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A drief abstract ef the dissertatien "Ce-hemelegy |
of Groups and Seme Applicatiems" :

Chapter I deals with the definitien eof the
nth, Cohomoleogy Greup and the interpretation of such
groups of lew erder. We alseo prove some results and use
them to give twe applicatiems.

In Chapter II we develop some theory of Centr
Simple algebras and we define the Brauer Group of a fiel:
with a view to using these results in the next chapter,

Chapter III deals with the interpretation of
the Brauer Greup of a field in terms of Galeis Cohomoleg)
In this chapter,we first define Galois Cohomology and the
prove seme results to arrive at this interpretatioen.

Finally in Chapter IV we use this interpreta!
ien of the Brauer Group of a field to compute the Brauer
Groups eof certain specific fields,namely that of R, C
and that of a finite field.
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CHAPTER 0O

PRE=LIM R EFINITIONS
R

This chapter is devoted to am explanation of certain
pre=liminary definitioas, o
Ring e associative riang with identity,
Module = unitary left module,
Algebra = If R is a commutativé ring, theam by an R-algebra

A we mean a rimg A suchk that

i) A is an Remodule
and i) V X ¢ER and a, b ¢ A, we have
x(ab) = a(qb) = (xa)b ,

Opposite Algebra = Let A be an Realgebra, Defime a ring
structure on A by the multiplication o such that aeb = ba
and addition as in the original structure, Denoting this new
structure by A®, A® is called the opposite algebra of A,
Diyvision ring = Ring with 1 4in which every aonzero
element has a multiplicative inverse,
Centre of a ring = The Cenire of a ring R is the set
c-{reltu-n Vuel_} o
Noetherian Module « A lefi Remodule satisfying any of the folle=
owing equivalent conditions is called a left Noetherian Remodule,
(a) Every strictly ascending chain of left Resubmodules
of M is finite,
(b) Every nonempty collection of left R-submodules of M
has a maximal element,
(e) Every left Resubmodule of M is finitely gemerated,

Similarly by replacing *left' by *right' 4in the



above definition we get the definition of a right Koetherian
Remodule.

Noetherian Ring = A ring R 1is called left (resp. right)
Noetherian if it is left (resp. right) Noetherian as an
R-module.

Artipian Module =~ If R is a ring, then an Remodule M
satisfying any of the two following egquivalent conditions is
called a left Artinian Remodule:

(a) Every strictly descending chain of left R-submodules
of M 1is finite.

(b) Every nonempty collection of left Resubmodules of M
kas a minimal element,

Artinian Ring - Aring R is called left-Artinian if
it is left Artinian as a left Re-module,

Right Artinian rings and modules may be similarly
defined,

For a commutative ring R, the notions of left and
right Noetherian (resp. Artinian) rings or modules coincide,
Localization = A subset S of aring R 1is called a
 multiplicative set if 1) 1 € 5 and 11) a,dbec 5 =
ab € 8§,

Let S be a multiplicative set in R. Comsider the

set {r/.c I-G—l.lé‘} .

We say that two such symbols r‘/.l and rﬂ/'g
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We write m,/s, ~ m,/s, if 4 & ¢ 8 sueh

that l(lllz - -3-‘) = 0. Let Mg (or s~! M) be
the set of distimet equivalence classes and let [-/l_]
denote the equivelence class of m/s.

We define an addition in M. as
Lay/s, T + Lmgfsyd = Lsgmy + symyfe8,7 o
and it [ r/s_] ¢ Rg » we define

LT n/s, T = Lrm /o8 T .

With these two definitions, “s becomes an ls
module, If S = R« P for some prime ideal P eof R,
we denote Mg by M, .
Algebraic Element = Let F be a field and K a
field extension of F. An element X € K is said to
be algebraic over F if K satisfies some polynomial
equation im one variable with coefficients in F, |
Minimal Polynomial = f£(x) issaid to be the minimal
polynomial of an element (¢ K over F if f£(x) is
monic and of minimal degree such that f£( () = o;
Algebraic Extension -« Let F C K be fields. Then K
is called an algebraic exteunsion of F if every element
of K is algebraic over F,
Kormal Extension « An algebraic extension K of a
field F is called a normal extension of F Aif each
irreducible polynomial t(s) over F having a root in

K splits into linear factors over K.



Splitting Field = Let F be a field, and let
£(x) ¢ r[xj o Let degree f(x) =n > 1. A
field extension E of F is called a splitting field
of f(x) 1r (a) f£(x) can be factored into n
linear factors over E, and (b) there does not
exist any proper subfield E* eof E containing F
such that f(x) ecan be factored into n lisear
factors over E',

Separasbility = An irreducible polyunomial

£(x) € F /[ X] of degree n 1is said to be separable
if it has n distinet roots inm its splitiing field;
otherwise it is called iaseparable.

If an element a of a field extension K of F
is algebraic over F, then a is said to be separable
(inseparable) over F if the minimal polymnomial of a
over F is separable (inseparable).

An algebraic extemnsion K of a field F is said
to be a separable extension if every element of K is
separable over F ;3 otherwise K 18 called an inseparable
extension,

Simple Extension = A field extension K of F 1is
called a simple extension of F if K = F(a) for some

& €V

F-automorphism « If K is a field extension of F
then an automorphisma ¢ eof K is called an F-automorphism

if oc(x) @ex Vx P,
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Galois Group -~ Let F C K Dbe fields . The Galois group of

K over F is the group of all F-automorphisms of K and is
denoted by ?"/, .

Fixed fiell - Let be any group of automorphisms of a field
K . Then the set f: ¢ Kt o(x) = eré?} is a subfield of

K called the fixed field unmder ?/.

