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A brief abstract of the dissertatiea "Co-homology 
of Groupe and s ... Applicatieaa" : 

Ckapter I deals with the definitie of the 
ath. CehamolegJ Greup and the interpretatiea t such 
groups of ln order. We als prove e •• resulta and use 
th- to give 'two applicatieaa. 

I Chapter II we deYel p some theory of Centr1 
Simple algebras and we defiae the Brauer Group of a fiel4 
with a view to uaiag theae resulta in the aext chapter. 

Chapter III deals with the i terpretation t 
the Brauer Group of a field in ter.as of Galois CohoaoltgJ 
Ia this ohap'tor,ve first detiae Galois Coh aology d t'll 
preve aeae reaulta to arrive at this iatorpretatioa. 

Piaall7 in Chapter IT we use this iaterpreta~ 
lea et the Brauer Group of a field to c apute the Brauer 
Groupe of certaia apeoific fiolda,naaely that of R, C 
and that of a finite field. 
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( . ) 
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Re ark 1, 1, 1 - For 
· ~ 

t , consider the folio lag commu-

t tiYe diagr n (G , A) !'Or~ : '1) c•+I (G , A) ' cbo hom 
J( 4? 

D ( G, ) n+l ( G, A) CN- bo eN- hom • 
Let (G , A) be identified with F E C8 (G , A) hom 
as entioned earlier , Un der t his identification , 1 t 

~0f be identified with ~nF (For coaYeaience we will 

write I'1J tor ~ • ) . a 

P it i 1 1 3 ( ) E Ga+l , ropos oa , , - or every o1, ••• , ga+l 

Proof :-

= glf(g2 , ••• , gn+l) · 
D 1 

+ ;[ ( - 1) f(gl , g2 , ••• , gt-1 ' 0t 01+1 ' 
1•1 

0t+2 ''''' gn+l) + ( - l)a+lf(gl , g2 ''' 'gn) 

1 , I . • • glF(l , g2 , g2g3 ''''' g2g3 ''' 0n+1) 
D 1 . . 

+ :[ ( • 1) F(l , g1 , glg2 ''''' glg2''' g1-l ' 
1•1 ---- . glg2••• Gt - t 0t ••••• gtg2''' 9n+l) 

+ ( - l)D+1F(l , g1 , glg2 ''''' g1g2 ••• g ) 

• F(gl , glg2 ''''' 9 t 92••• 9n+l) 
n . ~ ~ 

+ t 1 ( -1 ) 1 F ( 1 ' g 1 • g 1 g 2 t • • ' g I <3 :z: • • 9 i -191 J • • "J 9, 9a: .. ~.,..,) 

+ ( - l)n+1F(l , gl , g1g2 , ••• , g1g2 ''' ga) • 
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L . • • = (0 )(t , gl'glg2 , ••• , glg2 ••• o.+l.> 
n+l 1 • ~ <-1 ) {t , ol , gt 0 2 •···• 0 1°2••• 0a+l) 
1•0 

• F(gl , glg2 , glg2g3 , ••• , gl02 ••• 0 +1) 

ll 1 
+ L ( - 1) F{l , gl , glg2 , ••• , glg2 ••• g.+l) 

i=l 

+ ( -l)n+lF(l ~gl , glg2 , ••• , glg2 ••• ga+l) • 

Henc the propo itio • I 

ottce that the aboY dtagr co mu tes . 

Re ark 1 1112 I Consid r th foll owing commut tiY diagram a 

0 (O , A) 
((} ~~ cl ( G, A) C om 

0-

h 

J( J( 
0 (G , A) 1 (G , A) C - hom .... C - ho / 

As before , 1 t f be id ntitied with , and t b 

identifi ed with ~ F under this identitic tion . 

ow '1 F f C ~om ( G t ) so t t t G2 ~ A aad 

ro t ~ C~-hom ( G, ) so that ro r • G ~ A. T e el m nt i 

ct om (G , A) p nding to corre - ro in 1 
cho ( G, A) is 

~ 

Let '() F • 
~ ~ .,..-...; 

some f I G ~ A. • Now t (o) • r (t , o) 

= ('?J F ) ( 1 , g ) • F ( g ) - F ( 1 ) 

• gF(l) - F(l) = g 

Thu tor n = o, ~t(g) • ga -

Re ark 11 11 3 : Let zn(G , A) 

n 

' 
where F(l) = a . 

• for yery o t- G • II 

de not the k r 1 ot th 

ho omorpbis "' n I Cbom (G , A) ~ cn+l 
ho (G,A) , n ~ 0 (integer} . 

Let Ba(G , A) denote the i g ot ~ n - 1 1 c:;!(~ , A) ~ c:011(G , A) , 

v D II 1 . For D • o, d tine B0 (G , A) • (o) . 

Notice that z11(a, ) is iso or hie to t e kern 1 of th 
I c• ~ c••• homo orphism 'Q D I (G , A) (G , A) and N-ho N- hom 
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D '1)
1 

a-1 ( ) that B (G,A) is isoaorpklc to the laagt ot .a-1 1 Cl-hoa G,A 

~ c:-hoa( G,A), _a ~ 1 , ~tact ~. o 1.-1 • O, we haYt, 

a'( a;A) C z'~ G,A) ,. \} a~ o.· 

ltftaltlt! 1,1,1 1 Aar eteaeat tf z'(e,A) 1a called .a 
•-cooJolt aad aar eleaeat et a'(a,A) 1• calte• aa •-••••••­

SE%• Tile vreap z•(a,~(G,.l) · b oall•• \he at!j, Ctii•Mltn 

qroap tl G with coetticitats ia A, aad ia •••ot•• bJ 18 (G,A) 

tor &aJ a )/0 , . ,' 

--
J2• Jaterpretatit! tt 1• , 11 , 12 • Grtap lst•••t•••• 

Ia this aectiea we taterpret the ••rotth,the ttrat 

aad the aectad Cohoaologr grou~•· fe as•••• a• before that A 
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• • 1 ' ' __, •• at 

If f( ll) • 1 o) tJ • f- • 
If . ' ' • • J --

•• r • • • • • 
• • ' f • ____,. ,. 

It 3 • E- • t( ) . -
\j ~ • 

• • ero • Ia _, , .. rl 1 al 

laa. Al• tf t ,. • rla t al . .. l 
t ' • 

3 • €- • t at. I( Ia) • a - a v 
' 

f • 
• gt( ) + f( ) • { • - . J • r • - . J 

• ·- • I( ) . 

• f( Is) • f( ) f( ) , • ,,., ., ,., 1 al -
•• • 1'08 • .. l • I fa ' t .., rt.a-

t ,. • • I' t t. . .., t 

of • • att r la t r e , 

11 • 

• l( ,A) 

• • '< ,A) • • >/ '( . ) • 
t • t E I( . ) (l!) 1'- t • o. '(),, t • 

lr ~ • "Z'lt{ • ) • f( ) - f( ) 

rlr 1 . 1. 1 • ret ro ~,,, . ) . <•;> f(gls) • 

f( ) 

f(la)+f( ) . 

T a • • • • I 1 • 01' • • I' • 
l • ., D W I E 

1( t ) l t Ia I E- t. of 
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• II t tt I A l ...... 

1 ___, A 
~ p 
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~ t •• 
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,. . at ., • 

Ao l t tall • ) • ~l.z- .. z. , 
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• r at ato • 
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a 

- (l) 

--(2) . ,. xt st ~ or 1 • •• , t t 

e 1 
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_, 
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wal at t 3 aa la or 1 • t t 

f I wt la co t • 
1 __,. 1 __,. ~ 1 

-1, e / id 

t iS ., tl • • t y • of e t• el 

4 tl •• • • 1 e r la i ' • t 11 t 

t 1 • 

• • t t 1 • • 

• f er estat a lJecttYe 

tw • l 

• ce cl • • t e at • r ' • 

1 1 Iss • • • ,., I • t lee) . 

• 
• 

Let 

Let 

1 ___.,. 1 

• •• t.t . . .. g ' cr ~-'Hr f "t "--' '"C 8 

• efo P, ( cr -c: { cn) - 1) . . ( 
a- 't • ., r & • 

I ~le •• , • ot • a-, 't" • 

- 1) • 

, .] a E 
rr~ 't" 

a • ( 1) 

Ia r e • a 1 a z .. 
a-) "t" 

attw t tlo , • 

t 

t • • e 1 

• 1 

r • 
• t • .,.,., air 

1 • • 

1 1 l t • l 

• 
• {11 • f ) cr 't: --( ) . ' . • • • t ( ) • • 

o-, T a--c 

t 

• 

• 

-
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a d t e 1 . • • f (2) - cr( a "C",f' 

c t cl 

-(3) . ttce t at 

for a 'I a f. 

G by A. 

u a u-

(2) • 

-· a-• a 

• a 
fJ 

t gl 'f a acti 

enoting t tv D actioa 'I 
rr 

a • we ca write 
a-

t •• • a • a • ·• fJ q-

cr 
• a't",f cr:. (' f Cl""'('f' 

eref re t • • • • t 

• • c b cau t t 
a-

t 

• 
~,r rr 't"f 

allty ln . (2) , w • at .... a a u • a a • r, -c n, f' crq• '1: ,-f o-, c f 17\ f' 

• CT'j't"f 
,. o- • 1 - 1 • 1 • (. 

•-c, f aCJ","C'f acr,"C" • a-'C',f 

ah 11 c 11 t 1 tb COCJCl co tt1o ) . Thus 1 the • lt1-

pltcatiY aotat.loa , ()'" 'C 1 
I 

2-c cJcle . T e 2-cocycle a cr,'C' 

deft •• c o ology claaa , 1 •• aa t'falenc claas of 

2-COCJC1 & e 

appose aow 

ad l~A~ 2 ~0~1 

ar two eq iY 1 nt zte ion • will r ye t at t •J i'fe 

·ria to t • 1 1 e1a • 

L t aad {'fCJ"'j e oae 
(J"E-Q 

a etl • of t • 

2 ~ G r • • t1" 17. For c yeat ace , 

• 1 1 wit 2 t rough t tao r ta f I t-~' 

V d r t is ide t.lflcatt n , cr f. G a tw pr -1 a a a- ' d 

'fCT' , a d ao t differ by a 1 en o • a ,. ocr • 1. e . 

by t 1 

t sect to 

tift att 

"er-e " re 

( re w 

) . T 

cr,'t" 

2 ---'? a. 1 

• 
are wrttl • 1 at rr 

fJ 

IT'u"t: • ( ccr 't- ) ( c-c 'f-c ) • co- c-c: 'fer 'f't" 

t e 2coeycl aa oclat with 

• er a 
a-,"C' • a • , cr,"C' o-'C' 

ts tb 2-cocy 1 sa cl t d wit t e • etlo 1~ • 

r for a o • CJ","( 0'""(' 
8 u 

(J"' 'C a • Y • cr1 '{ crc cr,'t crt:: <r't" 
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l!tlaltlel 1.1.1 • 

aet I ~- , It (I) 

•• •• , tllat • ,,.,, a Ia tr•• •• • 

geaeratea 8 aad (II) It It 1-t I 

ts 1 ... (laJeotlea), I .. ,,, a greap., tllea :3 a aatqae ••t­

eas tea et I to a groap lloao orplataa et a-t I • (lotte• tllat 

G ta geaerat•• •1 Uae taaoe of uder tile lajeotlea I_, 1.) 

