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PREFACE 

Let D be an integral domain, and let f{x) - X Î̂ o ^'^' ^^'^ di^) -

Yy!bjX^ be polynomials with coefficients in D. Suppose that f{x)g{x) - 0. 

Using the fact that the polynomial ring D\x\ is also an integral domain, we 

deduce that either /(x) = 0 or g{x) — 0. It follows that for each coeffi­

cient aj of /(x) and h^ of g{X) we have a^hj = 0,( Of course, the converse 

assertion, namely, aj6j = 0 for each % and each j implies f{x)g{x) = 0, al­

ways holds, i.e., over all rings.) It was shown by E.Armendariz [EPA] that 

reduced rings, i.e., rings with no nonzero nilpotent elements, have a similar 

property. In order to study additional classes of rings which satisfy a simi­

lar condition, the notion of an Armendariz ring was introduced by M.B.Rege 

and Sima Chhawchharia in [MBR & SC]. Thus an associative ring R is called 

an Armendariz ring if whenever f{x) = Yl^o ^i^^ ^^^ 9{^) — Zl?=o ^j^"' ^^ 

R[x] satisfy f{x)g{x) = 0 then aibj = 0 V %,j. Using Nagata's method of 

idealisation ( trivial extensions ) M.B.Rege and Sima Chh"awchb^a gave a 

number of examples of Armendariz rings and non-Armendariz rings. Fur­

ther results on Armendariz rings were obtained by Anderson and Camillo in 

[DDA & VC]. 

In this dissertation we have attempted to carry out a brief survey of the 

work done in the area of Armendariz rings and related classes of rings and 

modules. 

It is well-known that if i? is a reduced ring then every idempotent in R is 

central, i.e., i^ is abelian^ A result implicit in the proof of one of the theorems 

in [DDA k VC] is the fact that all_Armendariz rings are abelian. Anderson ^ 

and Camillo also studied ( in the commutative situation ) the relationship of 



these rings with the class of Gaussian rings, which had beeen studied earUer 

by Tsang, Gilmer and others. Basic results concerning Armendariz rings and 

related rings have been collected in the first chapter. "^ J 

A ring R is called semi — commutative if whenever a,b ^ R satisfy a6 = 0 

then acb = 0 for each c e R] R is reversible if whenever elements a,b e R 

satisfy a6 = 0 we have 6a = 0 It is easy to see that reduced rings are re­

versible, reversible rings are semi-commutative, and semi-commutative rings 

are abelian. In view of this, it is natural to ask for examples of Arhiendariz 

rings which are not semi-commutative. Such examples were furnished by 

Y.Lee, N.K.Kim^ and Agata Smoktunowicz in [YL& NKK & ASj. They also 

proved additional results about the relationships between Armendariz rings 

and semi-commutative rings.In [NKK & YL:2], Kim and Lee studied exten­

sions of reversible rings and proved some results concerning their relationship 

with Armendariz rings. We survey results obtained by these authors in the 

third chapter. 

A number of well-known ring theoretic properties have natural extensions 

to modules and it is often fruitful to study these extensions. In this spirit 

a study of semi-commutative modules and Armendariz modules was carried i 

out by Buhphang and Rege in [AMB & MBR]. Their results have been sur­

veyed in section 2.2 ( devoted to Armendariz modules ) and section 2.3 ( 

semi-commutative modules ). 

After the initial results from [MBR & SC] and [DDA & VC], a compre­

hensive study of the notion of Armendariz ring was carried out during 1999" 

- 2005. To quote from the introduction to (TKL & YZ], ' The interest of 
, -r— , 

this notion lies in its natural and useful role in understanding the relation 
• = — 57 



between the annihilators of the ring R and the annihilators of the polynomial 

ring R[x] .. The reason behind these is the fact that Armendariz rings are 

precisely the rings R for which there is a natural bijection between the set of 

annihilators of R and the set of annihilators of R[x]' 

After the class of Armendariz rings had been extensively studied (by 

M.B.Rege, S.Chhawchharia, D.D.Anderson,V.Camillo, Y.Lee, N.K.Kim, C. 

Huh, A.Smoktunowicz, T.-K.Lee, Y.Zhou and others - see the References ), a 

number of authors introduced and studied analogues of the Armendariz prop­

erty. Prominent among these analogues are the classes of weak Armendariz 

rings, quasi-Armendariz rings and Armendariz (PS) rings ( studied by T.­

K.Lee, T.L.Wong, Y.Hirano, A.M.Buhphang, M.B.Rege and others ). These 

concepts have module analogues as well. Basic properties and examples of 

some of these analogues are recorded in the fourth chapter. 

ni 
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Chapter 1 

Basic definitions and results 

In this chapter we record some basic definitions and notations used in this 

dissertation. We also recall some well-known results needed by us.For unex­

plained concepts and results we refer to the books by Anderson-Fuller [AF], 

Stenstrom [S] and Lambek [L]. 

There are two sections in this chapter dealing with basic concepts in (1) 

rings, and (2) modules. 

1.1 Rings 

By a ring we mean an associative ring with an identity element. Subrings 

and ring homomorphisms are unitary. The term 'rng' may occasionally be 

used to denote 'a ring which may not have an identity element'. (Integral ) 

domains need not be commutative. 

All our left-sided ( resp., right-sided ) concepts and results have right-

1 



sided ( resp., left-sided ) counterparts. They may not be stated explictly 

1.1.1 Notation. The letter R denotes a ring and D denotes a domain { in 

particular, a division ring ). 

1.1.2 Definition. An element a of a ring R is called an idempotent element 

if â  = a. 

1.1.3 Notation. We let I{R) denote the set of all idempotent elements of 

R. 

1.1.4 Definition. An element a of a ring R is called a nilpotent element if 

a" — 0 for some positive integer n. 

1.1.5 Notation. We let Nil{R) denote the set of all nilpotent elements of 

R. 

1.1.6 Definition. A ring R is called a reduced ring if it has no non-zero 

nilpotent elements. 

1.1.7 Proposition, For a ring R, the following conditions are equivalent. 

(1) R is reduced.,^ 

(2) Whenever a ^ R satisfies a^ — 0, then a = 0. ^^ 

1.1.8 Notation. For a ring R we let C(R) denote the centre of R. 

1.1.9 Definition. A ring R is called a,n\abelian ring if all idempotent ele­

ments of R are central i.e. I{R) C C{R). 
rr 

1.1.10 Definition, A ring R is called a (vonNeumann) regular ring if given 

a e R, there exists b & R siich that aba — a. 



1.1.11 Examples. If D is a division ring, then D is regular. The endomor-

phism ring of a vector space is always regular. 

1.1.12 Proposition. Let R be a regular ring. Then the following statements 

are equivalent. 

(1) R is abelian. 

(2) R is reduced. 

Proof. (1) =^ (2) Let a e R satisfy â  = 0. By hypothesis there exists b E R 

such that aba = o. This implies that (ba)"^ = ba £ I{R)- Since R is abelian 

we get ba G C{R), and this gives a = aba = baa — ba^ = 0. Hence R is 

reduced. 

(2) =^ (1) Suppose R is reduced. Let e € I{R), then (1 - e) e I{R). Now 

we have (1 — e)e = 0. Since R is reduced and [ex{l — e)f = 0 we get 

[ex(l - e)] = 0. This implies 

ex ~ exe y x G R (*) 

Similarly we have (1 — e)xe ~ 0 i.e. 

xe = exe V x E R (**) 

Therefore from (*) and (**) we get ex = xeV x E R.Eence R is abelian. D 

1.1.13 Notation. The letter H denotes the division ring of real quaternions, 

Z the ring of integers and Q the field of rational numbers. 



1.2 Modules 

1.2.1 Definition. Let i? be a ring. By a left J?-moduIe we mean a set M 

equipped with a binary operation + satisfying the conditions: 

(1) (M, +) is an abelian group. 

(2) There exists a map . : R x M ^ M, known as the external b.o of R on 

M (or the scalar multiplication), such that the following hold. 

(Ml) r.{mi + 7712) = r.mi + r.m^, V r € -R, TOJ, 7712 G M. 

(M2) (ri + r2).m = ri.m + r2.m,V ri,r2 € R,m £ M. 

(M3) {rs).m = r.{s.m), V r,s e R,me M. 

(M4) l.m = m,\/ m e M. 

1.2.2 Nota t ion. The notation RM shall often be used to denote the left 

i?-module M. We shall also simplify r.m ( the notation for the scalar multi­

plication of r e R with m G M ) as rm. 

Unless otherwise mentioned, by an i?-module we mean a left i?-module. 

1.2.3 Remark. A right i?-module M is similarly defined as an additive abelian 

group in which there exists a scalar multiplication . : M x R -^ M satisfying 

(Ml) (mi + m2).r = mi.r + m2.r V mi, m2 G M, r e i?. 

(M2)'m.(ri + r2) = m.ri + m.r2 V m G M, ri,r2 € i?. 

(M3)'m.(rs) = {m.r).s \/ me M,r,s ^ R. 

(M4)'m.l =m,'i m€ M. 



1.2.4 Notat ion. MR shall often denote the right i?-module M. We shall 

again simplify m.r ( the notation for the scalar multiplication of r € i? with 

m e MR ) to mr. 

1.2.5 Definition. A module M which is both a left and a right i?-module and 

satisfies {rrnjr = r{mr') y r,r' € R and m € M is called a left R—, right R-

bimodule ( abbreviated to R — bimodule ) 

1.2.6 Definition. Let M,M' be left i?-modules. A map 6* : M -> M' is 

called an i? — module homomorphism or an i? — homomorphism or an 

R — linear map if 

(1) 9{mi +m2) = 0{mi) + <9(TO2) Vmi,m2 € M. 

(2) d{rm) = re{m), ^ reR,meM. 

1.2.7 Definition. An /^-module P is projective if given an exact sequence 

p: M-^N-^0{Pis onto ) and an /^-homomorphism g : P -^ N there 

exists an i?-homomorphism f : P —^ M such that P o f = g. 

1.2.8 Definition. A subset B of an i^-module M is a basis for M if B 

generates M and S is linearly independent. 

1.2.9 Definition. An i?-module M is free if it has a basis. 

1.2.10 Remarks. If M is a free i?-module, then M is projective. 

Let M be a free module over a ring R. Then M is isomorphic to 0 ^ R, for 

some indexing set / ; the converse also holds. 

A module P over a ring R is projective iff P is isomorphic to a direct sum-

mand of a free /^-module. 



1.2.11 Definition. Let D he a commutative domain and let M he & D-

module. The set T{M) = {m e M\ 3r e D,r ^ 0 such that rm = 0} is a 

submodule of M called the torsion submodule of M. 

1.2.12 Definition. Let D he a domain. A left D-module M is said to be 

torsion free if for m G M m ^ 0, and r G D r / 0 we have rm 7̂  0. 

1.2.13 Remark. If M is a free module over a domain D, then M is torsion free. 

For each module M over a commutative domain D the module M/T{M) is 

torsion free . 



Chapter 2 

Basic results on Armendariz 

rings and Armendariz modules 

The notion of an Armendariz ring was introduced by M.B.Rege and Sima 

Chhawchhariain [MBR & SC]. Further results on Armendariz rings were 

obtained by Anderson and Camillo in [DDA & VC]; they also studied ( in 

the commutative situation ) the relationship of these rings with the class of 

Gaussian rings, which had beeen studied earlier by Tsang, Gilmer and oth­

ers.Armendariz modules were studied by A.M.Buhphang and M.B.Rege in 

[AMB & MBR]. 

After the initial results from [MBR k SC] and [DDA & VC], a compre­

hensive study of the notion of Armendariz ring was carried out during 1999 

- 2005. To quote from the introduction to [TKL & YZ], ' The interest of 

this notion lies in its natural and useful role in understanding the relation 

between the annihilators of the ring R and the annihilators of the polynomial 

ring R[x\— The reason behind these is the fact that Armendariz rings are 



precisely the rings R for which there is a natural bijection between the set 
T ^ 

of annihilators of R and the set of annihilators of i?[a;]' ( This last fact was 

noted by Hirano[YH].) 

In this chapter we record basic properties of Armendariz rings, Armen-

dariz modules and related rings and modules following various authors. Some 

results in this chapter are new. 



2.1 Armendariz rings 

This section is devoted to the study of the basic properties and examples of 

Armendariz rings. 

2.1.1 Definition. Let Rhe a ring. Then R is called an Armendariz ring if 

whenever f{x) = Y:T=O ^^^' ^^d 9{x) = ^^^, b,x^ G R[X] satisfy /(x)g(x) = 

0 then ttibj = 0 V z,j 

2.1.2 Examples, (a) Let D be an integral domain. Then D is an Armen­

dariz ring 

Proof : Let f{x) = Zto «^^*. 9ix) = E"=o^j^' e R[x] satisfy fix)g{x) = 0. 

Since D[x] is a domain, we have f{x) = 0 or g{x) = 0. Hence a^bj = 0 V i, j . 

(b) Let Ri, i?2 be two Armendariz rings. Then Ri x i?2 is Armendariz 

Proof : Let fix),g{x) £ Ri[x] x R2[x]. Then /(a;) = {fi{x)j2{x)) = 

(E«»i^%E«i2a:'),^(a:) = {gi{x),g2{x)) = (Y^bjix^,J2bj2X^) where fi{x),gi{x) € 

i?i[a;],/2(a;),52(a;) £ i?2W-

Assume f{x)g{x) — 0. Then this implies that fi{x)gi{x) — 0, f2{x)g2{x) — 0. 

Since Ri,R2 are Armendariz rings, we have ajiftji = 0,ai2bj2 = 0 V i , j . 

Therefore (aji,aj2)(6ji, 6̂ 2) = 0. Thus Ri x R2 is Armendariz. 

(c) Every direct product of Armendariz rings is Armendariz. 

(d) Subrings ( also, subrngs ) of Armendariz rings are Armendariz. 

Proof : Let i?o be a subring of an Armendariz ring R and let f{x) = 

Y^aiX\g{x) = E^j^"* ^ Ro{x] satisfy f(x)g{x) = 0. Since f(x),g{x) e R[x] 

it imphes that a^bj = 0 V z, j ( since R is Armendariz ). 

Therefore Ro is also Armendariz. 



(e) A direct sum of Armendariz rings is Armendariz ( as a ring without iden-

ti ty) 

This follows from (c) and (d) 

(f) Let F be a field ( or, more generally a nonzero ring ). Take R — 

V F\ 
, then R is not an Armendariz ring. 

(i o\ (i -i\ 
Consider the two polynomials /(x) = + 1 

\o oj \o o) 
X and 

0 0\ /O l \ 
g{x) = + \ X €. R[x]. Then we have f{x)g{x) — 0, but 

V° V V" V 

(g) Let i? be a nonzero ring. Then the n x n upper triangular matrix ring 

over R is not Armendariz for n > 2. 

2.1.3 Proposition. Ltt R be a reduced ring. For any f{x) = Yl^=o ^i^^ ^^(^ 

g{x) = Yy^=o^j^'' satisfying f(x)g{x) = 0 we have ajfej = 0 V z, j . 

Proof. Suppose f{x)g{x) = 0 (without loss of generality, we assume n greater 

than m). Then 

co&o = 0 (0) 

aibo + aobi = 0 (1) 

02^0 + aibi + aob2 = 0 (2) 

«n-l&0 + 0,n-2bl + + an-m-lbm = 0 ('^ " 1) 

10 



anbm = 0 {n + m) 

Now aobo = 0 implies (fcoOo)̂  — 0, and since R is reduced, we have ô̂ o = 0-

Similarly in general, whenever aibj — 0, we have h^ai = 0 (since R is reduced). 

Multiplying equation (1) by 6o (from the left ), (1) reduces to h^axh^ = 0 

Therefore (oi^o)^ = 0 this implies that ai6o = 0-

By continuing the same process, we have aih^ = 0 V z. 

Therefore the system of equations (1),(2), (n-1) reduces to a^hx — 

0, axhx + 00̂ 2 = 0, , a„-2fei + + a„_m-i^m = 0. 

Since a^hx — 0 implies 6iao = 0, therefore ayhx + a^hi = 0 yields bxaxbx = 0 

which implies that axbx = 0. 

Similarly we have Ojii = 0 V i. 

Finally after repeating the same process we get aibj = 0 V z, j . • 

Below we record some consequences of the above result. 

2.1.4 Remarks, (a) Every reduced ring is Armendariz. 

(b) If i? is a Boolean ring, then R is Armendariz. This follows from the fact 

that a Boolean ring is a reduced ring. 

(c) If i? is a commutative regular ring, then R is Armendariz. 

(d) An Armendariz ring need not be a regular ring. Consider R = Z. 

2.1.5 Proposition. Let D be a commutative P.I.D. and A an ideal of D. 

Then D/A is Armendariz. 

11 



Proof. Given D is a commutative P.I.D. and A an ideal of D, therefore 

A = Da for some a e D. We have only to look at the case a ^ 0. 

Since a e D,a = pl^pl^ pi'' where p-s are distinct prime elements in D. 

Now D/A = D/DPIK-PI" ^ D/Dpl' x x D/Dpl' ( by the Chinese 

remainder theorem ) 

To show that D/A is Armendariz, it suffices to show that D/Dp^ is Armen-

dariz for each e G NU{0}. 

Let fix) = Er=o«^^'. 9{x) = TZo^J^' e D/Dp'[x] satisfy 0 - f{x)g{x) 

f{x)g{x). 

Now f{x)g{x) = 0 implies that p^\f{x)g{x). 

Case 1 e = 1. 

In this case Dp is a maximal ideal of D and so D/Dp is a field. Therefore 

D/Dp is Armendariz. 

Case 2 e > 1. 

Now p^\f{x)g{x) implies f{x) = p^^fi{x), g{x) = p^'^f^i^) where p does not 

divide the g.c.d of the coefficients of fi{x) for / = 1,2. Now p^\f{x)g{x) im­

plies that e < (ei + 62) which implies that p^\aihj V i,j which finally implies 

that Qihj = 0 V i,j. 

Hence D/A is Armendariz. D 

2.1.6 Corollary. For each integer n, Z„ is an Armendariz ring. 

Proof. This follow from Proposition (2.1.5) as Z is a P.I.D. D 

2.1.7 Remarks, (a) If R is Armendariz and if A an ideal of R, then R/A need 

not be an Armendariz ring. 

Consider R = Z[x],A = (4) + (a;^). Let f(T),g{T) € R[T]/A[T], defined as 

12 



f{T) ^2 + 3xT and giT) = 2 - 3rrT. Then we have 

!{T)g{T) = 0 but (3x)2 = 63: # 0. 

(b) The above example also shows that if L) is a U.F.D.and if A is an ideal 

of R, then D/A need not be an Armendariz ring. 

2.1.8 Definition. Let i? be a commutative ring and let M be an i?-module.Then 

the group R® M is & ring under multiplication defined by (r,m).{s,n) = 

{rs,rn + sm) where r,s e R and m,n e M. We denote this ring by R{+)M 

or T{R, M).We call r ( i? , M) the Nagata or trivial extension of i? byM. 

2.1.9 Definition. Let i? be a commutative ring and h : R -^ R be a ring 

homomorphism. Let M be an i?-module. Then by R{+)hM we mean the 

group R®M with multiplication defined as {r^m).{s,n) ~ {rs,h{r)n +sm). 

2.1.10 Definition. Let A be an ideal of a ring R. Then R®{R/A) is a ring 

under multiplication defined as {r,x)(s,y) = {rs,ry + xs). We denote it by 

R{+)R/A 

The Nagata ( or trivial ) extension terminology is used in the contex^of ' -

the constructions considered in 2.1.9 and 2.1.10 as well. 

2.1.11 Remark. We have the identifications {R/A)[x] ^ i?[x]/A[x] and {R{+)M[x]) 

R[x]{+)M[x] 

2.1.12 Proposition. Let D be a domain, A an ideal of D. Suppose the ring 

D/A is Armendariz. Then D{+){D/A) is Armendariz. 

Proof. Let f{x) = E(«i.«l)-a^' = {M^),fi{^)) and gix) = Y:ibj,vj).x^ 

{9o{x),gl) e {D{+){D/A)}[x] satisfy f{x).g{x) = 0 . 

13 



Now f{x).g{x) = 0 => {fo{x),Mx)).{go{x),gx{x) = 0 =^ 

fo{x).go{x)=0 (1) 

and 

fo{x)Mx)+go{x)Mx) = 0 (2) 

Since D[x] is a domain, we have fo{x) = 0 or go{x) = 0. 

Case(l) If fo{x) = 0, then (2) becomes go{x)fi{x) = 0 in {D/A)[x] this 

implies bjU^ — 0\/ i,j ( since D/A is Armendariz ). 

and fo{x) = 0 =^ Oj = 0 V «'. 

Therefore (a,,u7)(^j,^) = 0'^ i,j. 

Case (2) po(x) = 0. 

The proof is similar to that in case (1). 

Therefore in both cases we have {ai,ul){bj,v^) = 0 V i,j. 

Hence D{+)D/A is Armendariz. D 

2.1.13 Proposition. Suppose that there existu,v ^ R such thatu"^ = 0 = v'^ 

and uv = vu ^ 0. Then R is not an Armendariz ring. 

Proof. Consider f{x) = u + vx,g{x) = u — vx € R[x]. By the given condition 

on u,v we have f{x)g{x) = 0 but uv = vu ^ 0. Hence R cannot be an 

Armendariz ring. D 

2.1.14 Theorem. A ring R is reduced iff the trivial extension T{R,R) = 

R{+)R is Armendariz. 

Proof. (=^) Suppose R is reduced 

Let/(2;) = '^{a^,u,).x' = {fo{x),fi{x)) Sindg{x) = Yli^j^'^j)-^^ = {9o{x),gi{x)) 

14 



/Ol^'^-t 

belonging to (i?(+)i?)[x] satisfy j{x)9{x) = 0. Then 

^ ^ & 

^*V'v^ 

U{x)gQ{x) = 0 (1) 

and 

/o(a;)^i(x)+/i(a;)5o(a:) = 0 (2) 

Since i? is reduced, we get gQ{x)j^{x) — 0. 

Therefore gQ{x)U{x)gy{x)+gQ{x)fi{x)gQ{x) = 0 which imphes {!x{x)gQ{x)f = 

0. This implies that 

/i(3;)^o{^) = 0 (3) 

Using (3) we get /o(a;)s'i(a;) = 0. Since R is reduced, we have from (1), (2), (3) 

aihj — QfUibj — 0 and aiVj = 0 V i,j. So {ai,Ui){bj,Vj) = 0 V i,ji' 

Therefore R{+)R is Armendariz. 

(<^) Assume R{+)R is Armendariz. 

Suppose, if possible, R is not reduced .Then there exists 0 7̂  a € /? such that 

a2 = 0. 

Let u = (0,1) and u — (a, 0) € i?(+)i? ,then we have v"^ = u^ = 0,but 

vu = uv = (0, a) 7̂  0 (since a / 0).Hence /?(+)/? is not Armendariz by the 

above proposition.A contradiction. Thus R is reduced. D 

2.1.15 Remarks, (a) If R is Armendariz,then R{+)R need not be an Armen­

dariz. 

Example 1. By Corollary (2.1.6) for each natural number n the ring Z„ 

is Armendariz. It is not reduced, if n is not square-free. It follows from 

the previous result that ( for example ) for the Armendariz ring Z4 the ring 

Z4(-|-)Z4 is not Armendariz. 
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Example 2. We give another example where we show non-Armendarizness 

by direct computation. This example is of independent interest because of 

its usefulness in other situations. 

