) Since M is faithful as a right F(M)-module, on applying (4) = (1)
of Proposition (3.2.16) we get the ring E(M) is a semi-commutative ring. O
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3.2.19 Remark. If R is a semi-commutative ( Armendariz ) ring, then the
left R-module M need not be semi-commutative (Armendariz ): Consider

the module given in [AMB & MBR,Example 2.12].

3.2.20 Proposition. 4 module M is semi-commutative iff every cyclic sub-

module of M 1is semi-commaulative.

Proof. ( =) This is trivial as submodules of semi-commutative modules are
again semi-commutative.

(<) Let m € M, a € Rsatisfy am = 0. Since m € M implies that m € Rm,
therefore by hypothesis we have acm =0V c € R.

Hence M is a semi-commutative E-module. O

3.2.21 Definition. A ring R is said to be left invariant if every left ideal
of R is two sided.

3.2.22 Proposition. If the cyclic left R-module R/ J is semi-commutative,

\.—
then J is an ideal of R.

Proof. Let z € J , 7 € R. Then z.1 = (1 + J) = x + J = 0 which implies
that rzl =r(z + J) = r0 = 0, and this give rz € J.

Also since zI = 0 and R/J is semi-commutative over R, then for any r € R,
zr1 = 0 which implies that zr € J.

Therefore J is an ideal of R. O

3.2.23 Remark. The converse of Proposition (3.2.22) is not true. Consider
the ring in [AMB & MBR, Example 2.12]

3.2.24 Proposition. The following conditions are equivalent

(1) R is left invariant
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(2) Every left R-module is semi-commutative.

(8) Every cyclic left R-module is semi-commutative.

Proof. (1) = (2) Let M be a left R-module and let m € M, a € R satisfy
am = 0. Since the left ideal Ra is two-sided, aR C Ra .

Then for any ¢ € R, acm € aRm C Ram = 0.

Therefore M is a semi-commutative left R-module.

(2) = (3) is trivial.

(3) = (1)Let J be a left ideal of R. Since R/J is cyclic left R-module, by
hypothesis the left R-module R/J is semi-commutative. Then on applying
Proposition (3.2.22) we get R is left invariant. 0

3.2.25 Proposition. Let M be an R-module and let C = C(R). Then the
following conditions are equivalent.

(1) M is semi-commutative

(2) T-'M is a semi-commutative T~ R-module for each multiplicatively closed
subset T of C.

(8) Mp is a semi-commutative Rp-module for each P € Spec(C).

(4) Mg is a semi-commutative Rg-module for each Q € Maz(C).

Attt

Proof. (1) = (2) Let 2 e T'M, ¢ e T"'R satisfy 22 =2 Then3ueT
such that uam = 0 which implies that (uva)m = 0.
Since M is semi-commutative, we have for any c € R

= — eacm __ 0
(ua)em =0 = uacm =0 = $$2 =3,

3 )=
e

Therefore for any ¢ € T-'R, we have aem -

[
L [}
@ |3
I
[



Therefore T~ M is a semi-commutative 7~! R-module.

(2) = (3) is trivial

(3) = (4) is trivial

(4) = Let a € R, m € M satisfy am = 0. Then this implies that
2 € Mg and since M is semi-commutative V Q@ € Maz(C) we get {5
which implies that acm = 0.

Hence M is a semi-commutative K-module.
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3.3 Reversible rings

This section is devoted to the study of the basic properties and examples of

reversible rings. We have followed [NKK & YL:2] for some of this material.

3.3.1 Definition. A ring R is called a reversible ring if whenever a,b € R

—_—

satisfy ab = 0 we have ba = 0

3.3.2 Examples. (a) Every commutative ring is reversible.
(b) Every reduced ring R is reversible.
Proof : Let a,b € R satisfy ab = 0. Then (ba)? = baba = 0. Since R is

reduced we get ba = 0. Hence R is reversible.

3.3.3 Proposition. Let R be a reversible ring. Then R is semi-commutative.

Proof. Let a,b € R satisfy ab = 0. Then by hypothesis we get ba = 0
and bax = 0V z € R. Since R is reversible we have azb = 0 V r € R.
Therefore whenever ab = 0, we have azb = 0V z € R. Hence R is semi-

commutative. |

3.8.4 Remarks. (a) If R is semi-commutative, then R need not be reversible.

a b ¢
Let R be a reduced ring. Consider Ty = {|0 a d|{ :a,bcd € R}
0 0 a
Then by Proposition (3.1.14) we know that 7} is semi-commutative .
0 1 0 0 0 0 0 0
NowletA=]10 0 o0|,B=|0 0 1|€T1.ThenAB=1]0 0
0 0 0 0 0 0 0 O
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# 0 but BA = 0. Therefore T is not reversible.

(b) If R’ is reversible, then R need not be Armendariz. Take R = Z4(+)Z4,

then this ring is reversible (since it is commutative ) but R’ is not Armen-

dariz.

(c ) If R is Armendariz, then R need not be reversible. Consider T} =
a b ¢

{lo e« dl| :abcde R (reduced ring ) }. Then by Proposition

0 0 a
(2.1.17) Ty is Armendariz but by Remark ( 3.3.4(a) ) T} is not reversible.

3.3.5 Proposition. Reversible rings are abelian.

Proof. This follow from the facts that every reversible ring is semi-commutative

and semi-commutative rings are abelian. a
3.3.6 Proposition. Let R be a reduced ring. Then R(+)R is a reversible
ring .
Proof. Let (a,b), (c,d) € R(+)R satisfy (a,b)(c,d) = 0. Then we have
ac=0 (1)
and
ad + bc =0 (2)

Since R is reduced, from (1) we have ca = 0. Now multiplying (2) (from
the left ) by ¢, we have cad + cbc = 0 which implies that cbc = 0 (since
ca = 0 ) and this gives bc = 0 ( since R is reduced ). Hence equation (2)
reduces to ad = 0 . Since R is reduced we get cb = 0,da = 0 and this gives
(c,d)(a,b) =0 .

Therefore R(+)R is reversible. O
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9.8.7 Remarks. (a) If R is reversible, then R(+)R need not be reversible.
This follows from Remark (3.1.13(b)).
(b) If R(+)R is reversible, then R need not be reduced. Take R = Zg, then

Z4(+)Z4 is semi-commutative ( since it is commutative ).

In the following proposition PQ = {ab:a € P,b € Q} where P,Q C R.

3.3.8 Proposition. For a ring R the following conditions are equivalent:
(1) R is reversible

(2) rr(P) = lg(P) for each PC R

(3) For each a € R,lg(a) = rr(a)

(4) PQ = 0 implies QP = 0 for any two non-empty subsets P,Q of R.

Proof. (1) = (2) Assume R is reversible. Let z € [g(P), then Pz = 0. Since

R is reversible we have P = 0, which implies that = € rg(P). Hence
Ir(P) Cra(P) (*)

Now for y € rg(P), yP = 0 and this gives Py = 0 ( since R is reversible ),
which implies that y € [g(P). Then we get

rr(P) Clr(P) (#%)

Therefore from (*) and (**) we have rg(P) = lg(P).

(2) = (3) is trivial ( take P = {y} )

(3) = (4) Assume for each a € R, [g(a) = rx(a). Let P, @ be two non-empty
subsets of R satisfy PQ) = 0. Then we have ab =0 fora € P, b € ). By
hypothesis we have ba =0V a € P,b € ) .Hence PQ) =0

(4) = (1) Take P = {z},Q = {y} for z,y € R.Then whenever zy = 0 we
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have yz = 0 (by hypothesis ).

Therefore R is reversible. g

3.3.9 Proposition. The class of reversible rings is closed under (1) subrings

and (2) direct products.
Rt

Proof. (1) Let R be a reversible ring and S be a subring of R. Let a,6 € S
satisfy ab = 0. Since a,b are in R, we have ba = 0 (by hypothesis ). Hence
S is reversible .

(2) Let {R;}scs be a family of reversible rings and let (z;)ier, (vi)ier € [, R
satisfy (z;)icr(¥i)icr = 0. This gives (z;y;) = 0 which implies that z;3, =0V
¢ € I. Hence y;z; = 0V i € I ( since R; is reversible ). Therefore (y;z;)icr = 0
which gives (y;)ier(z:)ier = 0. Thus []; R; is reversible. 0O

3.3.10 Proposition. Suppose that R/I is a reversible ring for some ideal of

a ring R. If I is reduced, then R is reversible.

Proof. Let a,b € R satisfy ab = 0. Then (a + I)(b+ I) = ab+ I = I (since
ab=0). Since R/I is reversible we have ba € I. Now (ba)? = baba = 0 and
since [ is reduced we get ba = 0.