Prepta&t&ea I, !.J a If G ta at tree troap aad It A Ia 

&af -G-aoda1e, tlaea 12(G,A) •(0) • 

Protl · a AaJ ele .. at ef 12(G,A) eerr••••••• to a treap 

esteaatea 1 ~A~ 1~ I~ 1. Let G •• tree oa a aoa tJ 

set ...... 
~·· aapptag I -? 8 to get aa lajeottoa I ~ • Stace Ia 

tree •• s,tlll lajeottoa est•••• to a gro•p leaoaorplllaa 

a __, l,aad e1eai'1J tlata Q --" ts a a"11ttlat of _,a lleoa-

••• ••••rate• G. ••••• tlae ele .. t we at rted wlt' Ia 

12(1,&) ·~ •• ,...... 12(G,A) • (0). I 

••••u a.s.1 • 
· tf G te a tree greu, aad If · ta a,y G dale, thea 

11 (G,A) • {o) V a~ 2 ' · a tat•i•~'• 

W ead tbta o apter llJ proYtaa that It t lae 

tate;e1'8 • aad o ara relattYeiJ prt .. ,tlaea aay esaet eqaea-

., -ee of growpa e --+ G ~I --+ 1f ~ 1 t wlaer• o( G) • a and et(TT1 • a 1 .,.,, .. 
IIIII' 1,3,3 • To proYe tllta,we reqatre tlae follow1at reaw1t 

wlllell t• prow•• .. L•-• 4.1.3 Ia Cllapter If a Let 1f • 

ttatte gro•p of order a aad let G be a ~-.odale. r••• tor UJ 
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positive tateger t , tt 1 ~ 11 (Tf~G) , tkea D7 • 0 • 

lemark 1,3,4 a Before getag tate the proet or tke result 

atated in leaark 1,3,2 , we r ecall soae ataadard reaalts whick 

we r equire ta the proof 1 SJlow'• first theorea state• that it 

G is a fialte group aad it , tor a prlae r , , , is tile htgheat 

power of p wllich divides o(G) , then G kas a subgroup ot 

order p~ , Now, i f G is a fini t e group and it • t s a sabgr­

-oup oj G s uch tha t o(H) is the highest power of p wh ich 

divides o ( G) , thea 8 ts calle• a p-Sylow subgroup ot G • 
I 

Renee by Sylow's firs t t beorem, every finite group G has a P" 

ylow subgroap,tor p a prime as above , 

In general , a group of order a power ot a prtae p t• 

called a p-group , A Sylew p-aubgroup e f a groap G i s a mastaal 

p-aubgroup of G. Tke second resul t ~htch we recall here t• aaot._ 

er t heorem of Sylow which otatea that aaJ two SJlow p-s ubgroupa 

ot a finite group G are conjugate, Finally we r e c all t ha t it 

G ts a tiatte p-group , then G has a non-trivi a l cen tre , 

Proposition 1.3,2 1 (Schar-zasaenbaus) 1 It the iategers m aad 

a are relatt velJ prtme , tben aay esaet aeqaeace of groups 

0 --+ G ~ B ~ Tr ~ 1 where o ( G) • a aad o(lf") ii a , apli ta • 
C( tr 

Proof 1 Let 0 __.., G ---+ 8 ~ 1f ~ 1 - - ( 1) be aa exact aeqa-

eace et group a with o( G) •• aad •(ni • •• 
Case 1 I Suppoae first that Ci ,. abe l taa . Let x Err lte 

gitea. Let <r( b) c lt • Coaaider fJ» I c;_,.c; ••ch that tb(g) iii bglt- l 

for g t G and b~ B sach that o-( b) iii ][ • !Ilea tb ts aa a ate-
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aorplltsa of G which depeads oalJ oa s - aad aot oa the part-

teular pre-image ot 

( ) b ftb-l s,g .......,s.l • • 

s • low tile aapptag 11~ G --:' G sacll tha.t . 

wllere W(b) • z,dettaes a groap acttoa of 

1\ oa G,aad G thus becomes a Tr-groap. Tile esact seqaeace 

(1) ts tberefore a groap esteastoa aad hoaee cerrospoada to •• 

eleaeat J E: •
2 {Tr,G) • ClearlJ •J • 0 • Agata bJ leaark lw3.2 , 

ay • 0 , aad stace a aad a are rolatt~elJ prtae, J • 0 • 

The exact sequeace (1) thereto~ correspoads to a 2-cobouadarJ 

and heace splits by Propostttea 1. 2.4. 

C aee 2 1 Suppose aow that G ts aot abeltaa. To allow that 

(1) splits, we are to show that a- has aa ta~erse. It satttees to 

allow that B coatatas a sabgroap L of B each that o(L) • a • 

The proof is by tad•cttea oa a , the or41•r of G. For a- 1, tile 

res•lt ts trae stace ta thts case 8 c;1r. Asauae the res•lt 

trae '*J t < 11 aad t relattyelt prtae to a • We shall allow tho 

result true for t • • • Take a prtae p such that p/a. Let 

, be a maximal p-subgroup ot 8 • Let N • 
.. 

tbe aoraaltser ot 

ta 8 - {be a -1 1 : bPb • P • low the auaber of eoajugates of 

, 
p 

ta B • ,CBaiJ. All these coaJ•gates lie ta G , staee , tor aay 

xt-B , sPs-1 e zos-1 atace P< G I bat thea sos-1- Q at ace 

G 4 a. Thereto•• -1 sPs E G. All these are aaxtmal p-sabgroups ta 

G •.ad are heaee coajagate bJ a IJlow theorea. low tile aoraaltser 

et P ta G • fsl: G a sPx- 1 • •} • Gf\1 aad .{'"GaGniJ • the 

aumber of conj agates of P ta G. There tore .['"GaG(\ NJ • .['"aaNJ. 

I 
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lew .CaaGf\ •J •• C aaoJ.CaaGrt •J aad .CaaG f\IJ • 
£a-a!]£1aGf\IJ. Thus f:laG f\IJ • J:aaGJ • •(B) •. e(lf) 

e(G) 
• a • Consider the exact sequence 

o __, J.!l! ~-'-~ ...!... ~ 1 where e(I/GI\1) • a aad e(Gni/P) 
P ·p Gf\ I 

• t whe re t/a . BJ the in duc tion hJpotheata, 3 B/P < N/P &u cla 

t hat o( H/P) • n • Let C • Centre P • Thea e(C) ~ 1. Ceaa tder 

t he exact sequence 

aDd o ( P /C ) < IB 

subgroup K/C 

s i nce 

0 ~ P/C __, 1 /C ----~J U/P---'? 1 wit ll o(H/P) • a 

o(C) ~ 1. y t he i nduction IIJpothesls, 3 

of H/C such that o(K/C) = n • Consider the exact 

Ff!quenee 0 -7 C ~ I _,. 1/C _,. 1 where o(K/C) = n and C ta 

abe li an . fhts sp lits by the abelian c ase above , so that 3 L < I 

with o(L) • n • This L splits the original exact sequence (1 ).# 

•••• 
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CIAf!TII II 

,_EORY OF CEITRAL IIMPLI ALQEBIAI 1 THE DEFIIITI • 

QF TIE BRAIEI QROUP OF A FIILD .... 
I 1. leae pre-regatattea ea Ceatral ltaple Alge~raa • 

r•t• secttoa deals with soae preltataartea •• 

Ceatral ltaple Algebraa , The resalts proT•• will be ased aaba­

eqaeatly. 

Dettatttoa 2,1,1 1 Let I be a oeam•tattYe flag wlth 1, 

Aa a-algebra A is a rtag A with the tellewtag properttea& 

( :l ) A t • aa l-ao dale , ( :l :1 ) V ~ E I aa d \1 a, b E- A, we b. a •• 

( ab) • a{O\b) • (!X a) b. 

leaark 21 11 1 I If I • K ' a field, thea a rtng A ta 

a x-algebra ot lltmeastoa • tt ( t) A ts a yeotor space et 

dtaeaatoa • eYer I aad {tt) V(xel and a,b E- ·.l, we haTe 

( ab) = a(t{ b) • (oca)b. 

We aar also dettae .. 1-altebra tn the follewtat Waf I 

Dettattlea 2.1.2 I Let I be a ooamatattye rtat rith 1 

aad let A be a rtag wttla 1 , Let t& I~ Ceatre A be a rtag 

homoaorpldsa, It rfl aad a" A , we dettae a prodaot r*a • 

t(r),a wbero I ts the aalttplioattoa ta the rtag A, ,.,. 
aatea A tate all ..... dale, The riat A together with thta 

1-a dale atractare ia called aa 1-algebra. 

le•a[k 2.1.2 t 
I It X ta a field aad if R • X aad A ~ 0 

tn the aboYe deftlll ttoa, thea t ta tp1 taj eottoa. Tllaa K caa be 

caaoatoallJ tdeBtttted with ita 1•••• ta A 

•• ooattaued,. 
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•L 't.t<• ) @ •1.t(~) • ~~f!a 1 LJ<•t>@ lt.t(r) • aii-!a•J ® 't.t<r). 

leaee •~J~• •J ® 't.t(r) • 0 • taoe f•••'2•••••e•J •• • a-

... ,. el f 1 n -•t laaye l(,t(r) • 0 1 l~J!D ~Ieee ILJ • 0, 

••••• ~ ....... ,, ..... , • • ,... 1 ........... ,, .. a .. ,, .. •a•• 
11J -o Vt,J, l!t,.t!•· .,,,. t.pttea , •• , Zr1J@•,.t .o. 
!llerelere tlae II .... rplal•• g la eae-eae. at .. aatea eeaatdera-

tlea• •••• t•at G ta aar,teettwe, ••••• ~ ta aa tae .. rplalaa.# Lt- 2.1.1 • . II a Ia aar 1-alt••ra,tlea 

.. (a)~ I ~11.(1) , 

Preet • ceaatder ra •.(1) Cf a ~ •.<•> t lwea •r 
f( z., .. ® .. , .. ) • <~, .. ) ' nen r•t.t) ,. a ..... ,... .., •• , 

•.(a) aad ~'t.t f 1, ••• 1 Ia a lleMMrplataa ef rta,.,fer 

f(( ~~ ... , .. @ ., .. >< ~~ •tt ® 8 1t)) • f( .r., ... (.@ ., .. •t,> • 
f( ~~ •t.t'.ta @ •t.t•.tt) • I( f;,t •t~t @ 1 ~"t.t•.tt) • ( f ~'t.t•.tt)(t,lt) 
fle taJeetlwttr aad tile •••.t•etiYitJ ef t t• .,.,, ... Tlaere-

''" I ,. .. ............. I 
,,,,,.,,,,. 2.1.6 • Let A ... a .. llalte dl .. aaleaal 

Ceatral at.,le 1-algetraa. ! •• t .lal a-alte•r• A ~a ta alae 

C:eatral t.,le. 

Prttf I ltaee A aad 

tlaeorea, .. oaa write A • •r( ) aad I • •.< ' ) fer .,.. lategera 

r aad • aad lwtatoa rl•t• D aad a• • lew '' Pr •••ttlea 

2,1,1, A • •.(a) ~ • ... a • •.(1) ~ • • • •• •r a.- 2.1.4, · 

A ~ 8 • Ill' (I) ~ 118 (I) ij ( D (i)~t • ) • ... (I) ®I( ( S t ) • . f •• 

1r8(&)~·~·), fer • .., dlwlaltta rlat • • 



- a6-

• ... < ) @ ) ~ .. . ... ,< ) ~ .. . ... ,« ") . ••c• 
t( 

®• ,. . .,. l e alo ra ... • • ... . ( @ 
I( 

) 

• c laat f (A ~ ) • (co ., ' t I ) (i) 
· I{ 

(C of 8) J 1 • 2. 1. 2 . ( . ... ) ~ ( C tre ) . (j • • ret re A<fl I( 

a ace t r 1 lm 1 - ... . 
• If A , •• c tral , . le ... . ... 

tt L ,. J tt 1 at a to t • t • A .. ia 
I( 

c tral ,. 1 " r .... 
• at A @ L 

~ 

,. at le ta clear. lao 

ceatr (A @ L) • c ta t (A ® 1.) • (C taat t A) ~ I( t( 

(C ut at t L) • ~ L • L • I 

• If a a Ce tral l Je -·· • ra, 

t •• A® • . ,. or t c t a at rt s al .. 'f .. • 
( • ... tb atte al ... ) . 