Galois Extension =~ A finite extension K of a field F is
called a Galois Extension of F if F is the fixed subfield

of K wunder ?k/'.

Norm and Trace = Let K be a finite normal extemsion of a
field F of characterestic sero,and let [/ K:iF_/ =n , Let

T}n Tos Wa......,e‘ be all the F-automorphisms of K, For
each x ¢ K, we define l‘/,(x) and ”(x) called tn norm
aad trace of x ov.r F respectively as l‘/’(x) = 'n_v‘(x)
amd !‘/,(x) = izi T‘(!) .

Exactness ~ Let MY , M and M" be R-modules., A pair of
homomorphisms !'.;i M ji M" is exact at M if 1Image f = ker-
nel g. As a partleulaffcalo,tho sequence of R-modules and R~hom~—

9
omorphisms 0 ——-7!1 —> '2 -al‘—a 0 is said to be exact if

i) £ 4is one-one, ii) g is onte, iii) kernel g = Image f .,

Split Exact Sequence -~ Let O —a.!.ji l-fi N> O be an

exact sequence of R-modules, Then the sequence is said to be
split exact if J an R-limear map Vla N—>M such that

Q'V[ = Identity on N ,

G-group ~ Let G be a group and let A be an abelian group,

We say that the group G operates om A or G

secontinued,.
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acts on A Af 1 amapping G x A — A, (g,2)—> g-a
such that 1) ('l'z)‘ = g‘(gzn) i1) g(a+db) = ga + gb
111) ea = a ¥ 010,00, € G and Y a, b € A
In this situation we say that A 1is & Gegroup.

We remark here that if G operates on A, the

mapping f. 8t A —A is an automorphism of A, and
9 a— gea
the mapping G — Aut A is a group homomorphism,
gr— fg

Conversely, if G is a group and A an abelian

group, and 1f Y : G — Aut A such that n(g) = f’s A —>A

‘ ar>gea
is a homomorphism, them the group G operates on A .
S-module -~ Let G = {g‘ t 4 € !} be any

multiplicative group and let R be any cmqhuu ring
with 1 .

Let R(G) denote the set of all formal sums
;‘Zu‘c-‘ for 8 ¢ R and 93 ¢ G and where all but
finitely many of the 8, 's are zero,

Now if x, y ¢ .(G) » We may write x = 12:."‘

€T
and = Zj. N
y ier "‘
We define an addition + , and a multiplication

in the elements of R(G) as follows :

xey= Jag,+ /b, = 2 (a8 +b)g,

1e ier 1€¢X

and X.y = (g:‘c‘> (12(:1 i‘¢‘>- ile (g,%:g?‘b') 4 9
;. y € .(G)o
Under these operations, the set R(G), becomes a

ring called the group rimg of G over R,
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In particular if we teke R = Z , them we have

the following ¢

4 on e By a Gemodule A we mean a 2(G)
module A,
Remarks - (4) If A is a Z(G) module, them A {is

an abelian group in particular, Since mow, for any ¢ ¢ G
we have g =1eg s0 ¢g € Z(G) and thus gea ¢ A, This
gives an action of G om A, (1i) Conversely suppose a
group G operates on an abelian group A. Amny X ¢ % G)
"can be writtem as x = ic% LN where B, € Z and 9 € G
and all but finitely many l"l are zero, For & ¢ A and
x ¢ Z(G) define x°a = [ '1(’1') e Under this definition

VET
A becomes a Z(G)=module 4i.,e, a Gemodule,

G-homomorphism =« Let G be any group and let A and

B be G-modules, A homomorphism A —5» B is called a
Gehomomorphism if f(gx) = gef(x) ¥V g ¢ G and V& cA .,
ensor P M es = Let R be an associative
ring with 1, Let M and N be respectively unitary right
and left Remodules, Then the temsor product T of M and
N is an abelian group together with a bie-additive map

£ :+ M XN —>T satisfying f(ma,n) =f(m,2an) VYV a ¢ M,
m ¢ N, ACR and such that (i) £(M x N) generates T
as an abelian group (ii) 4f P 4is any abelian group and
if any bi-additive map g st M X N —P lati.tﬂna g(ma,n)

= g{my An) for m c¢M, m ¢ N, AcR 4s given, then 3J a
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diagram commute (i.e, hof =g) 3

e —% .9
g ki
4 «

Bemarks : (1) The temsor product T of M and N {is
usually writtea M @Ql. and it is unique upto group isemeorphisa,

(2) Let Z{M,N) be the free abelian group on
the generators (m,n) where m c M, m c N, Let € be the
submodule of ¥ (M,N) generated by the elements 3
(1) (m + my,n) = (m),n) = (my,n), (11) (m)n, ¢+ n,) -
(myn,) = (I,I:). (111) (m2,2) « (=, A n)
Y mm,m, ¢ M, mm,m, ¢ N and A cR, Them
N % Ne “'}’c/'

(3) The image under £ of an element (m,n)
is denoted by a @a .,

(4) When R 45 a commutative ring with 1,
'] ®Q. can be givem 2 unitary Remodule structure inm @
canonical way,
Tensor Product of Algebras ¢ Let R be a commutative riag
with 1, Let A and B be R-algebras and let £ : R — A,
gt R — B bde the corresponding homomorphisms, Now A@RI
is in general an Remodule, The mapping h 2 (AQ B) x (A QI)
— l@Ql such that n((a; @ b)), (2, @ b,)) = a2, ® b;b,
Y 8108, ¢ A amd b,,b, ¢ B, makes A®Ql iato a ring, If
jsR— A@Ql is such that j(x) = £(x) @ g(x) thenm

under the ring homomorphism j, A(% B becomes an R-algebra,

L 2 2]
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CHAPTER I
CONOMOLOGY _OF _GROUPS
LA X 2]

In this chapter we define the nth Co-homology
group and interpret lower dimensional groups of this kinad,
for instance, the gzeroeth, the first and the second co-
homology groups, In particular, we prove also that for a
free group the second cohomology group is trivial, A few

applications are also mentioned,

§ 1. Definitions of co-chains, cocycles and the  ath,
Co-homology group.