Therefore R is reversible . dJ

3.3.11 Remark. If R/I is reversible for some non-zero ideal / of R and the
ideal I is also reversible ( as a rng ), then R need not be reversible. This can

be seen as follows.

a b c
Let D be a division ring and consider R={{0 a d/{|ab¢cde D}
0 0 a

By Remark (3.3.4(a)) R is not reversible .
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0 D D 0 D D 0 0 D
Wehavel;, =)0 0 D|,L=]0 0 o0}, =)0 0 D
0 0 0 0 0 0 0 0 O
0 0 D
and I, = | O 0 0 | are the only non-zero proper ideals of R. We have
0O 0 O
I, is not reversible, since for
0 0 1 0 1 1
A=10 o0 1(,B={0 0 1|€lLAB=0but BA#0.
0 0 O 0 0 O
0 a b
We now show that Iy, I3, I, are reversible. Let A = | 0 0 0] and
0 0 0
0 ¢ d
B=10 0 0] €1,satisfy AB = 0. Then BA = 0. Therefore I, is
0 0 o0
reversible.
0 0 a 0 0 ¢
Let A=10 0 &{,B=|0 0 d| € Issatisfy AB =0. Then
0 0 0 0 0 O

this gives BA = 0.

Therefore I3 is reversible.

Similarly for any A, B € I, if AB =0, then BA = 0. Hence I, is reversible.
Now we shall show that for j = 2,3,4, R/I; is reversible.
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a 0 O
Case (1) j = 2 We have R/I, = {{ 0 a b | + I2}. Therefore for any

0 0 a
(z 0 o
a= 1|0 r y|+1I2and
\0 0 0
(t 0o o
=10 t z|-+IL € R/ satisfying off = 0 we have
\0 0 0
zt=0 (1)
zz+yt=0 (2)

From (1) we have tx = 0 ( since D is a reduced ring ). Multiplying (2) from
the left by ¢ we get tyt = 0 which implies ¢y = 0. Therefore (2) reduces to
zz = 0, which implies that zz = 0. Hence fa =0 .

Thus R/, is reversible.

Case (2) j = 3.

a b O z y 0
R/Isi={]l0 a« O0]|+I:}.LetA=)y0 =z 0] +1Isand
0 0 a 0 0 =«

t 2z 0

B=]0 t 0] +I;satisfy AB=0. Then zt = 0,zz+yt = 0, on using

0 0 =z
the condition that D is reduced we get tx = 0,2z = 0,ty = 0. Therefore

BA = 0. Hence R/I3 is reversible.
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Case (3) j =4

a b 0 x vy 0
Wehave R/, =10 a c| - LetA=]0 =z 2| and
0 0 a 0 0 T

T s 0

B=1|0 r t| €R/Isatisty AB =0. Then we have zr = 0,zs+yr =

0 0 T
0,zt + zr = 0. Therefore on using that D is reduced we get rx = 0,51 =

0,7y = 0,tz = 0,72 = 0. Hence R/1, is reversible.

3.3.12 Proposition. Let R be a ring. Then eR and (1 — e)R are reversible

for some central idempotent e of R iff R is reversible.

Proof. Suppose eR and (1 — e) R are reversible for some central idempotent
e of R. Then we have R 2 eR x (1 — e)R; hence R is reversible.

Conversely let ea,eb € eR satisfy eaeb = 0 which implies eadb = 0. By
hypothesis we have ebea = 0 which gives eR is reversible. Similarly (1 —e)R

is reversible. 0

3.8.18 Remarks. (a) Let R be an abelian ring. Then eR and (1 — e)R are

reversible for some idempotent e of R iff R is reversible.

(b) If R is reversible, then eRe is reversible for every idempotent e € R.
This follows from the fact that R is reversible implies that R is abelian, then
eRe = eR. Therefore by Proposition (3.3.12) eRe is reversible.

(c) However if eRe is reversible for any nontrivial non-identity idempotent

element e of R, then R need not be reversible.

. Ly Ly 0 1
Consider R = Let A = and
0 Zo 0 O
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1 0 1
€ R. We have AB =0 but BA = # 0. Therefore R is
0 0 0 0

not reversible.

Notice that the only non-trivial non-identity idempotents of R are
0 0

0 0 1 1 0 1
, , and and we have eRe = Z,. Therefore eRe

0 1 0 0 0 1
is reversible.

3.3.14 Proposition. Let R be a ring and A be a multiplicatively closed
subset of R consisting of central non-zero-divisors of R. Then R is reversible

iff AR is reversible.

Proof. Suppose R is reversible. Let a = u™'a,8 = v~!b € A7'R satisfy
af = 0. Then u~lav™'b = 0 which implies u~!'v~lab = 0 ( since A is
contained in centre of R ) i.e. (uv) lab = 0 and so ab = 0. Thus we have
ba = 0 ( since R is reversible ) which gives v™lu"lba = 0, i.e., v"'bu~la = 0,
hence Ba = 0. Therefore AR is reversible.

The converse is trivial ( since a subring of a reversible ring is reversible ). [

3.3.15 Corollary. Let R be a ring. Then R[z] is reversible iff R[z,z™"] is

reversible.

Proof. Suppose R|z] is reversible. Let Q = {1,z,z?%, ...} then clearly  is a
multiplicatively closed subset of R[z]. Since R[z,z7!] = Q7 R[z], it follows
that R[z,z7!] is reversible by Proposition (3.3.14) .

Conversely, if R[z,z71] is reversible, then R[z] is reversible . O

3.3.16 Proposition. Let R be an Armendariz ring. Then the following

conditions are equivalent:
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(1) R is reversible.
1L 15 reversto

(2) R[z] is reversible.
fz) 15 reversi

(3) R[zx,z~"] is reversible.
omr

Proof. (1) = (2) Let f(z) = Simgair’,g(z) = Y j_objz’ € Rla] satisfy
f(z)g(z) = 0. Since R is Armendariz, we have a;b; = 0V 7, 7. By hypothesis
we get bja; = 0 V i,7, which implies that g(z)f(z) = 0. Therefore Rz} is
reversible.

(2) = (3) By Corollary (3.3.15)

(3) = (1) Since subrings of reversible rings are reversible, therefore R is

reversible. O

3.8.17 Remarks. (a) If a ring R is reversible, then R[z] need not be reversible.
Take the ring in [NKK & YL:2, Example 2.1]

3.3.18 Definition. A ring R is called a symmetric ring if rst = 0 implies

rts=0for r,s,t € R.

3.3.19 Proposition. Let R be a semi-prime ring. The following statements
—_— .

are equivalent

(1) R is a reduced ring.

(2) R is symmetric ring.

(3) R is a reversible ring.

(4) R is a semi-commutative ring.

Proof. (1) = (2) Let R be a reduced ring and let 7,s,¢t € R satisfy rst =
0.(Since 7(st) = 0 we have (st)r = 0 and (rs)t = 0 implies £(rs) = 0 ). Now
rst = 0 further implies r(sts) = 0 = (sts)r = 0 = s(tsrt) =0 = (tsrt)s =0
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= (tsrt)sr = 0 = (tsr)? = 0 = tsr = 0 since R is reduced. From the
condition (ts)r = 0 we get rts = 0. Therefore R is symmetric.

(2) = (3) Let R be a symmetric ring and let a,b € R satisfy ab = 0. Now
ab = 0 gives 1ab = 0. By hypothesis we get 1ba = 0, i.e., ba = 0. Thus R is
reversible.

(3) = (4) This follows from Proposition (3.3.5).

(4) = (1) Let R be a semi-commutative ring and let a € R satisfy a® = 0.
Now a? = 0 gives aRa = 0 ( since R is semi-commutative)which implies that
(Ra)? = 0. By the hypothesis ' R is semiprime ' we have Ra = 0, i.e., a = 0.
Hence R is reduced. O

3.3.20 Proposition. Let R be a reduced ring and n be a positive integer.

Then the ring R[z)/(2") is reversible.

Proof. Let H = R[z]/(z™). If n = 1, then H = R. Hence H is reversible.
When n = 2, H = R[z]/(z?), put u = z + (2?), then H = R[u]. Let
f(w) = ao + a1y, g(u) = by + byu € Rfu] satisfy f(u)g(u) = 0. Then we
have agby = 0, agh; + a;b9 = 0. Since R is reduced we have bgag = 0, bpa; =
0,160 = 0 which implies that g(«)f(u) = 0. Hence H is reversible.

Forn >3 put u=1z + (z"). Let A = ag + ayu + agu® + .... + a,_1u""! and

B = b() + blu F o, +b —1Up-1 € H satisfy
AB=0 (*)

Now a;b;u**? = 0V 4,5 with i+ j > n, therefore it is enough to prove for the
case 1 + 7 < n.