I J 2 . 1. ' 00 •• Ia a ala le 
k .. . t A tato A •• • •• t .. • • •• 

t r t 1 r I' ... ' I l •• 11 • e • .. fl • ... E: A • ... •) -• as • 1 ed l .a ... . .,.._....,. ... . •• • t at A t .. . tll .., t 

I' 1 I' .. I' t.t • r 1 I . • ' ~ •.. • eft • 

f • (s) • s • Ia t Ia . .... eoaal • -

rl 0 tb ' b d t ~ • ' I' 
t •• rta ...... . , • d •• .... c •• , I' • -•t~t al e .... of 

ttc t La (s) • a(s ) ... (•) • ( )1~ . 

t re ... • La • • • t • fl •• .. .. ,., . 
1' , .. I I ® • ---t • A f(a ® ) . • • k 



• <3'1 -

1 a tr a ell .. or ta • 

k t at t rta ' r , e tr to •• 

tat. f((a @ )( '@ ' )) • t(a e )t(at fl ' ) 'tJ a , a• E 

V , • ~ A• • t((a @ )(a'(]) ' )) • t(a • tl • ) 

•. L88 , , • LaL8 , 

t(a ~ )f(a• ® b ') • 

• La L8 , , • La L8 , , • 

f . •• ,, ' .. l • 

Co t er a t dt ., • • ,C'( @ •) • J• .c • J2 
I( 

a d 

® • 
K 

•• ' 

• J ·.C • J2 • • f • • • • ... 

• t ltl llc t.IYO l tt.r 1 o 

I et 

• 
J ,. t 

r Ylat 

It at • td tttr t 1 a 

a two-at e l al t ~ • 

,. l • r t · o t la 

a r o, t • • ta • 
• 

I A ta a C a r 1 

eq re f • e 1 t 

le - 1 

c. • f I' c ral 1 o) . 

• 

• • 

• r YO t e r eult. t r • , a • tral 

11'18 

ta a • -

1 al e r • r •· 

•• t ••to rt 1 It 

1 ra " r 1 

r . ' .. . ·'· • 
L • (t. 

1 

al brat 1 • • t )J t •• 

trts r r a tt tte l e 1 a 1 tYlet a al ... 
- @ L t 01' I' • 

I( 

a 1.1 •• a t L ~ L 

t( ® a) • d ® ~ a • •• 

• CCilL•L.J·C 

el e 

~ L e 

J , 
ta a - ata I , l a a 1 el at. 

• L wect r- a o 

(I) L , d tl e 

, tr s 1, s , ••• , 

t Cf L 
I( 

' 



at Ia, 

\ le e ta (al@ l), • •• ,(a. ® 1) r p L- •• , ' • 

@ L • r L. Oae tt • tb t 3 ao tt it at aa 
k - -lYlat al a • • 01' .. titer t a I ltaelt t f r 

tf· ,. • c , tt • f • • -(a) te a ttalte 

-al ate at f • • - - .,. 1 r I allJ loa - ®--' • • 
c fi)- I iJ. £i .< ) I •J • 
II .. 1. t a • 11' l 

It 1 arb1tr r • •• 
ta a dl1'tal rt • T 

• • at • eq 1 t 

d . • €- • .,. ,-) • .C•:J· 
2 

• • ' • r •ttl 

al 

rite • .,( ) ® • • •• 
® - • ( ) ® ( ® - ) • 

I< k 

r<) ® (-) , (r r • ~1 • r (-) . r toe 

C• • J • L A ® - • -:J • £i r (-) 1 -J • ( ra) • 
e r ettl a . 

I • . ... ,, tte 1 ., 1 1 r .... • t at 

• t • • • • '' t ... t• -al . .. . -
r la t lato ' 3 ' 1' 

t.l le • • t ot 

t t t(a) • .,-I (a)t v E • 
• p 01 Ia • t.s al •• ..... • I 

• .. tw -r• r •• t tl • t Yl t 

' • • 0 • ., " ., a . ... , . t • • r r •• -
tatl • lYa le t , '· . 3 a t y I' l le rl t f • 

• c tla t f( ) • ,-1 (s)t tJ • ~ • • • 
at t• a ttr arJ• • 1r: t t A® ·~ .< ) 

K ~ 



-(>q-

fer aoae •• Coaalder t@ lA•• 8 ~ A• ~ A ®KA• ud 

g @ lA• a 8 ~ .&• ___., A ®I< A• , Wow B ~ A• ta a ataple algebra 

aad b7 wllat pre~edea, we get a ~ '=" A @ A• tor thta caae. 

Coaatderlag tilt• for the eleaeat 1 ® 1 , 1 f .&•, we get 

1 @ J • t-1( 1 (j 7) t, Tlaerefore t ~ Co-ataat of 1 ~ A• la 

A® A•. lat tJata co-atut • (co .. ataat of 1 ta A)@. (C•-•-
~ ~ 

taat of A• ia ~) • A ~ K , Thaa t ~ A~ It aad heaeo t ~A 

aiace A® It~ A • ApplJiDg the resalt to eleaeata of the t7,o 

t ® 1, x~a, we get t(x)@ 1 • t ... 1(g(z)@ l)t • (t-1t(z)t) ill. 

Therefore t( x) • t - 1 g{ z) t V z (;- 8 • I 

Corollary 2,1,11 a Aa7 algebra aatoaerphlaa of a Ceatral 

Staple It-algebra ta aa taaer aatoaorplalaa •. 

Protf 1 latt A • I aad 1 • ideatitJ aapptag ia the theere•• 

Thea .-1 t(z) • t zt • I 

Tlaetrea tf the lt-ce.,ataat 2,1,12 I Let A be a Ceatral 

Staple It-algebra aad let B be a alaplo aabaltobra of A. Ltt 

C be the Co .. ataat of 8 la A • Thea tho Ce .. ataat of C ta 

A ta 8 f t,e, the 'Jtl-co-ataat ( tr the Co-ataat of tho Ce-­

ataat) of B t.a I ttaelt, Alao C ta alaplo aad ~Aalt_l • 

Caa~tJCcaJ.J. 

Prttta Let B be t••••••• la la~Ba aa a i-apaee throagla 

the lett rogalar reproaoatatioa. Thea the ot .. ataat et tho l•••• 

1.1 tataorphlc to a•. 
Coaaider tilt C ,S, -alttbra Ea"JtB ® A, ••• 8 eaa 

be iabeddo• iato thia algebra la two war• a 

(1) 

( 2) 
' 

aad 

b 4 1 (i) b , etace I ta a aabalgobra ot • 
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. -
a. • 

• L t 1 t a • 
' le - al ru . re , 

4 
, r a tvlal I' • • tlv te I' 

d ~ ( •) I' • • .. ,. rt • atttve ' 
1 t • 0 t i • r 1 tt rv t t ,.., tt 

-t• 01" to • ' ( 1. • d r ' to 

f • - tc t • l 

• • . .. la t • t b t 1 

1 •••• tro 0 • t l& 

• ... t tvea 1 \ { J .,, 
• '" 1 

cla• a , tl ~ AJ X f J• ~ A ~ } • t t 
IS Wfll-d<.fi ned a11d 

r tl • iDt • • ttc• It rat t at lt 

A ,...., 
1 • ,-.../ 

l ' t • rltl - "' ) , 
• .< ), 1 
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- .< •), 1 • ( •) •• et A~ ~ ra( ) @ t ® • ) 
k. I( 

d .. ~ (\.., 1 _, ( ) @ ( ~ •) . tao t • 1'1181 ria • 

"' t r ~ • .~ I are t e • •• • 0 lade that 

~ "' .. ~ I • • t • . .. tlo ell a ... ,. 
lad e at t t • r pr •• t ti'fea c • • 

aaott att'fttJ a C fA] x { i] x fcj • { ~ 1 x- fcj • 

{< A~ ) ~ c J d f 1 )( L r 1 X { c_} J • { ~ ( ~c) J. 
ac t e a ctatl'fltJ I t e eratt r llo • 

fr t aa octatl'fltJ t t • r , .. 
Ide tttr a til 1 tlty 1 t t Ia { J 
layer• I • 1 of t cl • • ~ A] ta t e cl 

t ta f 11 • tr t atrls. rl 

a ta a ro ' 

t ct t at 

Ia 1 elt gr a lace 

I ta r 1 call t r r r p 

t • 

!11!111&118 a.a.1 • It A ,. a c a t r 1 t 1 - 1 • ra 

of tt tt . •dl •• t aac t at A~L •• • trts. 1 e ra 

O'fer L, ( r L e 'I fiatt .. ,. 1 of ) t • 
3 a C atral t •• r-at e ra of flat te ., •• • • 

• c t at ,....., 
t ::> L c • J • LL a J2 . 

.. ,., • ttc t at tac ~ L ~ (J..) , &• ~ L • 

(A@. L)• ~ ( 
I( 

a(L) )• ~ • (L•) ~ a(L) eo t at 3 • 

1-Yect r • ac .. , '· of fl aato ••c til at 

A•@ L • adLY . ttc a lao t t .Ct • J <tKJ • •• J'( 

·a' L •• • rt f • '· • at t c & t ot 

•@L l ' · F r t ,. • 1 • tlf'l le e ta t L 



witll lett aaltiplicatiea •• l •• that L C: l•dx' . 
thro•gh the iabeddiag t ~ lada. f giTea bJ L ~ f.t, where 

ft a t -7f is aacll that r1 (T) • tT. It w-f-A• ~ L • ladLf' 

thea w beiag aa L-liaear aap ot t, tor t~ L we lla~e 

w.{ • [.w J i.e. •pto ide~titicatioa, ••fr • ~ •• tor·j, (wtL )(T) . 

• w( lT) • lw(Yt • flw(T) • (fL w)(T) V T '-' ,ao that . w.tL • tt•" • 

Th•• L ia coataiaed ia the co-•tnt ot A• @. L. CoaTeraelf 
I( 

let w beloag to the ce .. •taat ot 

w.l• t.w tor l~L J this ahowa that 

.A• ~ L ao that tiratlJ 
1( 

w ia L-ltaear,i.e. 

ot EadL l, -&o • t Ceatre of 

l•de that the c .... taat ot 

ladL l , i.e. • f- L. leace we eoac-

A• (i) L ia 
I( 

Ea~f ta L • 

Let 8 be the co .. ataat of .A• ta Ea~t. !llo 

Centre of B ia aotlltag b•t tile eo .. •tnt of I ia la~t na, 
i.e. 8 (\ A•. Reyeratag the role• of .A• aad a, the eeatre of 

A• is also B (\ A•. Tht• aJaon that B (\ A• • K,ae tJaat eeatre I 

= K. Tlleretoro ~J Propeatttoa 2.1.6, A• ® B ia a Ceatral ltaple 
. I( 

1:-algebra. 

Ceaatder til~ ••ltiplicattoa aap fN A• ® B ~~·~' • 
I{ 

ltaee A•@ I 
K 

ta staple, kerael G • ( 0) aad ao 9- ia taJ ecttye. 

ataeaatoa eoa•t•eratloas &how that lf ta ••rJectlTe,ror 

... J. .. 

aad tboae are oq•al bJ rb,orea 2.1.12. 

We ••• &how that the algebra B aattattea tho ro-



qwtreaeats of the Pro oatttoa. lace A·~·(\;-~ a~T ' 8 
• til taYerae claaa of A • ht A t• tlae layer•• clua of 

Therefore 8 ta Uae • e class aa A ' t . e . ~A • 

• SeeoadlJ, tlle oo-ataat of A ~ tile eo•ataat 

A • ~ L :; L • Tlaeref re the oo-atut of A • =- 8 :::; L • 

LutlJ, £!•• tJl. a • r.J • LA• a v.J.Ca • xJ • 
2 

~Y t v.J ---(1) . at thea~' a 1.~2 • ~··~ xJ , ataoe 

... 
• 

A • 

of 

A·~ L • EadL Y , ud tlat a tapltoa that £t a L.J2 LL a 1J'l • 
· ~··· IJ~L a x_72 , wlatcb together with (1) gtyea that 

.c··· aJ.C I •J- r··· xJCL I x_J2. Tllerefore Ca t IJ 
• CL I aJ2 • leaee the ·~••••ttloa . I 

Lot D be a dt'fiatoa rtag wttla eoatre 

C ••ell t.Jaat ['D 1 r.J < M • llaea 3 aa esteaatoa field L of 

I aaoh that (1) L c , (11) L ta separable •••r I , aad (ttl) 

L {t C • 

Proal a If clla~aotereatte K • 0 , tltoa aaJ esteaa·toa ftold 

of & dltfereat fro• I aad coatataed 1• I wi ll do. 