Let To be a nonzero reduced ring and consider R = { 

Then R is Armendariz as R^ To{+)To. 

Let Ro = { 
0 

/ 

fix) 

and 

/ 

9{x) = 

\ 

.0 0, 

\ / 

/ 

+ 

\ 

a,be To}. 

X 

Then we have f{x)g{x) = 0 with f{x),g{x) G Ro[x] but 

X 

J 
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v 

0 0 

V 

/ v 
Thus RQ = R{-\-)R is not Armendariz. 

/ O 
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For a subset S of R, the notation IR{S) denotes the left annihilator of S 

in R. 

2.1.16 Theorem. Let R be an Armendariz ring and let I he an ideal of R. 

Then R/IR{I) is an Armendariz ring. 

Proof. Let f{x) = GQ + aix + + a„a;" 

and g{x) = bo-j-bix + .... + bmX'^ belong in R[X]/IR{I)[X] where a^ = ai + lR{I) 

and bj = bj -\- lii{I) satisfy f{x)g{x) — 0. 

Then we have for 0 < /: < n + m, Yli+j=k ^^^i ^ ^«(-̂ ) where 0 < ij < n and 

0 < j < m and since IR{I) is the left annihilator of / in R, we get for all 

u e I, J2^+j^f. a^bjU = 0. This yields 

(ao + aix + .... + anX'^)(bQU + biux + ... + bmux"") = 0 e R[x]. 

Since R is Armendariz, we have a^bjU = 0 V z,j' and y u e I => a^bj e 

lR{I)^a,bj = Oyi,j 

Therefore R/IR{I) is an Armendariz ring. D 

2.1.17 Proposition. Let R be a reduced ring. Then Ti = { 

a, b,c,d e R} is an Armer 

Proof Let fix) = Yl 

e Ti[x] satisfy 

Oi 

0 

l o 

idariz ring 

bi Ci 

Cj di 

0 aij 

mgi 

x^ a.ndg{x) = Y!, 

x) = 0 

a 

0 

lo 

(p, 

0 

l o 

b c\ 

a d 

0 a^ 

P3 ^J 

0 pj 

C 

x^ 
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Now f{x) and g{x) can be written as 

f{x)= 0 Ea^^' J2d^^' 

^EPI^^ EQ]^^ E^J^^ 

and ^(a;) = 0 EPJ^^ E^^X^ 

^ 0 0 EPJ^'/ 

from (1) we have fo{x)go{x) = 0,Mx)gi{x) + fi{x)gQ{x) = 0 

fo{x)g2{x) + /i{rr)^3(a;) + /2(2:)5o(2;) = 0 and fo{x)g3{x) + h{x)go{x) = 0 

Since R is reduced we have 

foix)go{x) = 0, fQ{x)gi{x) = 0, fi(x)gQ{x) = 0, /o(a;)i?2(a;) = 0, 

/i(x)g3(x) = 0, /2(a;)po(a;) = 0, Jo{x)g3{x) = 0 and h{x)gQ{x) = 0 

Then UiPj = 0, Oĵ j = 0, btPj = 0, ajr^ = 0, b^Sj = 0, 

c,s 

0 /o(a:) /3(a;) 

0 0 fo{x)J 

(goix) giix) g2{xy 

0 go{x) g3{x) 

\ 0 0 goix)J 

^joj — 0, OjSj = 0 a n d d,pj = 0 V i, j 

/ , 

Hence 

be 

0 

c ^ P j 

0 

0 

Qj 

Pj 

0 
Therefore Ti is a n Armenda r i z r ing. 

\ 

P3J 

oyi.j 

D 

2.1.18 Remarks, (a) Let i? be a non-zero ring and let 
/ . . . . \ 

R4 = { 

an 

0 

0 

0 

012 

an 

0 

0 

a i 3 

^23 

an 

0 

au 

024 

^34 

ou^ 

: Ojj € i?} 
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Consider two polynomials f{x) 

and 

9ix) = 

/o 
0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

+ 
0 

0 

1 

0 

0 

0 

/o 
0 

0 

0 

0 

0 

0 

0 

/ 

Then f{x)g{x) = 

+ 
0 

0 

0 

0 1 

0 0 

0 0 

0 0 

\^ 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Vo 
- 1 

0 

0 

0 

\ / 

o\ 
0 

1 

V 
0 

0 

0 

0 

/ 

+ 

/ 

0 

0 

0 

x + 

0 

0 

0 

0 

\ 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

/ , 

0 

0 

V 
0 

0 

0 

0 

1 

1 
X G Rilx] 

+ 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

x 

0 

0 

0 

0 

= 0 , but 

0 

0 

0 

0 

0 

1 

1 

'J 

0 

0 

0 

7̂  0 So i?4 is not Armendariz. 

0 

0 

0 

0, 

X 

Similarly for n > 5 /?„ ( defined analagously ) is not Armendariz. 

2.1.19 Proposition, Let R be an Armendariz ring. Then we have the fol­

lowing results: 

(1) If ab = 0,ac^b = 0 for a,b,c € R and some integer n > 1, then acb = 0. 
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(2) Let a,b,ce R satisfy ab = 0 and c" € C{R) for some integer n>l, then 

act = 0. 

Proof (1) Consider f{x) = o(l - ex) and g{x) = {l + cx + + c"-^a;"-^)6 

€ R[x]. Then f{x)g(x) = a(l - cx)(l + ca; + ... + d'-^x''-^)b = 0 { since 

ab = 0,ad'b = 0 ) . 

Since R is Armendariz, we get acb — 0. 

(2) Given ab = 0, we get ad'b = 0 (since c" € C{R)) 

Therefore from (1) we get acb = 0. • 

2.1.20 Corollary. Armendariz rings are ahelian. 

Proof. Assume that R is an Armendariz ring. Let r € i? be arbitrary and 

let e e I{R). 

Write a = e , 6 = l — e and c = er(l — e). Then we have 

ab = e(l — e) = 0 and ĉ  = er(l — e)er(l — e) = 0 . Therefore we get 

ab = 0, ac?b = 0 

Hence by Proposition (2.1.19(1)) we get acb = 0 i.e eer(l — e)(l — e) = 0 

which implies er(l — e) = 0 => 

er = ere (1) 

Next take oi = 1 — e, 6i = e, Ci = (1 — e)re. Then using the same process we 

get aiCibi = 0 => 

re = ere (2) 

Therefore from (1) and (2) we have er = re Vr €. R . 

Hence R is abelian. 
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Alternative proof: 

Consider f{x) = (1 - e) + (1 - e)rex and g(x) = e - (1 - e)rex. Then 

f{x)g{x) = [(1 - e) + (1 - e)rex][e - (1 - e)rex] = 0 

Since R is Armendariz we get (1 - e)(l - e)re = 0 =» (1 - e)re = 0 

=^ re = ere (1) 

Let fi{x) = e + er(l - e)x,gi{x) = (1 - e) - er(l - e)x 

Then fi{x)gi{x) = 0. Since R is Armendariz we have er(l — e) = 0 

=^ er = ere (2) 

From (1) and (2) we have er — re V r G R 

Therefore R is abelian. D 

2.1.21 Remarks, (a) Armendariz rngs (rings without identity ) need not be 

abeUan 

Consider R — I 

\o 

then we have ^ = j I G I{R) but I 
0̂ 1 / \ 0 

Therefore R is not abeUan 

(b) If R is abelian, then R need not be an Armendariz ring 

Let R = Z4(+)Z4 then R is abelian but R is not Armendariz. Take 

fix) = (2,0) + (2,1) and g{x) = (2,0) - (2,T) G {Z,{+)Z,}[x] 

then f{x)g{x) = 0 but (2,T)(2,0) = (0,2) ^ 0 

2.1.22 Proposition. Let R be an Armendariz ring. Then the ring R is 

directly finite, i.e., yx — 1 whenever xy = 1 for x,y £ R. 
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Proof. This holds since Armendariz rings are abelian ( by Corollary 2.1.20 ) 

and ( as seen below ) all abelian rings are directly finite: 

Let x,y e R { an abelian ring ) satisfy xy — 1. Since xy = 1, we have 

{yxY — {yx){yx) — y{xy)x = yx; hence yx G I{R) and therefore yx € C{R). 

Now 1 = (xy)"^ = {xy)(xy) = x{yx)y = {yx)xy = yx. Therefore R is directly 

finite. • 

2.1.23 Proposition. Let R be an Armendariz ring and let /i,/2,----/n ^ 

R[x] satisfy /1/2 /„ = 0. Then aia2...a„ = 0 where ai is a coefficient of fi. 

Proof Assume /1/2 /„ = 0. Then we have fi{f2--fn) = 0. Since / i , (/2/3---/n) ^ 

R[x] and R is Armendariz , we have ai6 = OV coefficient b of f2f3---fn- Thus 

we have ai(/2/3..-/n) = 0. Again ai/2, (/s-.-Zn) e R[x] and {ai/2)(/3..../„) = 

0, we have 01020 = 0 V coeflicient c of {f3fA----fn) and a^ a coefficient 

of /2. Therefore 0102/3.../„ = 0. By continuing in this way, we have 

010203...On = 0. n 

2.1.24 Proposition. A ring R is Armendariz iff R[x] is Armendariz. 

Proof. ( ^ ) Suppose R is an Armendariz ring. Consider two polynomials 

fiT) = /o + / i T + .... + / „ r " and g{T) = g^ + g,T + .... + g^T^ e R[x][T] 

where fi,gj G R[x]. Assume 

f{T)g{T) = 0 (1) 

Let I = degifo) + deg{fi) + .... + dec/(/„) + deg{go) + deg{gi) + deg{gm) 

where deg{fi) ( etc.) means the x-degree of the polynomial /,. Then we have 

/(^O = fo + / i ^ ' + + /na:'" and g{x^) = go + gix^ + .... + gmX^"^. From 

f{x^)g{x^) = 0 { a consequence of (1)), since R is Armendariz and since I 
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is 'sufficiently large', it follows that V i,j the product ab vanishes for each 

coefficient a of / , and 6 of c/j. This yields f^gj —OVi,j. 

Hence R[x] is Armendariz. 

( ^ ) This is trivial as subrings of Armendariz rings are again Armendariz 

n 

2.1.25 Proposition. Let R be an abelian ring. Then the following conditions 

are equiyalejji; 

(1) R is an Armendariz ring. 

(2) eR and (1 — e)R are Armendariz for every idempotent element e of R. 

(3) eR and (1 — e)R Armendariz for some idempotent e of R. 

Proof. (1) =^ (2).Suppose R is Armendariz. Let f{x) — ^ajX* and g{x) = 

^fejo;-' G eR[x] satisfy f{x)g{x) = 0. Svi\cef{x),g{x) also belong to R[x] and 

R is Armendariz, we have aibj = 0 V i,j. Hence eR is Armendariz.Similarly 

(1 — e)R is Armendariz 

(2) =^ (3) is trivial 

(3) =^ (1) Since e G {I{R)C\C{R)), so we have R^eRx{l- e)R as rings; 

hence R is Armendariz. D 

2.1.26 Remarks, (a) If R is Armendariz, then eRe is also Armendariz for 

each idempotent e G I{R). 

(b) If eRe is Armendariz for any nontrivial non-identity idempotent e of R, 

then R need not be an Armendariz ring. 

Consider R- \ j . Then R is not Armendariz by Example (2.1.2(f)). 

The only nontrivial non-identity idempotents of R are 
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1 0 \ / 0 0 \ / 1 1 \ / 0 1 , 
But we have eRe = Zg, so 

0 0) \o ij \o oy yo î  
eke is Armendariz for every nontrivial non-identity idempotent e in i? 

2.1.27 Proposition. Let R be a regular ring. Then the following conditions 

are equivalent: 

(1) R is abelian 

(2) R is Armendariz 

Proof. (1) => (2) Suppose R is abelian. Let a e R satisfy â  = 0. Since R is 

regular, 3 b e R such that 

a = aba (1) 

e = ab, then e € I{R) and since R is abelian, ab commutes with every element 

ofR. 

So a = {ab)a = a{ab) = a% = 0 (since â  = 0) => a = 0. 

This implies that R is reduced, hence R is Armendariz. 

(2) => (1) By Corollary (2.1.20) we have R is abelian. D 

2.1.28 Proposition. Let n>2. Then R is reduced iff Rlx]/{x"-) is Armen­

dariz. 

Proof. (=») Assume R is reduced. Let u denote x where x = x + (a;̂ ) in 

i?[x]/(a;"). Then we have i?[x]/(a;") = R[u] = R + Ru + + Ru''~\ since 

for Qo + o.iX + -t- a„_ia;"-i 6 i?[2;]/(3;"), we have 

ao + Oix + ... -I- an-ix^~^ = QQ + aiu + ... + a„_iw" ^ € R{u] and 

R + Ru + ....-^Ru''-K 

Similarly taking bo + biu + ... + 6n-iw""^ E R + Ru + .... + i?u"-^(e R[u]) 

we have bo + biu + ... + 6„_iw"-i =bo-\- bix+ ... + 6„_ia;"-i e R[x]/{x'') 
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Let / = po + PiT + ... + PmT"" and g = qo +QiT + ... + QkT^ e R[u][T] 

where PI = aoi + auW+...+a„_iu""^ andq^ = boj+bijU + ...+bn-ijU'^~ e R[u] 

Therefore / = (aoo + a^u + ... + a„_i'u""^) + (aoi + .... + a„_iiit"~^)T + .. + 

(oom + aimu + ... + a„_iM"-i)T"» =^ 

/ - (aoo + aoiT + .. + ao^T'") + (aio + a u T + ... + aimT"')u + .. + (a„_io + 

a„_uT + .. + a„_i^T'")u"-^ = /o + / i« + •• + /n-i^""^ 

with / , = a,o + o^lT + + a^mT"^ € R[T] 

Similarly g - go + giu + .. + c/„_iu"~^ with g^ = bjo + •. + bj^T'' 

eR[T] 

Assume fg = 0. Note that figjU^'^^ = 0 V i,j with i+j>n,so it suffices to 

check the cases of i + j < n. From / p = 0 we have 

/o^o = 0, fogi + /i^o = 0, /o(?2 + /ii?i + /2i?o = 0 

•fo9n-l + / l i?n-2 + + fn-igo = 0 

Since R is reduced, we get /i^^ = 0 V z, j = 0, ....n — 1 

Therefore R[x]/{x"') is Armendariz. 

(<^) Suppose R[x]/{x"') is Armendariz. Let r € i? satisfy 

r" = 0 for some positive integer n. Consider the two polynomials f{T) = 

r — X r 

and g{T) = r " - i + r'^-'^xT + ... + a;"-iT"-^ € {R[x]/{x'')){T]. We have 

f{T)g{T) = r " -a ; "T" = 0. Since R[x]/{x"-) is Armendariz we have rx"-i = 0 

and this implies that r — 0. 

Therefore R is reduced. D 

2.1.29 Proposition. Let I be an ideal of a ring R. Suppose R/I is an 
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Armendanz nng. If I is reduced (as a nng without identity), then Rjs 

Armendanz. 

Proof. Write 7 = I[x] and let a,beR. If ab = 0, then {blaf = 0. Since / is 

reduced and bla C / , we get bla = 0. Let f{x) = J ]« t^ ' and g{x) = Yl^j^^ 

e R[x] satisfy f{x)g{x) = 0. Then {f{x)+7){g{x) + 7) = 0 in R[x]/I[x]. 

Since R/I is Armendariz we get a,6j e IV%,j. Now we proceed by induction 

on m with m > 0. If m = 0, then we are done and so we assume m > 1 

Claim: aobj = 0 V j e {0,1,2, ...n} 

Assume aobj ^ 0 for some j G {l,2...n}. Let I be the smallest integer in 

(1, 2, ...n} such that aok ^ 0. Therefore we have a^bj = O V O < j < / — 1 

and this gives b^la^ = 0 ( l ) ( b y the previous argument ). 

Hence (a/_j6j)(ao6i)^ = a(_j6j(ao6i)(<^o&i) ^ ai-jbjlaobi (since aj6j e / V z, j ) . 

from (1) we get ai^j{bjIao)b{ = 0. 

Therefore we have 

ai^jbjiaokf = 0 (2) 

O G { 0 , 1 , 2 , . J - 1 } ) 

Now from f{x)g{x) = 0, we have the coefficient of x' is 0 = a^bi + a\bi-\ + 

.... -\-aibo 

i-i 

=^ 0 = aobi + ^ ai_j6j (3) 

Multiplying equation (2) (from the right) by {aobi}^ we get 

0 = iaobi){anbiy + {j:%Ui-jbj){aobi) 

=> (aobi)^ = 0) ( using equation (2)) 

Since / is reduced and aobi E I, we get aobi = 0 which is a contradiction to 
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the assumption that aok ^ 0. Hence it follows that 

aobi = 0\fj €0,l,....,n. 

Now let fix) = E " 1 «^^^ then f'{x)g{x) = 0 

Take fi{x) = YZi" aix' but xfi{x) = /'{a;) so we get xh{x)g{x) = 0 which 

implies that h{x)g{x) = 0. Since degree of fi{x) is m - 1 < m, so by 

induction hypothesis, we get aibj = 0 V i,j 

Hence R is Armendariz. D 

2.i.50 Remark. If i ? / / is Armendariz for every non-zero ideal I oi R with / 

Armendariz, then R need not be an Armendariz ring. ( Here we consider / 

as a rng, i.e., a ring which may not have an identity.) 

Take R= \ j where F is a field. 

Let f{x) = I ' I + [ I I and g(x) = ( ' " | + | [ ' | ^ 

eflfx] 
A oWo A 

Then we have f{x)g(x) = 0 but ?̂  0 

So R is not Armendariz. Now we show that R/I and / are Armendariz for 

any non-zero ideal / of R. 

(F F\ (O , , , 
We have h — \ ,/2 = ) and 3̂ = | | are the 

only three non-zero proper ideals of R. 

Then R/h ^ F so R/h is Armendariz . 

Lot / (x) = l ^ ' ^ ' ^ ' A and ,(x) = [ ^ ^ > ' ^"'^ \ 6 /.[x) 

satisfy f{x)g{x) = 0 then we get 
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( E « . ^ ' ) ( E « > ' ) = 0 and {Za^x'){b'^x^) = 0 

Since F is a field, we have Ojâ  = 0 and a^b^ = 0^ i,j 

a, k 
Therefore 

• 0 oy \ 0 0 

So 11 is Armendariz. 

We also have R/I2 = F so R/h is Armendariz. Applying the same method 

as in the case of 7i we get I2 is Armendariz. 

Finally R/h = F ( + ) F , so R/h is Armendariz. Also / | = 0 so h is Armen­

dariz. 

2.1.31 Definition. Let i? be a commutative ring with identity. For / G R[x\, 

the content Af of / is the ideal of R generated by the coefficients of / . The 

ring R is called a Gaussian ring if Afg = AfAg 'V f,g € R[x] . 

2.1.32 Proposition. If R is a Gaussian ring, then R is Armendariz. 

Proof. Let / = '^a^x\g = '^bjX^ € R[x] satisfy fg = 0. Clearly Afg = 0. 

Since R is Gaussian we have 0 = A/g = AfAg and this implies that aibj = 0 

y i,j ( since Oj 6 Af and bj G Ag ). 

Therefore R is an Armendariz. D 

2.1.33 Definition. Let D be a commutative integral domain with quotient 

field K. By a fractional ideal I of K we mean a non-zero Z)-submodule of 

K such that dl C D for some non-zero d E: D. For a fractional ideal I oi K 

by I~^ ( the inverse of / ) we mean the set of all x e K with xl C D; I~^ is 

again a fractional ideal. We say that I is invertible if II~^ = D. 

2.1.34 Definition. A Prjifer domain is a commutative domain in which 

every non-zero finitely generated ideal is invertible. 
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2.1.35 Remark. The converse of Proposition 2.1.32 is false, i.e., if /? is a 

commutative Armendariz ring then R need not be Gaussian. This follows 

from the theorem ( due to Tsang )that a commutative integral domain is 

Gaussian iff it is Prwfer.(See [DDA k BGK, Theorem 1.3].) Hence the ring 

of polynomials in one ( or more )indeterminate(s) over the ring of integers, 

being a non-Priifer domain, is an Armendariz ring which is not Gaussian. 

2.1.36 Proposi t ion. Let R be a commutative ring. If R is Gaussian^Then 

R/I is also Gaussian. 

Proof. Let f{x) = ^aiX^,g{x) = bjX^ e R[^], then by hypothesis we have 

^ / 9 = ^f^g (*) 

Now for f{x) = f(x) + I[x],g{x) = g{x) + I[x] € R[x]/I[x] we are to show 

Ajg ~ AjAg. Since Aj^ C AjAg, therefore it is enough to show that AjAg C 

Ajg. We know that a generator of AjAg^ look likes albj = aibj. Now aibj € 

AjAj, which implies that aibj G AfAg. Then by (*) we get Uibj G A/g and 

this gives aibj = ^ r ^ c ^ (for some ĉ  6 Afg ). This implies that aibj E Aj^. 

Hence AjAg C Aj^. Therefore Aj^ = AjAj. Thus R/I is Gaussian. D 

2.1.37 Proposition. Let R be a commutative ring. Then R is Gaussian iff 

R/I is Armendariz for every ideal I of R. 

Proof. { => ) Suppose R is Gaussian, then R/I is Gaussian ( by Proposition 

(2.1.36) ). Therefore by Proposition (2.1.32) we have R/I is Armendariz. 

( ^ ) Suppose R/I is Armendariz for every ideal I oi R . Let /(x) = 

Y2aix\g{x) = ^bjX^ G R[x]. Since Afg C AfAg, therefore it is enough to 

prove that 

^fA <^Afg (*) 
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.For proving (*), it is sufficient to prove AjAg/Afg = 0. A generator of 

AfAg/Afg ( as an /^-module or ideal of R/Afg ) is of the form Uibj. Now 

we have f{x)g{x) = 0 6 R/Ajg , which implies that aibj = 0 V i, j ( since 

R/Afg is Armendariz ). Therefore AfAg/Afg = 0 i.e., AfAg = Afg. Hence 

R is Gaussian . D 

2.1.38 Notation. Let Rhe a commutative ring. We denote the set of all 

prime ideals of R by Spec{R) and the set of all maximal ideals of R by 

Max(R). 

2.1.39 Definition. Let i? be a commutative ring and A be an ideal of R. 

Then A is locally principal if V P G Spec{R) the ideal Ap of Rp is principal. 

For the proof of the following result we refer to [DDA & BGK, Theorem 

1.1]. 

2.1.40 Remark. Let i? be a commutative ring and let f{x) € R[x]. If Af is 

locally principal then Afg = AfAg V g{x) € R[x]. 

2.1.41 Definition. A commutative ring R is called an arithmetical ring if 

every finitely generated ideal of R is locally principal. 

2.1.42 Proposition. An arithmetical ring is Gaussian (and, therefore, Ar­

mendariz) 

Proof. Let R be an arithmetical ring and let f{x) G R[x]. By hypothesis Af 

( being finitely generated ) is locally principal. Hence we get AfAg = Afg 

V g{x) e R[x]. Therefore R is Gaussian and by Proposition (2.1.32) R is 

Armendariz. D 
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2.1.43 Corollary. Let R be a commutative principal ideal ring. Then R is 

Gaussian ( and, therefore Armendariz). 