From (*) we have
agby = 0 (1)
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a0b1 + a1b0 =0 (2)

aoby + a1b1 + azby =0 (3)

agbn_1 + albn_z o DT + an_lbo =0 (n)

Since R is reduced we get a;b; = 0 V ¢,j. Hence bja; = 0 V ¢, j which gives

g(u) f(u) = 0. Therefore H = R|z]/(z") is reversible. O

3.8.21 Remarks. (a) If R[z]/(z"™) is reversible, then R need not be reduced.See
the example in Remark (3.1.28(a))

(b) If R[z)/(z") is reversible, then R is reversible.

(c) If R is reversible, then R[z]/(z") need not be reversible.See the example

considered in Remark (3.1.28(c)).

3.3.22 Definition. Let S be a commutative ring. By an S-algebra we mean

aring R such that V¢ € S, r € R, ta is defined and this definition makes R
into an S-module satisfying ' if t € S and a, 8 € R, then (ta)8 = a(tB) =
t(apB) .

3.3.23 Definition. Let R be an algebra over a commutative ring S. Then

theDorroh extension of R by S is the ring R x S with operations (r,s) +

(t,u) = (r +t,s +u) and (r, s)(¢,u) = (rt + st + ur, su), where r,¢t € R and
s,u € S.

3.3.24 Proposition. (1) Let R be a symmetric ring and let I be an ideal of

R that is an annihilator in R. Then R/I is a reversible ring.

(2) Let R be an algebra over a commutative ring S, and let Dy be the Dorroh
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estension of R by S. If R is reversible and S is a domain, then Dy is also

reversible.
(8) Let R be a commutative domain and let h be an injective endomorphism

of R. Then R(+)rR is reversible.

Proof. (1) Let J C R and put I = rg(J). Let @,b € R/I satisfy ab = 0.
Now ab = 0 implies that ab € I, i.e., Jab = 0. Since R is symmetric we have
Jba = 0,which gives ba € I, i.e., ba = 0 and thus R/I is reversible.

(2) Let (r,s), (t,u) € Dy satisfy (r,s)(t,u) = 0. Now from (r,s)(t,u) = 0 we
have

rt+ur+st=0 (%)

and

su=190 (**)

Since S is a domain, we have from (**) s = 0 or u = 0. suppose s = 0, then

equation (*) reduces to 0 = rt + ur = r(¢t+u); but R is reversible so we have
0=(t+u)yr=tr+ur (1)

and this gives (t,u)(r,s) = (tr + st + ur,us) = (¢r + ur,0) = 0 (from (1) );
similarly when u = 0. Therefore Dy is reversible.

(3) Let (r,5), (u,v) € R(+),R satisfy (r, s)(u,v) = 0. Then we have
ru=0,h(r)v+us=0 (1%)

which implies 7 = 0 or u = 0 ( since R is a domain ).
Case (1) Let r = 0 then equation (1*) reduces to us = 0, i.e., u =0 or s = 0;

hence we get h(u)s = 0 and therefore (u,v)(r,s) = (ur, h(u)s + rv) = 0.
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Case (2) Let u = 0. Then we get h(r)v = 0, which implies that h(r) = 0
or v = 0 ( since R is a domain ). If h(r) = 0, we get r = 0 (since h is
injective ) and therefore (u,v)(r,s) = (ur, h{u)s + rv) = 0. Hence R(+)nR

is reversible. |

3.8.25 Remarks. Let R be a commutative reduced ring and let & be an injec-

tive endomorphism of R. Then the Nagata extension of R by R and h need

not be reversible.

We take R = D x D where D is a commutative domain of characteristic zero.

Then R is a commutative reduced ring which is not a domain. Let h: R = R

be defined as h(r,s) = (s,r). Then h is an automorphism of R. Now for
((0,1),(1,0)), ((1,0),(0,1)) € R(+)sR we have ((0,1), (0,1))((1,0),(0,1)) =

(0, A((0,1))(0, 1)+(1,0)(0,1) = 0 but ((1,0), (0,1))((0, 1), (0, 1)) = (0, R((1,0))(0, 1)+
(0,1)(0,1)) = (0,(0,2)) # 0.
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Chapter 4

Some analogues of the

Armendariz property

After the class of Armendariz rings had been extensively studied (by M.B.Rege,
S.Chhawchharia, D.D.Anderson,V.Camillo, Y.Lee, N.K.Kim, C.Huh, A.Smok-
tunowicz, T.-K.Lee, Y.Zhou and others - see the References ), a number

of authors intoduced and studied analogues of the Armendariz property.

[ o

Prominent among these analogues are the classes of weak Armendariz rings,

quasi-Armendariz rings and Armendariz(PS) rings ( studied by T.-K.Lee,
T.L.Wong, Y.Hirano, A.M.Buhphang, M.B.Rege and others ). These con-

cepts have module analogues as well.Basic properties and examples of some

of these analogues are recorded in various sections of this chapter.

—
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4.1 Weak Armendariz rings

This section is devoted to the study of the basic properties and examples of
weak Armendariz rings. This class of rings was introduced and studied by

Lee and Wong in [TKL & TLW].

4.1.1 Definition. A ring R is called a weak Armendariz ring if whenever

two linear polynomials f(z) = ag + a1z and g(z) = by + biz satisfy (ao +

a1z)(bo + by1z) = 0 € R|z], then we have a;b; =0V 4,5 =0,1.

4.1.2 Examples. (a) Every Armendariz ring is weak Armendariz

(b)A subring of a weak Armendariz ring is again weak Armendariz

(c) The converse of (a) is not true. Take the ring R = Z3[z, y]/(z?, z2y%, v®)
where Z3 denote the Galois field of three elements, Z3[z, y] denotes the poly-
nomial ring over Zj and (z®, z2y?,3?) is the ideal of R generated by z3, z%y?
and y3. (See the proof in [TKL & TLW, Example 3.2].)

(d) M,(R) is not weak Armendariz when R # 0 and n > 2.

4.1.3 Proposition. A ring R is reduced iff R(+)R is weak Armendariz.
Proof. This follows from the proof of Theorem (2.1.14). O

4.1.4 Remark. If R is weak Armendariz, then R(-i-)R need not be. See the
examples studied in Remark (2.1.15).

4.1.5 Theorem. Let R be a ring and n > 2 a natural number. Then

R[z])/(z™) is weak Armendariz iff R is reduced.

Proof. ( = ) Suppose R[z]/(z") is weak Armendariz.Let r € R satisfy
r? = 0. Consider two polynomials f(T) = r + Z%'T,¢g(T) = r - 7"} €
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R[z][T)/(z™)|T], then we have f(T)g(T) = (r + T !T)(r — T 'T) = r* -
rz" T 4 72\ — 22T% = 0 ( since r* = 0 and for n > 2 we have
2n —~ 2 > n; hence "2 = 0 ). By hypothesis we have rZ"~! = 0 which
implies that r = (. Therefore R is reduced.

( <) This follows from Proposition (2.1.28) O

4.1.6 Proposition. Let D be a domain and A an ideal of D. Suppose D/A
is weak Armendariz. Then D(+)(D/A) is weak Armendariz.

Proof. This follows from Proposition (2.1.12) O

4.1.7 Proposition. Let R be a ring. Then R is weak Armendariz iff eR and

(1 — e)R are weak Armendariz for some central idempotent e of R.
Proof. The proof is similar to the proof of Proposition (2.1.25) O

4.1.8 Proposition. Suppose R/I is weak Armendariz for some ideal I of
R. If I is reduced ( as a ring without identity ), then R is weak Armendariz

Proof. Let f(x) = ag + a1z, g(x) = by + b1z € R[x) satisfy

f(@)g(z) =0 (1)

Since R/I is weak Armendariz we have a;b; € I V 4,5 = 0,1. From (1) we
have

aobo =0 (2)

agb; + a1by =0 (3)

a1b1 =0 (4)
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Claim: agb; = 0. Since agby = 0 implies (bglag)? = 0 therefore by hypothesis
we have bglag = 0 ( since bolag C I). Hence (a1bo)(aobr)? = arbo(aobi)aeh; €

ar(bolag)by = 0 ( since bplag = 0 ) which implies that
(a1bp)(agh1)* =0 (%)

. Now multiplying equation (3) by (agb1)? (from the right ) we get (aob1)(aob1)*+
(a1bg)(aeby)? = 0 which implies that (aeb;)® = 0 ( from (*) ). Since [ is re-
duced and agb; € I, we therefore conclude that agh, = 0; hence a;bp = 0.

Thus R is weak Armendariz. O

4.1.9 Remark. If R/I is weak Armendariz for any non-zero proper ideal /
of R and T is also weak Armendariz as a rng, then R need not be a weak

Armendariz ring. Consider the example studied in Remark (2.1.30).