Let claaJPaotereattc I • p • lt .Ia eaoagll to prod••• 

u s f D - I aacla tlaat s t• separable o1'er & • Sappoae ao 

•••Ia s estota • Tlaea ••J s ~ D - & ta taaeparablo oyer 1 . 

1'1aao for s' D - &, 3 aa latecrer e i'. 1 aad a oeparable polraoatal . / 

f(X) f 1~!7 ••ell that f(lp ) ta tlae alal••• polraoalal ef s • 

low sP' betag 

eaaloa &{•''> 
thea K(s'e) 

a root of tile separable polJaoalal I(X), tlae est­

( c D ) ta separable •••r I • Jf degree t(l) > 1 , 
e 

~ X • flaw• l(sP ) eatlflea tlae roqatr .. eata . If 

degree f{l) • 1 , •• aaaaae that V s f-0 - 1 , 3 • ~1 aaoll that 



•• • • a '- I • t iL e a asta 1 o tatt•• •• fte1cl of , 
• 

( •••• .Q •••• Ia t at r IJ.. I J 2• C I l.j ) • ta l .n4K8 (..JL)-e 
• ow (}( s (i 1 ) 

0 
• ~ • ® 1 ) • Q( a ® l) • (} C ( 1 ® J] • 

a ~ (I~ 1) • 1
8 

, I' x a atrts . It 

~l ' ~2 • ••••• :A are t el e 1'a1aea or tlao aatrl& 9(s.@ I) , . . . ,• , • , ., ....... _., e<• ® •>' .,.. ~r . ~, ..... ~ • . 
t bf w t r ced a,t e et ta1'a1 •• of 9(s ® 1)'

0 
are all oqwal 

e • 
t. a • a ••• " ' • ••••••• • .A • , •• tllat ~~ • -"2 • ••• • ;\•· 

t • t 1 •••I••• ot G(a{j 1) ar all • aal. T ta ta tr • -

•• lt s ~ • leaoe tor a '- , tla trae• or G(s ® 1) • 

a x ·t • elge yalae et ~(s~ 1) , Alae • / •, for,tf • ta 

t 1 t t a o t at a ~ , tla tile •tal tr • tal 
• of S will .• e s • • , T at Ia •LI(s) I i.,] t a altl It 

f • lao £i (s) I 1J ~ I J 4 r t IJ • a
2 

• 

t er fol" • / 
2 

, d laeace / a • 

· f la • o tllat tile tJ> • G( s® 1 ) • 0 It s ~ D . 

T ol ~at• {g(s ® 1)} s f t1Yo 1 t of • era•ora ot 8 (..n. ) 

aa aa ..Q- apuo • flat• glwea tllat aar ole oat ot (Jl) u • 
ll'aoe aero, • lela ta I •• lblt. 

T ta pre-.ea tlaat 3 r ~ , 1 aop ra 1o oYer I 

• I 

Prtataltloa 2, 2, ! I Let 

s aacla tlaat r . lj < ~ • 
a ctt•t•loa tla wltll • atrt 

Ia a 3 a esteaatea fleld L of 

•••• t • toll wta ro rtt • 1 (1) L c 
:~ I~ aa (ttl) L Ia eo r blo oYer I, a. • .... 



a •asl al co tatlye aabfleld w~loh Ia separable •••r ~ ). 

,,,,, . BJ tile prewloaa Prepealtloa , g a field -r.L • 
Jl c D . aad .fL aeparable oyer K, aad .fl. (. I • Lei • •• 

• • aettee that D' ia a dlylaloa 

ria with ceatre JL • ow, .C ' 1 IJL ../}_ 1 lj • C• 1 I.J ·, 
ud •lace £ 1L 1 ~J / 1 , we aotlee t at LD'a&J < C Da&J • 
Agala ataee C •a .ILJ£ ..fL aiJ • .C D'aiJ •• £ n••.!JJ< .CD11_]. 

• ~·• a aabt-

told L llawta the followlao properttea a ( l) L ?11 , L ta 

separable ower .1l , aad ( ll) C La.Il.J2• Co•a.ILJ. We ••• 

slow that L •~ttaftea oar reqalre .. ata . low, CL11_]2 • 

£La ..n..J2C..£]_ 1 J 2 • £o•1.n.J[.n. a1_]2 - ·co•aiJC.ll.. aiJ. 

• £aacJ. Alao · L ia aeparable ower .12.. aad JL Ia separable 

ower I , •• that L Ia separable ower I • loace the Pr••••i-

ttoa • 

Propoalt&oa 2. 2. 4 • . Let be &aJ Ceatral Staple 1-altebra 

tf flalte dt••••&oa ower I. • Thea there estate a t&alte Galata 

lsteaa&oa A of I ·apl&ttlat A , &, e . 3 a fta&te G•lo&a Estea­

at a A of I aaell that A @ .fL &a a •atrts algebra •••r JL • 
froef I low A ~ Ua(D) where D Ia a dlw&a&oa r&ag . J 

Propoa&ttoa 2. 2. 3 , ~ a aabtleld L of D aaoh that L Ia 

aeparablo oYer aad L Ia a aast•al co .. atatl'fe aabfleld er 
D. at thea D ®. L •••t be a aatrls rlat oyer L • Let JL be 

K 

t11e lout aonal exteaal a of I eoatalalag L • !Ilea A. Ia 

a tlalte Galota esteaatea ot I , Also a taoe D (l/L~( D ~ L) ®JL ,-
'< '-



D ®JL ta a •atrts rbag oYer J\_. low A @J\. • II (D) @._J\. • 
k. 1( D · I< 

(118 (I) ~ D ) ~ J\.. • 118 (I) ~ ( D ~ J\. ) • lla (I) ~ II•( J\) , tor 

8 oae • , - .... ( I ~ ./\.. ) - .... ( .I\. ) • I 
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• • t t • • t OS tl • l fer 

• lti lleati • < 1 , t) • (rJ , J). I 3 1 t l 

.t wtt. '• <•,> . '.t (, .. ~ t g t • • 
e tal of (r1t(a1)•r.t (r.t> • ) . l {s. , l) · ~'.t ' J 

• t lY le e cl f (tl (sl) · f .. (JJ)~ • • 
· I A 

t ' I i 
I t a r • 

2 I L t L/ • tl it al ta t al a a 

let rL' Ita 1 ta 

• • L - ?oJ a L 

If' f rL/ . t t a c at rt 

aue t t (u-, s) ~---t<r( ) (. 0 

.. • 

t 

t I' 

• 1'11 ... t • 

rL' le r r , If 

1 fl! )( ·~ • 
s f. ' 

1a y 

a 

o-1 a-2 (a) • <Tt(r2 (s)) , a-(s+J) • u(s) + a-(1 ) a u(l) • 1 

'rJ r 1 ' r 2 t <r E rL/1 • e 
2 

( r L/ , L*) • ow 1 t 

L. • Uc flr t t t rL/ • r~ I 
o t at e a 1 11

2 
t I (tLI ) 2 

--t L --t t t e 

pt v f, (~ 1 ) ~ • • c t t i (x. r) • t(i. j) 

v .,, f r•l . c 1 e 11 

g I 2 • (rL/ ,L ~ _, C2 o 

t r t re tal 0 t 

11 lt Ga ta sea a ot 

co t 1 1 • 

1 t Y rlfJ t at 

Ia cea • 
or t latt r rt , tt ta t • • t er 

C CJCl a I t JCI a f c - a rl a t .. , ... 
a L t t e a 1 1 • r or Ia 

a t 1 alo ralc cloa r t • ( ' . r 1 1 • 
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t 1 • r ...... or t i t all 

epar st 81 • 1 a tl • al e ate el t K) • 
lle ., t • f 2 ( t../ , L ) 1 c. L C 

t a tl lt 1 st. t • • 
e 1 etl et t 11 It • al Ia xte at •• 

t t. 1 • 

11 • later t 

b t ftret r ll' r 

est • ctt • 

att 

• 

t 

Ita • 

l t 

2( ~L/ ' 

~ : ... r (~ I • 

·'· • 
)­
) . 

• 1 1 & 

Ja t la • ctt • al ., I t t orJ t Cr ••• • 

ro ct. 

2 
rot 

ra wlt 

(~ I 

L t L/ 

a •t • t.o 

• ) • 

rt lte alol 

a 2-cocJcle t t C lola 

tt e • Z La , rr 

1 tt 1 

t at 

wtt ..... 
• 

r t t 

et a 
(T"f "'( 

• 1 L • . .. 
flDl CJ 

pllcatl 

• a ., tor • e ftrat . OW i ltt-

8 I it s {;; t • s • cr(s) 
tr • r tbe 

t • (z •v- 1\r-)(z- 1o-•a-) • 
- - · z alr'o-(J-c )a • lace 
v ... <rt"'C CT"'C 

rodact t 1 ta t , 

--~ <s.r &}<rl: e) • Z • cru-11-c ) 

• a • • tr -c. cr' t: cr -c 
... t. ta tl l catl , A e 

ua ctattye at •• •• clatt'flt.J t 11 • tr t t llo-
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- 1 -

1 • rt••a->< •-c >J(c"f ) . • a o- ( """"c >c f 

• a cr trr -( l) • 
.,.... -r <r-c, r ref 

<r 
:= a a 

<rt"t 

< •a-lC< 
• <• ~C c 'C a -r,r 'Cf .;7 • 
c ri (I) aa (2), 

a- crt" r 
a a f a 

't:t <rt Cf' a-t'f' 

' '"• 

-(2) • 

11 1 at t teat 

1& 1 t cocycle 0 1 t • 1 1. l rttr , ,. 
1 ttY • Ala ta a ra e • ftr tly • 

y c r apac y I' • • ly , t .... , IX t- &, we •• 
rJ..C(a a-) ( &c )J • 0\ Ca•r c J. rx C " •. J. 

""""~ 
rJ.. r a cr. . ....... J • rx ab" a ... o-1 -c .. ... cr1 .. 

-( ) 

L fl.. ( ~)J( t: ) (~ a rr_) ( ) 
cr 

• fX aa • IX ab • v- c u-c 

lX a cr ar,"t' • er-e - -(4) aa (a~)L~ ( •-c >J • ( •~r ) ~ •-r ) 
r rcr-

• •• d'"" ex '( • lX r b 't: • « 
lrcr- .. 

• O( tia •llol a • 
cr 't: crt t: err: cr f -c (f"""C 

( 1 c lX.f r L) • 
tr" 

O\ a u o-,-c <r't: 
-() . -c >J • £(J. (a tr)J(b t: ) 

• (aacr),C'rJ... ( -c >J • ( 11 rt tr), 

is • 
p 1 t ia tr 1 1 

It o ra wt t L 1 s ast 1 o t ye a tel • 

0 t t 1 

Let • 
a 2-cocycl , '3 a 2-cocycle o a ell at ( ) ,_ ,. 

( 11) ( 1 ,~ ) - ( cr, l) • • 
roof 1 tl 1a a 1-c ala . 

• ta • • r - --a • ta wt 1 , r r t • iff .. 

1 a c I'J a d t ia tyea (l) • ll oaly y rtf7 

(11) • • o(l ,~) t(l ,cr) -~ h(l ,~) • t(l ,~) -{•tcr)- ( ~)+h(l~ 



-52.-

- t( 1 ,ai - 11(1) .• t(1,<r) - t(1,1~ • 0 (ltJ the oocJcle ooadt-, 

ttoa t.e. a1 . r • a
1
' . 