Proof. Let i? be a commutative P.I.R. and let A be an ideal of R . Since R 

is a P.I.R., we have A = Rx for some x £ R. Hence for every P E Spec{R) , 

Ap = Rpj. Therefore R is arithmetical. Then by Proposition (2.1.42) R is 

Gaussian. Hence R is Armendariz. ( This extends Proposition 2.1.5 ) D 

Commutative von Neumann regular rings and Dedekind domains are 

other examples of arithmetical { and, therefore, Gaussian ) rings. ( We 

already know that they are Armendariz since they are reduced.) 

2.1.44 Remark. Some examples of Armendariz (PS) rings are given in Section 

4.3 below. These are also automatically Armendariz rings. 
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2.2 Armendariz modules 

This section is devoted to the study of the basic properties and examples of 

Armendariz modules. We follow [AMB k MBR] here. 

2.2.1 Definition. Let i? be a ring,and M an i2-module. We call M an 

Armendariz module if for f{x) = Yl'i=o ^i^' ^ -^N ^^^ 5'(^) ~ ^j=o "^j^'^ ^ 

M[x] satisfying f{x)g{x) = 0, then we have aiUij = 0 V i,j. 

,-' 2.2.2 Proposition. Let D be a domain and M a torsion free D-module. 

Then M is Armendariz. 

Proof. Let f(x) = ^^"1=0^1^^ ^ -^W ^^^ di^) = J2'j=o''^j^^ ^ M[x] satisfy 

f{x)g{x) = 0. Now M is torsion free implies M[x] is a torsion free D[x]-

module, so we get f{x) = 0 or g{x) ~ 0. Thus M is Armendariz. D 

2.2.3 Corollary. Let D be a domain and M is a free D— module. Then M 

is Armendariz. 

Proof. This follow from Proposition (2.2.2) as free D-modules over domains 

are torsion free. D 

2.2.4 R&rnarks. (a) A ring R is Armendariz iff the module RR is Armendariz 

(b) Let i? be a ring and M be a free R-module. Then M need not be an 

Armendariz module. Consider R — M2(Z), Af = R. Clearly, RM is free but 

RM is not Armendariz 

2.2.5 Proposition. The class of Armendariz R-modules is closed under (1) 

direct products, (2) submodules and (3) direct sums. 
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Proof. (1) Let {Mi}i^i be a family of Armendariz i?-modules. Let f{x) = 

E t o a , x ' e R{x\ m,{x) = E " = O « J ^ ' ^ ^ ' N - Suppose j{x){m,{x)\^i = 0. 

Then this implies that {f{x)mi{x))ia = 0 ^ f{x)mi{x) = 0 for each I e I. 

Since Mi are Armendariz for each / € / , so UiUj = 0\/ i,j. Hence H -^i is an 

Armendariz /^-module. 

(2) Let f{x) = E JLO«^^ ' ^ ^ N "̂<^ "(^) = E 5 = O " J ^ ^ ^ ^ N where 

N < M. Suppose f{x)n{x) = 0; then atUj = 0 V z, j since n(a;) G M[a;] and 

M is Armendariz. Hence submodules of an Armendariz modules are again 

Armendariz. 

(3) Since a direct sum is a submodule of the corresponding direct product, 

therefore by (1) and (2) we get direct sums of Armendariz modules are again 

Armendariz. D 

2.2.6 Proposition. Let R be an Armendariz ring and M is a free R- module. 

Then M is Armendariz. 

Proof. Given R is Armendariz and M is a free R- module, therefore we have 

M ^ ^ R and since a direct sum of an Armendariz modules is Armendariz, 

we get that M is an Armendariz module. D 

/ 2.2.7 Proposition. Let R be an Armendariz ring and M an R-projective 

module. Then M is an Armendariz module. 

Proof. Since M is /^-projective module, therefore M = a direct summand of 

a free i?-module F. But F is free, and so Armendariz by (2.2.6). Hence M 

is Armendariz as submodules of Armendariz modules are Armendariz. D 

2.2.8 Remarks, (a) If R is reduced and M is a free i?-module, then M is 

Armendariz 
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/(b) If i? is a reduced ring and M is i^-projectiye, then M is Armendariz. 

^ (c ) If Z) is a domain, and M is D-projactive, then M is Armendariz. 

(d) Let D he a commutative domain, M is a D-module. Then M/T{M) 

is Armendariz. This follows from the result that M/T{M) over a commu­

tative domain is torsion free and hence by Proposition (2.2.2) M/T{M) is 

Armendariz 

y 2.2.9 Proposition. Let R be a commutative ring and M an R-module. If 

R{+)M IS Armendariz, then M is Armendariz. 

Proof. Let f{x) = Z)r=o^i^* ^ ^ N ^^^ 9i^) ~ Sj=o"^j^"' ^ M[x].Assume 

f{x)g{x) = 0 (1) 

Consider (/(x),0),(0,5(x)) e {R{-+)M}[x]. Then (/(x),0)(0,5(a;)) = {0,f{x)g{x)) 

(0,0) by (1). Since R{+)M is Armendariz, we get {a^,0){0,mJ) = (0,0) =» 

(0, a^ruj) = 0 =^ aiTrij = 0. Hence M is Armendariz. D 

2.2.10 Remark. The converse of Proposition (2.2.9) is false, i.e., if i? is a 

commutative ring, and M is an Armendariz jR-moduIe, then R{+)M need 

not be an Armendariz ring. Consider i? = Z4, M = Z4, but Z4(+)Z4 is not 

Armendariz. 

2.2.11 Proposition. Let D be an integral domain, M a D-bimodule and 

R = D{+)M, the Nagata extension of D by M. The ring R! is Armendariz 

if and only if both DM and Mp are Armendariz. 

Proof (=^) Suppose R! is Armendariz. Let f{x) = ^ ^ Q " ' ^ ' ^ -^W ^^^ 

9{x} = YTj=o^^' e M[x] satisfy f{x)g{x) = 0 
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Then for (/(a;),0), iO,g{x)) G {D{+)M}[x], we have 

(/(x),0)(0,5(x)) = {OJ{x)g{x)) = (0.0). Since R! is Armendariz we have 

(oi, 0)(0, bj) = (0,0) and this implies (0, aibj) = 0 => aibj = 0. 

Therefore M is Armendariz as a left (and similarly , right) D-module. 

(<^) Suppose M is Armendariz. Let f{x) = {fo{x),fi{x)) = YHo-iy^i)^') 

and ^(rr) = i9oix),gr{x)) = E{bj,nj)x^) E {Di+)M}[x] 

satisfy f{x)g{x) = 0. This implies {fQ{x)Ji{x)){go{x),gi{x)) = 0 

and this implies fQ{x)gQ{x) = 0 and /o(x)^i(x) + fi{x)go{x) = 0. 

Since D is a domain we get /o(a;) = 0 or goix) = 0 (or both). 

Case(l): Assume fo{x) = 0. 

Then we get fi{x)go{x) = 0. Since M is an Armendariz I?—module we have 

Uibj = Oy i,j. 

Therefore {0,Ui){bj,Vj) = {0,Uibj) = 0 

Ca.se{2):go{x) = 0,/o(a;) ^ 0. The proof is similar to that in case (1) 

Case (3): fo{x) = 0 = go{x) is trivial. 

Therefore D{+)M is Armendariz. D 

/2.2.12 Corollary. If D is a commutative domain and M is a torsion free 

D- module, then D{+)M is an Armendariz ring. 

Proof. From Proposition (2.2.2) M is Armendariz. Therefore on applying 

Proposition (2.2.11) we have D{+)M is Armendariz. D 

2.2.13 Corollary. Let D be a domain (not necessarily commutative). Let 

R = D{+){D/A), then R is an Amendariz ring iff D/A is an Armendariz 

ring. 

Proof The proof follows from Proposition (2.2.11) D 
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2.2.14 Corollary. If K is a field and V is a vector space over K, then 

K{+)V is a commutative Armendariz ring which is not reduced ifV^O 

Proof. Since V' is a torsion free K-modxile, then by Corollary (2.2.12), K{+)V 

is Armendariz. 

K{+)V is commutative, since for (a, it), {b,v) € K{+)V we have 

(a, u){b, v) = {ah, av + bu) = {b, v){a, u) ( since K is a, field ab = ba) 

This gives K{-\-)V is commutative. 

But K{-\-)V is not reduced when V T^ Q, since for each {^,v) e K{-[-)V we 

have (0,t;)2 = (0,0). D 

2.2.15 Remarks, (a) If Z? is a commutative domain, M is a free £>-module 

then D{+)M is Armendariz. 
fc: ~ , 

(b) If R is not a domain, M is a free /^-module then R{+)M need not be 

an Armendariz ring. Consider R = Z4,M = Z4, then R{+)M = Z4(+)Z4 

which is not Armendariz 

(c) If D is a commutative domain, M is a torsion module, then D{+)M can 

be Armendariz. Take R = Z,M = Z^ then R{+)M = Z(+)Z4 is Armendariz. 

2.2.16 Proposition. Let D a domain ,h : D —^ D is a ring monomorphism 

and M is a D-bimodule which is torsion free on both the left and the right. 

Then D{+)hM is an Armendariz ring. 
•j, . — . 

Proof Letf{x) = J2iaumi)x' = (fo{x), fi{x)),g{x) = J2ibj,nj)x^ = {go{x),gi{x)) G 

{D{+)f,M}[x] 

Suppose f{x)g{x) = 0 then ifo{x),fiix)){go{x),gi{x)) = (0,0) 

^ fo{x)go{x) = 0 and 

h{foix))gi{x) + goix)f,{x)=0 (1) 
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Since D is a, domain we get fo{x) = 0 or go{x) — 0 

Suppose /o(x) = 0(/i(3;) / 0) then equation (1) becomes goix)fi{x) = 0. 

Since M is torsion free on both left and right we get go{x) = 0 

Therefore f{x) - {0,fi{x)),g{x) = (0,^1 (a;)) and this implies that 

(0,mi)(0,nj) = 0 

Next assume go{x) = 0 then equation (l) reduces to h{fo{x))gi{x) = 0 

=^ 

KMx)) - 0 (2) 

(since M is torsion free on both left and right) 

Since /i is a monomorphism we have from (2) /o(a;) = 0 

Therefore f{x)g{x) = (0,/i(x))(O, gi(a;)) = (0,0) =^ (0,mi)(0,n,) = 0 

Hence D{+)hM is Armendariz. D 

2.2.17 Corollary. Let D be a commutative domain, let h : D —^ D be 

a ring monomorphism and let M be a free D-module. Then D{+)hM is 

Armendariz. 

Proof. This follows from Proposition (2.2.16) since M is free it implies that 

M is torsion free. D 

2.2.18 Corollary. Let K be a field, h : K -^ K is a field monomorphism 

and V is a vector space over K. Then the ring K{+)hM is Armendariz. 

Proof This follows from Corollary (2.2.17). D 

2.2.19 Remark. If R is not a domain, Af is a free /^-module, h : K -^ K is a. 

ring monomorphism, then R{+)hM need not be an Armendariz ring. Take 

/? = Z4, M = Z4 and h = I then R{+)hM = Zi{+)Zi is not Armendariz. 
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2.2.20 Proposition. Let M he an R-himodule Then R{+)M is an Armen-

danz ring iff the following conditions are satisfied: 

(a) R is an Armendanz ring 

li) M is an Armendanz left and right R-module \^ 

Jc) Iff{x)g{x) = 0 e R[x], then f{x)M[x\ H M[x\g{x) = 0 

Proof. (=^) Suppose i?(+)M is Armendariz. 

(a) Since i? is a subring of R{^)M {R ^ ii:(+)0 C i2(+)M), therefore R is 

Armendariz. 

(b) Let m{x) = Y!1=Q ^J^^ ^ - ^ N and f{x) = X "̂̂ o a^x' € R[x] 

satisfy f{x)m{x) =0. Then (f{x),0){0,m{x)) = {0,f{x)m{x)) = (0,0) 

Since the ring R{+)M is Armendariz, we get (0, a^rUj) — (0,0) V z,^ and this 

implies atTUj =0\/ i,j 

Therefore M is Armendariz as a left i?-module ( and similarly as a right 

/^-module ). 

(c) Let f{x),g{x) G R[x] satisfy f{x)g{x) = 0. 

Suppose f{x)m{x) = rn {x)g{x) ^ 0 for some m{x), m' (x) e M[x] 

Let (/(a;),0) + (0,m'(a;))y and {gix),0)~{0,m(x))y e {Ri+)M}[x][y]. Then 

we have 

{(fix), 0)+(0, m'ix))y}{{gix), 0)-(0, m(a:))y} = (0,0). But (fix), 0)(0, mix)) / 

0 which contradicts the fact that {R{+)M}[x] is Armendariz. Therefore we 

conclude that f(x)M[x] f] M[x]g{x) = 0 if f{x)g{x) = 0. 

(4=) Suppose that all the three conditions are satisfied. 

Let a{x) = I][Lo('^»'"^i)^* = (/(^))"^(2^)) and 

Pi^) = EU^b,J,)x^ = {9{x),l{x)) e {Ri+)M}[x] where fix),g{x) G R{x] 

and m{x),l{x) G M[x]. Suppose Q:{X)/3{X) = 0. Then we have f{x)g{x) = 0 
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and f(x)l{x) + m{x)g{x) = 0 (1) 

Now using (a) ( since f{x)g{x) = 0 ), we get Uibj :=oy i,j and from equa­

tion (1) we have f{x)l{x) = -m{x)g{x) G f{x)M[x\[^M[x]g{x) = 0. Now 

this implies that f{x)l{x) = m{x)g{x) = 0. Now using condition (b), we get 

Uilj = 0 and rriibj = 0 V «, j 

Therefore (aj, mi){bj,lj) = 0^ i,j. 

Hence R{+)M is Armendariz. • 

^,2.21 Corollary. Let R be a reduced ring and let A be an ideal of R,such 

that R/A is reduced. Then R{+){R/A) is Armendariz. 

Proof. By Proposition (2.2.20), we only need to show that 

f{x){R/A)[x]f]{R/A)[x]g{x) = 0 whenever f{x)g{x) = 0 in R[x] since con­

ditions (a) and (b) are satisfied. 

Since f{x){R/A)[x]\^{RlA)[x\g{x) = 0 iff {f{x)R[x\ + A[x\)p^{R[x]g[x) + 

A[x]) C A\x] therefore it is enough to show that {f{x)R[x]+A[x]) [^{R[x]g{x)-\-

A[x]) C A[x]. 

So let f{x)f'{x)+A\x\ = g{x)g{x) + A[x] G {f{x)R[x]+A[x]) f)iR[x]9{x) + 

A[x])...{l) for some f'{x),g'{x) e R[x] 

Since R is reduced,f{x)g{x) = 0 =^ g{x)f{x) = 0. Therefore multiplying 

equation (1) (from the right) by f{x), we have 

f{x)f'{x)f{x) + A[x] = A[x]wh\ch. implies that f{x)f'{x) € A[x] (since R/A 

is reduced ). 

Therefore, {f{x)R[x] + A[x]) ^{R[x]g{x) + A[x]) C A[x]. 

Hence R{-[-){R/A) is also Armendariz. D 

.2.22 Remark. If R is Armendariz and R/A is also Armendariz for some 
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ideal A of R, then R{+){R/A) need not be Armendariz. 

Take R - Z/8Z and A = 0 then R = Z/8Z and R/A = (Z/8Z)/0 = Z/8Z 

are Armendariz but Z/8Z(+)Z/8Z is not Armendariz. 

2.2.23 Proposition. l e i 9 : R -^ A be a ring homomorphism and let M 

be an A-module. Regard M as a left R-module via 9. Then we have the 

following results 

Jj) If AM is Armendariz, then RM is Armendariz. 

J^) If 9 is onto, then the converse of the statement in (1) holds. 

J^ If A IS an Armendariz ring, then A is Armendariz as a left R- module. 

Proof. (1) Let f{x) = Er=o^»^' ^ ^ W "^(^) = Y^Uo^J^^ ^ ^ W satisfy 

f{x)Tn{x) = 0. Then we have 

0{f{x))g{x) = 0 (rm = 9{r)mr eR,meM) ^J2^{<^t)^'EbjX^ = 0 

^ 9{ai)bj = 0^ i,j (since A ^ is Armendariz) 

Now Ojftj = 9{a2)bj = 0 V z, j . 

Therefore RM is Armendariz. 

(2) Assume RM is Armendariz. Let f(x) = Yl^=o^i^^ ^ ^ W ^^'^ m{x) — 

Y^j-o''^}^'' ^ M[x] satisfy f{x)m{x) — 0. Since 9 is onto, therefore for 

each Oj G A, 3b^ e R such that 9{bi) = a^i. Now f{x)m{x) = 0 =^ 

J2a^x'm{x) = 0=^ Er=o^(^^)2;'E'=o"^j^' = 0 =» 9{J2b^x')Y:mJX^ = 0 

=^ J2biX'^Yl''^j^'' = 0 (by definition r.m = 9{r)m) =^ ftiTn^ = OVi,j (since 

/jM is Armendariz). Then a^ruj = 9{bj,)mj = b^m., = 0 V i,j. Therefore ^M 

is Armendariz. 

(3) Since A is an Armendariz ring, then by Remark (2.2.4(a)) AA is an 

Armendariz module. Hence by part (1) RA is Armendariz as a left R-

module.D D 
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/ ̂.2.24 Corollary. For any n G Z, Z„ is an Armendariz Z-module. 
>/ 

Proof. Let 6* : Z -)• Z„ be the ring homomorphism defined as 

9{x) = x + nZ. Then 9 is onto. Since Zn over Z„ is Armendariz (by Corollary 

(2.1.6)), therefore by Proposition (2.2.23(1)) Zn is an Armendariz Z-module. 

D 

^.2.25 Proposition. The following conditions are equivalent 

(1) R is an Armendariz ring. 

(2) Every torsionless R-module is Armendariz. 

(3) Every suhmodule of a free R-module is Armendariz. 

(4) There exists a faithful R-module which is Armendariz. 

Proof (1) =» (2). Let M be a torsionless i?-module. Then M <X\Rior 

some product of copies of R. Since ^ i? is Armendariz as an il-module, and 

a submodule of an Armendariz module is Armendariz, M is also Armendariz. 

(2) =^ (3) Let NheSi submodule of a free i^-module M, then N <^R (since 

M is free =^ M = ^R) which implies that iV is a torsionless i?-module. 

Hence by (2) N is Armendariz. 

(3) => (4) Take M = R, then i? is a faithful iil-module which is Armendariz. 

(4) =4> (1) Let M be a faithful i?-module which is Armendariz. Then R < 

Yl M for some product of copies of M. Since f][ M is Armendariz as M is 

Armendariz, we have R is an Armendariz ring.D D 

2.2.26 Notation. If M is a left R-module we denote R/ann{M) by R and 

the ring of endomorphisms Endii[M) by E{M). 

2.2.27 Proposition. The following conditions are equivalent 
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(1) The left R-module M is Armendariz 

(2) The left R-module M is Armendariz. 

Proof. (1) =^ (2) Let RM is Armendariz. We have the natural onto ring 

homomorphism 9 : R-^'R defined as 9{r) = r + ann{M) = f. Therefore by 

Proposition (2.2.23(2)) we have ;^M is also Armendariz. 

(2) =^ (1) Let jiM be Armendariz. Then by Proposition (2.2.23(1)) RM is 

Armendariz. • 

/2.2.28 Remarks, (a) If the left i?-module M is Armendariz, then R is an 

Armendariz ring. 

Since M is a faithful i?-module, therefore we have i? < f3 M for some product 

of copies of M. Now M is Armendariz implies R is an Armendariz ring, 

(b) Suppose the right £'(M)-module M is Armendariz, then the ring E{M) 

is Armendariz: 

Since M is faithful as a right £'(M)-module, by (4) =^ (1) of Proposition 

(2.2.25), we get the result that E{M) is an Armendariz ring. 

2.2.29 Proposition. A module M is Armendariz iff every finitely generated 

submodule of M is Armendariz. 

Proof. ( =>) Suppose that M is an Armendariz ii!-module. Then by Propo­

sition (2.2.5(2)) every finitely generated submodule of M is Armendariz. 

( -^ ) Suppose every finitely generated submodule of M is Armendariz. 

Let f{x) = X^"^o^»^' ^ -^N ^^^ '^(^) ~ Z)j=o'^j^"' ^ -^W satisfy 

f{x)m{x) = OinM[a;]. Then m(a;) G {RmQ-\-Rmi-^ ....-'rRmk][x\ and since 

every finitely generated submodule of M is Armendariz, we get ajmj = 0 V 

i,j. Hence M is Armendariz. D 
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2.2.30 Corollary. Let M be a "L-module. Then (1) M is Armendariz as a 

Z-module and (2) Z{+)M is an Armendariz ring. 

Proof. Since every finitely generated submodule of M over Z is Armendariz, 

then by Proposition (2.2.29) M is Armendariz over Z. ( We use Corollary 

(2.2.24) and the structure theorem for finitely generated Z-modules ). Now 

on applying Proposition (2.2.11) we get Z(+)M is also Armendariz. D 

We record the following special case of the above result ( i ts extension to 

arithmetical rings is recorded in Corollary (2.2.41) below ) and mention that -

when D is a commutative integral domain - there are interesting connections 

between the Armendarizness of the £>-module K/D and the condition 'Z? is 

integrally closed'. These will be studied elsewhere. 

2.2.31 Corollary. Q/Z is an Armendariz "L-module. 

Proof. Since every finitely generated submodule of Q/Z over Z is Armen­

dariz, so by Proposition (2.2.29) Q/Z is Armendariz over Z. D 

2.2.32 Notation. Let M be an i?-module, let C{R) be the centre of R and 

let T be a multiplicatively closed subset of C{R). Then T '^M is an T'^R-

module, where T'^M = {"f : m e M,s e T} and T-^R = {^ : a e R,t E 

n 
2.2.33 Proposition. Let M be an R-module and C = centre{R). Then the 

following conditions are equivalent. 

(1) M is Armendariz 

(2) T~^M is Armendariz T~^R-module for each multiplicatively closed subset 

T ofC. 
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(3) Mp is an Armendariz Rp module for each P G Spec{C). 

(4) MQ is an Armendariz Rq-module for each Q e Max{C). 

Proof. (1) =^ (2) Let f{x) = E t o 7^^' ^ {T-'R}[x] and m{x) = ^U ^ ^ ' ^ 

{T-^M}[x] satisfy/(x)m(a;) = f. Then this gives {toti...tk)f{x){soSi...si)m{x) 

Y =^ B u e T such that u{toti..tk)f{x){soSi..si)m{x) = 0. Since M is Ar­

mendariz i2-moduIe we get u(toti..ti-.iti^i..tk)ai(soSi..s.j-iSj^i..si)mj = 0 V 

^,J, then this gives ^''-'-''lSt"i£^.T''""'"^ = f ^ t l ^ = T V i,J. 

Therefore T~^M is Armendariz as an T~^i?-module. 

(2) =^ (3) and (3) =^ (4) are trivial. 

(4) =^ (1) Let f{x) = Er=o«i^' ^ ^ W and m(a;) = EJ=O"^J2;^ ^ ^ W 

satisfy f{x)m{x) = 0, then this implies ^ ^ = f in MQ V Q € Max{C). 