4.1.10 Remarks. (a) If R is weak Armendariz, then eRe is also weak Armen-
dariz for every idempotent e € R.

(b) If eRe is weak Armendariz for every non-identity idempotent e of R, then
R need not be weak Armendariz. Consider the example studied in Remark

(2.1.26(b)

4.1.11 Proposition. Let R be a ring. Consider the following statements.
(1) The ring R is a weak Armendariz ring

(2) Let a,b,c € R be such that ac = 0= b?. Then abc = 0.

(3) The ring R is abelian.

(4) The ring R is directly finite, i.e., yr = 1 whenever zy =1 for z.y € R.
Then we have (1) = (2) = (3) = (4).
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Proof. (1) = (2) Let f(z) = a—abx, g(z) = c+bez € R[z] with ac =0 = b*.
Then f(z)g(z) = (a — abz)(c + bex) = ac + abex ~ abex — ab*cz® = 0 and
since R is weak Armendariz, we have abc = 0.

(2) = (3) Let e € I(R) and a € R, then (1 —e)e = 0 = ((1 — e)ae)®. Hence
by (2) we have (1~ €)((1 — e)ae)e = 0 which implies that (1 —e)ae =0, i.e.,

ae = eae (*)
Similarly e(1 — e) = 0 = (ea(1 — €))? implies ea(1 —€) = 0 i.e.
ea = eae (%)

Therefore from (*) and(**) we have ea = ae V a € R. Hence R is abelian.

(3) = (4) See the proof of Proposition (2.1.22). 0

4.1.12 Proposition. Let R be a semiprime ring with the property that when-
ever a,b,c € R satisfy ac = 0 = b we have abc = 0. Then the ring R is weak

Armendariz.

Proof. Consider f(z) = a + bz, g(z) = ¢+ dz € R[z] with f(z)g(z) = 0.
Then
ac=0=bd (1)

and

ad+bc=0 (2)

For any r € R we have (cra)® = 0 ( since ac = 0 ). Now we have bd = 0 =

(cra)? and so by hypothesis we get b(cra)d = 0 i.e.

berad = 0 (3)
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On multiplying equation (2) by ber ( from the left ) we get berad + berbe = 0
which implies that berbc = 0V r € R ( from (3) ); hence we get bcRbc = 0
i.e. (Rbc)? = 0. By hypothesis we have Rbc = 0 which implies that bc = 0;

hence ad = 0. Thus R is weak Armendariz. O

4.1.18 Remark. If R is a prime ring with the property that whenever a, b, c €

R satisfy ac = 0 = b% we have abc = 0. Then R is weak Armendariz.

4.1.14 Proposition. Let R be a weak Armendariz ring and let a,b,c € R

satisfy ac = 0 = ab®> c = 0 for some integer s > 1, then we have abc = 0.

Proof. Let f(z) = a — (ab® )z, g(z) = ¢ — (v* '¢)z € R[z]. Then we have
f(z)g(z) = ac + ab* ez — ab® " cx — ab? cz? = 0 ( since by hypothesis we
have ac = 0 and ab®’ ¢ = 0). As R is weak Armendariz we deduce ab®" ¢ = 0.

Continuing this way, we get abc = 0. a

4.1.15 Remark. Let R be a weak Armendariz ring. Suppose ac = 0 = b" for
a,b,c € R and some integer n > 1, then abc = 0.
Choose a positive integer s such that 2° > n, then we have ab¥c = 0.

Therefore by the above proposition we get abc = 0.

4.1.16 Proposition. Let R be a weak Armendariz ring and let I be an ideal

of R. Then R/lp(I) is a weak Armendariz.

PO

Proof. The proof is similar to that of Proposition (2.1.16). O

4.1.17 Proposition. Let R be a regular ring. Then the following statements

are equivalent

(1) R is Armendariz
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(2) R is reduced

(8) R is semi-commutative

(4) R is weak Armendariz
(5) R is reversible.

Proof. (The equivalence of (1), (2) and (3) has already been shown in Propo-
sition 3.1.8.)

The implication (1) = (4) is trivial.

(4) = (2). Suppose R is weak Armendariz, then R is abelian by (4.1.11).
Hence R is reduced ( being abelian and regular ), by Proposition (1.1.12).
(2) = (5). This follows from the fact that every reduced ring is reversible.
(5) = (3). This is recorded in (3.3.3).

Note that for (2) = (5) = (3) we do not need the regularity assumption. O
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4.2 Weak Armendariz modules

This section is devoted to the study of the basic properties and examples of

weak Armendariz modules. This class of modules was introduced and stud-

jed in [MBR & AMB].

4.2.1 Definition. An R module M is called a weak Armendariz module over
R if whenever f(z) = ap + a;z € R[z] and m(z) = mo + myz € M|z] satisfy

f(z)m(z) = 0 we have a;mg = 0.

4.2.2 Remarks. (a) Every Armendariz module is weak Armendariz.

(b) A module rR is weak Armendariz iff R is a weak Armendariz ring

(c) The class of weak Armendariz R-modules is closed under submodules,
direct products and direct sums

(d) A weak Armendariz module over R need not be an Armendariz mod-
ule.Take the ring R in [TKL & TLW, Example 3.2] ( see Remark (4.2.2(b))
above ) and M = R.

(e) An R-bimodule is called weakly Armendariz if it is weakly Armendariz

on the left as well as on the right.

4.2.3 Definition. Let M be a left R-module. We call M semiprime if
given 0 # m € M, there exists f : M — R such that (mf)m # 0.

4.2.4 Definition. Let R be a ring and let M be a left R-module. An element
m of M is called regular if there exists f € Homg(M, R) with (mf)m =m.

The module M is regular if every element of M is regular.
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4.2.5 Definition. Let R be a ring and let M be a left R-module. Then M
is called an anti-regular module if for every non-zero m € M there exists a

non-zero f € Homg(M, R) such that f(mf) = f.

4.2.6 Remarks. (a) Every regular module is semiprime

(b) Every anti-regular module is semiprime.

4.2.7 Definition. An R-moduleM is called cyclically semiprime if every

cyclic submodule of M is semiprime.

4.2.8 Theorem. Let M be a cyclically semiprime module which satisfies the
property that whenever a,b € R,m € M satisfy am = 0 and b*> = 0 we have

abm = 0. Then M is a weak Armendariz module.

Proof. Let f(z) = ao + a1z € R[z] and g(z) = mo + miz € M][x] satisfy
f(z)g(z) = 0. Then we have

QoMo = 0 (1)
agm, + aimy = 0 (2)
aym; = 0 (3)

Suppose agpm; # 0. Then by hypothesis there exists § € Homg(Rm,, R) such
that ((agmi)@)agm, # 0. From equation (2) we have agm; = —a,my, then
0 # —((agm:)@)aymg implies 0 # ((aom;)f)army, ie., 0 # ag(mi0)a;my.
Write b = (m;0)a,, then we get b? = (m,60)a,(m,0)a; = (m10)(a;m18)a; =0
( from (3) ). By hypothesis and From (1) and »* = 0 ( b = (m,0)a;) we have
aobmg = 0 i.e. ag(mif)a;mg = 0 which contradicts that ag(m,8)a;mg # 0;
hence our assumption that agym; # 0 is wrong. So we get agm; = 0 = a;my.

Thus M is a weak Armendariz module. O
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4.2.9 Proposition. Let M be an R- bumodule. Then R(+)M 15 a weak
Armendariz ring of the follounng conditions hold:
(1) R s a weak Armendariz ming
(2) M 1s a weak Armendariz bimodule
(8) If f(z) = ap + a1z, g(z) = by + biz € R[z] satisfy f(z)g(x) = 0 then we
have (f(z)M(z)) N(Mlz]g(z)) = 0
Proof. Suppose that all the three conditions are satisfied.Let
(F(@),m(z)) = (Tly ', Do ma?), (90),12)) = (5o by’ Do y2?) €
{R(+)M}|z] satisfy (f(z), m(z)){g(z),!(z)) = 0.Then we have f(z)g(z) =0
and

f(@)l(z) + m(z)g(z) =0 ()
By condition (1) we have a,b, = 0V 7,5 = 0, 1.From equation (*) we have
f@)l(z) = —m(z)g(z) € f(z)M[z] M[z]g(z) = 0 ( using condition (3)
which implies that f(z)l(z) = —m(z)g(z) = 0 ). On using condition (2) we
get a,l;, = 0 and m,b, =0V 1,53 =0,1. Thus R(+)M is a weak Armendariz
ring. 0

4.2.10 Remark. If R is weak Armendariz and R/A is a weak Armendariz ring
for some ideal A of R, then R(+)(R/A) need not be weak Armendariz. See
the example studied in Remark (2.2.22)

4.2.11 Proposition. Let D be an integral domain. Then D(+)M 1s a weak

Armendariz ring off M 1s a weak Armendariz D-bimodule.
Proof. The proof is similar to that of Proposition (2.2.11) O

4.2.12 Proposition. If§: R — A s a ring homomorphism and M 1s an A-

module, regarding M as a left R-module via 0 , we have the following results:
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(1) If AM is weak Armendariz, then g M is weak Armendariz.
(2) If § is onto, then the converse of the statement in (1) hold.
(8) If A is a weak Armendariz ring, then A is weak Armendariz as a left

R-module.
Proof. The proof is similar to that of Proposition (2.2.23) O

4.2.13 Proposition. The following statements are equivalent
(1) R is a weak Armendariz ring.

(2) Every torsionless R-module is weak Armendariz

(8) Every submodule of a free R-module is weak Armendariz.