We assume that A is a Gegroup.

Homogeneous Co-chains =- Let » be an integer > O,

Let c:._ (G,A) denote the set of mappings ¢"l_JE__, A

such that F(g0,s 00yscees 00,) = oF(g,0 Oysece, 9,)
where g, 9,°s ¢ G V 4, 1 <1 <m . Any suck F 1is
called a homogeneous n-cochain, and the set of homogeneous
cochains forms anm abelianm group under the addition of

mappings and is demoted by c:.- (G,a) .

Non-homogeneous Co-chains <« Let = be an integer > 0O,
pefine c;_". (G,A) to be the set of all elements of A,

If =n 1, define a pou-homogeneous m=-cochain to be any
mapping f ¢ G'l——, A. The set of all such mappings form
an abelian group under the addition of mappings, and is

denoted by c:__.. (G,A)

Eroposition 1,1,1 <« Let a > O, There exists an iso-
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morphisn 0 s c:._ (G,A) — c'.'_.._ (G,A) &

Proof ¢+ Case l =~ Let n > 1,
Given F ¢ c:“ (G,A) , we define O(F) = £ where
£0(0,000000000,) = F(140,00,0000000,050008,) -=(1)
In order to verify that ( is a group homomorphisa let
0(ry) = £, , & = 1,2, Now [ 0(Pyery) T(a;00z000008,)
= (FeF,)(1,0,00,0500,0,05000000,050000,)
= Fi(1,0,00,05000000;02050000,) + Fally0,00,05000000y050000,)
= £,00,005000000,) *+ £(03005000000,)
= (£,40,)(0,005000000,) = ( O(Fy) ¢ O(P))(03005000000,)
V 9y3e9s000e08, ¢ G. This shows that
B(ryer,) = O(Py) ¢ O(Fy) Y PP, € cp . (G,A) and
hence O is a group homomorphism, Consider mow
V 1 Cyrom (GeA) —> CR o (G,A) given by v(f) = F
where Flggsesest,) = 0,005 0,007 geeeentpny 8,) ==(2)
Firstly  y(2)(00,0000080,) = 09,7005 97 00, 000000p0,9" 99,)
« 9(0,0007 0,007 Og000es0prydy))
= g{ v(£) (9,00;000000,))
= g V() (0 005000000,) Voy's ¢ 6, 0<i <ny
Therefore v(f) ¢ €y . (G,A) .
In order to show that Vv is a group homomorphism, let
v(g) = F, for 1 = 1,2, Them V(£,42,)(0,00 000000,)
. 0y (2,42,)(05 0,007 0g000000pny0,)
e 0y £0,000 0p00000000,0,) + 25003 03000 000pn,0,)T
o 0,0,005 0y0eeestnt 0,) + 002000 0 00000000,0,)
= Fol0ge0p0ecesty) ¢ Folo e0p00ees8,)



- ‘V(fl) (O.oipﬂni.) + vyify) ('.tﬂioOufi.)
Y 9ge0y0eses8, ¢ G Therefore Y 18 a grouwp homomorphism,
Next, VoO = Identity. For [ (vo 0)(F) J(gg0e000,)
= v{ 6(F)) (',olpnoo..)
=g, 0(F) (n',"u,u',"c,.....c:l,!.) by ~=(2)
| -c.?,(I.Q:'l,.c:‘i,c'{'c,....) by ==(1)
= n,r(l.cz‘o,u:'c,.....c'."i.)
= PO 00y00000000,)s U 05003000009, € G
Hemece V o O = Identity on c:‘. (G,A).
Alse Ooy = Idemtity. For [ (S0y)(2) T(gyseeeny,)
= O(v(f))(gys0g00cesa,)
= \V(f)(‘o'lolllznuol|l3u-l.’ by ==(1)
- 100170, 4077 9,000 (0,0,) " 0,0,040000) By —=(2)
= £ (0)00000g000e00,)s ¥ 0)00g00e000, ¢ G
Therefore (Gov)(f) = YV £ e gl = (G,a) and hence
Gov = Idemtity on cCy . (G,A).
This shows that O is an isomorphism and so

Chom (GoA) 05 CF_. — (G,A) for amy n 1,

gase Il « Let mn =0,
Now Cp  (G,A) = {F s G' A s Plgg,) = oFlg,) |
and c:_”‘ (GyA) = A by definition, Consider
Qs €p,p (GoA) —5 A given by O(F) = F(1), This is &
group homomorphism, Let V 1 A ——ac:.. (G,A) be defined
as v(a) =a where a (9,) = g8 for amy g, 2 c G.