Since M Q is Armendariz i?Q-module, we get ^ ^ = " and this gives a^mj = 0 

V i, j . Therefore M is Armendariz. D 

2.2.34 Proposition. le i D be a commutative domain and M a D-module. 

Then the module M is Armendariz iff its torsion submodule T{M) is Armen­

dariz. 

Proof ( =^) Suppose M is Armendariz. Since T{M) is a submodule of M, 

therefore T{M) is also Armendariz. 

( ^ ) Suppose T{M) is an Armendariz P-module. Let f{x) = E ! L O ^ J ^ ' ^ 

D[x],g{x) = Ej=o"^j^^ ^ - ^ N satisfy f{x)g{x) = 0. Then we have 

aomo = 0 (1) 

aoTOi + aiTUQ = 0 (2) 

aom2 + aimi + a2mo = 0 (3) 
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afcTTin = 0 (k + n + l) 

Assume UQ ^ 0. Now multiplying equation (2) by CQ we get (ao)^mi = 0 

( since aoOimo = aiaomo = 0 from equation (1) ) which implies that (ao)^ 

annihilates both mo and mi . On using the same process we get (ao)^m2 = 0 

( from equation (3) ).By continuing we get g{x) e T{M)[x]. Since T{M) is an 

Armendariz D-module we have ajTrij = 0 V i,j. Hence M is an Armendariz 

D-module. • 

2.2.35 Proposition. Let R be a commutative ring. The ring R is Gaussian 

iff every cyclic R-module is Armendariz. 

Proof. Suppose R is Gaussian. Let M be a cyclic i?-module, then M = Rm 

for some m e M. Since the map 9 : R-^ Rm defined as 6{r) = rm, is onto, 

therefore R/Ker{6) =• Rm. Then by applying Proposition (2.1.37) we get 

M is Armendariz. 

Let every cyclic i2-module be Armendariz. Then in particular the ring R/I 

is Armendariz ( since the cyclic i?-module R/I is Armendariz iff the ring 

R/I is Armendariz ). Therefore on applying Proposition (2.1.37) we get the 

ring R is Gaussian. D 

2.2.36 Definition. A ring R is left (right) Gaussian if every cyclic left ( 

right ) jR-module is Armendariz. 

2.2.37 Definition. A ring R is left (right) strongly Gaussian if every left 

( right ) i?-module is Armendariz. 
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2.2.38 Remarks, (a) A ring R is called completely Armendariz if every ho-

momorphic image of R is Armendariz. 

(b) Left Gaussian rings are completely Armendariz. 

Proof : Let Rhea, left Gaussian ring and I an ideal of R. Then the cyclic left 

/i-module R/I is Armendariz. Hence R/I is an Armendariz ring.Therefore 

R is completely Armendariz. 

(c) Left invariant, Completely Armendariz rings are left Gaussian. 

Let R he a left invariant and completely Armendariz ring. If M is a cyclic 

left i?-module, then M = Rm for some m e M. Therefore M = R/I, for 

some left ideal / of R. Now R/I is a quotient ring of R { since / is also a 

right ideal ). Since R is a. completely Armendariz ring, and M = R/I, the 

i?-moduIe M is Armendariz. 

(d) (i) The Gaussian property is not left-right symmetric and (ii) Completely 

Armendariz rings need not be left Gaussian. We show this by an example. 

Let L be a field and let K = L{Y, T) be the field of rational functions in two 

commuting indeterminates Y and T. Let h be the endomorphism of the field 

K defined via h{Y) = Y"^ and h{T) = T\ The ring R = K{+)hK has the 

following properties. 

(i) Apart from R and 0 the only right ideal of R is Q{+)K, which is also a 

left ideal.Since the ring RQ = R/{^{+)K) is a field, RQ is Armendariz as a 

right i?-module. We know that R is an Armendariz ring. The ring R is thus 

a right Gaussian and completely Armendariz ring. 

(ii) Let W = h{K) = L{Y\T^),a subfield of K. Then B = 0{+)W is a left 

ideal of R. We now show that the cyclic left i?-module R/B is not Armen­

dariz,and thus the ring R is not left Gaussian. 
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Let / (X) = (0,y) + {0,T)X e R[X], and g{X) = (7,0) + {-T,0)X e 

{R/B)[X]. Then we have f{X)g{X) = 0, but {0,Y){{-T,Q) ^ 0 in R/B. 

A proof of the next proposition can be found in [DDA & BGK, Remark 

1.5]. ( By the content Ag of g{x) G M[x] we mean the i?-submodule of M 

generated by coefficients of g{x).) 

2.2.39 Proposition. Let R be a commutative ring and let f{x) G R[x\.The 

ideal Af is locally principal iff for each R-module M and each g{x) G M[x] 

we have AfAg = Afg. 

2.2.40 Proposition. Let R be a commutative ring. The ring R is strongly 

Gaussian iffR is arithmetical. 

Proof. Let R he a, strongly Gaussian ring and let / be a finitely generated 

ideal of R. So / = Af for some f{x) G R[x]. Let M be an i?-module and 

g{x) G M[x]. Then f{x)g{x) = 0 in M[x]/Afg[x] ( where g{x) = g{x)+Afg[x] 

) which implies that Ajg = 0. Since M/Afg is Armendariz we have AjAg = 0, 

i.e., AfAg/Afg = 0 which implies that AfAg — Afg. Therefore by Proposition 

(2.2.39) we get / = v4/ is locally principal.Thus R is arithmetical. 

Let R be an arithmetical ring, let M be an i?-module and let f{x) G R\x\ 

, g{x) G M{x\ satisfy f{x)g(x) = 0. Then we get Afg = 0 and Since Af is 

locally principal, we have AfAg = Afg = 0 ( hy Proposition (2.2.39)) which 

implies that M is Armendariz. Therefore R is strongly Gaussian. D 

2.2Al Corollary. If R is arithmetical, then every R-module is Armendariz. 

In particular if R is arithmetical, then K/R is Armendariz as an R-module 

where K = T^^R (To is the set of a non-zero-divisors of R ) 
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Proof. This follows directly from Proposition (2.2.40) ( since R strongly 

Gaussian innplies every i?-module is Armendariz ). D 

2.2.4 s Remark. Let M be a module over Z, then M is Armendariz as Z-

module. ( This special case of Corollary (2.2.41) has already been recorded 

in (2.2.30). ) 
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Chapter 3 

Semi-commutativity and 

reversibility 

In this chapter we study the concepts of semi-commutative rings, semi-

commutative modules and reversible rings. These classes are intimately 

connected with the classes of Armendariz rings and modules; they are also 

objects of independent interest. The class of Armendariz rings, as well as the 

class of semi-commutative rings, are both 'sandwiched' between the class of 

reduced rings and the class of abelian rings. A comparative study of Armen­

dariz rings and semi-commutative rings was carried out by C.Huh, Y.Lee and 

Agata Smoktunowicz in [CH,YL & AS]. Semi-commutative modules were in­

troduced and studied in [AMB &: MBR]. The class of reversible rings, studied 

by Cohn ( in [PMC] ) and other authors, lies between the classes of reduced 

rings and semicommutative rings. In [NKK &; YL:2], Kim and Lee studied 

extensions of reversible rings and proved some results concerning their rela­

tionship with Armendariz rings. 
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3.1 Semi-commutative rings 

This section is devoted to the study of the basic properties and examples of 

semi-commutative rings. 

3.1.1 Definition. A ring R is called semi — commutative if whenever a,b e 

R satisfy ab = 0, then acb = 0 for each c e R. 

3.1.2 Example. Any commutative ring is semi-commutative 

3.1.3 Remark. Subrings of semi-commutative rings are semi-commutative. 

3.1.4 Proposition. A semi-commutative ring is abelian. 

Proof. Let i? be a semi-commutative ring. Then for any a,b G R satisfying 

o6 = 0 we have acb = 0 forall c ^ R. 

Let a = e, 6 = (1 — e) where e G I{R). Then ab = 0. 

Since R is semi-commutative we have axb = 0 V a; 6 i?, 

=^ ex{l - e) = 0 =^ 

ex — exe (1) 

Similarly we have ba = 0, and this gives (1 - e)xe = 0 =^ 

xe = exe (2) 

From (1) and (2) we have xe = ex\/ x e R . 

Therefore R is abelian. D 
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3.1.5 Proposition. Let R be a ring. Then the following statements are 

equivalent. 

•\y(l) R is semi-commutative 

•^2) The right annihilator of each element of R is an ideal of R. 

x^ (3) The left annihilator of each element of R is an ideal of R. 

(4) For a,b ^ R, ab = 0 implies aRb = 0. 

Proof. (1) ^ (2). Let a,r e R and let x G rR{a). Now x e rR{a) =^ ax = 

0.Since R is semi-commutative we get arx — 0 and this gives rx G rB.{o)\ 

hence ruip) is a left ideal of R. Therefore we have rR{a) is an ideal of R ( 

since r^ia) is a right ideal oiR). 

(2) => (3) Let x 6 IR{Q), then xa = 0,so for any t^R, txa = 0 =» te G /^(a). 

Therefore /^(a) is a left ideal of R. Now x G lR{a) ^ xa = 0 =^ a e rii{x). 

Since r^(a;) is an ideal of R we get for any t E R, ta e rR{x), i.e., xta = 0 => 

xt G lR{a). Therefore /^(a) is an ideal of R. 

(3) =^ (4) Let a,b E R satisfy ab = 0. Then we have a G lR{b) 

Since left annihilator of every subset of R is an ideal, therefore we have ( for 

r G i? ) ar G lR{b) => arb = 0^ r e R ^ aRb = 0. 

(4) =^ (1) Let a,b E R satisfy ab = 0. Then by the given condition aRb = 0, 

we get acb = 0 V c G i2. 

Therefore we have R is semi-commutative. D 

The following result of M.B.Rege and S.Chhawchharia has led to several 

results of the same type. 

^y^Z.l.Q Proposition. Let R be an Armendariz ring. Then R is semi-commutative 

iffR[x] is semicommutative. 
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Proof. ( => ) Suppose R is a semi-commutative ring. 

Let fix) = ZZ, aix' and g{x) = E ; = O ^jX^ ^ ^ N satisfy 

fix)g{x) = 0 (1) 

Now Consider a polynomial h{x) = Y!k=o^kX^ ^ -^W- ^i'^^^ ^ ^̂  Armen-

dariz, from (1) we get aihj = O'^ i,j 

By hypothesis R is semi-commutative. Therefore we have GiCfcy = 0 V c e i?. 

Then this gives ajCA;̂ -̂ = 0 V i,j, k. 

Therefore we have f{x)h{x)g{x) = 0 V h{x) G i?[a;]. 

Hence R[x] is semi-commutative. 

( 4= ) This follows from the fact that a subring of a semi-commutative ring 

is again semi-commutative. • 

3.1.7 Remark. If R is semi-commutative. Then R[x] need not be. Take 

the ring R = (Z2 + A)/I where Z2 is the field of integers modulo 2 , 

A = Z2[ao,ai,a2,6o,6i,62)C] is a free algebra of polynomials with zero con­

stant terms in noncommuting indeterrainates ao,ai,a2,bo,bi,b2,c over Z2 

and / is an ideal generated by 0060)0162 -I- 0261,0061 + 0160,0062 + 0161 + 

0260,0262, Oor6o, a2r62, (oo + 0,1 + O2)r(6o + bi + 62) with r e A. (The details 

of the proof are given in [CH,YL & AS, Example (2)]). 

3.1.8 Proposition. Let R be a regular ring. Then the following conditions 

are equivalent. 

(1) R is an Armendariz ring 

(2) R is a reduced ring 

(3) R is semi-commutative 
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Proof. (1) =^ (2) Suppose R is Armendariz, then R is abelian. Now R is 

abelian and regular (given) implies R is reduced. 

(2) =» (3) Let a,b e R satisfy ab = 0, then ha = 0 { since R is reduced ) =4> 

axb = OyxeR(on using /? is reduced ) 

Therefore R is semi-commutative. 

(3) =^ (1) Let i? be a semi-commutative ring. Now R is both regular and 

semi-commutative, hence R is reduced. Therefore by Proposition (2.1.3) R 

is Armendariz. D 

3.1.9 Remarks, (a) If R is Armendariz and semi-commutative, then R need 

not be regular. Consider R = Z4. 

(b) Semi-commutative ring need not be Armendariz.Consider R = Zi{-{-)Zi. 

(c) If R is Armendariz,then R need not be semi-commutative. Take the ring 

in [CH.YL & AS, Example 14 ] 

3.1.10 Proposition. Let I be an ideal of R and R/I is a semi-commutative 

ring. If I is reduced ( as a ring without identity ) , then R is semi-commutative. 

Proof. Let a,b ^ R satisfy ab = 0. Then we get 

{a + I){b -h I) = ab -{-1 = I =^ ab €. I. Since R/I is semi-commutative we 

get aRb C / . 

Now {blay = blabia = 0 ( since ab = 0) 

Since bla C / and / is reduced, we have 

bla = 0 (1) 

So {{aRb)If = aRblaRbl = aR{bIa)RbI = 0 ( from (1) ) 

Since / is reduced and aRbl C / , we get aRbl = 0 
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Now as aRb C 7 we have {aRb){aRb) C aRbl = 0. Since I is reduced and 

aRb C 7, we get aRb — 0. 

Hence 7? is semi-commutative. • 

3.1.11 Remark. However even If 7?/7 and 7 are semi-commutative for every 

non zero proper ideal 7 of R, even then R need not be semi-commutative. 

(F F\ 
Consider 7? = where F is a field. Then R is not semi-commutative, 

\o F) 

(i o\ (o Q\ (i 
for if yl = \,B= \ we have AB = {) but for C = 

\ 0 0 / \ 0 ly \ 0 1 
ACB i^ 0. 
Now we show that 7?/7 is semi-commutative for every nonzero proper ideal' 

7 of R. The only nonzero proper ideals 7 of 7? are 

' F F\ U F\ / O F^ 

0 o j ' \ 0 F] \ 0 0 

case(l) Let 7 = I , then Rjl ^ F. Therefore 7?/7 is semi-

b\ (c d\ (a 
commutative. Let | I, I ^ -̂  satisfy 

,0 0 / \ 0 0 / \ 0 0 

I ac ad\ 
0. Then \=0=^ac = 0 = ad.Since F is a field, either a = 0 or 

c = d = 0. I fa = 0 then 
'O b\ le f\ Ic 

0 0/ \o oj lo 
= 0 V e , / G 7 ^ 

If c = rf = 0 we have | ^ ) I ^ ' I T " 1 = 0 . 
0 0/ \0 

Hence 7 is semi-commutative. 

55 



0 F 
case(2) Let / = I 1. Then R/I = F. Hence R/I is semi-commutative. 

0 c \ 
G / satisfy 

0 d' 

0. Then ad = Q = bd. Since F is a field, either 
0 h) \0 d] 

a = 0 = 6orrf = 0. 

. 0 a 
If d = 0, we get 

Therefore 7 is semi-commutative. 

case(3) Let / = I I, then Rjl = F{+)F. Hence R/I is semi-

commutative. 

(o a\ (0 b\ (0 a 
Let 1,1 I G / , then we have 

\ 0 0 

0 a^ 

0 oy \o 0/ lo 0 
Therefore / is semi-commutative. 

3.1.12 Proposition. Let R be a reduced ring. Then R{+)R is a semi-

commutative ring. 

Proof. Let (a,6), (c,d) £ R{+)R satisfy {a,b){c,d) = 0. Then this gives 

{ac, ad + be) = 0 which implies 

ac = 0 (1) 
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and 

ad + bc = 0 (2) 

Since R is reduced, we have ca = 0. Now multiplying (2) (from the right )by 

a we get ada + bca = 0 =^ ada = 0 =^ ad = 0. 

Then equation (2) reduces to 6c = 0. Since R is reduced we get for r,s e R 

arc = 0, ard = Oy dasc = 0 (*) 

So for any (r, s) e R{+)R, {a, b){r, s){c, d) = {arc, ard + asc + brc) = 0 (from 

( * ) ) • 

Hence R{+)R is a semi-commutative ring. D 

3.LIS Remarks, (a) If R(+)R is a semi-commutative ring, then R need not 

be a reduced ring. Take R = Z4,then R is not reduced but R{+)R — Z4(+)Z4 

is semi-commutative as R{+)R is commutative. 

(b) If i? is a semi-commutative ring, then R{+)R need not be a semi-

commutative ring. 

Let 5*0 = H(-f)H. Then ^o is semi-commutative by Proposition (3.1.12). Let 
/ 

R = Soi+)So. Then for X 

0 I 

0 0, 

J 0 

0 J 

0 ^ 

0 0 

\ 
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Y = 

Z = 

XZY = 

€ SQ{+)SO we have XY = o but for 

^ 0 . 

Therefore R = SQ{+)SQ is not semi-commutative. 

3.1.14 Proposition. Let R be a reduced ring. Then ^i = { 

/ 

a, b,c,d G R} is a semi-commutative ring. 

a b 

0 a 

\0 0 

Proof. Let A 

AB = Q. 

Then we have 

' Oi bi Ci * 

0 Qi di 

yO 0 aij 

' 02 &2 C2 * 

,B = 0 02 C?2 

0 0 a2j 

d 

€ ^i satisfy 

58 



aia2 = 0 (1) 

0162 + 61̂ 2 = 0 (2) 

aiC2 + &ic?2 + Cifla = 0 (1) 

aid2+dia2 — 0 (4) 

From (1) we have 02 a 1 = 0 (since R is reduced ) 

Multiplying equation (2) (from the left ) by 02, we get 020162 + 026102 = 0 

=» 026102 = 0 (since O2O1 = 0 ) =» 0261 = 0 (since R is reduced ) =^ 6102 = 0. 

Therefore from (2) we get 0162 = 0. 

Again multiplying equation (4) ( from the left ) by 02 we get 02^102 = 0 =4> 

02^1 = 0 which implies that <ii02 = 0 

Hence equation (4) reduces to 01^2 = 0 =^ ^2^1 = 0 

Now multiplying equation (3) ( from the left ) by 02 we get 02^102 = 0 => 

Cia2 = 0. Therefore equation (3) reduces to aiC2 + 61^2 = 0....(5). On mul­

tiplying equation (5) (from the right )by Oi we get aiC2ai = 0 => aiC2 = 0. 

Hence from (5) we get 61^2 = 0. Since R is reduced,we get R is semi-

commutative. So for r, s, t, u G i? we have 

aira2 = 0, air62 = 0,01SO2 = 0,6ira2 = 0 (*) 

Oirc2 = 0,015^2 = 0,6irrf2 = 0 (**) 

0x^2 = 0, 61MO2 = 0, Cira2 = 0, aird2 = 0 (* * *) 

oiua2 = 0, dira2 = 0 (* * **) 
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/ 

Now for any 

0 oi 

0 0 

c.\ 

d. 

aij 

/ 

\ 

s 

r 

0 

r 

0 

0 

t 

u 

r 

s 

r 

0 

G Si we have 

A 
u 

r) 

f 

\ \ 

tions (*),(**),(***) and(****) ). 

Hence ^i is a semi-commutative ring 

/ 

3.1.15 Remark. Let To = { 

02 

0 

0 

62 

02 

0 

C2 

^2 

0.2) 

a 

0 

0 

& 

a 

0 

c 

e 

a 

d 

f 

9 

= 0 (On using equa-

D 

a,b,c,d,e,f,g E R} 

\0 0 0 a 
where J? is a reduced ring. Then TQ is not semi-commutative. 

/ 

/ , 

Take A 

1 

0 

0 

0 

-1 

0 

0 

have AB = 0 but for C 

ACB = 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 oy 

/o 

0 

0 

l^ 

0 

0 

,B = 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

1 
e To. Then we 

G To we have 

7̂  0. Therefore To is not semi-commutative. 
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3.1.16 Propos i t ion . Let R be a reduced ring and consider the ring 

To = { 

ring. 

0 

0 

0 

xn 

0 

0 

/ 

Xu 

0 

Xu\ 

X2i 

3^12 

Xn/ 

: Xij 6 R}. Then To is a semi-commutative 

Proof. Let A = 

an 

0 

0 

0 

a i 2 

an 

0 

0 

0-13 

ai2 

an 

0 
G To satisfy AB = 0. Then we have 

au 

024 

a i2 

0 1 2 / 

bn 

0 

0 

0 

612 

bn 

0 

0 

613 

bi2 

bn 

0 

614' 

^24 

^12 

6 1 1 / 

anbn = 0 

aii6i2 + aubn = 0 

Olivia + 012612 + 013^11 = 0 

011^14 + ^12624 + 013612 + aubn = 0 

011624 + 012612 + 024611 = 0 

(1) 

(2) 

(3) 

(4) 

(5) 

Multiplying equation (2) (from the right )by On and used the condition that 

R is reduced, we get 

011612 = 0,012611 = 0 (6) 

On multiplying (3) (from the right ) by ou we get 

011613011+012612011+013611011 = 0 =^ 011613O11 = 0 (since 612O11 = 0 = 6ii0ii 

). Since R is reduced,we get 011613 = 0. Therefore (3) reduces to 

O12612 + 013611 = 0 (7) 
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Again by multiplying (7) by an (from the r ight ) and used that R is reduced 

we get 

012^12 = 0,013611 = 0 

Similarly by continuing the same process we get 

(8) 

011624 = 0,012612 = 0,024611 = 0 

011614 = 0,012624 = 0,013612 = 0,014611 = 0 

(9) 

(10) 

Now from equations (1),(6),(7),(8),(10) ( using that R is semi-commutative 

as R is reduced )we get 

«ii' '6ii = 0,011^612 = 0, Oi2r6ii = 0 

anrbis = 0, aiis6i2 = 0, ai2r6i2 = 0, Oiit6ii = 0 

O12S611 = 0, ai3r6ii = 0, Oiir6i4 - 0,0115624 == 0 

Oi2r624 = 0,011^612 = 0, 012S612 = 0, Oi3r6i2 = 0 

Oiiw6ii = 0, ai2f 611 = 0, ai3s6ii = 0,0i4r6ii = 0 

0117-624 = 0, oiis6i2 = 0, ai2s6i2 = 0,0iiu6ii = 0 

012S611 = 0, a24r6ii = 0 

(*) 

(**) 

(* * *) 

(* * * * ) 

( * * * * * ) 

(* * * * * * ) 

( * * * * * * * ) 

y r,s,t,u,v E R . Now for any C — 

r s t u 

0 r s V 

0 0 r s 

0 0 0 r 

G To we get 

J 
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/ , 

ACB 

an 

0 

0 

0 

012 

an 

0 

0 

/ 
Ol3 0.U 

ai2 024 

Oil ai2 

^ 0 auj 
0 ( on using equations (*)^(**)^(***)^(****)^(*****)^(******) and (*******) 

r 

0 

0 

0 

s 

r 

0 

0 

t 

s 

r 

0 

bn 

0 

0 

0 

6l2 

^11 

0 

0 

^13 

^12 

bn 

0 

6l4 

^24 

&12 

bnj 

) • 

Hence To is semi-commutative. D 

3.1.17 Proposition. Let R be a ring and let e be a central idempotent el­

ement of R. Then R is semi-commutative iff eR and (1 — e)R are semi-

commutative. 