1 
'tJ o- ) • Al•o 

a ' ' J • f{a-;1) :{a-11(1) - ll(cr) + l(a-) 

g(cr,t) • f(a-1 1) -1() ll(a- 1 1) 

. •••o• g(u-,1) - f(a-,1) -

<rll( 1) • f(o-, 1) • u- I( 1, 1) • 0 (by 

a~, 1 ). leaoe we get (11). 

the eoorolt ooadtttoa a 1 • u-, 

••••r• s.a.1 • 
lot a ... • lte oqalYaloat 2-oeoroloa of 

tL/K <r,-c. a-,-r. 

Yalata ta L*, Tllea tile algeltra A • {_ Lacr gtyoa 1t7 a 
\lf"C . 

... 
the algeltra B -LLYG""" gtYea 1t7 It are K-taeaorpllte. 

a,c 

Prttf I ltaee a ta eqatYaleat tt 
a-,-c 

It , .3 o f L* aaell 
r,~ a-

ft_ 1!-:. a • _ ___. b ----(1), Deflae 
r,t:. 0crc .,.., 'C. 

fa A _,a ••ell tllat that 

• ~ o • , aad estead I»J llaearttr. !'Ilea t t• a rlag lltata-
~r <r 'lr 

orpht••• Tile addttiYitJ ta clear. Per the aultlplleattYt!J, 

f(•~r)t(ut:) • ( o_Ya-)(ct:Yt:) • c ca-b Y -caad f(u •) • f(a a\ • 
v <r 'C. a-,-~ cr tr 't tr f"C~ 

a t(u ) • a c y • Uatag {1., the right llaad atdea are 
,., 'C. • <rc a-, -c a-, -c ere 

equal. Alat f ta a rtag taoaorplltaw,aad ta particular a K-1••-

Let pa aow ftrat t!tltae wllat •• prop••• to dt a 

aeaark 3,2,2 a A ta alreadJ •howa to Ito a &-algebra, 

We •Jaall first Bilow that A has a aultlplleattye tdoatitJ,that 

A ta ataple aad that Ceatre A • &, We will thea all w that tile 

oo .. !taat of L ta A ts L ttaelf,t,e. that L ta a aaztaal 

oo .. •tattYe aaltrlag of A • 

lotte• that A ta a fiatt• dtaeaatoaal 

L-Y••tor apaoo aad L t• a flatte dlataatoaal K-Yeotor apace, 

•• that A is a fiatte dlaeaatoaal K-Yeotor apace. 

leaoo tt wlll tllaa be 

•••• ooatiaued, •• 



ahowa that A ta a ttatte dtaeaateaal Ceatral Siafle 1-

aloe•ra witk L aa it• aaxtaal co ... tattYe •••ttag, 

Ia parttoalar,lt L t• a aaxiaal ee .. atattye 

aabriag of A we will haYe ~Aal_7 • ~L11_72 ---(1) , •r 

Corollary 2.,,13 ... t thea ~AII_7 • ~AIL_7~Lal_7 aad •• 

(1} will iaplJ that ~AaL_7~La1_7 • ~La1_]2 wkiok will tiYe 

J:AaLJ • . .C.LIIJ, .Farther, e( f&./1 ) • ,CLa1_7 • ~AaL_7, 

leaark 3,2,3 1 Thereafter we will abow that A 1• a aplit 

1-algebra,(t,e, A tf a aatrts rial oyer I ), it aad ealJ it 

tile twe cocrele a 1• eqa1Yaleat te the tr1Y1al 2-coercle cr,-c 
b • 1 V ~ 1 "C • To do till• we eapl 1 tke tellewtag preoee-

crn: 
dare a Let Aa (aotatiea) deaete • A with tlae ooeJole 

a-,c 
aad let A deaete • A with the trtytal 2-cocJcle t.riYial 

. ,• 
ern: 

b~,~ •l ~r, ~ ,• We will ttrat alaew that AtriYla~ •.(1) --(1) 

where a • ~Lal_7, Thea tor the ttrat part et the preet,we 

aaaue that •crtc ('\.;" •O"",-c aad pro•• tllat AtriYial~Aa · y-(3). 
cr,-c 

Thaa the oae war iaplicatiea will be preYed,•eca••• (2) aad (3) 

together iaplJ that Aa ~ •a(l) if a ,_ .It • Per tlae 
(J""f"t: r,"t: a-,-c. 

coayerae we •••-e that Aa rv-~ 11
8
(1)'!--(1). lat tkea (2) 

o-,'t. 
aad (4) ot•e that At.rt1'lal ~ Aa ,Tile preef thea that 

v-,-c 
a ta aow eqa1Yaleat to •~ wlll fellow trea a Prepeat-r,"t: ,'t. 

tioa below,t,e, Propeattioa 3,2,2, 

We aew proceed to troye tl••• reaalt• 1 

Clala I 1 A haa a aalttpltoattye ideatttr. 



.. ,, ... A • IL•- correapeadtag to the cooJole a 
v r,-c 

wt til tile prepertJ that a o; 1 • a 1 ,r • 
ta the aaltipltoattye tdeatitJ lor A 

ldeatt tJ Vcr • lew • 1 
fer, tl s f.L, tlaea 

a 1s • s • sa1 ( after tdeattfioattea el L wttll La1 tllreagll 

the taeaerpllt•• t...._,l.1.) ~1•• a1acr-. a 1 ,u-•cr • •a-•taoe a 1r• 1 

aad • a 1 • a 1a • • V tr • fila• a 1 ta tile aal tipltoattye cr cr, _.- a-

ideatitJ for A • 

fo pre•• tht• for A wttll .. , 2-eooJel• a , •• fiad r,-c 
aa eqaiYaleat ceoyole · • aad the propertJ that <r,-c •cr-: 1 • •1 rr , , 
• ldeatiiJ Vcr. !Ilea bJ •••••IE 3.2.l,tbe al~ebra A - LL• ,, ••• -

. bJ a aad the algebra • - z~. __ ,,... ., • are rtag 
Q.~ a;~ 

tae .. rpkto. Bat bJ the abeYe, I haa a aal~iplieattye tdeatitJ. 

Therefore A . llaa a ••ltiplieattye ideatttJ. 

C lata II 1 Ceatre A • K. 

A••••• that a 1 ta the tdeatt tJ for .l • Let x e- A aaoll 

that x f. Ceatre A • We write s • Z sr•r, s __ - • !Ilea \1 l~L, 
ls • sl • lew . ~ • I!x • ud s[ • Z x • ( • ls~(L)a. 

II"" cr tr cr v c:r-

I lace •<T"' ta a baata for the altebra, oeaparl•t e etttoteat•, 

txcr• sc:-< l). It s<r j. 0 thea o-{L) - e I,Jrr -f' a-. ldeatitJI i.e. 

X • 0 a-

bat thea 

if a- j. ldeatitJ. leaee s • s 1a 1 • Alae 

• s • (f"'(s}a • sa •\ cr(s} • s \fa- ~ cr cr a-7 7 

• s • sa , q- u-

s ~ K. Ill ere-

fere Ceatre AC K, aad laeaoe Ceatre A • K. Tilt• pre••• ear 

Clala 11. 

Clap Ill 1 llae ee .. ataat ef L ta A ta L ttaelt • 
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t. t X f t t t. • r t s u ll- • rr 

1 l ~ . ls • xt • c f t t t 

L. 0 ~ It- q-~ • L ~cr(! )•cr l L llrr rr • 

e •cr t t c 1 tr t c l , l a-( t ) • t(, • 
r 

f r t r <r ( t ) t 11 !cr ~ t V tf L • cr • . -
t.lt t ~ ; t • • ~ . cr If ([""~ d tltJ . e • 
s • t. 1 f 1 ( ea t k 1 • I • tltJ • t) . re-

t ... t c t or L l A C L. c ' ... 1 Lt;;C -
t.a t 0 L triYl 11 t d • c t. 1 la L. 

' ' ,. •• ple • 

et (Jl; • ro - 1 e t al t • • 111 

1r at a. • ••• f wit . " • tte 

a • L1u + l2 cr2 
+ • •• t .. ' ( L (. ) . ... • 1• • e crl rr 

L f. L t r ts le at . 0 I' / •• L t • t t 

~1 (! } (. r 2 (L ) • ( c r 1 r 2 ar di li ct.) . .. 
a~ • Ll.crl + • •• + ••• • l a-l(t)•a-1 + 

l f (Jt ai c fl t.• - st 1 al . 

( cr-1 ( t )) - 1 a l f. Ot • t <r1 ( f ) ·Ia t • ~ 

t t a- r1 (~ )-1 a ~ • o i 

t t 1 8 a. 
llty f r • r 1 ' '··· 

8 • t at t e • 
<rt 

r 

• -I 
frtrr 

l • l t tJ f L • 

• • 1 l • t t • it t 

r r for • s ••• 

••• + • ••• 

t 

1 ul 
• t 

u­

• • • 

• •• 

t 

• 

• 
+ • ••• • 

t 
-· . -l , _ 

aatt. . ~ . 
, a-l 

1• 1 t - 1 r (•/ t 2- 1 



ta eq iY le t to tb r1v1al - c cle = 1 v a-, "C • 
<rt "( 

.t:"stly t s 0 t t AtrtYtal ~ a(IC) , • r . - ' 

CL t IJ ' t p t • ---t' (L, L) •• 
f( aucr ) = ,:A . a-

a ' • r "'· 1 hu t ftCJ bJ •• {El ate 

ot are lin r co bt tio • of a • ) • rr . OW f ts a 

r1 g • a dl iYltJ ts cl r . Ala 

f( ( aucr )( •-r ) ) t( a .r rr-c ) = )I .)1 <r o v r: ( si • 1) . 

t ( .A& cr) (Jt o r ) =- ~. o .Ab.,.- o u t' • T ref r t is a rlag 

o o or ts • r f ts not t z ro •• ec the ide -

tlty f goe t t 1 ttty of o (L, L) . Ala , tern 1 

f in a t wo- std d id al , must e (o) . T ref r r t• 

1- 1 . Dt naio constd rati • 8 ow t t f le tjecttye 1 

(b th aY - 1 ension ~L a ~2) . T erefore t i8 

tso or 0 Atri vi l f'v a ( K) ' 

iag t. t a a eq iv 1 at to 
IT" t t' 

, bJ Re ar t 

llO tb t 

. t a f. Aa rv ( ) 
II 

if 
cr, c 

of Cl im Y c at to (i . e , 

For the v r e , 

• CL , xJ . I f we as 

•• "' t r 11'1 t • The t 
r:rt t 

tr1Yial 2- cocycle follow 

a . rv b • r:r, ( !T"f 'C 

ct rk 3 , 2, 3) 

we D011' ttl t 

m • t at 

c t t t a cr, -r 

• Th • to ether 1mp1J 

T 11 t e ae w 1 tapl t-

ta pr oYed. 

Atri Ytal ~ 11a( ) • 
a (V . <x) , t ll 

a-. -r 
ta eq 1 valent to t e 

f r o the to lowtao 

Propo itjon 3. 2. 2 s L t A • L L wi th the cocJcle 
<:r a a-, t 

d let with t e c CJcle • T e • 
1 - lg br a (=) • 

Prgof 1 1 ~ t li e tl h s alr ad7 
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•••• proved. For tile coawer••• let It A_, I Ita tile glwea 

rplllaa. Let t(L) • M • ••• Ia a •• tiel• ef I. 

I • ~ Mt(a ).- We llaYe 

u •• "'l ••• ~uer tHen., 

Alae • a •• 

••I•• 
Ia or aat •orplll•• •ar • or I •=-• tllat 

pol • •••atltJ oa L. Lot •r • (p 1)( ~>· 

ApflJiag p to . .. ,., 1 .ra..cr ,u1a1 , ... ra t tllat I • 

z.. \f"E-tl/K •r( •o-) • 

u ......... ,. 
e ••• waat to ••• tile ltlplleatloa Ia to ., 
•... or 1. Per s f L, .. .-.. •a-• • o-(s)•~ 

ApplJiat t to eaell •l•o,tlle L.l.l. • t(aa-s) • f(~)t(s),alaee 

I Ia a ll·••tMI'plll••,ud tile 1.1.1. • l(lr(s))t(•r)• Ap IJI•t 

• t oao ' pof(~s) • (p r(~))((pol)(« )) • •a-• ... 
po~f(r(s~)I(~J7 • (pol)(cr(s))((pof)(a~) • ~(s)w~ ~ •• ·~ 

• .r(s)w:,_ • est,atartlag witll •o-•-c• arft: • ... c , n t•l 1(•.,...•-c.) • 

l(a •4') ~ f(a~r)r(a-c) • f(acr )l(a.,...c)• ApplJiat p to eaell ,..,T r t""(. 