Notice that @& (0g,) =00,8 =g Y (gg)s S0 that @ is
homogeneous, Now Vo O(F) = wO(F)) = w(F(1)) = m).
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Bat F (l)(g.) = c.r(l) by definition,

: - = F(g,)s because F is homogeneous, So
v-;\(/l) e« Thus (vop)(F) =F , VF ec:“ (G,A).
Alse (Boy)(a) = 8(v(a)) = 0(3) =a (1) = l,a=a
so that OoV (a) = a, U a €A Hence O 4s an

tsomorphism f.e. €D (G,A) ng Cf_,  (G,A) = A,

Boundary Operators - Let n > 0 (integer).
pefine a mapping @. ] c:“ (6;:) —> Qs:: (G,A) ct/v\u
by (@.')(l.oﬁpnnl.oﬁ.,l) = ZO (=1) '(I.v'puul‘oi‘,p

....c'ﬂ) where F ¢ c:“ (G,A) and 9;'s ¢ G, Vi, 0<cicnel
‘D, 1s called the gth boundary operatoer.

Propesition 1.,1.2 =~ (a) 0, 1is a group homemorphisa,
‘(b) ’0“,0 0, =0 ‘rn nj n > 0,

Proof = (a) ‘zL('*a)(ﬂ.091000-§|.*‘)

n+l i . A
- ‘a (=1) ("'c)(ﬂ.o'lnuol‘o"orﬂ‘“‘)

n+l i e
= ‘?_o (-l) '(’..ﬂl.ooo"‘.ooo.'-."“)

n+l

+ 1§0 ("‘)‘0(0.'I!no--o:‘o-'n!.o! )

n+l

- /o.'(ﬂ.n'po-nﬂ‘,l) + @.G(U.tﬂpouo",l)
V."u € Gy, 0 <1 < n+el 7@(?06) = /0.(') + ’0-(0)
: 2 .
Ve, ¢ c:” (G,A)
"’) ‘/a-’l(ﬁ-')’("OOOOOG.’z)

n+2 i A
= ‘é‘ ‘-l) @.'('..coo..‘.-oo.'.’,z)
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n+2 i n+2 i A A
= Z ('l) Z (-l) F(' ,ooo.ﬂ,,.oop'iyooopgl*z)
i=0 iJ=0
n+2 i n+2 je=1 A A
+ ;zé (=1) ;Z:('l) F(9°0000o919~~-99’oo-o9.+2)
j i
=0 #
emark » - For =n > 1, consider the following commu-
tative diagram c:on (G,A) JEE:EZ- ::: (G,A)
K {
c:-hon(G'A) 2 c::!lson (G,4) »

n n
Let fccCy o (G,A) be identified with F ¢ Chom (G,A)
as mentioned earlier, Under this identification, let
4%: be identified with /Dnr (For convenience we will
write ‘0 for /an.)

n+l

Proposition 1,1,3 « For every (gl.....g ) € 6 ’

n+l
fo)(01c020-~-o9n+1) - gl:(ozo"°'°n+l)

+ le(-l) £(0)00g000es0y109595,19
=

_l)n+l

9‘*2i--°09‘*1) + ( f(ﬂltﬂzo--oﬂn)

Proof :- R.H.5, = 91'(1v02!9293|'--|92930--!‘+l)

+ Eil('l) F(l,qlgqlﬁzg...,9192...9‘_1,

//\
°x°2°"91-191""'°1°z"'°n+1)
+ (-l).+l'(logl"l’2'°"0'1'20000-)

= F(cl.a,az.--..clq,-.-c,,l)

»
+ Eil(—l) F(loﬂloﬂlﬂzp..,&gz '-,9{f’7$9£"auv

+ ('1)'*lr(1.91091929000'019200-9.) .
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L.H.S. :.(DF)(l.gl,ﬂlﬂzpooo'°1°2oocﬂ.+l)

Eil( 1)r(1,0,,0,9 058000 o8asr)
o Y 0019010500000 0, 050000,

= ’(gltglgthIG2°3000..'10200o0l+l)

n
+ 1Zl(-l)‘r(l.al.clcz.-u.ale,.-.0“,)

+ (-1)'*1F(l.91.0192.---,9103.--¢.+1) .
Hence the proposition, #
Notice that the above diagram commutes,
Rema 1 2 § Consider the following commutative diagram:
° D, =0 1
cho- (G,4) -—JL——f>cbom (G,4)
1

o
Chhon (804) —— Cy_yon (God)
As before, let f be identified with F and f be

identified with Q) F under this identification,
1 2

Now OF € Cyon (G,A) so that F t G°— A and
Mg ecy,  (G,A) so that Qf 3+ G —>A. The element in
c:-hon (G,A) corresponding toe OF in 0:0- (G,A) 1is

some 78 G—> A, Let OF -/;. Now ?/(g) -/;(l,g)

= (?F)(1,9) = F(g) =~ F(1) |

= gF(1) = F(1) = ga = a, where F(1) = a,
Thus for an = 0, 2f(g) = ga = a, for every g¢ G. #

Remark 1,1,3 : Let 2"(G,A) denote the kermel of the

::nln (G,A), n> 0 (integer).

Let B®"(G,A) denote the image of 42_1 : c:::(G,A)._>c:..(G.A),

homomorphism ’3‘ B c:on (G,A) — ¢

Y nyl. For n =0, define B°(G,A) = (o).

Notice that 2®(G,A) is isomorphic to the kermel of the

n+l

N=hom (G,A) and

/
homomorphism 'D. s ¢t (Gg,A) —¢C
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that l‘(e,A) is isomorphic to the image of /2-1‘ c;::._(e,n)

—>c:__h‘-(¢,A), my1 . Since ’0. ° (an-l = 0,we have,
B"(e,A) C z"(6,2), ¥ n 0.

Definitiom 1,1,1 ¢ Any element of Z"(G,A) is called an
n-cocycle and any element of B"(G,A) is called an m~coboun-

n
dary. The group Z (G,A) gB(g o) 45 called the mth, Cohemelogy
group of G with coefficients in A, and is demoted by l'(G,A)

for any ‘7/0 °

gz. Interpre H® i H® = Gr Ex 8 8.