Proof. ( => ) Suppose R is semi-commutative. Let Ci = ea, bi = eb E eR 

satisfy aibi = 0, i.e., eaeb = 0 =^ eaxeb = 0 \/ x E R (since R is semi-

commutative ) => eayeb = 0 V y e eR. 

Therefore eR is semi-commutative. 

Similarly (1 — e)R is semi-commutative. 

( <= ) Assume eR and (1 — e)R are semi-commutative. Therefore we have 

R ^ eR X {1 - e)R { Since e G {I{R)C\C{R)) ). Hence i? is also semi-

commutative. D 

3.1.18 Corollary. If R is semi-commutative, then eRe and 

(1 — e)R{l — e) are semi-commutative. 

Proof This follows from Proposition (3.1.17) as (1 - e)R{l - e) = R{1 -

e). D 

3.1.19 Corollary. R is semi-commutative iff eRe is semi-commutative for 

alls G I{R). 
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Proof. ( => ) This follows from the fact that a subrng ( as a ring without 

identity ) of a semi-commutative ring is again semi-commutative. 

( <^ ) Suppose eRe is semi-commutative for all e G /(-R), then choosing 

e = 1, i? = \R1 is semi-commutative. D 

3.1.20 Remark. If eRe is semi-commutative for any non-trivial non-identity 

idempotent element e of R, then R need not be semi-commutative. 

Consider R — \ • The non-trivial non-identity idempotent of R 
0 12) 

1 1 \ /O 1 
and 

0 oy \o 1 
0 0̂  

, then AB = Q but 
0 1 

Therefore i? is not semi-commutative,but eRe = Z2 is semi-commutative. 

u 3.1.21 Proposition. Suppose that R is an Armendariz ring and let C{R) 

be the center of R. If N is a right ideal of R such that N C Nil{R), then 

C{R) + N is both an Armendariz ring and a semi-commutative ring. 

Proof. Let x,y E C{R) + N. Then x — a + n,y = b + mioT some a,b e C{R) 

and n,m € A''. N o w x - y = (a - 6)-t-(n - m) € C{R) + N (since 0,6 e Z{R) 

implies a — b E C{R) as Z{R) is a subring of R and since Â  is a right ideal 

of R implies that for any n,meNn — meN). Therefore C{R) -f- N is a 

subring of R. Hence C{R) + N is Armendariz as R is Armendariz. 

Now we will show that C(R) + N is semi-commutative. 
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Let a + n, b+m e C{R) + N satisfy {a+n){b+m) - 0, then for any x e C{R) 

we have 

{a + n)x{b + m) =x{a + n){b + m) =0 (1) 

and for any I e N3 some k eN such that I'' = 0, we have {a+n)l''{b+m) = 0 

and by proposition (2.1.19) we have 

(a + n)l{b + m) = 0 (2) 

Combining equations (1) and (2) we have (a -h n){x + l){b -\- m) = 0 V x -\-1 £ 

C{R) + N. 

Therefore C{R) + A'' is semi-commutative. D 

3.1.22 Definition. A ring R is called locally finite if every finite subset of 
r—-

R generates a finite semi-group multiplicatively. 

3.1.23 Proposition. Let R be a locally finite Armendariz ring. Then R is 

a semi-commutative ring. 

Proof. Let a,b Q R satisfy ab = 0. Since R is a, locally finite ring, we 

have for every r e R3 integers m,l > 1 such that r*" = j-m+i_ Then 

By induction we have r"" = r'^{i+^), Put /i = Z -H 1, then with h>2 

[r'^f = r'" (*) 

Now rC*-^)"* = r^h-2)m+m ^ ^{h-2)m^m ^ ^(/i-2)m^^m-)/i ^^^^ (*•) ^J^j^j^ implies 

t h a t rC''"^)'" — j-hm-2m+hm __ „2/im-2m __ „2(/i-l)m _ (j.{h-l)m\2 

Hence r^^-'^)^ is an idempotent element of R. 
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Since R is Armendariz, we have r^''"^^'" is a central element of R . 

Therefore aA''~'^^"'b = r^^-'^^"'ab = 0 which implies that arb = 0 { by Propo­

sition (2.1.19) 

Hence R is semi-commutative. • 

3.1.24 Proposition. Let R be a ring andQ be a multiplicatively closed subset 

of R consisting of central non-zero- divisors. Then R is semi-commutative 

ifffl'^R is semi-commutative. 

Proof. ( => ) Suppose R is semi-commutative.Let a = u~^a ,/3 = v~^b 

e fl'^R, where u,v e Cl and a,b e R satisfy aP — 0. This impUes that 

u~^av~^b = 0 =^ u~^v~^ab = 0 ( since u,v ^ C{R) ) which implies that 

{uv)-^ab = 0 ^ ab = 0. 

Since R is semi-commutative, we have axb = 0 V x E R. 

Let 7 = w~^x where w E Q,,x E R, then ajp — u~^aw~^xv~^b = {uwv)~^axb 

0 ( since axb = 0 V a; G i? ) 

Therefore ri~^i? is semi-commutative. 

( <^ ) This is trivial as a subring of semi-commutative ring is again semi-

commutative. • 

5.1.25 Remark. The map 6 : R-^ Ci'^R defined as 9(a) = a/1 is 1 - 1 

Proof : Suppose 9{a) — 0, then a/1 = 0 which implies that there exists 

w E fl such that wa = 0. Since to is a non-zero-divisor we get a = 0 .Hence 

^ is 1 - 1. 

3.1.26 Corollary. Let R be a ring. Then R[x] is semi-commutative iff 

R[x;x~^] is semi-commutative. 
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Proof. ( => ) Assume R[x] is semi-commutative. Consider 0 = {l,a;,a:^,....}. 

Since R[x; x~^] = Qr^R[x\, by Proposition (3.1.24) R[x\ x~^] is semi-commutative. 

( 4= ) Since /?[a;] is a subring of /?[x; x~^], therefore R[x\ is semi-commutative. 

D 

3.1.27 Proposition, Let R be a ring and let n be a positive integer. If R is 

reduced, then R[x]/{x'^) is a semi-commutative ring, where (x^) is the ideal 

generated by x". 

Proof Let S = i2[2;]/(a;"). U n = 1, then S ^ R. Hence S is semi-

commutative ( since R is reduced ). 

Forn > 2 put u = a; + {x"), then 6* = R[u]. 

Let A = ao + aiu + ....+an-iu''~\B = bo + biU+ .... + bn-iu"-~^ G 5 satisfy 

AB = 0. Note that for i-\- j >n, aibju'''^^ = 0, so it is sufficient to check for 

the case i + j < n. 

From AB = 0, we have 

aobo = 0 (1) 

aobi + aibo = 0 (2) 

00^2 + aibi + 0260 = 0 (3) 

O'obn-2 + Oi&n-3 + -|- a^-sbi + a„_26o = 0 {IT-- I) 
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aobn-i + aibn-2 + + a„_2^i + ttn-ibo = 0 (n) 

Since R is reduced, we have a^bj = 0 V i , j =» a^cbj = 0....(*) V c G /2 and 

for all i,j (since i? is reduced ). 

Let C = CQ + Ciu + c„_iw"~^ be any element of S. 

From (*) we have ajĈ fej = 0 V i,j, k. 

Therefore ACB = 0 

Hence 5 is semi-commutative. D 

3.1.28 Remarks, (a) If R[x\/{x^) is semi-commutative, then R need not be 

reduced. Take R = Z4, then i2[a;]/(2;") is semi-commutative as i? is a com­

mutative ring. 

(b) If R[x\l[x^) is semi-commutative, then R is also semi-commutative. 

(c) If i? is semi-commutative, then R[x\/{x^) need not be semi-commutative. 

Take R = M{+)M., then R is semi-commutative as H is reduced. 

Denote x = x + [x'^) 

Let A = X and B = 
0 n / I 0 

0 0) \o 1 
{H(+)H}[a:]/(2;2). Then we have AB = 0 

X e 

TakeC 

ACB = [ 

k 
then we have 

^][l + x]l 

V 

x + m / i 
a; 
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X (since ji — —k) 

X 
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3.2 Semi-commutative modules 

This section is devoted to the study of the basic properties and examples of 

semicommutative modules. 

3.2.1 Definition. Let M be a left 7?-module. Then M is semi—commutative 

if whenever o G i? and m, ^ M satisfy am, = 0, then we have acm, = 0 V 

cGi?. 

3.2.2 Examples, (a) If i? is a commutative ring, then M is semi-commutative 

as an i?-module. 

(b) A ring R is semi-commutative iff the module RR is semi-commutative. 

(c) Submodules of semi-commutative modules are semi-commutative. 

3.2.3 Proposition. Let D be a domain and let M he a torsion free D-

module. Then M is semi-commutative. 

Proof. Let a ^ R and m E M satisfy am — 0. Since M is torsion free, we 

have either a = 0 or m = 0. 

Therefore for any c G i? we get acm = 0. 

Hence M is semi-commutative. D 

3.2.4 Proposition. / / {Mi} is a family of semi-commutative modules over 

R; then we have the following results. 

(1) The direct product fj Mi is semi-commutative. 

(2) Direct sum 0 Mi is semi-commutative. 

Proof. (1) Let a G R and (mj)^^/ G H -^i satisfy a{mi)i^i = 0. Then we 

have ami = 0 V i G / . 
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Since Mi is semi-commutative, we get acrrii = 0 V c G i?. Hence ac{mi)i^i — 0 

\/iel. 

Therefore Yl Mi is semi-commutative. 

(2) This follows from Example (3.2.2(c)) as the direct sum of a family of 

modules is a submodule of the direct product of the family. D 

3.2.5 Proposition. Let R be a semi-commutative ring and let M be a free 

R-module. Then M is semi-commutative. 

Proof. Since M is a free i?-module, it implies that M = 0 i ? . Now using 

the fact that a direct sum of copies of R is semi-commutative as R is semi-

commutative, we get M is also semi-commutative over R. D 

3.2.6 Proposition. Let R be a semi-commutative ring and let M be a pro­

jective R-module. Then M is semi-commutative. 

Proof. Since M is projective i?-module, therefore M is isomorphic to a direct 

summand of a free i?-module F which is semi-commutative as F = 0 i? 

(since 0 i ? is semi-commutative ),and by Example (3.2.2(c)) we have M is 

a semi-commutative i?-module. D 

3.2.7 Remarks, (a) If M is a free i?-module, then M need not be semi-

commutative. 

Take R = M2(Z), M = R, then RM is free but RM is not semi-commutative. 

(b) If R is reduced and M is a free i?-module, then M is semi-commutative. 

(c) If i? is reduced and M is /^-projective module, then M is semi-commutative. 
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3.2.8 Proposition. Let D be a ( not necessarily commutative ) integral do­

main and let M he a D-bimodule. Then the ring D{+)M is semi-commutative 

iff M is a ' semi-commutative D-bimodule '. 

Proof. ( => ) Suppose D{-\-)M is semi-commutative. 

Let a E D and m £ M satisfy am = 0. 

Tlien we liave (a, 0)(0, m) = (0, am) = 0. Since D{-\-)M is semi-commutative, 

we get V (c, n) G D{-\-)M (a, 0)(c, n)(0, m) = (0, acm) = 0 which implies that 

acm = 0. 

Therefore M is semi-commutative . 

( ^ ) Suppose M is semi-commutative as a D-bimodule. 

Let {a,m), {b,n) e D{-\-)M satisfy {a,m){b,n) = 0. Then we get 

(a6, an + m6) = (0,0) ,i.e., 

ab = 0 (*) 

and 

an -\- mb = 0 (**) 

From a6 = 0 we have either a = 0 or 6 = 0 (since D is a domain). 

Case (1) Suppose a = 0 then equation (**)reduces to mb = 0. Since M is 

semi-commutative we have for any c e D 

mcb = 0 (* * *) 

Now for any (c,/) G D{+)M we have (0,m)(c,/)(6,n) = (0,mc)(6,n) = 

(0,mc&) = 0 ( from equation (***) ). 
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Case (2) Suppose b = 0 then equation (*) becomes 

an = 0 (1) 

Then for any c E D we get 

acn = 0 (2) 

( M is semi-commutative ). 

Let (c,/) beany element of D(+)M. Then weget (a,m)(c,/)(0,n) = (0,acn) = 

0 (from equation (2) ). Therefore in both cases we have D{+)M is semi-

commutative. • 

3.2.9 Remark. If the ring R(+)M is semi-commutative, then the ring R is 

semi-commutative and the modules RM, MR are semi-commutative. 

3.2.10 Proposition. Let M be an R-bimodule. Then R{-{-)M is semi-

commutative if the following conditions are satisfied: 

(1) R is semi-commutative 

(2) M is semi-commutative. 

(3) lfab = 0 in R, then aM(]Mb = 0. 

Proof. Let {a,m), {b,n) e R{-\-)M satisfy (a,m)(6,n) = (0,0). 

Then we get {ab, an -\- mb) = (0,0) which implies that ab = 0 and 

an -\- mb = 0. 

From equation an -f- mb = 0 we get an = 0 = mb (since aM f] Mb = 0 ). 
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Since R and M are semi-commutative we get 

acb = 0 (1) 

and 

acn = 0 = mcb (2) 

"i ce R. Now for any element (c, I) G R{+)M, we have 

{a,m){c,l){b,n) = {ac,al + mc){b,n) = (acb, acn + alb-\-mcb) = {0,0+alb-\-0) 

(*) 

( from (1) and (2) ) Since alb G aM fj Mb = 0 so we have alb = 0. Therefore 

we have {a,m){c,l){b,n) = (0,alb) = (0,0) . 

Hence R{+)M is semi-commutative. D 

3.2.11 Remark. If i? is a semi-commutative ring and M is semi-commutative 

as a left as well as right- module over i?, then R{-\-)M need not be semi-

commutative. 

Let R = ]HI(-H)EI, M = ]HI(-h)lHI. Then R{-V)M is not semi-commutative by 

Remark (3.1.3(c)). 

3.2.12 Proposition. Let D be a domain, h : D -^ D be a ring monomor-

phism and let M be a D- bimodule which is torsion free on both left and right. 

Then D{+)fiM is semi-commutative. 

Proof Let (a, m), (6, n) G D{+)h,M {m^O,n^O) satisfy (a, m){b, n) = 0. 

Then we have 

ab = 0,h{a)n + mb = 0 (1) 

Since D is a domain we get a = 0 or b = 0. 

Case (1) a = 0. Then equation (1) reduces to mb = 0. Since M is torsion 
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free on the right, we get 6 = 0. 

Therefore for any (c, I) G D{+)hM we have 

(0,m)(c,0(0,n) - (0,mc)(0,n) = (0,0). 

Case (2) b = 0. 

Now b = 0, impUes that equation (1) reduces to h{a)n = 0. Since M is 

torsion free on the left, we get h{a) = 0. 

Now h{a) = 0 imphes a = 0 { since h is a ring monomorphism ) 

Therefore for any (c, I) e D(+)hM we have 

(0,m)(c,/)(0,n) = 0. 

Hence D{+)hM is semi-commutative. D 

3.2.13 Remarks, (a) Let K he & field, h : K ^ K he a, ring monomorphism, 

then K{+)fiM is semi-commutative for every vector space V over K . 

(b) If R is not a domain, M is a 'free i?-bimoduIe' and h : R -^ R is a ring 

monomorphism, then R{+)hM need not be semi-commutative. 

Take R = H(H-)H, M = i? and /i = / : / ? - > • i?, then by Remark (3.1.13(b)) 

R{+)hM is not semi-commutative. 

3.2.14 Proposition. Let R be a reduced ring and let A be an ideal of R such 

that R/A is reduced. Then R{+)(R/A) is semi-commutative. 

Proof. Let (a,f), (6, s) G R(+)(R/A) satisfy {a,f){b,s) = 0. 

Then we get 

ab = 0 (1) 

and 

as + Vb = 0 (2) 
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Now multiplying equation (2) ( from the right ) by a, we get asa = 0. Since 

R/A is reduced we get as = 0. Similarly rb = 0. 

On using the condition that R/A is semi-commutative we get 

acs = 0 (3) 

We also have 

aib = 0 (4) 

and 

fc6 = 0 (5) 

y c,teR. 

Therefore for any {c,t) G R{-]-){R/A) we have 

(a, r){c, t){b, s) = {act, acs + atb + rcb) = (0,0) ( since acb = 0^ c e R and 

from equations (3),(4) and (5) ). 

Hence R{+){R/A) is semicommutative. D 

3.2.15 Proposition. Let 9 : R—^ A be a ring homomorphism and let M be 

an A-module. Regard M as a left R-module via 9. Then we have 

(1) If AM is semi-commutative, then RM is semi-commutative. 

(2) If 9 is onto, then the converse of the statement in (1) hold. 

(3) If A is a semi-commutative ring, then A is semi-commutative as a left 

R-module. 

Proof {!) Let r e R , m e M with rm = 0. 

Then d{r)m = 0 ( since rm — 9{r)m). 

Therefore for any s e R, {rs)m = 9{rs)m = 9{r)9{s)m = 0 since 9{r)m = 0 

in ^M and ^M is semi-commutative. 
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Hence RM is semi-commutative. 

(2) Let RM be a semi-commutative module. Let a e /I, m € M satisfy 

am = 0. 

Since 9 is onto, so given any y e A3 x E R such that d{x) = y. 

Therefore for a E A3 r e R such that 9{r) = a. 

Now am = 0 implies 9{r)m, = 0, i.e., 

rm = 0 (1) 

Let b e A, then 3 s E R such that 0(s) = b . 

Therefore we have abm = 9{r)9{s)m = 9{rs)m = rsm = 0 ( from (1) and 

RM is semi-commutative ) 

Hence ^ M is semi-commutative. 

(3) yl is a semi-commutative ring, then AA is a semi-commutative mod­

ule ( by Example 3.2.2(b) ). Therefore on applying result (1) we get RA is 

semi-commutative. D 

3.2.16 Proposition. The following conditions are equivalent: 

(1) R is a semi-commutative ring 

(2) Every torsionless R-module is semi-commutative. 

(3) Every submodule of a free R-module is semi-commutative. 

(4) There exists a faithful R-module which is semi-commutative. 

Proof The proof is the same as in the case of Armendariz modules ( Replace 

' Armendariz ' by 'semi-commutative ' in the proof of Proposition (2.2.25)) 

D 
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3.2.17 Notation. Recall that we denote EndaiM) by E{M) and R/ann{M) 

hyR. 

3.2.18 Proposition, Let M be an R-module. Consider the following condi­

tions 

(1) The left R-module M is semi-commutative. 

(2) The left R-module M is semi-commutative. 

(3) R is a semi-commutative ring 

(4) The right E{M)-module M is semi-commutative 

(5) The ring E{M) is semi-commutative. 

Then we have 

(i) iff (2) 

(2) => (3) 

a) =^ (5) 

Proof (1) => (2) Define a map 6 : R-^^ as 6{r) = r + ann{M), then 9 is 

clearly onto. 

Hence by Proposition (3.2.15) we have -^M is semi-commutative. 

(2) => (1) By Proposition (3.2.15) ijM is semi-commutative. 

(2) => (3) Since M is faithful as a left !R-module, so we have R < ^M 

for some direct sum of copies of M. 
Hence Ris a semi-commutative ring ( since M is semi-commutative ). 

(4) => (5) Since M is faithful as a right £'(M)-module, on applying (4) => (1) 

of Proposition (3.2.16) we get the ring E{M) is a semi-commutative ring. D 
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3.2.19 Remark. If R is a. semi-commutative ( Armendariz ) ring, tiien the 

left i?-module M need not be semi-commutative (Armendariz ): Consider 

the module given in [AMB & MBR,Example 2.12]. 

3.2.20 Proposition. A module M is semi-commutative iff every cyclic sub-

module of M is semi-commutative. 

Proof. ( => ) This is trivial as submodules of semi-commutative modules are 

again semi-commutative. 

( <= ) Let m e M, a e R satisfy am ~ 0. Since m ^ M implies that m G Rm, 

therefore by hypothesis we have acm = 0 V c € /2. 

Hence M is a semi-commutative i?-module. D 

3.2.21 Definition. A ring R is said to be left invariant if every left ideal 

of R is two sided. 

3.2.22 Proposition. If the cyclic left R-module R/J is semi-commutative, 

then J is an ideal of R. 

Proof. Let X e J , r e R. Then x.T = a;(l -t- J) = x -t- J = 0 which implies 

that rxl = r{x -\- J) = rO = 0, and this give rx € J. 

Also since xT = 0 and R/J is semi-commutative over R, then for any r e R, 

xrl = 0 which implies that xr G J. 

Therefore J is an ideal of R. D 

3.2.23 Remark. The converse of Proposition (3.2.22) is not true. Consider 

the ring in [AMB & MBR, Example 2.12] 

3.2.24 Proposition. The following conditions are equivalent 

(1) R is left invariant 
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(2) Every left R-module is semi-commutative. 

(3) Every cyclic left R-module is semi-commutative. 

Proof. (1) ^ (2) Let M be a left i?-module and let m € M, a G i? satisfy 

am = 0. Since the left ideal Ra is two-sided, aR C Ra . 

Then for any c E R, acm G aRm C Ram = 0. 

Therefore M is a semi-commutative left i?-module. 

(2) ^ (3) is trivial. 

(3) => (l)Let J be a left ideal of R. Since R/J is cyclic left i?-module, by 

hypothesis the left i?-module R/J is semi-commutative. Then on applying 

Proposition (3.2.22) we get R is left invariant. D 

3.2.25 Proposition. Let M be an R-module and let C = C{R). Then the 

following conditions are equivalent. 

(1) M is semi-commutative 

(2) T~^M is a semi-commutative T~^R-module for each multiplicatively closed 

subset T of C. 

(3) Mp is a semi-commutative Rp-module for each P € Spec{C). 

(4) MQ is a semi-commutative RQ-module for each Q 6 Max{C). 

Proof (1) => (2) Let ^ 6 T'^M, f € T'^R satisfy f ^ = f. Then 3 u G T 

such that uam = 0 which implies that [ua)m = 0. 

Since M is semi-commutative, we have for any c E R 

(ua)cm = 0 =^ uacm = 0 =» ^f 2L = 5 

Therefore for any ^ e T'^R, we have f^r^ = l^fffi = 0. 
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Therefore T~^M is a semi-commutative T'^R-modnle. 

(2) => (3) is trivial 

(3) => (4) is trivial 

(4) => Let a e i?, m € M satisfy am = 0. Then this implies that f y = 

\e MQ and since MQ is semi-commutative V Q ^ Max{C) we get f f y = 0 

which implies that acm = 0. 

Hence M is a semi-commutative /^-module. D 
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3.3 Reversible rings 

This section is devoted to the study of the basic properties and examples of 

reversible rings. We have followed [NKK & YL:2] for some of this material. 

3.3.1 Definition. A ring R is called a reversible ring if whenever a,b £ R 

satisfy a6 = 0 we have ba = 0 

3.3.2 Examples, (a) Every commutative ring is reversible, 

(b) Every reduced ring R is reversible. 

Proof : Let a,b E R satisfy ab = 0. Then (ba)^ = baba = 0. Since R is 

reduced we get ba = 0. Hence R is reversible. 

3.3.3 Proposition. Let R be a reversible ring. Then R is semi-commutative. 

Proof. Let a,b ^ R satisfy ab = 0. Then by hypothesis we get ba = 0 

and bax = 0 V x E R. Since R is reversible we have axb = 0 V x e R. 