(4) There exists a faithful R-module which is weak Armendariz.
Proof. The proof is similar to that of Proposition (2.2.25) a

4.2.14 Proposition. A module M is weak Armendariz iff every submodule

of M generated by at most two elements is weak Armendariz.
Proof. The proof is similar to that of Proposition (2.2.29) a

4.2.15 Proposition. Let M be an R-module and let C = C(R). Then the
following statements are equivalent.

(1) M is weak Armendariz.

(2) T*M is weak Armendariz T~ R-module for each multiplicatively closed
subset T' of C.

(3) Mp 1s a weak Armendariz Rp-module for each P € Spec(C).

(4) Mg is a weak Armendariz Rg-module for each @ € Maz(C).

Proof. The proof is similar to that of Proposition (2.2.33) O

105



4.2.16 Proposition. Let D be a commutative domain and M a D-module.
Then the module M is weak Armendariz iff its torsion submodule T(M) is

weak Armendoriz.

Proof. The proof is similar to that of Proposition (2.2.34) 0
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4.3 Armendariz (PS) rings

This section is devoted to the study of the basic properties and examples
of Armendariz(PS) rings.This class of rings was introduced and studied in

[MBR & AMB].

4.3.1 Definition. A ring R is called an Armendariz (PS) ring if whenever
f(z) =Y air’, g(z) = Y bz’ € R|[x]] satisfy f(z)g(z) = 0 we have a;b; = 0
Vi,j.

4.3.2 Examples. (a) If R is a domain, then R is an Armendariz (PS) ring.
(b) Direct product of two Armendariz (PS) rings R, R is again Armendariz
(PS).

(c) Any direct product of Armendariz (PS) rings is Armendariz (PS).

(d) Subrings of Armendariz (PS) rings are Armendariz (PS).

4.8.8 Remark. If R is an Armendariz (PS) ring, then R is Armendariz.

4.3.4 Proposition. Let R be a reduced ring. Whenever f(z) =Y a;z*, g(z) =
Sob;z? =0 € R[[z]] satisfy f(z)g(z) =0, we have a;b; =0V i,7.

Proof. The proof is similar to that of Proposition (2.1.3) O
4.3.5 Remark. Every reduced ring is Armendariz (PS).

4.3.6 Proposition. For a ring R, the trivial extension T(R, R) is Armen-
dariz (PS) iff R is reduced.

Proof. The proof is similar to that of Proposition (2.1.14). a
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4.3.7 Proposition. Let R be a reduced ring. Then the ring

a as a b

0 a ao
T, = {

0 0 ai ag

0 0 0 a1

fi(z)  folo) fa(z)
Proof. Let f(x) = 0 filz)  fal)
0 0 fi(z)
0 0 0
Y e 12" S e GnT 3% 0 GnT
_ 0 Y g 01, Yo ant
0 0 D g 017
0 0 0
a(z) glz) 9 ()  g4(z)
| 0 0@ e 80
0 91(2) g2(x)
0 0 0 g91(z)
Sy Sabu?  Tiebu
|0 T Db
0 0 Siaby?
0 0 0
isfy
f(z)g(x) =0

From (1) we have

fi(z)gi(z) =0
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‘ |ay, ag, @, b,c € R} 18 Armendariz (PS).

fa(z)
fs(z)
fa(z)
fi(=)
D G4’
Dm0 05T
Do G2

Z::Q ahmz

Z;x.)—.o b4y @’
Zf—_o bs, 2’
E;io by, @’
Yoo b1 7

e Ty[[z]] sat-

(1)

(2)



fi(z)g2(z) + fa(z)gr(z) =0 (3)

fi(z)gs(z) + f2(x)g2(z) + f3(z)g1(2) = 0 (4)
Hi(@)g4(z) + f2(2)95(z) + f3(z)92(2) + fa(z)g1(x) =0 (5)
fi(@)gs(z) + fa(x)ga(z) + f5(x)g1(z) = O (6)

using the condition that R is reduced we get fi(z)g2(z) = 0, fo(z)g1(x) =
0, fi(z)gs(z) = 0, f2(x)ga2(z) = 0, f3(z)91(z) = 0, fi(z)ga(z) = O, fa(z)gs(7) =
0, fs()g2(z) = 0, fu(z)g1(z) = O, filz)gs(z) = O, fs(z)g1(z) = 0; hence
asbi; = 0,a1:0; = 0,a9by; = 0,a13b3; = 0,a9:b9; = 0,0a3;0;; = 0,a1:04; =
0,a2:b5; = 0,a3:b2; = 0,a4:01; = 0,a1bs; = 0,asb; = 0V 4,7, and these

implies that

aii G 43 G4 bij by by by
0 ai; Gz Qs 0 by bo b5 | 0
0 0 au au| [0 0 by by
0 0 0 ay; 0 0 0 by;
Thus Ty is Armendariz (PS). O
a b c
4.8.8 Remarks. (a) If Risreduced, then B ={] 0 & d|la,bc,d€ R}
0 0 a
is Armendariz (PS).
a b c d
0 a e
(b) If R is a reduced, then the ring B; = { la,b,c,d,e, f,g €
0 0 a g
0 0 0 a

R} is not Armendariz (PS). See the proof in Remark (2.1.18)
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4.3.9 Proposition. Suppose that the ring R is abelian. Then every idem-
potent of R([z]] (R[z]) is in R and R[[z]] (R[z]) is abelian.

Proof. Let f(z) =3 2, €e;z* € Rf[z]]. Assume (f(z))? = f(z), then we have

65 =€y (O)

€p€1 + €1€y = €1 (1)

€ge2 + €161 + €265 = €2 (2)
epen + €16n_1+ ... + epe = €, (n)

From equation (0) we have ey € I(R) so eg is central.

Now multiplying equation (1) {from the left )by e, we get

eoe1 +egerep = epe; and this implies ege;eg = 0 which implies eje3 = 0 (since
eg € C(R)). This shows that ejeq = 0

Hence equation (1) becomes e; = 0 (since ege; = ej€q)

Since e; = 0 equation (2) reduces to egey + egep = e3....(2)’

Again multiplying equation (2)' by ep (from the left) we get epesep = 0 =
eges = 0. Hence e; = 0.

Assume that the result is true V 1 < ¢ < k (k is a positive integer) i.e e; =0
V1< i< k. Then the (k+ 1) equation becomes egpert1 + €x41€0 = €x41. In
multiplying by ey we get exy; = 0. Hence the result is true for any positive
integer n, i.e., €2 = eg and e; = 0 V ¢. This implies f(z) = ey € R and so

R|[z]] is abelian. a
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4.3.10 Definition. A ring R is called a Baer ring if the right annihilator

of every non-empty subset of R is generated by an idempotent.

4.3.11 Remark. The defining condition for a Baer ring is easily seen to be

left-right symmetric.

4.3.12 Proposition. For a ring R the following are equivalent
(1) Every principal left ideal of R 1is projective.
(2) The left annihilator of each element of R is generated by some e € I(R).

Proof. (1) = (2) For z € R consider the exact sequence

0 — Il(z) %y R % Rz — 0 where 0 : R — Ry is defined as f(r) = rz. Since
Rz is projective, 3 an R-homomorphism ¢ : Rz — R such that fo¢ is the
identity map of Rz. Hence we have l(z) = Re for some e € I(R). ( We use
the following theorem: “The left ideal A of a ring R is a direct summand of
rR iff 3 e € I(R) such that A = Re “)

(2) = (1) Let z € R. Then by hypothesis l{(z) = Re. Consider the exact
sequence ( where 8 : R — Rz is defined by 0(r) = rz )
0=1z) L RS Rz — 0.

We have Rz = R/(kerf) = R/Re = R/l(1 —e) = R(1 —¢)

But we have Re@ R(1 — e) = R which implies that R(1 — ¢€) is a direct
summand of gR. Hence R(1 — €) is projective as a left R-module. Therefore

Rz is projective (since Rz = R(1 — e)). O

4.3.13 Definition. A ring R is called a left P.P. — ring ( also called as left
p.p.-ring ) if it satisfies the equivalent condition of Proposition (4.3.12)

4.8.14 Remarks. (a) A ring R is called a P.P. — ring if it is both a left and
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right P.P.-ring
(b) Baer rings are left and right P.P.