•••• 
wlllell eloaga t 

.... , t • •• til t , ......... t • • .-1 
tr" ' tr' 

8 ataoe •~ Ia a alt , eo ... tea wit all 

elo .. ata of L. Tlala will allow tllat • ... • w;1 ~ L. We la••• •• o-

• cr( s)'- lor s E- La alao ·~· c cr(s)w~ •• •••t , ...... , •• , 
. -1 1 ~· •r s • sw,..o w; V s ~ L J 1 •• to allow that -1 ..... w ... swr• .... 

s •r(r) t tile L ••• • • o w·1~(J)W • • •• -•.,~ 
a- ... <r <r ... ~· 

• •~J , ud tile •••• ar(r)• ... a •a-7· Tllerelore ·~ w;1s. 

•• o w-1 V s ~ L , •• tllat cr or 
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·~ are aatta, ao that ·~ • •~•~· lew, the eocJcle wttll tile 

baata c y • • wtll be !~!~~( the ceeJcle tor the ~a•t• cr ~ ~ . 
.r . Ccrt: 

t.e. !~c~(~ ). Bat wtth the baata •r, the eeoJele fer 
•cr-t: cr, -c a-

ta • • !llerefere the eeerele 
cr-,,; 

• - !f; 0-.: )( • • , ••• 
~. t: o.,..'C cr, t: 

ts eqatwaleat to b~ • leace the prepeatttoa. I ,"t: 

a 
o-,-c 

to preY• the fellowtag aata tlleerea of tht.• 

aeottoa 1 

!lleer•• s.a.s ~ . Let L/K be a tt tte Galot• lsteaatoa. 

Let A • l L11 correapoadtat to the 2-oocJole . cr 
a , aad let 

cr,~ 

a • ~LY oerreapoadtng to the 2-cooJele b • !Ilea 
r ? 

ta eqatwaleat. to the algebra deterataed bJ the ceoJole 

(ta the ••••• of Braaer lqutwaleaee). 

!lie proof of the Theorem reqatre• the tellewtag 

Lewa 1.2.4 1 Let A ~· a ttatte dtaeaateaal •taple 

K-algebra. Let e be aa tdempoteat ta A , e ~ o. !Ilea eAe 

ts a staple a-algebra eqatYaleat t A • 

Proof of the Le11a 1 ltaoe A ta staple, bJ Wedderbara'• 

theorea, A • •.(D) tor aoae dt.wtatea rtag DJ t..e. A • ••••'' 

where f t• a right D-wector apace. Staoe e fA , e caa be 

coaatdered •• a D-eadoaorpht.sa of f • Also A operates oa f 

oa the •Sill left aach that :lt • E- A ud d t D, y e f, thea 

w(yd) • w(w)d ---(f). lore ., aad (1 .. e )f are 1-aabapacea 

et ' bee a••• of (l),tor, '' K EOf thea s - •• t r •••• 
y f.,. •• sd • e(w)d • e(wd) t- ef. 1'1aeretere ., ta a -········ et ' • lt.atlarlJ ( 1-e)f t• a 8-aabapaee of ' aad •• eaa al .. 



1111 allow that Y • eY@ ( 1 - e)Y • 

Claoose ••• a D-baa:la s 1,s2 ,, •••• ,~r of eY aad a a­

basia ~1 ,~2, ••• ,~. of (1-e)Y. Tlaea s 1,s
2

, ••• ,sr''t•12 , •• ,J
8 

:la a D-baa:la of t. We coapato tile aatrls of • witll reapoct 

to thia D-baaia of 1' • low es1•o( !1' i) wllero s 1••1' i toe 1' 1 €-' 
atace x1 ~et. Therefore exi • e(e1'1 ) • e 2"i • •1'1 • z 1 'tit, 

1 { i! r • Alao erJ • o((l-e)wJ~ 1 wlaere ~J • (1-.e)wJ toe •J ~ '·. 

Therefore !Jj •A(~~:~·~ -~, ;~!!5.tll~ •atrlz of • ta 

diagoaal (l,l,l, ••• ,l,o,o,o, ••• ,o) • Uaiat bloct aalt:lplioatioa 

ot aatricea, ••a (D) • . . 

(:r ~) (: :) (:r :) ~ (:r :) (: :) • (: :) 
lo •-.(l)e • aet of aatrlee• ot 

{•o o
0

) \ where P t• aa r x r 

the t)"pe 

D • . Tiaaa t• 

iaoaorph:lc to •r(a). ••• A~ D bJ dotlait:loa, aad alae llr(D) 

f"J D • Bat thea llr(D) ~ eAe • leace eAe ~ A. leaeo tile Le-a.# 

Prtof ot Tlletrea 3,2.3 1 

We aote that A@ 8 :la a coatral aiapl! K-algobra. 
K 

.llao L ®. L ia a eoma•tati1'! •abriag ot A ® 8 • We will tiad 
~ K 

u ldeapoteat e f. L ® L , e /a o,aaeJI that e(A@ a)e ta oqai1'a1 .. 
~ ~ 

eat to the algebra ~Lw_ corroapoad:lag to the 2-coerole a • b • . 
\1 -,"C. .,....,."'(" 

IJ 1•-• s.2.4 1 we will lla1'e A~ B r.- e(A ~ l)o. loace tile alto1'! 

atateaeat will iaplJ' tllat A~ a,..._, awo- corroapoadiag to tile 

2-cocrcle • • or 
• • 

(r f'C ' 
••• coatiaaed ••• 
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.. 

•• we will .. t•re•••· 
aew L belat a· ae,ara Je eate atea -et I, 3 

' .. . 
• t c L aa • t at L-Ift). Le\ P(s) t~e lal•al . 
p a,. tal et t ••• • Let ~Lal_7 • a •• t hat de ... 

, ..•. 
II • • .~J4t..l.•t.:.(l 'Q'"" Ill . Cl ••• , 

1f ( & •<rl) I> I 
~~ ~ 

J!:, ( t (j 1 - l (j 1r t.) E: L fik L • Alae ata e L/1 ta a tara~le 

t 0 erat a L/1 ao u-t /t t 'rfq- f. l,ae ,., 1f (t-a-t) ,. • 
r:~r 

ea 1\ (t•rt) i) I ta a aeaaere ol-at I L@ I~ L, u• 
q--~1 

ta oaeo Sa•ertllale. r ereten e c L ~ L • We nil a • tllat 

• •• .. ..... • •• , ( .• ,. 0 ) • 

Ce elder •• (j I • I I t)e • ·},f:! !,j ,, ";!) • 
• Q. -lt.Wt -a (j 

''• • ' ~ 1 • ' ~ '• + 'a - •••••• • ••• 
'••'a•••• u• •• ... ,.,., • ett • et -ct, c.~~J.11 • 

• r 1,t1,t1,... tat e t • tarr • trt h tt••• ta -c t, 
•• t•t t 1,t1, ••• '•leat to • I r eaal I, ta-~ 11 • 

a-1 ~ I • r....., 1 a-L... I •-•~ ' '• ~ ' •• ,,., ' ~ - ' ~ 1 • ' ~ 12······ 
( a a-1 a-a ) r-. 

• '_,,, + 'a' - •••• ~ l • ,ata • ' •••tara • ' • 
· ,.,,. .. tal r(a) • 1\~( • - ~• ),tle • eta el r(a) tat all ••• 

"C'" ,_,1( 
~·. L~ 1L/l .. , •••• , ••• ' ................. , .•. (~1- Itt)• 
• 0 ao t at . (t ~ l)e • (IC*)e. Alae J J ~ L Is ef t e to~ 

t a1 t 1 ; t r a1 ~I. I n • (J@ l)e • r<Ia1t 1)@ lje • 
1..0 
Z"( •,•'@ I)•. I•,<•'@ 1)•. Z•,(t (j) 1)1•. Z•,< I@,, ... 

• la1(1@ t 1)• • I< 1 ® a1 t 1)• • ( 1 ®Za1 t 1)• • ( 1 ® r)•. 

aa ( J @ I )e • ( 1 @ r)e, tor r f: I.Atala .a. ~~ (tel.- lltrtJjt 
11 ( ' -a-t) .Q 1 a-~1 . IW 



..... 

• 
Tf (t@ 1 -a- t <i l)e 

Tf ( t - II t) (j 1 

- 6\ -

• Jr, {< t - ~rt) ~ ·J • 
Tr ( t -cr t) @ 1 

II:! I 

• • • 

tore • ta aa td mpote t . To abow t at e ~ , we •• t t 

t l t 18 , a - 1 {.;} 1 - ,a-. '2 (;;') "1 t e nua rator of e spreaa o or ~ ~ • 

•••••• , w er o1, o2,... are eert tn el eats 

or L. 1 ta onz ro atace 2 a - 1 1 , t , t , ••• , t . t - b ts 

t L. 

Constd r n w e(A ~ )e • ow A~ • ( Z L 
11

) ~ ( LL\-) 

• L ( L @k L) ( ucr @ 'f'C ) , cr ad -c ru tag tad eadeat 1 'fer 

~ /I tn t ia a att • · Tlaus e( ~ ~· • Z e(L@ L)(acre "-c )e 

• L £e(L@ l)eJ£e(l ® L)eJ£ •(•(T""@ \-- )eJ. Notice t t 

e(L @ l)e • e(l@ L)e by w at w proY de rlier . 1 

(L@ 1) Ia - 1 o orphic t L , the ls r 1•• b t g 

( ~ e( 1 (j 1 )e • e e e( @ ) = Z L• w,.. • ere L' • 

e(L(J l)e a w c e(u fi\" ) a- v- 'el c • We will n w e ut 

2- cocycl with reap ct to sing t t et t at 

f1 J) o­

c lata 1 

ad 'f (s) • z:(s)y tor 1 t- A, a ~ 
"C l: 

e(u @y )e • 0 tt o- f. -c a- l: 

• lt r 

Thla ta th au 

- (1) • 

tt 

• 
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Tbaa the R.n.s. ot 
. fY, ( o'==1 t ® 1 • 1 (j .C1 f t) 

(2) • (ur~ 'f"C) 1f ( -lt- -If t) ~ 1 • 

Suppose aow Cf" (. 

f ~ Iu~nlitJ aad 
-1, 
o- -

f•l o- c:r ~ 
-t 

't: • t'hen taking f = -c a- , we laaYe 

;:1 t .. -c1 f t = ;.1 t - ,:"1 
"C ~It • 

lienee in this caae 

Let ~r • -c • 1'11 ea e (a ~ 'f ) e ::r ( u @ 'f ) e • S 1m 11 a r ly •• r~ ~ o- q-

eaa pro'fe tbat e( •cr-@ "-c) e • e( •cr-@ 'fer J • Hence e(A ~ B)e 

• zt.!. where • • e(u @ 'f )e • Now let e( L@ l)e E- L' u- fr" cr- <r 

= e( L ® 1) e • Thea •a-C e( l (j 1) eJ • ( •cr- ~ 'fer) ( e( L@ 1) e) • 

e(u<r ~ v< ~ (j l)e • (by awtteblag • ) ' - e(ucr~ (j •cr)•. 
e(<r(bao-@ 'fa-)e = e(a-(L)@ l)(ucr-@ "-)e • ,Ce(a-([)@ l)eJC• 

(u (!) Y )eJ • e(r(l) ® l)w • Aleo • • = e{a @ y )e2 (u@ y )e 
<r cr cr lrt:: r a- -c. -r 

= e( ua-u ... @ 'f 'f ) e = e( a a @ b ., ) e • 
.... r t:: <rt-c a-c o-,-c a-, t 

e£(a ~ b )(u ~ \- >J• • •L-(a ~ b )e(u @ 'f )Je 
crt 't. crt 1: cr t:: t: ,-t -c a-t "t: a-1: o--c 

• e(a_ ~ b )ew • L-e(a It @ l)eJ• • Heace the cocyele 
.. ,1: <lj 1: cr -r II) -c ~ -c ere 

tor the basta •- wlll be e( a_ br. @ 1 )e • ( t.e. tlae coettl• 
v uJ"C. )'t. 

cleat of •rc ) • Tbla can be ideatltied with lbe el••••t 

a b ot L aader the caaoaical laoaorplllaa L' ~ L aucla 
o-• "t. cr• -c. 

tlaat e( !(j l)e ~1 • 
Hence Uae eocycle tor tile alget.ra Z L'w Ia a b a- O'C cr-,-c 

t.e. the eocycle tor tile algebra e(A ~ D)e , . • b • <rtT a-t-e 

BeBee the proof. I 

-



• 
I ' t ... • ctl wlll r Y t at 

rv 2
rof ( ~ t ) • 

I 

1 I t • t t i pr 
' i r -

c 11 t r I 0 1 tta ••• r ., I I 

(a) . L t L/ • t • t 1 t • • t 

a e a 2-c CJCl t t al ts r p rL' .. t ~·1 
<f"t"t 

L 1 L • a d ft 1 A • g- • 1 1 t • 
~~t'-1 

r wl ' • t. t 1 fl it dt -
i 1 I 1 - at ra wit L tta sl 

tattYe a rt g . 