Therefore whenever ab = 0, we have axb = 0 '^ x E R. Hence R is semi-

commutative, n 

3.3.4 Remarks, (a) If i? is semi-commutative, then R need not be reversible. 

^1 h r\ 

Let Rhe a. reduced ring. Consider Ti = { 0 a d a,b, c,d G R}. 

0̂ 0 aj 
Then by Proposition (3.L14) we know that Ti is semi-commutative . 

/r 

Now let A = 

0 1 0 

0 0 0 

0 0 oy 

,B = 

fo 
0 

lo 

0 

0 

0 

0^ 

1 

V 

ETi.ThenAB = 
f" 

0 

lo 

0 

0 

0 

A 
0 

V 
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7̂  0 but BA = 0. Therefore Ti is not reversible. 

(b) If R' is reversible, then E! need not be Armendariz. Take B! = Zi{+)Z4, 

then this ring is reversible (since it is commutative ) but R is not Armen­

dariz. 

(c ) If i? is Armendariz, then R need not be reversible. Consider Ti = 

^a b c^ 

{ 0 a d a,b,c,d e R (reduced ring ) }. Then by Proposition 

\0 0 aj 
(2.1.17) Ti is Armendariz but by Remark ( 3.3.4(a) ) Ti is not reversible. 

3.3.5 Proposition. Reversible rings are abelian. 

Proof. This follow from the facts that every reversible ring is semi-commutative 

and semi-commutative rings are abelian. D 

3.3.6 Proposition. Let R be a reduced ring. Then R(+)R is a reversible 

ring . 

Proof. Let (a, b), (c, d) G R{+)R satisfy (a, b){c, d) = 0. Then we have 

ac = 0 (1) 

and 

ad + bc = 0 (2) 

Since R is reduced, from (1) we have ca = 0. Now multiplying (2) (from 

the left ) by c, we have cad + cbc = 0 which implies that cbc = 0 (since 

ca = 0 ) and this gives be = 0 { since R is reduced ). Hence equation (2) 

reduces to arf = 0 . Since R is reduced we get cb = 0,da = 0 and this gives 

{c,d){a,b) = 0 . 

Therefore R{+)R is reversible. D 
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3.3.7 Remarks, (a) If R is reversible, then R{+)R need not be reversible. 

This follows from Remark (3.1.13(b)). 

(b) If R{+)R is reversible, then R need not be reduced. Take R = Z^, then 

Z4(+)Z4 is semi-commutative ( since it is commutative ). 

In the following proposition PQ = {ab : a e P,b e Q} where P,Q C R. 

3.3.8 Proposi t ion. For a ring R the following conditions are equivalent: 

(1) R is reversible 

(2) rjiiP) = IR{P) for each PCR 

(3) For each a e R, lii{a) = rR{a) 

(4) PQ = 0 implies QP = 0 for any two non-empty subsets P, Q of R. 

Proof. (1) =^ (2) Assume R is reversible. Let x G IR{P), then Px = 0. Since 

R is reversible we have xP = 0, which implies that x £ rR{P). Hence 

iRiP) CrniP) (*) 

Now for y G rR{P), yP = 0 and this gives Fy = 0 ( since R is reversible ), 

which implies that y € IR{P)- Then we get 

VRiP) CIR{P) (**) 

Therefore from (*) and (**) we have rR{P) = IR(P). 

(2) =^ (3) is trivial ( take P = {y} ) 

(3) =^ (4) Assume for each a € i?, ^ij(a) = rji{a). Let P, Q he two non-empty 

subsets of R satisfy PQ — 0. Then we have a6 = 0 for a € P, 6 G Q- By 

hypothesis we have ba = OWaEP,beQ .Hence PQ = 0 

(4) =4> (1) Take P = {x},Q = {y} for x,y e R.Then whenever xy = 0 we 
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have yx = 0 (by hypothesis ). 

Therefore R is reversible. D 

3.3.9 Proposition. The class of r,eversible rings is closed under (1) subrings 

and (2) direct products. 

Proof. (1) Let i? be a reversible ring and 5 be a subring of R. Let a,b e S 

satisfy ab = 0. Since a,b are in R, we have ba = 0 (by hypothesis ). Hence 

S is reversible . 

(2) Let {Ri}i^j be a family of reversible rings and let {xi)iQj, {yi)iei ^ 11/ -^ 

satisfy {xi)i^j{yi)i^i = 0. This gives (xiyi) = 0 which implies that Xiyi = 0 V 

i e / . Hence yiXi = 0 V z G / ( since Ri is reversible ). Therefore {yiXi)i^i = 0 

which gives {yi)iei{xi)ia = 0- Thus Ylj Ri is reversible. D 

3.3.10 Proposition. Suppose that R/I is a reversible ring for some ideal of 

a ring R. If I is reduced, then R is reversible. 

Proof. Let a,b ^ R satisfy ab = 0. Then {a + J){b + I) = ab + I = I (since 

ab = 0 ) . Since R/I is reversible we have ba e I. Now (ba)"^ = baba = 0 and 

since / is reduced we get ba = 0. 

Therefore R is reversible . D 

3.3.11 Remark. If R/I is reversible for some non-zero ideal I of R and the 

ideal / is also reversible ( as a rng ), then R need not be reversible. This can 

be seen as follows. 
^a b c^ 

Let D he a division ring and consider R = { 

By Remark (3.3.4(a)) R is not reversible . 
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/ 

We have /i 

and I4 

O D D 

0 0 D 

0 0 0 

, / 2 

fo 
0 

[' 

D 

0 

0 

D) 

0 

V 

/ 

, / 3 = 

\ 

Q 0 D 

O D D 

0 0 0 

O O P 

0 0 0 are the only non-zero proper ideals of R. We have 

/i is not reversible, since for 
7 

/ 0 0 , \ 

A 0 0 1 

yo 0 oy 

/ ' 0 1 1 

,B 0 0 1 

\o 0 oy 

eIiAB = 0 but B ^ ^ 0. 

/ 

We now show that /a, /a, h are reversible. Let A = 

\ 

B 

^0 c d^ 

0 0 0 

0 a b 

0 0 0 

^0 0 oy 

and 

e h satisfy AB = 0. Then BA = 0. Therefore h is 

yo 0 oy 
reversible 

/ , 

Let A 

0 0 a 

0 0 6 

VO 0 0 
this gives BA = 0. 

/ 

, B 

0 0 c 

0 0 d 

\̂ o 0 oy 

e /s satisfy AS = 0. Then 

Therefore /g is reversible. 

Similarly for any A,B^l4 if AB — 0, then BA = 0. Hence I4 is reversible. 

Now we shall show that for j = 2,3,4, i? / / , is reversible. 
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/ . 

Case (1) J = 2 We have R/h = { 

a = 

/? = 

^x 0 0^ 

0 X y 

\Q 0 oy 

^i 0 0^ 

0 t 2; 

yo 0 oy 

+ /2 and 

0 0 \ 

Q a b 

\Q Q a 

+ h}- Therefore for any 

+ /2 6 R/h satisfying a/5 = 0 we have 

a;t = 0 (1) 

xz + yt = ^ (2) 

From (1) we have ia; = 0 ( since £) is a reduced ring ). Multiplying (2) from 

the left by t we get tyt = 0 which implies ty = 0. Therefore (2) reduces to 

xz = 0, which implies that zx = 0. Hence Pa = 0 . 

Thus R/I2 is reversible. 

Case (2) j = 3. 

R/h = { 

0 

0 

0 

b 

a 

0 

o\ 
0 

a^ 

+ /a}. Let A = 

L 
0 

°̂ 

y 

X 

0 

0 \ 

X 

B = 

z 

t 0 

+ /3 and 

V^ 

+ 3̂ satisfy AB = 0. Then xt = 0,xz + yt = 0, on using 

the condition that D is reduced we get tx = 0,zx = 0,ty = 0. Therefore 

BA = 0. Hence R/I^ is reversible. 
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Case (3) j = 4 

We have R/h = 

[ 

B = 

r s 0 

0 r t 

a b 0 

0 a c 

\p Q a 

\ 

\ ^ X y 0^ 

Let A = 

I 
0 X z 

0 0 a; 

and 

/ 

e R/h satisfy AB = 0. Then we have xr — 0, xs+yr 

\0 0 rj 
0,xt + zr = Q. Therefore on using that D is reduced we get rx = 0,sx = 

0, ry = 0,tx = 0, rz = 0. Hence R/h is reversible. 

3.3.12 Proposition. Let R be a ring. Then eR and (1 — e)R are reversible 

for some central idempotent e of R iff R is reversible. 

Proof. Suppose eR and {I — e)R are reversible for some central idempotent 

e of R. Then we have R = eRx {1 — e)R; hence R is reversible. 

Conversely let ea,eb € eR satisfy eaeb = 0 which implies eab = 0. By 

hypothesis we have ebea = 0 which gives eR is reversible. Similarly {I — e)R 

is reversible. D 

3.3.13 Remarks, (a) Let R be an abelian ring. Then eR and (1 — e)R are 

reversible for some idempotent e of i? iff i? is reversible. 

(b) If R is reversible, then eRe is reversible for every idempotent e E R. 

This follows from the fact that R is reversible implies that R is abelian, then 

eRe = eR. Therefore by Proposition (3.3.12) eRe is reversible. 

(c) However if eRe is reversible for any nontrivial non-identity idempotent 

element e of i?, then R need not be reversible. 

Consider R = 
0 

Z2\ / 0 1 
.Let A = \ I and 

,0 0 
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1 0 \ 0 1 \ 
\ eR. We have AB = 0 hut BA = \ 7̂  0. Therefore R is 

0̂ oy \o oy 
not reversible. 

/ I 
Notice that the only non-trivial non-identity idempotents of R are 

0 o\ A A /o i\ 
1 , and I and we have eRe = Z2. Therefore eRe 

0̂ l y \̂ o oy yo ly 
is reversible. 

3.3.14 Proposition. Let R be a ring and A be a multiplicatively closed 

subset of R consisting of central non-zero-divisors of R. Then R is reversible 

iff Ar^R is reversible. 

Proof. Suppose R is reversible. Let a = u~^a,P = v~^b G A'^R satisfy 

a/3 = 0. Then u'^aV^b = 0 which implies u~^v~^ab — 0 ( since A is 

contained in centre of /2 ) i.e. {uv)~^ah = 0 and so ab = 0. Thus we have 

6a = 0 ( since R is reversible ) which gives v~^u~^ba — 0, i.e., v~^bu~^a = 0, 

hence Pa = 0. Therefore A~^R is reversible. 

The converse is trivial ( since a subring of a reversible ring is reversible ). D 

3.3.15 Corollary. Let R be a ring. Then R[x] is reversible iff R[x,x~^] is 

reversible. 

Proof. Suppose R[x] is reversible. Let Q. = {l,x,x'^,...} then clearly J} is a 

multiplicatively closed subset of R[x]. Since R[x,x~^ = Q~^R[x], it follows 

that R[x,x~^] is reversible by Proposition (3.3.14) . 

Conversely, if R[x, x~^] is reversible, then R[x] is reversible . D 

3.3.16 Proposition. Let R be an Armendariz ring. Then the following 

conditions are equivalent: 
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(1) R is reversible. 1 

(2) R[x] is reversible. I 

(3) R[x,x~^] is reversible. \ 

Proof. (1) ^ (2) Let f{x) = YZ^aiX\g{x) = E^.o^i^ ' ^ R[x] satisfy 

/(a;)i?(x) = 0. Since R is Armendariz, we have aibj = 0 V i, j . By hypothesis 

we get bjtti = 0 V i, j , which implies that g{x)f{x) = 0. Therefore i?[a;] is 

reversible. 

(2) ^ (3) By Corollary (3.3.15) 

(3) =» (1) Since subrings of reversible rings are reversible, therefore R is 

reversible. • 

3.3.17 Remarks, (a) If a ring R is reversible, then R[x\ need not be reversible. 

Take the ring in [NKK & YL:2, Example 2.1] 

3.3.18 Definition. A ring R is called a symmetric ring if rst = 0 implies 

rts = 0 for r,s,t ^ R. 

3.3.19 Proposition. Let R be a semi-prime ring. The following statements 

are equivalent 

(1) R is a reduced ring. 

(2) R is symmetric ring. 

(3) R is a reversible ring. 

(4) R is a semi-commutative ring. 

Proof. (1) => (2) Let i? be a reduced ring and let r,s,teR satisfy rst = 

0.(Since r{st) = 0 we have {st)r = 0 and {rs)t = 0 implies t{rs) = 0 ). Now 

rst = 0 further implies r{sts) = 0 => {sts)r = 0 =^ s{tsrt) = 0 =^ {tsrt)s = 0 
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=> {tsrt)sr = 0 ^ {tsr)"^ = 0 => tsr = 0 since R is reduced. From the 

condition {ts)r = 0 we get rts = 0. Therefore R is symmetric. 

(2) =^ (3) Let i? be a symmetric ring and let a,b ^ R satisfy ab = 0. Now 

ab = 0 gives lab = 0. By hypothesis we get 16a = 0, i.e., ba = 0. Thus R is 

reversible. 

(3) => (4) This follows from Proposition (3.3.5). 

(4) => (1) Let i? be a semi-commutative ring and let a G i? satisfy a^ = 0. 

Now â  = 0 gives aRa = 0 { since R is semi-commutative)which implies that 

{Ray = 0. By the hypothesis ' R is semiprime ' we have Ra = 0, i.e., a = 0. 

Hence R is reduced. D 

3.3.20 Proposition. Let R be a reduced ring and n be a positive integer. 

Then the ring R[x]/{x'^) is reversible. 

Proof. Let H = i?[a;]/(a;"). If n = 1, then H ^ R. Hence H is reversible. 

When n = 2, H = R[x]/{x'^), put u = x + [x'^), then H = R[u]. Let 

/ («) = 00 + aiu,g{u) = bo + biu G R[u] satisfy f{u)g{u) = 0. Then we 

have ao6o = 0,ao6i + a-^bo = 0. Since R is reduced we have feoOo = 0, ftoOi = 

0,61 Go = 0 which implies that g{u)f{u) = 0. Hence H is reversible. 

For n > 3 put u = x + (x"). Let A = aQ + ajw + 02^^ + .... + a^-iu^'^ and 

B = bo +biu + + bn-iUn-i € H satisfy 

AB = 0 (*) 

Now ttibjU^^^ = Oy i,j with i + j > n, therefore it is enough to prove for the 

case i + j < n. 

From (*) we have 

aobo = 0 (1) 
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oo6i + aibo = 0 (2) 

00^2 + aibi + 0260 - 0 (3) 

aobn-i + aibn-2 + + On-1^0 = 0 (n) 

Since R is reduced we get Uibj = 0 V i,j. Hence bjUi = 0 V ?, j which gives 

g{u)f{u) = 0. Therefore H — R[x]/{x^) is reversible. D 

3.3.21 Remarks, (a) \iR[x\/{x^) is reversible, then R need not be reduced.See 

the example in Remark (3.1.28(a)) 

(b) If i?[x]/(x") is reversible, then R is reversible. 

(c) If R is reversible, then R{x]/{x^) need not be reversible.See the example 

considered in Remark (3.1.28(c)). 

3.3.22 Definition. Let 5 be a commutative ring. By an 5-algebra we mean 

a ring R such that V t e S, r e R, ta is defined and this definition makes R 

into an ^-module satisfying ' if i G 5* and a, /? € R, then {ta)P = a{tp) = 

t{aP) '. 

3.3.23 Definition. Let R be an algebra over a commutative ring S. Then 

theDorroh extension of R hy S is the ring R x S with operations (r, s) + 

{t, u) = {r + t, s + u) and (r, s){t, u) = (rt + st + ur, su), where r,t E R and 

s,u ^ S. 

3.3.24 Proposition. (1) Let R be a symmetric ring and let I be an ideal of 

R that is an annihilator in R. Then R/I is a reversible ring. 

(2) Let R be an algebra over a commutative ring S, and let DQ be the Dorroh 
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extension of R by S. If R is reversible and S is a domain, then Do is also 

reversible. 

(3) Let R be a commutative domain and let h be an injective endomorphism 

of R. Then R{+)hR is reversible. 

Proof (1) Let J C R and put / = rR{J). Let a,b €. R/I satisfy a& = 0. 

Now a6 = 0 implies that ab € / , i.e., Jab = 0. Since R is symmetric we have 

Jba — 0,which gives ha G / , i.e., 6a = 0 and thus RjI is reversible. 

(2) Let (r, s), (t,u) e DQ satisfy (r, s){t,u) = 0. Now from (r, s){t, u) = 0 we 

have 

rt + ur + st = 0 {*) 

and 

su = 0 (**) 

Since 5 is a domain, we have from (**) s = 0 or u = 0. suppose s = 0, then 

equation (*) reduces to 0 = rt + ur = r{t + u); but R is reversible so we have 

0 = {t + u)r = tr + ur (1) 

and this gives {t,u){r, s) = {tr + st + ur,us) = (tr + ur,0) = 0 (from (1) ); 

similarly when w = 0. Therefore DQ is reversible. 

(3) Let (r, s), {u, v) e R{+)hR satisfy (r, s){u, v) = 0. Then we have 

ru == 0,h{r)v+ US = 0 (1*) 

which implies r = 0 or u = 0 ( since i? is a domain ). 

Case (1) Let r = 0 then equation (1*) reduces to us = 0, i.e., u = 0 or s = 0; 

hence we get h{u)s — 0 and therefore (u, v){r, s) = {ur, h{u)s + rv) = 0. 
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Case (2) Let u = 0. Then we get h{r)v = 0, which implies that h(r) = 0 

or i; = 0 ( since R is a, domain ). If h{r) = 0, we get r = 0 (since h is 

injective ) and therefore {u,v){r,s) = {ur,h{u)s + rv) = 0. Hence R{+)hR 

is reversible. D 

3.3.25 Remarks. Let i? be a commutative reduced ring and let h be an injec­

tive endomorphism of R. Then the Nagata extension of i? by i? and h need 

not be reversible. 

We take R = Dx D where D is a commutative domain of characteristic zero. 

Then i? is a commutative reduced ring which is not a domain. Let h : R-^ R 

be defined as h{r,s) = {s,r). Then h is an automorphism of R. Now for 

((0,1), (1,0)), ((1,0), (0,1)) e R{+),R we have ((0,1), (0,1))((1,0), (0,1)) = 

(0, /i((0,1))(0,1)+(1,0)(0,1) = 0 but ((1,0), (0,1))((0,1), (0,1)) = (0, /i((l, 0))(0,1)+ 

(0,1)(0,1)) = (0,(0,2))7^0. 
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Chapter 4 

Some analogues of the 

Armendariz property 

After the class of Armendariz rings had been extensively studied (by M.B.Rege, 

S.Chhawchharia, D.D.Anderson,V.Camillo, Y.Lee, N.K.Kim, C.Huh, A.Smok-

tunowicz, T.-K.Lee, Y.Zhou and others - see the References ), a number 

of authors intoduced and studied analogues of the Armendariz property. 

Prominent among these analogues are the classes of weak Armendariz rings, 

quasi-Armendariz rings and Armendariz (PS) rings ( studied by T.-K.Lee, 

T.L.Wong, Y.Hirano, A.M.Buhphang, M.B.Rege and others ). These con­

cepts have module analogues as well.Basic properties and examples of some 

of these analogues are recorded in various sections of this chapter. 
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4.1 Weak Armendariz rings 

This section is devoted to the study of the basic properties and examples of 

weak Armendariz rings. This class of rings was introduced and studied by 

Lee and Wong in [TKL k TLW]. 

4.1.1 Definition. A ring R is called a weak Armendariz ring if whenever 

two linear polynomials f{x) = OQ + a\X and g{x) = IQ-V hix satisfy (ao + 

a\x){bQ + feix) = 0 G R\x], then we have aihj = 0 V i, j = 0,1. 

4.1.2 Examples, (a) Every Armendariz ring is weak Armendariz 

(b)A subring of a weak Armendariz ring is again weak Armendariz 

(c) The converse of (a) is not true. Take the ring R = l.z[x^y\/{x^^x'^'\p'^y^) 

where Z3 denote the Galois field of three elements, 23(2;, y] denotes the poly­

nomial ring over Z3 and {x^,x'^y'^,y^) is the ideal of R generated by x^^x^y"^ 

and y^ (See the proof in [TKL & TLW, Example 3.2].) 

(d) Mn{R) is not weak Armendariz when i? 7̂  0 and n > 2. 

4.1.3 Proposition. A ring R is reduced iff R{+)R is weak Armendariz. 

Proof. This follows from the proof of Theorem (2.1.14). D 

4.1.4 Remark. If R is weak Armendariz, then R{+)R need not be. See the 

examples studied in Remark (2.1.15). 

4.1.5 Theorem. Let R be a ring and n > 2 a natural number. Then 

R[x]/{x'^) is weak Armendariz iff R is reduced. 

Proof. ( =^ ) Suppose R[x]/{x^) is weak Armendariz.Let r e R satisfy 

r^ = 0. Consider two polynomials / (T) = r + x^-'^T,g{T) ~ r ~ x^'^ e 
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R[x][T]/ix^)[T], then we have f{T)g{T) - {r+ x^-'T){r - x^-'T) = r^ -

rx"-'^T + rx^-^T - ^^""^T^ = 0 ( since r^ = 0 and for n > 2 we have 

2n - 2 > n; hence x^"~^ = 0 ). By hypothesis we have rx^"^ = 0 which 

implies that r = 0. Therefore R is reduced. 

( 4= ) This follows from Proposition (2.1.28) D 

4.1.6 Proposition. Let D be a domain and A an ideal of D. Suppose DjA 

is weak Armendariz. Then D{+){D/A) is weak Armendariz. 

Proof. This follows from Proposition (2.1.12) D 

4.1.7 Proposition. Let R be a ring. Then R is weak Armendariz iff eR and 

(1 — e)R are weak Armendariz for some central idempotent e of R. 

Proof The proof is similar to the proof of Proposition (2.1.25) D 

4.1.8 Proposition. Suppose R/I is weak Armendariz for some ideal I of 

R. If I is reduced ( as a ring without identity ) , then R is weak Armendariz 

Proof. Let f{x) = OQ + aix,g{x) = 6o + h^ € R[A satisfy 

f{x)g{x) = 0 (1) 

Since R/I is weak Armendariz we have Uibj € / V z,;' = 0,1. From (1) we 

have 

flo^o = 0 (2) 

a^bi + ai6o = 0 (3) 

ai6i = 0 (4) 
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Claim: ao^i = 0. Since oô o = 0 implies (fco/ao)^ = 0 therefore by hypothesis 

we have bolao = 0 ( since bolaa C I). Hence (ai6o)(ao^i)^ = Gifeo(ao î)ao î ^ 

Oi(6o/ao)6i = 0 ( since bolao - 0 ) which implies that 

( a i 6 o ) M i f = 0 (*) 

. Now multiplying equation (3) by (oo^i)^ (from the right) we get (aoii)(ao^i)^+ 

(ai6o)(ao6i)2 = 0 which implies that (oo^i)^ = 0 ( from (*) ). Since / is re­

duced and aobi 6 / , we therefore conclude that Oo6i = 0; hence aibo = 0. 

Thus R is weak Armendariz. Q 

4.1.9 Remark. If R/I is weak Armendariz for any non-zero proper ideal / 

of R and / is also weak Armendariz as a rng, then R need not be a weak 

Armendariz ring. Consider the example studied in Remark (2.1.30). 