4.3.15 Proposition. Let R be an Armendariz ring. Then R is a right P.P.-
ring iff R[z] is a right P.P.-ring.

Proof. (=) Suppose R is a right P.P.-ring. Let f(z) = 3" a,2* € R[z].
Since R is a right P.P.-ring 3 ¢, = €2 € R such that 7g(a,) =, RV0<i<m
Now consider e = ege;e;...e,, then by hypothesis we have €2 = ¢ € R and
also eR = (-, rr(a,). Since e € rgr(a,)Vi we have f(z)e = age +ajex+ ... +

amex™ =0 =

eR[z] Crrp(f(z)) (1)

Let g(z) = >_7_s b3’ € rgig(f(z)), then f(z)g(z) = 0 and by hypothesis R
is Armendariz we get a,b, = 0 V 4,j. This implies that b, € eR Vj.Hence
g(z) € eR|z] and this imply

rre)(f(z)) € eRlz] (2)

from (1) and (2) we get eR[z] = rgrjy(f(z)). Thus R[z] is a right P.P.- ring .
(<) Suppose R|z] is a right P.P.-ring. By Proposition (4.3.9) every idempo-
tent of R[z] is in R, so for any a € R, rgyj(a) = eR|[z] for some idempotent
e € R.

Since rg(a) = rr(a) (| R, we get 7r(a) = eR[z](| R = eR.Therefore R is a
right P.P.-ring. d

4.3.16 Proposition. Let R be an Armendariz ring. Then R is a Baer ring
iff R[z] is a Baer ring.
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Proof. Suppose R is a Baer ring. Let V be a non-empty subset of R[z] and
‘let Cy denote the set of all coefficients of elements of V. Then rg(Cy) = eR
for some e € R. Since e € rr(Cy) = € € rri)(V) = eRlz] C rry(V)--.(1)

Let g(z) = Y7 objz? € rpp)(V). Then Vg(z) = 0 and so f(z)g(z) = 0
for any f(z) = 3.7 a;z* € V. Since R is Armendariz, we get a;b; = 0
Vi,j which implies that b; € rg(Cy) = eR. Therefore b; = ec; for some
¢j € R,J =0,1,..n and this gives g(z) = Y7 _gec;z/ = e} " c;a! € eRa]
= 1rE|(V) C eRz]......(2)

Therefore from (1) and (2) we get 7gi)(V) = eR|z].

(=) Suppose R[z] is a Baer ring. By Proposition (4.3.9) every idempotent
of Rz is in R, so for any A C R, Tr)(A) = eR[z] for some e € R. Since
Tr(A) = rr)(A) R we get rr(A) = eR[z](YR = eR.

Hence R is a Baer ring t

4.3.17 Proposition. Let R be an abelian ring. Then we have the following
results |

(1) If R{[z]] is a P.P.-ring, then R is a P.P.-ring.

(2) If R|[z]] is a Baer ring, then R is a Baer ring

Proof. (1) Suppose R|[z]] is a P.P.-ring and let a € R. Then by hypothesis
there exists e € J(R) such that rgj(a) = eR[[z]]. Therefore rg(a) = eR.
Thus R is a P.P.-ring.

(2) The proof is similar to that of (1). O

4.3.18 Corollary. Let R be an Armendariz ring. Then we have the following

results
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(1) If R[[z]] is a P.P.-ring, then R is a P.P.-ring
(2) If R[[z]] is a Baer ring, then R is a Baer ring.

4.8.19 Remarks. The converse of Corollary (4.3.18(1)) does not hold. Take
the ring R in [YL,NKK,& CYH, Example 1(1)]. Then R is a P.P.-ring ( since

R is a Boolean ring ). Also R is Armendariz as it is reduced. But R[[z]] is

not a P.P.-ring by the argument in [YL & CH, Example 4].
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4.4 Armendariz (PS) modules

This section is devoted to the study of the basic properties and examples of
Armendariz(PS) modules. This class of modules was introduced and studied

in [MBR & AMB.

4.4.1 Definition. A left R-module M is called an Armendariz (P.S) module
if whenever f(z) = .20’ € R[[z]] and m(z) = ¥ 72 m;z’ € M[z]]

satisfy f(z)m(z) =0, we have a;m; =0V 1, 3.

4.4.2 Examples. (a) A ring R is an Armendariz(PS) ring iff gR is a Ar-
mendariz (PS) module.

(b) Submodules of Armendariz (PS) modules are Armendariz (PS).

(c¢) Direct product of Armendariz (PS)- modules is Armendariz (PS).

(d) A direct sum of Armendariz (PS) modules is Armendariz (PS).

4.4.3 Proposition. Let D be a domain and M a torsion free D-module.
Then M is Armendariz (PS).

Proof. Let f(z) = 3.2, aiz* € D[[z]] and 0 # m(z) = 332, mya’ € M[[z]]
satisfy f(z)m(z) = 0. Now M is torsion free implies M|[z]] is also torsion

free over D[[z]]; hence f(z) = 0. Therefore M is Armendariz (PS). O

4.4.4 Corollary. Let D be a domain and M be a free D module. Then M
is Armendariz (PS).

4.4.5 Remark. If M is a module over a commutative domain, then M/T(M)

is a Armendariz (PS) module.
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4.4.6 Proposition. Let R be an Armendariz (PS) ring and M a free R-
module. Then M is Armendariz (PS).

Proof. Since M is a free R-module, we have M = @ R( for some direct sum

of copies of R ); hence M is Armendariz (PS). O

4.4.7 Corollary. Let R be an Armendariz (PS) ring and let M be an R-
projective module. Then M is Armendariz (PS).

4.4.8 Remarks. (a) If R is reduced and M a free R-module, then M is Ar-

mendariz(PS).
(b) If R is reduced and M a projective R-module, then M is Armendariz

(PS).

4.4.9 Proposition. Let D be a commutative domain and M be an D-module.
Then the ring D(+)M is Armendariz (PS) if and only if M is an Armendariz
(PS) module.

Proof. The proof is similar to that of Proposition (2.2.11) O

4.4.10 Corollary. If D is a commutative integral domain and M is torsion

free D-module, then D(+)M is Armendariz (PS).

4.4.11 Corollary. If D is a commutative domain and M a free D-module,

then D(+)M is Armendariz (PS).

4.4.12 Proposition. Let D be a commutative domain, h : D — D is a
ring monomorphism and M is a torsion free D-module. Then D{(+) M is

an Armendariz (PS) ring.

Proof. The proof is same as in the case of Armendariz rings. O
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4.4.13 Corollary. Let K be a field , h : K — K a field monomorphism and
V a K-vector space. Then the ring K(+)yM is Armendariz (PS)

4.4.14 Proposition. Let M be an R-bimodule. Then R(+)M is an Armen-
dariz (PS) ring if the following conditions are satisfied

(1) R is Armendariz (PS)

(2) M is a Armendariz (PS) left and right R-module.

(9) If §()g(x) = 0 in R[fa]}, then §(x)Mla]} () M(lz]lg(z) = 0.

Proof. The proof is similar to that in the Armendariz case. 0

4.4.15 Corollary. Let R be a reduced ring and R/A is also reduced for some
ideal A. Then R(+)(R/A) is Armendariz (PS).

4.4.16 Proposition. If gM is Armendariz (PS), then we have the following
(1) g M is semi-commutative.

(2) rzpM|(z]] is semi-commutative.

Proof. (1) Let a € R, m € M satisfy am = 0. Consider f(z) = a — acz €
R([z]] and m(z) = m + cmz + ?maz® + ASmad + ... € M|[z]], then we
have

f(z)g(z) = (a — acz)(m + emz + *ma? + Amz® + ..) = am + aomz +
.. + (=)acmz — ... = 0.Since g M is Armendariz (PS), we get acm = 0 V
¢ € R.Hence g M is semi-commutative.

(2) Let f(z) = >3-, air* € R[[z]] and m(z) = Y 22 m;z’ € M[[z]] satisfy
f(z)m(z) = 0. Then by hypothesis we get a;m; = 0V ¢, j; hence a;bym; =0V
i,J,k and V by € R since R is semi-commutative. Therefore f(z)g(z)m(z) =

0V g(z) € R[[z]]. Thus gyM|[z]] is semi-commutative. a

117



4.4.17 Remarks. (a) If R is an Armendariz (PS) ring, then R and Rf[x]] are
semi-commutative.

(b) We know that if R is an Armendariz (PS) ring, then R is Armendariz
but the converse is not true.Take the ring R in [CH,YL & AS, Example 14],
then the ring is Armendariz but not semi-commutative; hence R cannot be
Armendariz (PS).