In this section we interpret the zeroceth,the first

and the second Cohomology groups, We assume as before that A

is a Ge~group .

€ to be the set {aéA : ga = ane?}

Proposition 1 s E*(G,A) = A%,

!.!.9.#! 1 Now i-(a,A) = i-(c,n) Be(G,A) = zi(c,A); |
Also fec2Z°(G,A) = ’d.f =0 Qf(g) =0 Vg cG . But Q(g) =

ga - a by Remark !.1;2. Seo ’B.f(g) =0 V’g cG@& ga-a=0Ygect

> ga=alget 7? Thus !’(G,A) = 2°(G,A) = { fe cg_.‘-(e,A),z’b.t-o}

- {r éCﬁ_l‘-(G;’A)t %2(g) = 0Vge 6= Jachr gamavgea]=al,

tct us define A

Notice that A8 is a subgroup of A , #




| -,'¥¢
pescrinti of I“! A)
Definition 1,3,1 ¢ A mapping f 2 G — A is called a

grossed homomorphisy if £(gh) = gf(h) + £(g) ¥ gob € G
If G aets trivially om A then any homo=

morphism on G 4s a crossed homomorphism,

pefingtion 1,3,32 ¢ A mapping £ 3 G — A is called a
principal homomorphism if 3 a cA such that f(g) = ga -a
Y g € G,
Remark 1,3,1 * The gero mapping G — A is a priseipal
homomorphism, Alse if £ 4s a primcipal homemorphism, then
3 ae A such that f(gh) = gha = a V g,h ¢ G,
Now gf(h) + £(g) = ¢ {n - .} * fca - .j

=gha~a = f(gh).
Thus f£(gh) = gf(h) + £f(g), so that any principal homomore
phism is a crossed homomerphism, In faect the set of prin-
cipal homomorphisms of G is a subgroup of the set of
erossed homomorphisms of G, The latter is of course, an

abelian group.

Ereposition 1,3.2 * N'(G,a) = SESNR.S £

Proof + We have, H'(G,A) -z‘(o.u)/.l“.u ¢

By definition, f ¢ z‘(c.a) = 4%! = 0, WNow ‘Tat is a

mapping from G°_> A, and D,2(gsh) = gt(h) = t(gn) + 2(g)

by Remark 1.1.1 . Therefore 0,f(g,h) = 0 (=> £(gh) = gf(h)+f(g).
Thus an Nehomogeneous legocycle corresponds to a crossed

homomorphism,

Consider now f ¢ l‘(c.A) that is £ c the image of
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Q‘ ' c:_“. (GyA) — c,‘,_“_ (GyA) ¢« Let £ = 3.7 where
f ¢ c:_“_ (GyA)e So f£(g) = @.’f (g) = ga =-a | for some
a €A and VYV g ¢ G. Therefore f ¢ n‘(o.a). Thus an

Nehomogeneous legoboundary corresponds to a principal homoe-

morphism, .
' ;

Remark 1.3.,2 ¢ If the action of G em A is trivial,
 thea u'(G,A) = Hon(G,A).
Description of #2(.A)
Assume that A 1is an abeliam group and that the
"group G operates om A,
An extension of G by A {is an exact sequence
858 —/ic —>1, where T 4s any group, such
that the following holds s if ¢ ¢ G 4s given, and if
g ¢ § is smy particular pre-image of o , them the map

6.t A > A such that 9.(;) - gag = » iv(n automore

n:u of A which depends only on 0 and noi om iLhe parti-
cular choice of pre-image,) In this way we get am actionm of
G on A, We demand that this uun\::‘tﬁ‘u“c- with the
given action of G on A,
Remark 1,3,3 ¢ If the action of G om A is trivial,
‘them 1 A -‘L—, e L, €6 —> 1 with 4(a) = (1,a) end
plgsa) = g is a group extension,

Again if we take A = nZ j G =%/, and =z,
then with the trivial action, 0 02 - Z - t/u-, 0 is

a group exteansion,
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Equivalence of Extensjons
Let 1 A 08 6 1 (1)
and l—_,A__,Uz ) ———(2)

be two extensions of G by A, We say that they are
equivalent if 3 an isomorphism O 3 U‘ —782 such that
the following diagram commutes @

1 > A 5T 6 —1
|74 |e [ d
1 >A L0, 61
It is easy to notice that the equivalence of extensions
defines an equivalence relation in the set of all exiensions

of G by A,

We now prove the following

Eroposition 1,3,3 ¢ There exists a bijeclive corres-

pondence between two co~homology classes of G in A and
equivalence classes of extensions of G by A, (By co=-

homology classes we mean oq'uulnu classes of coeycles),

6
Proof : Let 1! —A T >G> 1 be an extension of

G by A. Let {u} be a section of the map O § — G,
vl
Thus under ©O , oy 8> T and W —oce But them

w > ¢t o Therefore 9(‘0'.-:(.0"{)‘1) & e -

= Ir.t(l;_r)-l € ker0 = A, Say -q_ut(un)" =a ¢ A

for some element, demoted by a_ of Ae.

?