4.1.10 Remarks, (a) If R is weak Armendariz, then eRe is also weak Armen­

dariz for every idempotent e e R. 

(b) If eRe is weak Armendariz for every non-identity idempotent e of R, then 

R need not be weak Armendariz. Consider the example studied in Remark 

(2.1.26(b) 

4.1.11 Proposition. Let R be a ring. Consider the following statements. 

(1) The ring R is a weak Armendariz ring 

(2) Let a,b,c ^ R be such that ac = 0 = 6 .̂ Then abc = 0. 

(3) The ring R is abelian. 

(4) The ring R is directly finite, i.e., yx = 1 whenever xy = 1 for x.y E R. 

Then we have (1) =^ (2) =^ (3) =^ (4). 
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Proof. (1) =^ (2) Let f{x) =a-abx,g{x) = c + bcx 6 R[x] with ac = 0 = 6 .̂ 

Then f{x)g{x) — [a - abx){c + terc) = ac + abcx - abcx - a}?cx^ = 0 and 

since R is weak Armendariz, we have abc — 0. 

(2) =^ (3) Let e G 1{R) and a G J?, then (1 - e)e = 0 = ((1 - e)aef. Hence 

by (2) we have (1 — e)((l — e)ae)e — 0 which implies that (1 — e)ae = 0, i.e., 

ae = eae (*) 

Similarly e(l - e) = 0 = (ea(l - e))^ implies ea(l - e) = 0 i.e. 

ea = eae (**) 

Therefore from (*) and(**) we have ea = aey a e R. Hence R is abelian. 

(3) ^ (4) See the proof of Proposition (2.1.22). D 

4,1.12 Proposition. Let R be a semiprime ring with the property that when­

ever a,b,c E R satisfy ac = 0 = b"^ we have abc = 0. Then the ring R is weak 

Armendariz. 

Proof. Consider f{x) = a + bx,g{x) = c + dx ^ R{x] with f{x)g{x) ~ 0. 

Then 

ac = 0 = bd (1) 

and 

ad + bc = 0 (2) 

For any r e R we have (cra)'^ = 0 ( since ac = 0 ). Now we have bd = 0 = 

(cray and so by hypothesis we get b{cra)d = 0 i.e. 

bcrad = 0 (3) 
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On multiplying equation (2) by bcr ( from the left ) we get bcrad + bcrbc - 0 

which implies that hcrhc = Oy r £ R { from (3) ); hence we get bcRbc = 0 

i.e. {Rbcf = 0. By hypothesis we have Rbc = 0 which implies that 6c = 0; 

hence ad — 0. Thus R is weak Armendariz. • 

4.1.13 Remark. If i? is a prime ring with the property that whenever a,b,c 6 

R satisfy ac = 0 = 6̂  we have abc = 0. Then R is weak Armendariz. 

4.1.14 Proposition. Let R be a weak Armendariz ring and let a,b,c £ R 

satisfy ac = 0 = ab'^'c = 0 for some integer s > 1, then we have abc — 0. 

Proof. Let f{x) = a — {ab'^^~ )x,g(x) = c — (6 '̂~ c)x € R[x]. Then we have 

f{x)g{x) = ac + ab^"' ex — ab"^"' ex — ab'^'cx^ = 0 ( since by hypothesis we 

have ac = 0 and ab'^'c = 0 ). As i? is weak Armendariz we deduce ab'^'' c = 0. 

Continuing this way, we get abc = 0. D 

4.1-15 Remark. Let i? be a weak Armendariz ring. Suppose ac = 0 = 6" for 

a,b,c E: R and some integer n > 1, then abc = 0. 

Choose a positive integer s such that 2* > n, then we have ab'^'c = 0. 

Therefore by the above proposition we get abc = 0. 

4.1.16 Proposition. Let R be a weak Armendariz ring and let I be an ideal 

of R. Then R/lji{I) is a weak Armendariz. 

Proof. The proof is similar to that of Proposition (2.1.16). D 

4.1.17 Proposition. Let R be a regular ring. Then the following statements 

are equivalent 

(1) R is Armendariz 
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/03 ^^0 

(2) R is reduced 

(3) R is semi-commutative 

(4) R is weak Armendariz 

(5) R is reversible. 

Proof. (The equivalence oi (1), (2) and (3) has already been shown in Propo­

sition 3.1.8.) 

The implication (1) =» (4) is trivial. 

(4) =^ (2). Suppose R is weak Armendariz, then R is abelian by (4.1.11). 

Hence R is reduced ( being abelian and regular ), by Proposition (1.1.12). 

(2) =» (5). This follows from the fact that every reduced ring is reversible. 

(5) -^ (3). This is recorded in (3.3.3). 

Note that for (2) =4> (5) =» (3) we do not need the regularity assumption. D 
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4.2 Weak Armendariz modules 

This section is devoted to the study of the basic properties and examples of 

weak Armendariz modules. This class of modules was introduced and stud­

ied in [MBR & AMB]. 

4.2.1 Definition. An R module M is called a weak Armendariz module over 

R if whenever f{x) = Oo + aix € R[x] and m{x) — mo + m\X G M[x] satisfy 

f{x)m{x) = 0 we have airriQ = 0. 

4-2.2 Remarks, (a) Every Armendariz module is weak Armendariz. 

(b) A module RR is weak Armendariz iff i? is a weak Armendariz ring 

(c) The class of weak Armendariz i?-modules is closed under submodules, 

direct products and direct sums 

(d) A weak Armendariz module over R need not be an Armendariz mod-

ule.Take the ring R in [TKL & TLW, Example 3.2] ( see Remark (4.2.2(b)) 

above ) and M = R. 

(e) An i?-bimodule is called weakly Armendariz if it is weakly Armendariz 

on the left as well as on the right. 

4.2.3 Definition. Let M be a left jR-module. We call M semiprime if 

given 0 7̂  m e M, there exists f : M -^ R such that {mf)m ^ 0. 

4.2.4 Definition. Let i? be a ring and let M be a left i?-module. An element 

m of M is called regular if there exists / G Homji{M, R) with {mf)m = m. 

The module M is regular if every element of M is regular. 
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4.2.5 Definition. Let i? be a ring and let M be a left i?-module. Then M 

is called an anti-regular module if for every non-zero m G M there exists a 

non-zero / G Homii{M,R) such that f{mf) = f. 

4.2.6 Remarks, (a) Every regular module is semiprime 

(b) Every anti-regular module is semiprime. 

4.2.7 Definition. An i?-moduleM is called cyclically semiprime if every 

cyclic submodule of M is semiprime. 

4.2.8 Theorem. Let M be a cyclically semiprime module which satisfies the 

property that whenever a,b G R,m £ M satisfy am = 0 and b^ = 0 we have 

abm = 0. Then M is a weak Armendariz module. 

Proof. Let f{x) = ao + aix G R[x] and g{x) = mo + rriix G M[x] satisfy 

f{x)g{x) = 0. Then we have 

aomo = 0 (1) 

aomi -I- aiTTio = 0 (2) 

aimi = 0 (3) 

Suppose oomi ^ 0. Then by hypothesis there exists 9 € HomR{Rmx,R) such 

that ((oo"^i)^)ao"^i ¥" 0- From equation (2) we have oomi = -aimo, then 

0 7̂  -{{aomi)9)aimo implies 0 # {{aomi)9)aimo, i.e., 0 7̂  aQ{mi9)aimo. 

Write b = {mi9)ai, then we get 6̂  = {mi9)ax{mi9)ai = {mi9){aimi9)ai = 0 

( from (3) ). By hypothesis and Prom (1) and 6̂  = 0 ( 6 = {mi9)ai) we have 

aobmo = 0 i.e. ao(mi9)aimo = 0 which contradicts that ao(mi9)aimo 7̂  0; 

hence our assumption that oomi 7̂  0 is wrong. So we get oomi = 0 = aimo. 

Thus M is a weak Armendariz module. D 
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4.2.9 Proposition. Let M be an R- bimodule. Then R{+)M is a weak 

Armendariz rmg if the following conditions hold: 

(1) R IS a weak Armendanz ring 

(2) M IS a weak Armendanz bimodule 

(3) If f{^) = 00 + aix,g{x) = 6o + hx G R[x] satisfy f{x)g{x) = 0 then we 

have{f{x)M{x))^{M[x]g{x)) = Q 

Proof. Suppose that all the three conditions are satisfied.Let 

{f{x),m{x)) = {Y.\^Qa,x\Yl\=(i^i^')A9{^)A^)) = ( E J = O ^ J ^ ^ EjU^j^^) ^ 

{R{+)M}[x] satisfy {f{x),m{x)){g{x),l{x)) = O.Then we have f{x)g{x) = 0 

and 

f{x)l{x)+m{x)g{x) = ^ (*) 

By condition (1) we have aibj = 0 V i, j = 0, l.From equation (*) we have 

f{x)l{x) = -m{x)g{x) e f{x)M[x]f]M[x]g{x) = 0 ( using condition (3) 

which implies that f{x)l{x) = —m{x)g{x) = 0 ). On using condition (2) we 

get Qrlj = 0 and mj6j = 0 V z, j = 0,1. Thus R{+)M is a weak Armendariz 

ring. D 

4-2.10 Remark. U R is weak Armendariz and R/A is a weak Armendariz ring 

for some ideal A of R, then R{-{-){R/A) need not be weak Armendariz. See 

the example studied in Remark (2.2.22) 

4.2.11 Proposition. Let D be an integral domain. Then D{+)M is a weak 

Armendariz ring iff M is a weak Armendanz D-bimodule. 

Proof The proof is similar to that of Proposition (2.2.11) D 

4.2.12 Proposition. If 9 : R-^ A is a ring homomorphism and M is an A-

module, regarding M as a left R-module via 9 , we have the following results: 
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(1) If AM is weak Armendariz, then RM is weak Armendariz. 

(2) If 6 is onto, then the converse of the statement in (1) hold. 

(3) If A is a weak Armendariz ring, then A is weak Armendariz as a left 

R-module. 

Proof The proof is similar to that of Proposition (2.2.23) D 

4.2.13 Proposition. The following statements are equivalent 

(1) R is a weak Armendariz ring. 

(2) Every torsionless R-module is weak Armendariz 

(3) Every suhmodule of a free R-module is weak Armendariz. 

(4) There exists a faithful R-module which is weak Armendariz. 

Proof. The proof is similar to that of Proposition (2.2.25) D 

4.2.14 Proposition. A module M is weak Armendariz iff every suhmodule 

of M generated by at most two elements is weak Armendariz. 

Proof. The proof is similar to that of Proposition (2.2.29) D 

4.2.15 Proposition. Let M he an R-module and let C = C{R). Then the 

following statements are equivalent. 

(1) M is weak Armendariz. 

(2) T~^M is weak Armendariz T~^R-module for each multiplicatively closed 

subset T ofC. 

(3) Mp is a weak Armendariz Rp-module for each P £ Spec{C). 

(4) MQ is a weak Armendariz Rg-module for each Q € Max{C). 

Proof The proof is similar to that of Proposition (2.2.33) D 
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4.2.16 Proposition. Let D be a commutative domain and M a D-module. 

Then the module M is weak Armendariz iff its torsion submodule T{M) is 

weak Armendariz. 

Proof. The proof is similar to that of Proposition (2.2.34) D 
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4.3 Armendariz (PS) rings 

This section is devoted to the study of the basic properties and examples 

of Armendariz (PS) rings.This class of rings was introduced and studied in 

[MBR & AMB]. 

4.3.1 Definition. A ring R is called an Armendariz (PS) ring if whenever 

f{x) = ^aix\g{x) = Y^bjX^ € R[[x]] satisfy f{x)g{x) = 0 we have Uibj = 0 

4.3.2 Examples, (a) If i? is a domain, then R is an Armendariz (PS) ring. 

(b) Direct product of two Armendariz (PS) rings Ri, R2 is again Armendariz 

(PS). 

(c) Any direct product of Armendariz (PS) rings is Armendariz (PS). 

(d) Subrings of Armendariz (PS) rings are Armendariz (PS). 

4.3.3 Remark. If R is an Armendariz (PS) ring, then R is Armendariz. 

4.3.4 Proposition. Let Rhea reduced ring. Whenever f{x) = J^ aix\ g[x) = 

Yl^jX^ = 0 e R^^W satisfy f{x)g{x) = 0, we have aibj = 0 V i , j . 

Proof. The proof is similar to that of Proposition (2.1.3) D 

4.3.5 Remark. Every reduced ring is Armendariz (PS). 

4.3.6 Proposition. For a ring R, the trivial extension T{R, R) is Armen­

dariz (PS) iff R is reduced. 

Proof. The proof is similar to that of Proposition (2.1.14). D 
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4.3.7 Proposition. Let R be a reduced ring. Then the ring 

Ti = { 
0 

0 

0-2 

0 

0 

a 

Oi 

0 

PTOOJ. Let /(x) = 

0 

V 

0 

0 

/ 

and g(x) — 
0 

0 

0 

0 

0 

0 

isfy 
V 

i\ 

c 

02 

aij 

0 

0 

0 

0 

52(2;) 

91(2;) 

0 

0 

0 

0 

|ai,02,a,h,c^ R] is Armendariz (PS). 

f2{x) 

0 

0 

/3(^) 

f2{x) 

0 

0 

53 (^) 

52(3;) 

0 

U{x)\ 

h{x) 

f2{x) 

fi{x)J 

54(2;) \ 

95{x) 

92{x) 

9i{x)) 

x^ 

From (1) we have 

0 

f{x)9ix) = 0 

/ i ( : i ^ ) 5 i ( ^ ) = 0 

Er=o^2,:r^ 
G Ti[[x]] sat-

(1) 

(2) 
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fi{x)g2{x)+f2{x)gi{x) = 0 (3) 

fi{x)9^{x) + f2{x)g2{x) + Mx)g,{x) = 0 (4) 

fi{x)94{x) + f2ix)g5{x) + h[x)g2{x) + h{x)g,{x) = 0 (5) 

h{x)g^{x) + f2{x)g2{x) + h{x)g,{x) = 0 (6) 

using the condition that R is reduced we get fi{x)g2{x) = 0, f2{x)gi{x) = 

0, fi{x)gz{x) = 0, f2{x)g2{x) = 0, /3(a;)f?i(a;) = 0, fi{x)gi{x) = 0, f2{x)g^{x) = 

0,73(2^)52(a:) = 0,/4(2;)^i(a;) = Q, fi{x)gr,{x) = ^,h{x)gi{x) = 0; hence 

aubij = Q,aiib2j = Q,a2ibij = 0,aiibsj = 0,021627 = 0, asi&ij = 0,aubij — 

0,a2ib5j = 0,031627 = 0, a4i6ij = 0,aiib^j = Q^a^ibij = 0 V i,j, and these 

implies that 

Oli 

0 

0 

0 

a2i 

an 

0 

0 

as 

0 2 

tti 

0 

a2i 

Thus Ti is Armendariz (PS) 

0 

0 

0 

bij 

0 

0 

hj 

hi 

hj 

0 

hj 

hj 

hj 

hj/ 

4.3.8 Remarks, (a) If i? is reduced, then RQ = { 

is Armendariz (PS). 

/ 

(b) If iZ is a reduced, then the ring Ri = { 

I. 
0 

b 

a 

0 

0 

a 

0 

c 

e 

a 

0 

c^ 

d 

aj 

/ 

aJ 

D 

|a, b,c,d £ R} 

\a,b,c,d,e,f,ge 

R} is not Armendariz (PS). See the proof in Remark (2.1.18) 
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4.3.9 Proposi t ion. Suppose that the ring R is abelian. Then every idem-

potent of R\[x\\ {R[x\) is in R and -R[[x]] {R[x]) is abelian. 

Proof. Let f{x) = X)e-^o^» '̂ ^ -^[NJ- Assume {f{x))^ — f{x), then we have 

el = eo (0) 

eoci + eico = ei (1) 

6062 + e i c i + 6260 = 62 (2) 

eoe„ + ejCn-i + .... + e„eo = e„ (n) 

From equation (0) we have CQ € I{R) so CQ is central. 

Now multiplying equation (1) (from the left )by eo we get 

€061 +606160 = eo6\ and this implies eoeiCo = 0 which implies eiCo = 0 (since 

eo G C{R)). This shows that eiCo = 0 

Hence equation (1) becomes ei = 0 (since eoei = eiCo) 

Since ei = 0 equation (2) reduces to 6062 + 6260 = 62....(2)' 

Again multiplying equation (2)' by eo (from the left) we get 696260 = 0 =» 

6062 = 0. Hence 62 = 0. 

Assume that the result is true yi<i<k{kisa. positive integer) i.e 6j = 0 

y 1 <i < k. Then the {k+ 1)*'* equation becomes 606^+1 + 6̂ +160 = e^+i. In 

multiplying by 60 we get e^+i = 0. Hence the result is true for any positive 

integer n, i.e., e^ = eo and ê  = 0 V z. This implies f{x) = eo G i? and so 

R[[x]] is abelian. D 

110 



4.3.10 Definition. A ring R is called a Baer ring if the right annihilator 

of every non-empty subset of R is generated by an idempotent. 

4.3.11 Remark. The defining condition for a Baer ring is easily seen to be 

left-right symmetric. 

4.3.12 Proposition. For a ring R the following are equivalent 

(1) Every principal left ideal of R is projective. 

(2) The left annihilator of each element of R is generated by some e G I{R). 

Proof. (1) =^ (2) For x £ R consider the exact sequence 

0 —> l{x) -^ R -> Rx -^ 0 where 9 : R -^ Rx is defined as 9{r) = rx. Since 

Rx is projective, 3 an i?-homomorphism ^ : Rx —> R such that Bocj) is the 

identity map of Rx. Hence we have l{x) = Re for some e 6 I{R). ( We use 

the following theorem: "The left ideal ^ of a ring i? is a direct summand of 

fiir! iff 3 e G I{R) such that A = Re " ) 

(2) =^ (1) Let X E R. Then by hypothesis l{x) = Re. Consider the exact 

sequence ( where 9 : R -^ Rx is defined by 6{r) = rx ) 

0 -> l{x) A R-^ Rx-^0. 

We have Rx ^ R/{kerd) = R/Re ^ R/l{l - e) ^ R{1 - e) 

But we have Re^R{l — e) = R which implies that R{1 — e) is a direct 

summand of RR. Hence R{1 — e) is projective as a left i?-module. Therefore 

Rx is projective (since Rx = R{1 — e)). D 

4.3.13 Definition. A ring R is called a left P.P. — ring ( also called as left 

p.p.-ring ) if it satisfies the equivalent condition of Proposition (4.3.12) 

4.3.14 Remarks, (a) A ring R is called a P.P. — ring if it is both a left and 
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right P.P.-ring 

(b) Baer rings are left and right P.P. 

4.3.15 Proposi t ion. Let R be an Armendanz ring. Then R is a right P.P.-

ring iff R[x] is a right P.P.-ring. 

Proof. (=>) Suppose i? is a right P.P.-ring. Let f{x) = Yl^o^^^^ ^ -^W-

Since i? is a right P.P.-ring 3 e^ = e^ e R such that rR{ai) = e^R V 0 < i < m 

Now consider e = eoeie2...eTO then by hypothesis we have c'^ = e E R and 

also eR — (XLQ Tn^ai). Since e € rR(ai)'^i we have f{x)e = aoe + a^ex +... + 

amcx"' = 0 =^ 

eR[x] CrH[x](/(a;)) (1) 

Let g{x) = X)"=o ^j^^ ^ ^/e[x](/(a:^)), then f{x)g{x) = 0 and by hypothesis R 

is Armendariz we get a^bj = 0 V i,j. This implies that bj e eR Vj.Hence 

g{x) G eR[x] and this imply 

rR[4f{x)) CeR[x] (2) 

from (1) and (2) we get eR[x] — rfi[x]{fix))- Thus R[x] is a right P.P.- ring . 

(4=) Suppose R[x] is a right P.P.-ring. By Proposition (4.3.9) every idempo-

tent of R[x] is in R, so for any a G i?, rH[i](o) = eR[x] for some idempotent 

ee R. 

Since rii{a) = rR[x]{a) f| R, we get rR{a) = eR[x] Cl^ — ei?.Therefore R'ls a 

right P.P.-ring. D 

4.3.16 Proposi t ion. Let R be an Armendariz ring. Then R is a Baer ring 

iff R[x] is a Baer ring. 

112 



Proof. Suppose /? is a Baer ring. Let F be a non-empty subset of R[x] and 

let Cv denote the set of all coefficients of elements of V. Then rR{Cv) = eR 

for some e e R. Since e 6 rii{Cv) =^ e e rR[^]{V) => eR[x] C rR[x]{V) (1) 

Let g{x) = E%objX' ^ ^H[X](^). Then Vg{x) = 0 and so f{x)gix) = 0 

for any f{x) = YnLo^i^^ ^ ^- Since R is Armendariz, we get Uibj — 0 

Vz, j which implies that hj G rR{CY) — eR. Therefore bj = ecj for some 

Cj e R, J = 0,1,...n and this gives g{x) = Yl%o ^^j^'' — ^ I^j=o ^j^^ ^ e/?[a;] 

^ 7̂JW{V) C eR[x] (2) 

Therefore from (1) and (2) we get rR[x]{V) = eR[x]. 

(=^) Suppose R[x] is a Baer ring. By Proposition (4.3.9) every idempotent 

of R[x] is in R, so for any A C R, rR[x] [A] = eR[x] for some e e R. Since 

rR{A) = rRi^]{A)C\Rwe get rR{A) = eR[x]OR = eR. 

Hence i? is a Baer ring D 

4.3.17 Proposition. Let R be an abelian ring. Then we have the following 

results 

(1) If R[[x]] is a P.P.-ring, then R is a P.P.-ring. 

(2) If R\\x]] is a Baer ring, then R is a Baer ring 

Proof (1) Suppose R[[x]] is a P.P.-ring and let a e R. Then by hypothesis 

there exists e € I{R) such that r/e[[x]](a) = ei2[[a;]]. Therefore rR{a) = eR. 

Thus i? is a P.P.-ring. 

(2) The proof is similar to that of (1). D 

4.3.18 Corollary. Let R be an Armendariz ring. Then we have the following 

results 
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(1) If R^x]\ is a P.P.-ring, then R is a P.P.-ring 

(2) If R\[x]\ is a Baer ring, then R is a Baer ring. 

4.3.19 Remarks. The converse of Corollary (4.3.18(1)) does not hold. Take 

the ring R in [YL,NKK,& CYH, Example 1(1)]. Then /? is a P.P.-ring ( since 

Ris a. Boolean ring ). Also R is Armendariz as it is reduced. But R[[x]] is 

not a P.P.-ring by the argument in [YL & CH, Example 4]. 
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4.4 Armendariz (PS) modules 

This section is devoted to the study of the basic properties and examples of 

Armendariz(PS) modules. This class of modules was introduced and studied 

in [MBR & AMB]. 

4.4.1 Definition. A left /2-module M is called an Armendariz (PS) module 

if whenever f{x) = J^Za^i^' ^ ^M] ^nd m{x) = J2T=o^J^^ ^ ^ [ W l 

satisfy f{x)m{x) = 0, we have aiTUj = 0 V i,j. 

4.4.2 Examples, (a) A ring R is an Armendariz (PS) ring iff RR is a Ar­

mendariz (PS) module. 

(b) Submodules of Armendariz (PS) modules are Armendariz (PS). 