(¢) If M is an Armendariz module over R, then M need not be a Armendariz

(PS) module. Take M = R in remark (b).
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4.5 A characterization of Armendariz rings

We devote this section to a characterization of Armendariz rings given by
Hirano in [YH]. Alternate proofs ( due to Hirano ) of some results ( concern-
ing polynomial rings over Baer rings and P.P.-rings ) proved earlier by Kim
and Lee in [NKK & YL:1] are also recorded.

Recall that the left ( right ) annihilator of a subset U of the ring R is defined
by Ir(U) = {a € RlaU =0} (rr(U) ={a € R|Ua =0} )

4.5.1 Notation. We denote the set {rp(U)|U C R} by T or rAnng(2%) and
{re(V)|V C R[z]} by A or r Annpg(2F).

4.5.2 Remarks. (a) For a polynomial f(z) € R[z], we let Cf denote the set
of coefficients of f(z) and for a subset V of R[z], we let Cy denote the set
Urev Cr. Then rgp) (V)Y R = rr(V) = rr(Cv).

(b) Let ¥ : A — I' be defined as ¥(I) = I{}R for each I € A. Then 9 is
surjective.

(c) Let U C R. Then rp(U) = rr(U)R[z] .

(d) Let ¢ : I' — A be the map defined by ¢(I) = IR|z] for every I € T.

Then ¢ is injective.

4.5.3 Proposition. Let f(z) and g(z) be two elements of R[z]. Then
f(z)Rg(x) = 0 if and only if f(z)R[z]g(z) = 0.

Proof. Suppose f(z)Rg(z) = 0. Let h(z) = Y ;_, ckz” be any element of
R|z]. Then we have f(z)h(z)g(z) = f(x)(ZL:O cxz®)g(z) = Zizof(x)ckg(x):vk =

0 ( by assumption ). Since h(z) is an arbitrary element of R[z] we therefore
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conclude that f(z)R[z]g(z) = 0.
(I

The converse is trivial.

4.5.4 Proposition. Let R be a ring. The following statements are equivalent
(1) R is Armendariz. ‘
(2) r Anng(2R) — r Annpgy (289)) defined by A — AR|z] is bijective.

Proof. (1) = (2) Suppose R is Armendariz and let ¢ : rAnng(2%) —
r Annpp) (281} defined by ¢(I) = IR[z] for every I € rAnng(2%). Then
by Remark (4.5.2(d)) ¢ is injective. Let S be a subset of R[z] and let
f(z) =3""yax* € S. Now we first show rgy)(f) = rrp)(Cy) = rr(Cy)Rlz].
Let g(z) = 3 7o bja’ € rgyy(f). Then f(z)g(x) = 0 implies a;b; =0V 4, (

since R is Armendariz) and this gives a;g(z) = 0 V ¢; hence we get
R (f) C Triz(Cy) (1)

Let g'(z) € raz)(Cr). Now Crg'(z) = 0 implies a;g'(z) = 0 ¥ a; € C; implies
f()g (z) =0, i.e., g (z) € Tr(f); hence we have

TRz} (Cf) C Triz(f) (2)
Therefore from (1) and (2) we get
iz} (f) = Tr) (Cr) (3)

Let g(r) € 7p15)(Cy), then this implies that a;g(z) = 0V a; € C; and this
implies a;b; =0V ¢,j ie. g(z) € rp(C)R|z]; hence

Triz)(Cr) € rr(Cy)R[z] (4)
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Let ¢'(z) € rr(Cy)R[z], then g'(z) = ag’ (z) where a € r(Cy) and g (z) €
R[z]. Therefore we have Crag” (z) = 0 and this implies that g(z) € rr)(Cy);

hence

rr(Cr)Rlz] € 7re)(Cr) (5)

Therefore from (3) ,(4) and (5) we have 7 (f) = TR (C) = r(C)Rz].
Hence rrz)(S) = Nyes "rial(f) = NrrEi(Cr) = Nrr(Cr)Rlz] = rr(Cs)Rlz] =
#(rr(Cs)). Therefore ¢ is surjective.

(2) = (1) Suppose (2) holds and let f(z) = > -, a;z* € Rz}, then we have
rr)(f) = AR[z] for some right ideal A of R. Let g(z) = }_7_, € Rlz] satisfy
f(z)g(z) = 0. Then this gives g(z) € rri)(f), i.e., g(x) € AR[z]; hence this
gives g(z) = Y7, Bwi(x) where wi(z) € R[z] and B € A. Let cp be the
constant term of w(z), then by = Z{\___l Bicio € A. Similarly we get b; € AV
j. But A C rg(f), therefore we have b; € rgi)(f) V jie. ab; =0V 4,5,

Hence R is Armendariz. O

Notice that on using the above proposition we can get alternate proofs of

Propositions (4.3.15) and (4.3.16) as follows.

4.5.5 Corollary. Let R be an Armendariz ring. Then R is a Baer ring iff

R[z] is a Baer ring .

Proof. Suppose R is a Baer ring. Let S C R[z]. Then by hypothesis we have
Tr[z)(S) = rr(Cs)R|[z]. Since R is a Baer ring we have rg(Cs) = eR for
some e € I(R); hence 7g;)(S) = (eR)R[z] i.e. Tg(S) = eR[z]. Therefore
R[z] is a Baer ring.

Conversely suppose that R[z] is a Baer ring. Let U C R, then rg(U) =

121



rrzi(U) (VR = eR[z](\R = eR ( since R[z] is a Baer ring ). Hence R is a
Baer ring.
0

4.5.6 Corollary. Let R be an Armendariz ring. Then R is a P.P- ring if
and only if R[z] is a P.P- ring.

Proof. Suppose R is a P.P- ring and let f(z) = Y i, a;z* € R[z]. By hypoth-
esis we have rg;;(f(z)) = rr(Cy) R|z] and by assumption we get rr(Cy) = eR
for some idempotent e € R. Therefore rgy)(f(z)) = (eR)R[z] = eR[z).
Hence R[z] is a P.P ring.

Conversely suppose R[z] is a P.P- ring. Let a € R, then 7r(a) = rry)(a) (R
and since R[z] is a P.P- ring, we therefore have rg;j(a) = eR|[z]; hence

rr(a) = eR[z]() R = eR. Thus R is a P.P- ring O
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4.6 Quasi-Armendariz rings

We devote this section to a study of quasi-Armendariz rings. This class of

rings was introduced and studied by Hirano in [YH].

4.6.1 Definition. A ring R is called a quasi — Armendariz ring if whenever
flz) = Ytoaat, g(x) = Y7 bz’ € Rlz] satisfy f(z)R[z]g(z) = 0, then
we have a;Rb; =0V 4, .

4.6.2 Examples. Every Armendariz ring is quasi-Armendariz.

4.6.8 Remark. For commutative rings, the Armendariz and quasi-Armendariz

conditions are equivalent.

4.6.4 Proposition. For a ring R, the following statements are equivalent.
(1) R is a quasi-Armendariz ring

(2) ¢ : rAnng(id(R)) — rAnngy(id(R[z])); A — ARz] is bijective ( where
id(R) is the set of ideals of R ).

Proof. (1) = (2) Suppose R is quasi-Armendariz. Let B be an ideal of R|z]
and let f(z) =Y " a;z* € B. ThenV h(z) € R[z], h(z)f(z) € B. Now for
9(z) = 350427 € ray(B), we have g(z)h(z)f(z) = 0V h(z) € Rlz], ie,
g(z)R[z]f(z) = 0 and since R is quasi-Armendariz we get g(z)Ra; = 0 and
this gives

9(z)RCy =0 (1)

If g(z)RCy = 0, we get
9(z)R[z]f(z) =0 (2)

Therefore from (1) and (2) we have rre)(B) = (Vs TR (f (7)) = TR (RCy) =
rr(RCg)R|xz] and this implies 7gj(B) = ¢(rr(RCB)); hence ¢ is surjective
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and by Remark (4.5.2(d)) we get ¢ is bijective.
(2) = (1) Suppose (2) holds. Let f(z) = Y.i; aiz’, g(z) = Y7o 0,27 € R[z]
satisfy

f(z)R[z]g(z) =0 (%)
From (*) we have f(z)R[z]g(z)R[z] = 0 and this implies that
f(z) € rrpy(Rlz]g(z) Rlz]), but

7Rz} (R[z]g9(z)R[z]) = AR|[x] (%)

for some ideal A of R ( since ¢ is surjective )

Therefore by the same arguments as given in the proof of Proposition (4.5.4)
we get a; € AR|z] ( since a; € A and A C AR[z] ) V i. From (**) we get
a;iR[z]g(z)R[z] = 0 and this implies a;R[X]g(z) = 0 i.e. a;Rb; =0V 4,j.

Hence R is quasi-Armendariz. O

4.6.5 Remark. Let R be a ring. Then the following conditions are equivalent
(1) R is quasi-Armendariz.

(2) rAnng(id(R)) — rAnnpgy)(id(R[z])); A — AR|z] is bijective.