= uu =8 W wee(l) , Thus for every pair

r,teG J @ ¢ A such that (1) holds,

E 3
In order to show that e_ is a 2«gocycle in the multipli-

)T

cative notation, let oyt ,f € G Then (u _m )uf e
.a'(.t.f) ==={2)s The LelieS. of (2) =2 u u =2 a

f o, U'Qf

ef



and the R,H,S5, of (2) = na_(a”, u_ ) e==(3), Notice that

°p

for any a c A, u_a l:: coincides with the given action of

G by A. Denoting the givenm action by a’, we can write

u a n’l -8 i.¢, u a= arn e Therefore the R,H.S5, of
| g . i o [

=
(2) = 8, uu = f;f ua_)rf RO Hence because of the

equality in (2), we must have . .8 .0 = .:fnc_ o Peuk

® 8 8 . = a a e a ata™l =1, (v

P TP TP O,Tf < o, P

shall call this the cocycle condition). Thus in the multie-

plicative notation, a,.. is a 2=-cocycle, The 2-cocycle B,
/ 7

defines a cohomology class, i.,e. an equivalence class of
2«cocycles,

Suppose now 1 A —,U!—o G —1
[dd  |§ | 2d

and l—>A—,Bz_,a__,1
are two equivalent extensions, We will prove that they give
-prise to the same co-homology class, _

Let {Irj and fvuj be chosen sections of the

Te G reG
maps U, — G end 8, — G respectively, For convenience,
we identify T, with T, through the isomorphism £ : T, — T,
Under this identification, cc G has two pre-images u_ aid

| A and so they differ by an element of A, say ¢_. {.e.

u =ecv VorecGe (Here we are writing u_ instead of £(u, )

by the identification)., Thus wu = (c.v )(e v ) = eﬂ_c:-va_vt

B %{-_"r,c V.. Where b _ is the 2ecocycle associated with

the section T, — G, Also wu =a w _, Where a

T,T aT o, T

is the 2-cocycle associated with the section 81-’ G,

Thus uu = 8 u = a c v e Therefore a ]

o, g  T,x Ot OCT T oT
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"
1 . e Notice that

e.cb o e0 that a = . v, * c

e T

— 48 a ni-hnognnu 2-coboundary, Thuse .ﬂ';r
and ‘o—,{ belong to the same co-homeology dhss i.e, they
are co=homologous, Therefore ja_ | and {bmj ‘define
the same 2«cohomology class of G 4in A, (The braces
«uuld u-icndluy classes), ﬁ have thus constructed
a mapping O3 flqulvsluu classes of ntonlou_}:
— )Scnouoluy clnu._} as
the class of the extension 1 - A - 8 —> G — 1 being

mapped inte flm} .

We construct now the map

V[ L] - {cohmlejy classes _} —> flqllulu«':::::::-:t

inverse to O as follows 31  Let a__  be a 2-cocyele
representing a given 2-cohomology class, Let T be the
set of pairs (a,7), a ¢ A and recG, ¥We will make U
into a group as follows 3 Pefine a multiplication
on elements of T as (a,0)e(dyc) = (aba ,oc) .
e now show that U is a group with this multiplication,
Assoclativity : We have [ (a,r)(b,7) Tle,f) =

(a8 a__ yoc)(esr) = (af 8, . U 8. ., socp) and

(8, 0) L (vyc) (o) T = (ay0 )00, 7 ] =

(s €° & _8_ _,ccp)e Simee by the coeyele condition

P o, P

. .8, . 8 . a__. » Wwe get the required associativity,
1

Identity : The lefteidentity e of T is (a';.!,l).

for (.;:‘.l)(a,o-) = (;"':‘ s s )  w==(l) "’\—\\

<\
\!
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definition, Consider now the goeycle condition

a_a =a a o Putting r =t = 1, we get

T n,f T, g, TP
al.‘c,.f, = ‘l.f . i.0, 8¢ * .h' ¥ £ so that in
P.'t“‘l.r. .‘.0. = .‘.‘ ¢ Thus (.;:‘.‘)(..T) -
(‘::.‘ ."r 2T ) = (ayc) »

Inverse t The inverse of (a,r) is
((c"‘)r-‘ a;:‘ .;.‘o_ o a-") » for ((a")r.‘a;:,‘;:la_ ’ u'—")(ur)
- ((.")"".;‘, ! o .1> « (a7} 1) =
’ LA v
Thus T 4s a group.

Consider movw the following surjective homomore
phism A s & > G such that A(a,r)= T o The kernel
consists of elements (a,1), a ¢ A, Ve now define a
mapping ~ ¢t A — kernel A suech that o (no;:‘.l) .
This is a group homomorphism since +v(a) v(d) =
Caog? 1) (0a7)151) = (aa]t bal? 1a) 101) = (aba(l)00) = ),
for any a,b ¢ A, Next V is one one, for V(a) = e
9 (sa]0)01) = e o (sa]),,1) = (a70)51) = a =1, the
fdentity of A, Again YV 18 surjective, since, for any
a ¢ A, we can write (a,1) as (”l.l.::l’” which is
the imgge of “l.l under «}/a. '_.’ tnn.ton. get an
exact sequence 1! - A T -6 > 1, We mow cheek
that the action 'ot G on A givem by the above exact
sequence is the same as the given action of G on A,
ket u_w= (1,5). Then {Ia_}ﬂa is a section of ¥ — G,
We can write (a,c) as Tu_ where T = (n::l.l)

because (u;:l,l)(l.o-) = (u';:‘a‘”_.r) = (a,) since



a = a " by the cocycle condition, Identify A with
l o l.!

the subgroup X of T through the injection

a »——-y(n;:‘.l) = 3. Them the givem action of G om A

can be transported to an sction of G on X as follows @
Define ('i'f; = o . Now ur'i = (l.o-)(u;:l.l) =

(nr(tl.!)r 'a—.l"") . Alse (3) u = fu_ = (& .'l':‘.l)(l.o-)

« (2’2, ,0 o) o Comsidering the coeycle condition,
l.l l'r

f.0, nrr-ﬁ_f = n:., ld_rP and putiting T = f= 1, one gets
' - o -‘ .
8 18,1 = 8 ,1%,,; vhich gives a_ (8, )" _ yientity.