(c) Direct product of Armendariz (PS) modules is Armendariz (PS). 

(d) A direct sum of Armendariz (PS) modules is Armendariz (PS). 

4.4.3 Proposi t ion. Let D be a domain and M a torsion free D-module. 

Then M is Armendariz (PS). 

Proof. Let fix) = EZo^i^^ ^ D[[x]] and 0 7̂  m{x) = EJLo^^j^' ^ ^M 

satisfy f{x)m{x) = 0. Now M is torsion free implies M[[a;]] is also torsion 

free over JD[[X]]; hence f(x) = 0. Therefore M is Armendariz (PS). D 

4.4.4 Corollary. Let D be a domain and M be a free D module. Then M 

is Armendariz (PS). 

4.4-5 Remark. If M is a module over a commutative domain, then M/T{M) 

is a Armendariz (PS) module. 
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4.4.6 Proposition. Let R be an Armendariz (PS) ring and M a free R-

module. Then M is Armendariz (PS). 

Proof. Since M is a free i?-module, we have M ^^R{ for some direct sum 

of copies of i? ); hence M is Armendariz (PS). • 

4.4.7 Corollary. Let R be an Armendariz (PS) ring and let M be an R-

projective module. Then M is Armendariz (PS). 

4.4-8 Remarks, (a) If R is reduced and M a free i?-module, then M is Ar-

mendariz(PS). 

(b) If R is reduced and M a projective i?-module, then M is Armendariz 

(PS). 

4.4.9 Proposition. Let D be a commutative domain and M be an D-module. 

Then the ring D{+)M is Armendariz (PS) if and only if M is an Armendariz 

(PS) module. 

Proof. The proof is similar to that of Proposition (2.2.11) D 

4.4.10 Corollary. If D is a commutative integral domain and M is torsion 

free D-module, then D{+)M is Armendariz (PS). 

4.4.11 Corollary. If D is a commutative domain and M a free D-module, 

then D{-\-)M is Armendariz (PS). 

4.4.12 Proposition. Let D be a commutative domain, h : D -^ D is a 

ring monomorphism and M is a torsion free D-module. Then D{-\-)h.M is 

an Armendariz (PS) ring. 

Proof. The proof is same as in the case of Armendariz rings. D 
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4.4.13 Corollary. Let K be a field , h : K -^ K a field monomorphism and 

V a K-vector space. Then the ring K{+)hM is Armendariz (PS) 

4.4.14 Proposition. Let M be an R-bimodule. Then R{+)M is an Armen­

dariz (PS) ring if the following conditions are satisfied 

(1) R is Armendariz (PS) 

(2) M is a Armendariz (PS) left and right R-module. 

(3) Iff{x)g{x) = 0 in R[[x]], then fix)M[[x]]f]M[[x]]g{x) = 0. 

Proof The proof is similar to that in the Armendariz case. D 

4.4.15 Corollary. Let R be a reduced ring and R/A is also reduced for some 

ideal A. Then R{+){R/A) is Armendariz (PS). 

4.4.16 Proposition. If RM is Armendariz (PS), then we have the following 

(1) RM is semi-commutative. 

(2) R[[x]]M[[^]] is semi-commutative. 

Proof (1) Let a e R, m € M satisfy am — 0. Consider f{x) = a - acx 6 

J?[[a;]] and m{x) = m + cmx + c^mx"^ + c^mx^ + e M[[x]], then we 

have 

f{x)g{x) = (o — acx){m + cmx + c^mx"^ + c^mx^ + ..) = am + acmx + 

... + {—)acmx — ... = O.Since RM is Armendariz (PS), we get acm = 0 V 

c G i?.Hence RM is semi-commutative. 

(2) Let fix) = J2Zo(^iX' ^ ^M] and m{x) = E J ~ O " ^ J ^ ^ ^ ^ [ N l satisfy 

f{x)m{x) = 0. Then by hypothesis we get aimj = 0 V z, j ; hence aib^mj = 0 V 

i, J, k and \/ b^ ^ R since R is semi-commutative. Therefore f{x)g{x)m{x) — 

0 V g{x) e R[[x]]. Thus ;j[[a;]]M[[a;]] is semi-commutative. D 
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44-17 Remarks, (a) If R is an Armendariz (PS) ring, then R and R[[x]] are 

semi-commutative. 

(b) We know that if R is an Armendariz (PS) ring, then R is Armendariz 

but the converse is not true.Take the ring R in [CH,YL & AS, Example 14], 

then the ring is Armendariz but not semi-commutative; hence R cannot be 

Armendariz (PS). 

(c) If M is an Armendariz module over R, then M need not be a Armendariz 

(PS) module. Take M = R'm remark (b). 
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4.5 A characterization of Armendariz rings 

We devote this section to a characterization of Armendariz rings given by 

Hirano in [YH]. Alternate proofs ( due to Hirano ) of some results ( concern­

ing polynomial rings over Baer rings and P.P.-rings ) proved earlier by Kim 

and Lee in [NKK & YL:1] are also recorded. 

Recall that the left ( right) annihilator of a subset U of the ring it! is defined 

by hiU) = {a G R\aU = 0} ( rR{U) = {a e R\Ua = 0} ) 

4.5.1 Notation. We denote the set {rR{U)\U C i?} by T or rArmH(2^) and 

{rRiV)\V C R[x]} by A or rAnriR^.p^l-^). 

4-5.2 Remarks, (a) For a polynomial /(re) G R[x], we let C/ denote the set 

of coefficients of f{x) and for a subset V of R[x], we let Cv denote the set 

Uf^v Cf. Then rK[x](V) fj i? = rR(V) = rR{Cv). 

(b) Let V' : A -^ r be defined as -0(7) = I p\R for each / G A. Then Tp is 

surjective. 

(c) Let UCR. Then r;e[̂ ](C/) = rR{U)R[x] . 

(d) Let ^ : r -> A be the map defined by (^(7) = 77?[a;] for every 7 G F. 

Then (f) is injective. 

4.5.3 Proposition. Let f{x) and g{x) be two elements of R[x]. Then 

f{x)Rg{x) = 0 if and only if f{x)R[x]g{x) = 0. 

Proof. Suppose f{x)Rg{x) = 0. Let h{x) = Xlli^o ^k^'' ^e any element of 

R[x]. Then we have f{x)h(x)g{x) = f{x){Y!k^QCkx'')g{x) = T,[^of{x)ckg{x)x'' 

0 ( by assumption ). Since h{x) is an arbitrary element of R[x] we therefore 
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conclude that f{x)R[x]g{x) = 0. 

The converse is trivial. D 

4.5.4 Proposition. Let R be a ring. The following statements are equivalent 

(1) R is Armendariz. 

(2) rAnnR{2^) -^ r/l?w/i[i](2^!^i) defined by A-^ AR[x] is bijective. 

Proof. (1) =^ (2) Suppose R is Armendariz and let (j) : rAnnR{2^) —>• 

rAnnR[^](2^W) defined by (f){I) = IR[x] for every / € rAnnR{2^). Then 

by Remark (4.5.2(d)) (j) is injective. Let 5 be a subset of R[x] and let 

/(^) = T,ZQ «i^' ^ S. Now we first show rR[^]{f) = rR[^]{Cf) = rR{Cf)R[x]. 

Let g{x) = jyj=obj^^ ^ ^R[x](/)- Then f{x)g{x) = 0 implies Oifej = 0y i,j ( 

since i? is Armendariz) and this gives aig{x) = 0 V «'; hence we get 

rR[.]{f) CrR[,]{Cf) (1) 

Let g'{x) e rR[x]{Cf). Now Cjg {x) = 0 implies aig [x] = 0^ ai e Cf implies 

f{x)g'{x) = 0, i.e., g {x) € rit[a;](/); hence we have 

TRUCf) CrR[4f) (2) 

Therefore from (1) and (2) we get 

rRix]{f) = rRi:,]{Cf) (3) 

Let g{x) G rR[x]{Cf), then this implies that aig{x) = 0 V Oj € C/ and this 

implies aibj = 0 V i,j i.e. '̂(a;) € rjj(C/)i?[a;]; hence 

rRi.]{Cf) CrR{Cf)R[x] (4) 
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Let g'{x) 6 rfi{Cf)R[x], then g'{x) = ag"{x) where a e rji{Cf) and g"{x) e 

R[x]. Therefore we have Cjag"{x) = 0 and this impUes that g{x) € rB.[x]{Cf)\ 

hence 

rR{Cf)R[x] CrR^,^{Cf) (5) 

Therefore from (3) ,(4) and (5) we have rK[x](/) = J^RMCC/) = rR{Cs)R[x\. 

HencerH[,](5) = fl/es^HwC/) = n^K[x](C/) = r[rR{Cf)R[x] = rR{Cs)R\x] --

4>{fR{Cs))- Therefore (j) is surjective. 

(2) =4> (1) Suppose (2) holds and let f{x) = Yl^o^i^' ^ -^M' ^^^^ ^^ ^ '̂̂ ^ 

I'Rlxiif) = AR[x] for some right ideal A of R. Let g{x) = Xl"=o ^ -^[^] satisfy 

f{x)g{x) = 0. Then this gives £?(a;) e rRix]{f), i.e., ^(a;) e >ii?[a;]; hence this 

gives g{x) = Y!/f=i Pi'*^i{^) where wi{x) G i?[xj and /?; € A. Let C(o be the 

constant term of wi{x), then 6o = Dj=:i AQO ^ ^- Similarly we get bj e A'^ 

j . But A C rR[x]{f), therefore we have bj e rR[x]{f) V j i.e. aî y = 0 V i, j . 

Hence R is Armendariz, D 

Notice that on using the above proposition we can get alternate proofs of 

Propositions (4.3.15) and (4.3.16) as follows. 

4.5.5 Corollary. Let R be an Armendariz ring. Then R is a Baer ring iff 

R[x] is a Baer ring . 

Proof. Suppose i? is a Baer ring. Let S C R[x]. Then by hypothesis we have 

rR[x]{S) = rR{Cs)R[x]. Since i? is a Baer ring we have rR{Cs) = eR for 

some e € •̂ (•R); hence rR^x] 
[S) = {eR)R[x] i.e. rRix]{S) = eR[x\. Therefore 

R[x] is a Baer ring. 
Conversely suppose that R[x] is a Baer ring. Let U C R, then rR{U) = 
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rR[x]{U)f]R = eR[x]f]R = eR ( since R[x] is a Baer ring ). Hence i? is a 

Baer ring. 

D 

4,5.6 Corollary. Let R he an Armendariz ring. Then R is a P.P- ring if 

and only if R[x] is a P.P- ring. 

Proof Suppose Risa P.P- ring and let f{x) = YA=O ^i^' ^ -^W- ^^ hypoth­

esis we have rH[x](/(a:)) = rii{Cf)R[x] and by assumption we get rR{Cf) = eR 

for some idempotent e e R. Therefore rR[a;]{f{x)) = {eR)R[x] = eR[x]. 

Hence R[x] is a P.P ring. 

Conversely suppose R[x] is a P.P- ring. Let a e R, then rii{a) — rii[x]{a) f] R 

and since R[x] is a P.P- ring, we therefore have rn[x]{a) — eR[x]; hence 

rnia) = eR[x] f]R = eR. Thus it! is a P.P- ring D 
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4.6 Quasi-Armendariz rings 

We devote this section to a study of quasi-Armendariz rings. This class of 

rings was introduced and studied by Hirano in [YH]. 

4.6.1 Definition. A ring R is called a quasi - Armendariz ring if whenever 

/(^) = EI^o«i^'>^(^) = YTj=^h^' e R[A satisfy f{x)R[x]g{x) = 0, then 

we have aiRbj = 0 V i^j. 

4.6.:^ Examples. Every Armendariz ring is quasi-Armendariz. 

^.6.3 Remark. For commutative rings, the Armendariz and quasi-Armendariz 

conditions are equivalent. 

4.6.4 Proposition. For a ring R, the following statements are equivalent. 

(1) R is a quasi-Armendariz ring 

(2) (j) : rAnnR(id{R)) —)• rAnnR[x]('^d(R[x])); A -> AR[x] is bijective ( where 

id{R) is the set of ideals of R ) . 

Proof. (1) =^ (2) Suppose R is quasi-Armendariz. Let B be an ideal of R[x] 

and let f{x) = E™o«i^' ^ B. Then V h{x) € R[x], h{x)f{x) € B. Now for 

9{^) = E"=o^j^^ ^ ''KwC-S), we have g(x)h{x)f{x) = 0 V h(x) e R[x], i.e., 

g{x)R[x]f{x) = 0 and since R is quasi-Armendariz we get g{x)Rai = 0 and 

this gives 

g{x)RCj = 0 (1) 

If g{x)RCf = 0, we get 

g{x)R[x]f{x) = 0 (2) 

Therefore from (1) and (2) we have rR[:,]{B) = r\f{x)eB rR[x]{f{x)) = fl^Hwli^C/) 

rR{RCB)R[x] and this implies rR[x]{B) = ^{TR^RCB))', hence (j) is surjective 

123 



and by Remark (4.5.2(d)) we get (p is bijective. 

(2) =» (1) Suppose (2) holds. Let j{x) = E^"o<^i^^5(^) = EJ=o^;^' ^ ^ N 

satisfy 

/(a;)J?[:c]5(a;) = 0 (*) 

From (*) we have j{x)R\x\g{x)R\x\ ~ 0 and this implies that 

/(a^) e rB\x^jyR\x\g[x)R\x\), but 

r«[,](i?[:r]5(x)i?[a;])=^E[x] (**) 

for some ideal ^ of i? ( since ^ is surjective ) 

Therefore by the same arguments as given in the proof of Proposition (4.5.4) 

we get ttj G AR{x\ ( since Oj G A and A C AW\x\ ) V i. From (**) we get 

aiR\x\g{x)R\x\ = 0 and this implies CLiR\X\g{x) = 0 i.e. UiRbj = 0 V i,j. 

Hence R is quasi-Armendariz. D 

4-6.5 Remark. Let i? be a ring. Then the following conditions are equivalent 

(1) i? is quasi-Armendariz. 

(2) rAnnii{id{R)) -> rAnnji[x]{id{R[x])); A -> AR[x] is bijective. 

(3) lAnnR{id{R)) -^ lAnnR[x]{id{R[x])); B ->• R[x]B is bijective. 

4.6.6 Definition. A ring i? is a subdirect sum of the family of rings {Ri}iei 

if there is an injective homomorphism f : R -^ Tliei -^ ^"^^ ^^^^ ^^^ ^^^^ 

j ^ I the map i^j o f : R —^ Rj is a surjective homomorphism, where 

•Kj : Hie/ Ri —^ Rj ^s the j * ' * projection. 

4.6.7 Proposition. If R be a subdirect sum of quasi-Armendariz rings, then 

R is a quasi-Armendariz ring. 
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Proof. Given that R is a, subdirect sum of a quasi-Armendariz rings say 

{ili}je/, there exists an injective homomorphism <j): R-^ Hre/ -^ ^^^^ ^^^^ 

-KjO 4> '• R -^ Rj is surjective ( TTJ : fJ-Ri ^ -Rj is a projection map ). Now 

•KiO(f): R-^ Rj is surjective implies R/Ker{n^o(l)) = Rj] hence RlKer{-KjO<j)) 

is quasi-Armendariz.Take I^ = Ker{TTk o (f)),k 6 /,then we have Plfce/-̂ ''̂  ~ 

O.Suppose that two polynomials f(x) = X^JLg0j2\^(x) = Yl^^o^j^'' ^ -^N 

satisfy /(a;)-R[a;]5(a;) = 0. Then we have f{x)R[x]g(x) + Ik[x] = Ik{x] for each 

k E I and this implies that aiRb-, C 7̂ , V i, j since 7?//^ is quasi-Armendariz 

for each k e I .Therefore atRb^ C f]^^j Ik = 0 i.e. Oiî fê  = 0 V z, j.Thus R is 

a quasi-Armendariz ring. D 

4.6.8 Definition. A ring R is called a prime ring if whenever IJ = 0 for 

some ideals / , J, then we have / = 0 or J = 0. 

4.6.9 Proposition. Prime rings are quasi-Armendariz rings. 

Proof. Let Rhe a. prime ring and let f{x) = Yl^=o'^^^\9i^) — YlT=o^3^'' ̂  

R[x] satisfy f{x)R[x]g{x) = 0. Then R[x]f{x)R[x]R[x]g{x)R[x] = 0 and by 

hypothesis we have R[x]f{x)R[x] = 0 or R[x]g{x)R[x] = 0. If/?[x]/(a:)ii:[a;] = 

0 we get Gi = 0 V f; hence UiRbj = 0 V z, j . Similarly if R[x]g{x)R[x] = 0 we 

have aii?&^ = 0 V i,j. Thus 71 is quasi-Armendariz. D 

4.6.10 Corollary. Semipnme rings are quasi-Armendanz rings 

Proof If i? is a semiprime ring, then i? is a subdirect sum of prime rings; 

hence by Propositions (4.6.7) and (4.6.9) 7? is a quasi-Armendariz ring. D 

4.6.11 Remark. Let 7? be a ring and suppose eR and (1 — e)R are quasi-

Armendariz for some central idempotent e of 7?. Then 7? is a quasi-Armendariz 

ring. 
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4.6.12 Notation. We denote 

/o 0 

0 0 

0 

0 

1 0 
(where the r" row 

\ / 
f'^ column entry is 1 and the entries are zero everywhere else) by cij for 

ij = 1,2, ...n. 

4.6.13 Theorem. Let R be a quasi-Armendanz ring and let R\ be a subring 

of Mn{R) such that euRiCjj C Ri V i^j € (1,2, ,ra}. Then Ri also is a 

quasi-Arrnendariz ring. 

Proof. Let f{x) = Er=o«*^'.5(a:) = ELo/^ '^ ' ^ HA s^tisiy f{x)R,[x\g{x) 

0. From Proposition (4.5.3) we get 

f{x)R^g{x) = 0 (1) 

Now for any cepq £ eppRiCgg where c € /?, we have ccpg € -Ri ( since 

CppRiCgq C Ri ); hence from (1) we get 

g{x)cepgf{x) = OinMn{R[x]) (2) 

Equating the {ij)'" component of (2), we have EI^o"(Er+.=t<pC^«)^' = 0 

and this implies that 

m n 

(E<p^'")^(E^^i^') = o (3) 

Since A = {c £ R\cepg e CppRiegg} is an ideal of R, therefore from (3) we 

have (E^o*^ip^'^)-^^(E"=o^9j^O = 0 ^"^ since R is quasi-Armendariz we 
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get alpCPgj = 0 V r, 5. By the condition given on Ri we have every element 

of Ri is a sum of such cCpg, we therefore conclude that a'^RiP^ = 0 V r, s. 

Hence Ri is a quasi-Armendariz ring. D 

4.6.14 Proposition. JfR is quasi-Armendariz ring, then for any idempotent 

e G I{R) the ring eRe is a quasi-Armendariz ring 

Proof. Let f{x) = Y!,"=o(^i^\9{x) = Yl%objX^ ^ eRe[x] satisfy 

f{x)eRe[x]g{x) = 0 (1) 

Then f{x)eR[x]eg{x) = 0 and since f{x), g{x) G eRe[x\ we have f{x)e = f{x) 

and eg{x) — g{x). From (1) we have f[x)R[x\g{x) = 0 and since R is quasi-

Armendariz we have aiRhj = 0 V i, j . Also since a^e = Oj and ebj = bj for each 

i,j; hence we have UieRebj = 0 V i,j. Thus e/le is a quasi-Armendariz. D 

4.6.15 Proposition. If R is a quasi-Armendariz ring, then Mn{R) is quasi-

Armendariz. 

Proof. This follows from the fact that M„(i?) is a subring of itself which 

satisfy the condition that eiiMn{R)ejj C Mn{R) V i^j G {1,2, ....,n} and by 

Theorem (4.6.13) D 

4.6.16 Notation. Tn{R) denotes the ring of all n x n upper triangular 

matrices over the ring R. 

4.6.17 Corollary. / / R is a quasi-Armendariz ring, then for any positive 

integer n, the ring Tn{R) also quasi-Armendariz. 

Proof Since Tn{R) is a subring of Mn{R) and eppTn{R)egg C Tn{R) we there­

fore have by Theorem (4.6.13) Tn(R) is quasi-Armendariz ring. D 
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4-6.18 Remarks, (a) Let Rhe a. quasi-Armendariz ring. Then a subring S of 

R need not be a quasi-Armendariz ring. 

Consider R = Z4, then by Proposition (4.6.15) M2{R) is quasi-Armendariz. 

Now 5 = { I ^ I |a,6 G Z4} is a subring of M2{R), but S ^ Z4(+)Z4; 
\0 a) 

hence S is not quasi-Armendariz ( since in commutative rings the Armendariz 

and quasi-Armendariz conditions are equivalent ). 

(b) If i? is a quasi-Armendariz ring, then R need not be an Armendariz ring. 

Take R — Mn{F) where F is a field and n > 2, then by Proposition (4.6.15) 

R is quasi-Armendariz but R is not Armendariz. 

The following analogue of Proposition (2.1.24) also holds. 

4.6.19 Proposition. Let R be a quasi-Armendariz ring. Then the polyno­

mial ring R[x] is also a quasi-Armendariz ring. 

Proof. Let / (T) = fo + fiT -f /sT^ + + /„T" and 

g{T) = go+giT-{- + gmT"" G R[x][T] where f^gj G R[x] satisfy 

f{T)R[x][T]g{T) = 0 .From Proposition (4.5.3) we have 

f{T)R[x]g{T) = 0 (1) 

Let k = deg{fo)-{-....-{-deg{fn)+deg(go) + +deg{gm) where deg{fi),deg{gj) 

means the rr-degree of polynomials fi and gj. Now f{x'') = fo-\- f\x''-\- -I-

/„a;* "̂ and g{x'') = go + Qi^'' -\- -\-gmx'"^. Therefore, following the proof in 

the Armendariz case ( using f{x'')R[x]g{x'') = 0 in R[x]), we get fiR[x]gj = 0 

V i,j. Thus R[x] is also quasi-Armendariz. D 

4.6.20 Proposition. Let D be a domain, and D/A be a quasi-Armendariz 

ring for some ideal A of D. Then D{-\-)(D/A) is quasi-Armendariz. 
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Proof. Let {h[x), h{x)) - YlUi^u iR)^' and (g^ix), g2(x)) = Y^JU^v ^)^' ^ 

{D{+){D/A)}[x]satisiy {h{x),M^){D[x],D[x]/A[x])igi{x),^^) = 0. Then 

from Proposition (4.5.3) we get {fi{x),f2{x)){D{+){D/A)){gi{x),g2{x)) = 0 

and this gives 

Mx)Dg,{x) = 0 (1) 

and 

fi{x)Dg2{x) + h{x)D/Ag,{x) + h{x)Dg,[x) = 0 (2) 

Since Z? is a domain, we therefore have from (1) either f\{x) = 0 or ^1(2;) = 0. 

When fi[x) = 0, equation (2) reduces to f2{x)Dgi{x) = 0 i.e. f2{x)Dgi{x) = 

0 and since D/A is quasi-Armendariz we have v^Dbj ^O'i i,j; hence 

{ai,lM){D{-h){D/A)){bj,v]) = 0 V i,j. Similarly when gi{x) = 0. Thus we 

have D{+)(D/A) is quasi-Armendariz. D 
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