( ) y 1 0 • at I a ti tt 

G 1 1a t ato , a tt A c LL.,... orreapoadl to t 

2-e CJ le a d • I L~ co t t 2-eocJele 
G'""tt 

b , t e ~ ta q _1Yll t to t e at e ra I ,. 
c1"tt r 

corr • dl v t e cyel a • <~"'t "C • rtt 

I tie a t at lf 1 1 let •• 
L • st a to t ' t 3 a a I' 1 b or la 

__, 
L t I low I 

' 
t ,. tl tt e at 1 c ra t 1 &- e ra, 

t n @L ls a tl tt 1 1 1 c atr 1 ple L- 1 • r • 
K 

fA~ LJ •• { 1 1----f , ... • • -t L • 
ls •• c (A~ ) ~ L f'v A® L) 'Zt @ L) , t • oYe 

k K 

p is a oro or hl • L/ . ' . 
er el t t 0 or ia ___, L • 
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Re I Pro Propo ttio 2 . 2 . 4 ' • b .. • t .at 

if A ia a Cea ral 1 pl - a e r t fl 1t di • 
then 3 tl 1 e Galoi .xt D t • Jl f I e t t 

®JL 18 a • tl·lx 1 ebra • r .A.. 
&(, 

This i pltea t t A belo ga to t e leer el of 

E ./'fl • tb t C U L/l , the 

•ato r ant g o-. r 11 ftnit G lot 

ut u L/1 C I ' aa d t • a I • u L/ • 

'· t 

Proof 

that 

OW 

I 

If L ta 

natur 1 i o rp is 

Coa 1 r t e a p 

1---7 .,.. , ( 
La • r 

so t at a •b ~ A~ 
d'" f '( ~. ~ ... 

tl lt 

~a. 
<rt {" I~ 

ia the tat1 a of 

I e ark 3 . 3 . 1 • G la t e r fore a gro 0 0 r 18 • lao 

by eaark 3 . 2 . 3 , we a-.e shown that 9 ts i jectt•• • • • 

ha"Ye t refore to abo DOW that e ia aurj ctlY8 e Let 

i'AJ f L/1 • Thea b1 Prop aitioa 2 . 2 . 1 ' 3 ~ • :::> 
a d .c I tJ. CL I J2 . Let (Tf r../1 . T •• q-

L 

deft - a to orp i (]"" I L -., L • 1 tole o ther ' a 

The or .3 ~ a a 1 wertlble 1 at t aach t at 
- 1 cr( s) v X 6 L • 11 S11 • rr <r 

• will 8 0 t a t L L o- - which ia a a • of a bapacea 

f ' (•<1" G- ) , ta a lr ct au • or otherwl e c •• ~ 

rei tio f t ty X a .<r. •a-: + ••• .• a - t ' I I ~ ~ 
•1 laal . Clearly t / 1 at ace .<I." ia • alt . c 0 •• b E- !. 

I 



d of a o t r le gtb th s • contr letl • · ¥lace 

I L a- is dir et • .C L L r ' r.J • ,CL a J2 ' 
a lao c a cJ • CL a J2 and so ~lace bot . -

1. easton £'L I KJ
2 we get I L•cr - • 

Let L • C1ai at ~~~-c•~ a • 
- 1 

DOW • E •r' •cr(: • 
r e -tc ) - 1 ( • l • l(a))u• l by (4) f • • • - <ro- = u 

t. en: ~ -c -c u CJ""t" 

e ark 3. 3. 4 followi t Prop eiti • Th r f t • .s. 
• - 1 

~•c • crt a • L . ll . • ( 1 ce - t ' ) - 1 - 1 cr a = ere aa c er-e 1 11 s 

a= ( (<rc ) • 1a)u• 1 
er--e trC -) - 1 

"er-e = ( (<rd - 1a)u• 1 
trc-

) • ce 
- 1 

u,. u'( u,.c ls 1 t eo m ta t ot L 1 • t t e eo t nt 

of L i i itself at ce .c I J •LL s J 2 . 
r for ~ L* • L t 

• u • • 
(f" t' lf""t1' tf"t: 

ince 1 ll 

~ ~(u~ u r ) • T 1 giyea t t a 
crtr 

1 2-eocrct~ . Th~ 

lgebr L Lucr- etu lly cor e ponds to t 1 e r efl 

by t cocycl • o-, "'( Thi ows th r qutred surj etlYtty. 

ll.C t e ro o itio • I 

Ia th ~ poaitto , rr 1• 1 • tibl 

le t of s eh t t cr(s) V s '- L - (•) . 
cr (s)u V s €- L er - - - (1) • ttl g 

ia (•) , we g t 

~·(J) - .;•,.<" 
- ·( ) - · - 1 ucr <r 1 •cr • o- ( cr (J)) • J' • T er tore 

'f/ y E: L , or , rl ttag s for 1 we 

- 1 ~· (•) •a- s:acr- • " • 't:/ s: E- L --(2) • at ta 

~1 (s)a;1 ---(3) • 

• c((rc )- 1a) , t . e . u~1 

W t t roY t t 

~1 (a)aC' • ( o-d-1a • 

- 1 •r . • 
r 1 )u • 

c 

atttn s • cr1 (a) 



ad (1-" z "C, w t rr (2), 

• (4""'C) -•a -(4) • 

• o r • 0 t t u L/ r I 
•• a 1 t Ga t ~t 1 • • L/l ~ 2( r L' , L ) 

tt I t a fl tt 1 1 t • • Ft all , w r lr 

t tollowla I 

pp l 1 ctlY aet . L t ~ 1 ~ J , 

1 t . For 1 < J 1 t t 1j 1 1 _, J iY 

kl l t } t E- I 

'•J .• r t J etl1' 

fi I 1 
_, 1 At l 

~ 

i w t a u t t 

a 1 d c 11' t 111. t t t 

apa . 

J ctiv 

11 __, 1 

S) t c 

1 ) tf • ld ttfy 

t ro 

a • o t r s , y E 1, w • t 1(s) • t 1(J) . 

tor j lar e uo , t 1J (s) • r1 j (7) . lace t 1j la 

1- • t i 

) . e 

a C . t at 

co aid rin 

b r t r 

1 pll • 

root 

lt _,. 

t 

t deat t ficatto 

I 

Proof 1 et 

- 1 · ce 

11) ta trtYial . 

wit 

1 1-1 d la prov • 
v i )( /lJ 

at e r t ..t a A1 ---1 
V 1 x{l; IV 

1) C -,...., u al 

uc t at 

U I x f l j u 
I'V c '• ( 1) • 

t • tapto 

co c ad t t. 

• 

C L C e a tow r t tt tt xt l t 
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•• t t LIC I r ot 0 1 ,. X e to • 
tro t llo 1 c t tl• l a r 

2( t L/ oL•) 2( r, . ) 
I? . I< 3 a 

Ll 
2 2 ) CJ t t t. t 1 fl t.l • ( r LI , L ) ~ ( ~~ ' 

re 1- • ttc t t L/ 
__, 

I la l cl at ·-
caaae ~ • ® @L• a( ) @ L • a(L) , • re ·~~ I( M M 

) 

"v ( ) . 
1 eatttr 

) . .. t 

, L*) • ow • u Ll ' 

L/ ftalte G Iota , d Ll • 2 ( ~ L/ ' L•) tt .. t •• 
1 ttflc tto • 1" t ,• V L1 · U 2( rL, , L•) , 

L/ 

t •• • !rof ( ~ I ' ) • . • c t t • r • ' 



CIAPTal · If 

••• 
COIIPUTATIOI OP AIEl GROUPS 

• Ia t~ta ch apt e r •• eo p•t• t~e raaer Grpapa et ~.1 

aad t~at of a ttatte fi e ld . We alao a~ow that t~e Braaer 

'EIIIa&i&ll •·I· I I Let L/1. 

esteaaloa . TileD L/I • ~~ 

''•' I Let cr- • a geaerater 

of L eYer K. Fer a f K* we 

ted ltJ CL/1 , <r , aJ aa fellow• a Let • lte aa ladeterat-

aate eYer L. 
•-1 t. 

Coaalder the ••etor apaee oyer 

L.. La • ere 
laO 

a • LL 1 IJ. 
., t~e tollowlag ralea 1 

• -x • <r ( ~ )• for 'X (; L* 

aad .s.J •• l+J It 

• •aile It tat 

L, •••lr 

a 1- aloebra 

I t+J < • 
I+J - a - (1) 

• aa If l+J ~ .. I t r all l , J , 0 5 t , J 
$ · - · 

lr earlier t~eorr CL/1 ,1r , a_7 Ia a Ceatral laple 

&-algebra. Dettae aow ~ a I• __, IL/I •• ~ ( 71 ) • CL/I ,o-, w.J 
tor aar "X f. 1* . We elal• tat (I) Y\ Ia a treap ~ • aerp~ta• , 

(tt) ~ ta aarjeettye aad (t.lt) lerael ~ • L/IL• . • • pre­

eeed to pre•• t~eae tllree Ia tlletr reapeetlYe erdera . 

(I) 1 ta a greap II • orpllla• 1 fte eeerele fer £t/l,r:r, -xJ 
Ia '' l+J < • ... a I J • J< 

~ ttr 

tt t+J ;>, • • 
"/ 

Se 



lt I+J < a c l •• 1 
~ ,r 

• 'X f It I+J // 

-Ill-

I I -(2) , t.r aa earlier t • l"f,• 

J•• t • • crete lol" CL/ , a; -x rJ S.• gtwea t.r -(2) at.owe. 

e eo rL/I,o-,?.J (i LL/~,rr,rJt::, LL/k,rr,-xrJ, ! Ia 

• ... t at ~ I• a tr••t 

(ll) Let • a Ceatral laplo 1-algo-

ltra apllt 

•••• A• 

1 L. Let a~.~$ '• a eecrele eorreapoa4tag to 

L La l aa• • s.• J • a 1 a-J • l+J • Let 
rr r , cr -· 'X. • 11 a I • 

tal CT ,tr 
• •Ill • • tllat rx. t- s• aa• t taat A c::;. 