Also ‘1,::— = ‘1,1 so that l;:‘ll.q_ = Jdentity, Thus

ud=(3)u_ . This shows that 1 - A T 66— 1 f1s
an extension,

We mow show that the inverse map /| is welledefined,
For this, let fud_'t} and {br‘t} :0 :_ohuolonn. Then 3
¢ ¢ A V 7cG such that a_ e=>=0» w—=(2) o Let

-
€ e iy

3 R Hl —> G — 1 ecorrespond to {nr"} and let

1 —A - 33 —> G —> 1 correspond to fld_.tj e« We are to
construct an isomorphism Vs 'l iy 82 such that the

diagram
§ -4 L& >0 -3

ld  4'a {d
B & __,lz 58 ~d

comnutes, Defime 0\ 1 &, — T, such that A(a,) = (ae_,o) .
W\ is a group homomorphism for ) (a,«)(b <) -A(nr.q_".a—c)
= (»"—nﬂbt e, . 207 )e Also (ae ,e)(be_,<) = (uo_brc:'ba_".o-r)
t.6e MNa,m) A(b,T) = ua_bre:'bc_",o*c). Using (2) one

gets that A is a homomorphism., Again if we define

M 3: s 3‘ such that ,w(-,tr) = (u:_‘,o-) then fol=



— M-
Identity and 0\0/4 = Identity. Therefore )\ is an iso=-
morphien,
The commutativity of the following diagram is a

routine verification
1 5>A 8, -6 1
l»l'd a Iﬂ'd

1 -4 8, -6 —1
Hience the u‘tocitltod extensions are equivalent, and the
mapping | is well defimed,

For the proof of the proposition te be complete,
we need to show mow that Qo = Ideatity and 1ol =
Identity, In order to show that 9.0\ is identity, let
{.rn} be given, and let 1 A —»8 —>G — 1 be the
associated extension, We choose the section 75'0-}”‘ ’
where u_= (1,0), for the map T — G. We compute the
associated coeyele : Now u w = (1,7)(1,0) = (‘a-.z'ﬁ)
= 'a'ﬁt u__  (by definition), which is the associsted co-
eycle we started with, lence Gov\-.uonuty. Ia order
to show that V\oQ = Identity, consider an extension
1 >4 T —6 —1, Let {-&_6. be a chosen scction
and lat. ac_’,c be :he associated 2-gocycle, Let
V\(aa_.t) ,-.l — A A—ac —»>G—>1, ¥%e are to oougnct an
isomorphism h ¢ G T such that the diagrem

1 - A _;/G\ —- G -1
[dd b | —=(3)

is commutative, Define h s i\ — 8 as b(a,c) = asu_
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Now B((8,c)(b,2)) = B(a¥a_ ,oc) =a¥a__u_ =
ab’u u_ = su bu_ = h{s, )u(b,<) . r:.ntcn h is a
group homomorphism, Define ¢t : G — ¢ as t(an ) =
(a,o) 3 [lly element of T d4s au for some a < A_/,
Then clearly toh = Identity and hot = Identity, aand so
h is an isomorphism, It is easy to verify that the dia-
gram (3) is commutative,

This completes the proof of the propesition, #

Eropesition 1,3,4 ¢ The 2-coboundaries correspond to

the equivalence class of split extensions,

Proof ¢+ Let 1 > A —-T —G6— 1 be 2 split exten~
sion, Them I a group splitting ¢ — ¥ of T — G. Let
u_ be the image of o under this splitting, Thes ¢ — U

being a homomorphism, w w =u_ . ‘Hlence the associated

cocycle ao_.t is 1 ddeatically, If mow we define ¢_= 1,
¢ e

V¥ reG, them a @ === and henee a is a co-
0T ‘U"‘C 3 = .r v
boundary, Conversely let a = == bhe a 2egoboundary,
TeT Coc

ket 1 > A —T 6 1 be the associated extension,
pefine P31 6 —T as B(r) = (c;‘.tr) « We have only to
show that this is a group homomorphism sinece it is trivially
a splitting, Now f(da(<) = (0;‘.\")(‘:‘.?) =

(C:.‘(O:)-‘lo_.t voc) o Using (1), ome gets (()p(c) =

(c;_'t‘ 2 0T) = g(o—r) e Henece the proposition, ¥

§ S, Gase of a Free Group.
This section deals with anm application of the pre~
ceding propesition, We show that Af G 45 a free group and

if A 4is any Gemodule, then l’(C.A) = (0) .



Degfinition 1.3,1 We say that a group G 4is free on a
set S £ ¢ ,4f (1) S gemerates G and (11) if i3 S N

is any map (injection), H being a group,them J a unique ext-
ension of 1 to a group homomorphism of G > H . (Notice that

G is gemerated by the image of S under the injection S — G,)

Proposition 1.,3,1 = If G 1is af free group and if A 1is
any G-module, them H2(G,A) =(0) .