(3) lAnng(id(R)) — [Annpgy)(id(R[z])); B — R[z]B is bijective.

4.6.6 Definition. A ring R is a subdirect sum of the family of rings { R; }ier
if there is an injective homomorphism f : R — [],.; R such that for each
j € I the map mj o f : R — R, is a surjective homomorphism, where

7; : [ 1;e; Ri = Rj is the 5% projection.

4.6.7 Proposition. If R be a subdirect sum of quasi-Armendariz rings, then

R is a quasi-Armendariz ring.
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Proof. Given that R is a subdirect sum of a quasi-Armendariz rings say
{R.}:c1, there exists an injective homomorphism ¢ : R — [],c; R, such that
m,0¢ : R = R, is surjective ( 7, : [ R, = R, is a projection map ). Now
mo¢ : R — R, is surjective implies R/ Ker(r,04) = R,; hence R/Ker(m,0¢)
is quasi-Armendariz.Take Iy = Ker(m; o ¢),k € I,then we have ()., Ix =
0.Suppose that two polynomials f(z) = > 1" o a.a?, g(z) = Y 1o b3 € Rfz]
satisfy f(z)R[z]g(z) = 0. Then we have f(z)R|[z]g(z)+ I[z] = Ii[z] for each
k € I and this implies that a,Rb, C I} V ¢, j since R/I; is quasi-Armendariz
for each k € I .Therefore a,Rb; C [ic; Ik = 0i.e. a,Rb, =0V ¢,5.Thus R is

a quasi-Armendariz ring. a

4.6.8 Definition. A ring R is called a prime ring if whenever /J = 0 for

some ideals I, J, then we have I =0 or J = 0.

4.6.9 Proposition. Prime rings are quasi-Armendariz rings.

Proof. Let R be a prime ring and let f(z) = 3 -  a,z%, g(z) = Y v, 0,27 €
Rlz] satisfy f(z)R[z]g(z) = 0. Then R[z]f(z)R|z]R[z]g(z)R[z] = 0 and by
hypothesis we have R[z]f(z)R[z] = 0 or R[z]g(z)R[z] = 0. If R[z]f(z)R[z] =
0 we get @, = 0 V ¢; hence a,Rb, = 0V ¢, j. Similarly if R[z]g(z)R[z] =0 we
have a,Rb, = 0V 1,j. Thus R is quasi-Armendariz. O

4.6.10 Corollary. Semiprime rings are quasi-Armendariz rings

Proof. If R is a semiprime ring, then R is a subdirect sum of prime rings;

hence by Propositions (4.6.7) and (4.6.9) R is a quasi-Armendariz ring. [

4.6.11 Remark. Let R be a ring and suppose eR and (1 — €)R are quasi-
Armendariz for some central idempotent e of R. Then R is a quasi-Armendariz

ring.
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4.6.12 Notation. Wedenote | =~~~ | (where the ¢ row,

7% column entry is 1 and the entries are zero everywhere else) by e;; for

i,j=1,2..n

4.6.13 Theorem. Let R be a quasi-Armendariz ring and let Ry be a subring
of M (R) such that e;Rie;; C Ry ¥V i,7 € {1,2,.....,n}. Then Ry also is a

quasi-Armendariz ring.

Proof. Let f(z) = > g oFz*, g(z) = YL, B'z! € Ry[x] satisfy f(z)Ry[z]g(z)
0. From Proposition (4.5.3) we get

f(@)Rag(z) =0 (1)

Now for any ceyy € eppRieq, where ¢ € R, we have ce,y, € Ry ( since

eppR1€se € Ry ); hence from (1) we get
g(z)cepy f(z) = 0inM, (R[z]) (2)

Equating the (7, 7)" component of (2), we have 328" (30, , -, af,cf:,)zt = 0
and this implies that
(D ahaNe(D Byz®) =0 (3)
r=0 5=0
Since A = {c € Rjcey, € eppRieyg} is an ideal of R, therefore from (3) we

have () /%, ai,a")Re(3 5, Bs;2°) = 0 and since R is quasi-Armendariz we
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get of,cB;; = 0V r,5. By the condition given on R; we have every element
of Ry is a sum of such ce,q, we therefore conclude that o"R,8° =0V r,s.

Hence R, is a quasi-Armendariz ring. d

4.6.14 Proposition. If R is quasi-Armendariz ring, then for any idempotent

e € I(R) the ring eRe is a quasi-Armendariz ring
Proof. Let f(z) = 31 asx’, g(z) = 372, bz’ € eRefz] satisfy
f(z)eRe[z]g(z) = 0 (1)

Then f(z)eR|[z]eg(x) = 0 and since f(z), g(z) € eRe|z] we have f(z)e = f(z)
and eg(z) = g(z). From (1) we have f(z)R[z]g(z) = 0 and since R is quasi-
Armendariz we have a;Rb; = 0V i1, j. Also since a;e = a; and eb; = b; for each

1,J; hence we have a;eReb; = 0V 4,j. Thus eRe is a quasi-Armendariz. [

4.6.15 Proposition. If R is a quasi-Armendariz ring, then M,(R) is quasi-

Armendariz.

Proof. This follows from the fact that M,(R) is a subring of itself which
satisfy the condition that e; My (R)e;; C M,(R) V14,7 € {1,2,....,n} and by
Theorem (4.6.13) O

4.6.16 Notation. T,,(R) denotes the ring of all n x n upper triangular

matrices over the ring K.

4.6.17 Corollary. If R is a quasi-Armendariz ring, then for any positive

integer n, the ring T,,(R) also quasi-Armendariz.

Proof. Since T,,(R) is a subring of M,,(R) and e,,T,,(R)e,q C T,.(R) we there-
fore have by Theorem (4.6.13) T,,(R) is quasi-Armendariz ring. O
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4.6.18 Remarks. (a) Let R be a quasi-Armendariz ring. Then a subring S of

R need not be a quasi-Armendariz ring.

Consider R = Z4, then by Proposition (4.6.15) M3(R) is quasi-Armendariz.

a b -
Now S = {(i |a,b € Z,} is a subring of My(R), but S = Zy(+)Zy;
0 @

hence S is not quasi-Armendariz ( since in commutative rings the Armendariz
and quasi-Armendariz conditions are equivalent ).

(b) If R is a quasi-Armendariz ring, then R need not be an Armendariz ring.
Take R = M, (F) where F is a field and n > 2, then by Proposition (4.6.15)

R is quasi-Armendariz but R is not Armendariz.

The following analogue of Proposition (2.1.24) also holds.

4.6.19 Proposition. Let R be a quasi-Armendariz ring. Then the polyno-

mial ring R[z| is also a quasi-Armendariz ring.

Proof. Let f(T) = fo+ AT + foT? + .......... + fT™ and
g(T) = go + 1T + ... + gnT™ € R[z|[T] where f;,g; € R[z] satisfy
f(T)R[z][T]g(T) = 0 .From Proposition (4.5.3) we have

f(T)R[z]g(T) =0 (1)

Let k = deg(fo)+....+deg(fn)+deg(go) +.....+deg(gm) where deg(f;), deg(g;)
means the z-degree of polynomials f; and g;. Now f(z*) = fo+ fiz* +......+
fozF and g(z*) = go+ g12* + ..... + gmz*™. Therefore, following the proof in
the Armendariz case ( using f(z*)R[z]g(z*) = 0 in R[z]), we get fiR[z]g; =0
V 4,j. Thus R[z] is also quasi-Armendariz. a

4.6.20 Proposition. Let D be a domain, and D/A be a quasi-Armendariz
ring for some ideal A of D. Then D(+)(D/A) is quasi-Armendariz.
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Proof. Let (fi(z), fo()) = Lio(as, W)a’ and (91(2), ga(x)) = L, (b;, 75)2 €
{D(+)(D/A)} ] satisty (1(z), f2(2))(Dlz), Dle]/Ala])(91(), 92(2)) = 0. Then

g2
from Proposition (4.5.3) we get (fi(z), f2(z))(D(+)(D/A))(g1(z), g2(z)) =0

and this gives

filz)Dgi(z) =0 (1)

and

f1(z)Dygz(z) + f1(2)D/Agi(z) + fo(z) Dgi(z) = 0 (2)

Since D is a domain, we therefore have from (1) either fi(z) = 0or g1(z) = 0.
When f;(z) = 0, equation (2) reduces to fo(z)Dgi(z) = 0i.e. fo(z)Dg:(z) =
0 and since D/A is quasi-Armendariz we have w;Db; = 0 V ¢, j; hence

(ai, W) (D(+)(D/A))(b;,T;) = 0 V 4,5. Similarly when g;(z) = 0. Thus we

have D(+)(D/A) is quasi-Armendariz. O
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