CL/& ,q-• -x.J. t• will • w l re wired • rjeottwllf• C 

,,.,, .. • •• • 
• a <rt<r •a-2, a- •crs •••(• ;:;,;·-' • • • •) -
ltaaliJ a• • 1\ a 1 • • ?( 1 • 'X • 

a- 1•1 cr , cr- a-

• ••••• • •• 1 • ~ • 1. 

e clala lila\ ·~ 1 ••• to ltae oeatre, ..... , , f t e 

alto ra 2:. La 1 • • ••• ealJ to allow t llat a• a 1 • • 1 rr a- cr- cr-
2 

-

I_,,, 

•• • o-

We llawe, • l -cr • ~~ a- 1+1 ' • l • • a l • l 1 • • · 

• .-•, .- ·~· 1 ~~ • r' +2 • •: • • a- ••• tl:au~ -._: ::_ •( ~~ •.-~ 1 ,\•~t+• 
( 
•·1 . ·a) 

• 1f • )· • J.O a-••J ~~ o-l 
1(. t • 

lr 

•t•a• 

•••• 

•t • 1 \J IT" ••• ,o-

I 
?( • 

tor tt 

wrtte 

£i ere 

I 

a I ••• 
a-,17"" 

• a-1 
cr- . ,a-, .... 

~ - •t • • •••• 1 
tcr <rtcr a--

1 
a-

r t • a .... , ... 
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1 1+1 i+n-1 are just a peraatatioa of all the eleaeats a-• cr !•••• cr 

of ~L/1 J .. 
•u:- .A • cr (~)\-

Also for aa1 ~ (:- L, wstag the tact that 

, we get B'\ a-1 (\) -- -~·('),.)uB 
Q •u-"' • • <r cr- "' •a- • • . • u "' ·a-

- :A •:- • A';l (at ace 1f -. •:- aad rr• • 1). Heace · 1( G- 1•. 
•-1 t 

Coaalder the algebra ~ L(a ) with aalttplicattoa tadaced 
1•0 cr 

troa LLa 1 • low •!-• (aa eleaeat ot L*) x ~~ b7 (3) aacl 

se { ~~~ J ~ora an L-baais ot the algebra L L~1 aad thas 

clearl1 L L(ucr-> 1 • L L~1 as Yector spaces, aad heace ., 

A ta J a at the algebra £L/I ,cr, -xJ. 
(111) We aow show that 

first allow that 

3 1 f. L* wttll 

kerael ~ • IL/IL• a To do this we will 

~ IL/IL•. Take 1 G IL/IL• so that 

We haye to show that LL/1~,~ 

is a matrix algebra oYer 1. For tilts, we allow tllat 

CL/1,~ V ~ CL/I,a-;tJ. 1fe write CL/&,rr,tJ ta ataadard 

tora aa ZLa1 with asaal aaltlpltcattoa aa ta (1). Let 

Y • 1•• Thea Y
2 

• (1•)
2 

• (1•)(1•) • 1ai1>•• • 1~(1)•2 • 
l+U'"" 2 3 1 ) 2( ) 3 l+o-+cr-2 3 

1 • , Y • 1~ 1 o- 1 • • 1 • , ••• , ••• , aad 

y8 = (1a)• • 1l+cr+ •• • + cr•-l.• • (IL/I1)•• • 'X a• • - 'X stace 

a• • 1. Tlleae tor•alae allow that L La1 • L LY1 • Clearl1· 

I LY
1 

A.. LL/I.,<JixJ atace •• • ?< • leace CL/I.,cr,tJ~"-' 
~ ~ 

L-L/I,rr; 7t J. C:oayeraelJ, we allow that t•rael yt c. •L/IL•. 

Suppose ~ f- 1• such that CL/K,cr, ';f J ta a aatrtz algebra 

oYer 1. Thea the coc1cle for J:L/I,rr, ')(J aaat be eqa1Yaleat 

to tile tr1Y1al coc1c1e, t.e. it a 1 f ta a 
([" .. ~ 

o 1 f L• such that a • c e:; ~ 
lr crt'~ o-1 7 ~t+J 

COC1Cle, then ~ 

--(4). 



• T~ -

••• • i t ~ 1 if 
o- ,cr~ 

1 + J <: II, &II d a a-1 o-J • ?( if i + J ,:Y B • 

, t 
•-1 
1T • • 'X 
1•0 a-1 ,rr leace 

•-1 a-
1'\ c~tccrJ ~ . 
i•O ~~t+j 

aad so 

2 •-1 a- fl fl 
• c . c c ••• . c_ Thaa FiaallJ 

trtrcr ... 

we get .therefore that kerael ~ • IL/S.L*• 

leace the propoatttoa. I 

We aae the aboye propos1tioa to coapate the Brauer 

Qroaps of 11, C and that ot a t1atte field. 

leaark 4.1,1 1 we shall show first that the Braaer Groap of 

the reall lB a cyclic group of order 2. Coaatder •cJ•• low 

c is a cyclic extenaioa of II of order 2. By Propoaittoa 

4.1.1. 8c/JI! • ~/IRe• • We show that 1cAa1 * • ll* + (t ••• 

. the poatti•• reals). r r it 'X+ ty E- C* thea •c/•(X+iy) 

• (~+iy)(~-iy) • -x2 + y2 / o, aad coaYeraely it t f tl! , 

thea t • •a/•Jt , (positi•• root). leace •cAaC* • 11: • 

!baa BeAR • ••I•! , which 1& a cyclic group of order 2. lat 

thea atace ~ 15 algebraically closed aay algebra wtll ~· 

split by e aad therefore ~~ • •c/~ • leace ~ ts a crcltc 

groap et order 2. 

Reaart 4,1,2 1 Siace I is algebratcallJ closed, aay 

Ceatral Si•ple C-algebra ta a •atris algebra •••r C aad 

hence 11 is tri•ial. . 

We shall ahow preaeatly la this aectioa that it I is 

a fiaite field, thea 11 ta trt•tal. We reqaire howe•er, the 

tollcwtag r 

'i 
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Prtptaitioa 4,1,2 1 Let ~ be a ftatte field aad let L 
' be a fiatte exteasioa of 1. Thea &BJ tlemeat tf I ta the 

aora of . aa element of L. 

Proof 1 The proof of the Propoaltita require• ' the ftllowiag 

staadard result 1 If Q is a finite CJClic grt~P tf order 

a aad if d ts a dlYlaor of a, thea the equatioa x• • 1 

ha• exactly d aolutioaa la G. 

'or the proof et the prepositioa, it ia eaough te 

proye that aftJ eleaeat ~~ I* is the aera of aa eleacat of 

L*• Let #K • q aad ~L 1 1_] • •• Thea #L • q8
• (#L 

aeaning "cardia ali ty of L"). Let cr be the Frobealas aato ... 

deftaed ltJ r:r a • aq 

if a E: L;. 2 11•1 
a~ra r a... a- a 

q?-t/q-1 • a • Coaaider ·aow the aappiag IL/I a L* 

s 't~ J 
--1' I* • 

Thea terael NL/I • 1 · a ~ L* such that .-~-~ 1 · • 
5 ,-1 J L* beiag a CJClic group, the set 

• 
1 Q G L* 1 Q ·• 1 

cardiaalitJ a -t 
q l bJ the result quoted abtYe. leace 

II 

~L* z kernel NL/I_7 • ~ • q-1 • #1*, aad also 
q-1 

••• .... 

LL* I terael 1L/IJ - I of the taage of 1 L/1 bJ aa tao-

aorphiaa theorem. Beace #I* - II of tile iaagt of L/1' ud 

both sets beiag fiatte, we get I* • the iaage ef 1L/1~ 
leace the propoattlou. I 
leaart 4,1,3 1 We allow aow that the Brauer Group of a ftaite 

field is tr1Ylal 1 Let I be a flaite field aad let L be a 

I 

\ 

\ 
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fi~ite estenaioa of ' · The!! L i s a cyclic estenaioa of '· 
By Propositioa 4.1.1, 8L/I • ~ L* 1 ttut 

L/1 
by Propoaitioa 

and so i s trivial. Siace BOW 8 L/I 4.1.2, .I* • NL/ IL* 

BK • ~ BL/ K (L ranging t hrough all fini t e Galo i s Esteaaioaa 

of I) , we get B1 is trivi al . 

Remark 4;1.4 1 Using t he tact that t he Brauer Group of a 

finite field is trivial, we c an prove that any finite div1a1oa 

rino is co~mutative and i s thus a field 1 Let D be a finite 

di~ision ring and K be the centre ot D. Then I l s a fia­

ite field , and C o 1 KJ (' 0() si nce D ia it self finite. 

Renee ~D-7 ~ B1 where ~D-7 i s the Brauer equivalence 

cl ass ot D. Since by Reanart 4.1.3, a, l s trivial, we get 

that D is K-i somorphi e to a ma trix rtng over I , say u
8
(1). 

Sinc e D is a divis i on ring, we must have . -1, i. e . D • le 

We ead this ehaptt!r by pro? i ng that the Brauer Group 

of a field is a torsion group. We re qu ire however the follow-

ing Lemma 4 111 3 I Let G be a fintte group . Let A be 

a G- module . Let #G • a . Then tor aay pos itive iateger 1, 

if 'J E- R1 (G,A), we have • y • 0 ; i.e. n anni hilates aay 

e o- homo logy class of pos iti ve dimensioa . 

Proof I Let be aay 1+1 e l emeats of c. 

Let J be represented by an 1-aoahoaogeaeoua cocycl e t. Thea 

I 
/, 

' ' 

0 - ( f)(yl,y2, ••• ,yi+l) - ylf(y2, 13~···· 1i• 1t+l) + 

t-1 
(-l)Jf(Jl' 1 2 ••••• 1J-l'JJ• 1 J +I' 1J+2'••••ft+l) + (-l)i+lt(yl'y2, •• 

J•l 
•• , J'i ) ' 



low take f t+l • t and let t run through all elements of 

G, keeping , 1 , y2 , ••• ,,1 fixed . Adding the resultiag eqaa-

~ioas and writiag 

(aotattoa), we get 0 • t 1o(r2 ,y3 , ••• ,J1 ) + 

1·1 J 
'L (-1) g('t ' '2 •···• 'J-1 ' 1 J · YJ+l ''J+2 '···•1 t) + 

J•l 

·(-l)ig(Jt•'2•••••'t-1) + (-l}t+lal(Jl'y2, ••• ,yi) ' t.e. 

((-l)lat)(rl,,2, ••• , ,,) • JIO(J2''a•·~·•Yt) + 

t ... l J 
2: (-I) o(r1 , J 2•· .. ' 'J - l ' 'J · YJ +l' ... ,,,> + 

J•l 

(el) 1o(t1 ,y2 , ••• , , 1_ 1 ) • ~ g(y 1 at2 •••• , J 1 ) . Heace at is a 

c oboundary , t.e. at • 0 1 or •1 • o, 

Hence the Lemllla . . I 

ProposJLtion 4,1.4 1 If ~ is ant field a thea a, is a 

torsioa group , i , e . aay elemeat of a1 has finite order . 

I Let l be a field and let 1 f:- , . Since 

u 
IL/~ ' L running through all f.!n!te Oalota Exteaaioaa L/1. 

we 

latee y, 

• ·- I tL/1 

get 1 L/~ 

t. e. O(y) ta 

and so O(J) 

tor some fin ite Galois Extension 

81. ta a d1Tisor of 

is ttatte , I 

•••• 

., where 

I 

4' 
' \ 

\ 
' 

' \ 
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A brief esplaaatioa of soae aotatioaa asod iM tkta diaaerta-

.. ttta 1 

< t• a subgroup of 

<J t• a aoraal aubgroap of 

e(G) order of the group G 

O(y) order of , 
" I ' ' f"V t• equiYaleat to er ta related to 

~ ts isomorphic to 

JL diajotat uaioa 

•-homogeaeous Noa-homogeaeoua 

L* the aultiplicattve group ot the field L 

L/1. tile Galois group of L oYer I 

/IL* cardtnalitJ of L• 

( rlJ) the aatr_ts wl tla eatrtea riJ 

11 the field ef real auabera 

c the field of coaples auabera 

Zt the rtag ef integers 
a- a-( a) a 

M
8

(1) the rtag of ll)(ll matrices wl th eoetfteieata ta I 

~ the Brauer growp or the field I 

BL/1. the terael ot the hoaoaorplataa lx---...,. 8L 

------
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Artla aad Yate -- Cl .. a Field Y•••rJ,•••Jaaia • 
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