Proof s Any element of lz(G,A) corresponds to a group
extension 1 > A—>8 56 —> 1, Let G be free on a nonempty
set S , We choose arbitrary pre-images for clements of S under
the mapping ¥ —> G to get an injection 8 — ¥, Since & is
free on S,this injection extends to a group homomorphism

G —» B,and clearly this G > ¥ 4= a splitiing of § 5 G beca-
‘use 8 generates G, Hence the element we started with in
82(6,A) 13 zere.i.e. H2(G,A) = (0). #

Remark 1.,3,1 3 We amy note hare that as a more gemeral case,
4f G 13 a free group and if A is any Gemodule, then

8%(g,a) = (0) V = 7 24 n integer,

Remark 1,3,%. ¢ We end this chapter by proviag that 4f Llhe
integers M and n are relatively prime,them any exact seguen-
-ce of gromps 0 G 5B T —>1 , where o(G) =m and o) =n ,
splits ,

Bemark 1,3.,3 ¢ To prove this,we require the follewing result
which 18 proved as Lemma 4.1.,3 in Chapter IV : Let Tl be a
finite group of order = and let G be a Temodule., Them for any



positive integer i , if y¢ H'(T,G) , them ny =0 ,

Remark 1,3.,4 Before going into the proof of the result
stated in Remark 1,3,2 , we recall some standard results which
we require in the proof : Sylow's first theorem states that if
G is a finite group and if ,for a prime p , p' is the highest
power of p which divides o(G), them G has a subgroup of
order p? e Now, if G is a finite group and if H is 2 subgr-
~oup of G such that o(H) is the highest power of p which
divides o(G) , them H is called a p-Sylow subgroup of G .
Hence by Sylow¥s first theorem,every finite group G has a p=-
Sylow subgroup,for p =2 prime as above,

In general, a group of order a power of a prime p is
calied a p-group. A Sylow p-subgroup of a group G is a maximal
p~subgroup of G. The second result which we recall here is anoth-
er theorem of Sylow which ctates that any two Sylow p-subgroups
of a finite group G are conjugate, Finally we recall that'it
G is a finite p-group , then G ha®s a non-trivial centre,
Proposition 1,3.,2 : (Schur-Zassenhaus) : If the integers m and
n are relatively prime,then any exact sequence of groups
0 -G —>B —>Tl—1 where o(G) =m and o) = n , splits,
Proof @ Let 0 — G LILTF-—)I ~==(1) be an exact sequ-
ence of groups with o(G) = m and o) = n,

Case 1 3 Suppose first that G is abelian, Let x ¢ 1 be
given, Let 0(b) = x , Consider f, *+ 6—>G suech that fb(g) = hgb-l

for geG and b¢ B such that o¢(b) = x , Then £, is an auto-



morphism of G which depends only on X and net on the part-

icular pre~image of x , Now the mapping Tx G — G such that

(x,0)—> 30g = bgb~' where ¢(b) = x,defines a group action of
T on G,and G thus becomes a T ~group. The exact sequence

(1) is tkerefore a group extemsion and hemce corresponds to an

element ye;lgtn}ﬁ) o Clearly my = 0 , Again by Remark 1¢3.2 ,

ny = 0 , and slneg m and =n are relatively prime, y =0 ,

The exact sequence (1) therefoqe corresponds teo a 2-coboundary
and hence splits by Propositiom 1.2.4,

Case 2 @ Suppose now that G is not abelian. To show that

(1) splits, we are to show that (— has am inverse, It suffices to

show that B contains a subgroup L of B such that o(L) = n ,

The proof is by induction onm m , the ordér of G. For m= 1, the
result is true since in this case B /5T, Assume the result

true Y t¢m and t relatively prime to n , We shall show the
result true for ¢t =m , Take a prime p such that p/m. Let

P be a maximal p-subgroup of B , Let N = the normaliser of P
in B= {beB : P’ P]. Now the mumber of conjugates of P
in B = / B:N_J. All these conjugates lie in G , simece, for any

xe¢B , xPx~'c 26x"' since P<G § but them xGx~'= G since

le- G. All these are maximal p-subgroups inm

G qB. Therefoee xXPx
G and are hence conjugate by a Sylow theorem, Now the mormaliser
of P in G = {XcG: ®x~! - r} =GNAN and £ G1GNAN_T = the

number of conjugates of P in G. Therefore [/ G:GNAN_J = / BaN_7.
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Now / BiGNN_] == [ B:G6 7/ G:GNN_T] and [ BiGNN_] =
[ BNJ/ NsGnN_J. Thus [ N:GNN_] = [ B:6_] = :g;_ "= o(M)

=n , Consider the exact sequence

0 _,gFQ_l_ —’-':"_”G‘R.'i —» 1 where o(N/GAN) = n and o(GaN/P)

= t where t/m, By the induction hypothesis, J H/P < N/P such
that o(H/P) =n , Let C = Centre P , Then of(C) # 1., Consider
the exact sequemce 0 _, P/C , H/C —H/P_, 1 with o(H/P) = n
and o(P/C)¢ m sinee of(C) #£ 1. By the induction hypothesis, J a
subgronp K/C of H/C such that o(K/€) = n . Consider the exact
requence 0 —5 C 5> K > K/€ 5> 1 where o(K/C) =n and C is
abelian, This splits by the abelian case above, so that 3 L<K

with o(L) = n , This L splits the original exact sequemce (1).#

LA 2 2
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c TE 1
THEORY OF CENTRAL SIMPLE ALGEBRAS g THE DEFINITION

BRAVER GROUP OF FIELD
*

8 1. Some pre-requisites on Central S e Alge o

This section deals with some preliminaries on

Central Simpie Algebras, The results proved will be used subs-
equently,

Definition 2,1,1 Let R be a communtative fing with 1.,

An R-algebra A is a ring A with the following properties:
(1) A is an R-module, (ii) ¥V X €R and Ya,b cA, we have

(ab) = a(xb) = (xa)b,
Remark 2,1,1 @ If R=K , a field, then a ring A 1is

a K-algebra of dimension mn if (i) A is a vector space of
dimension n over K and (1i) Y x¢XK and a,b ¢ A, we have

(ab) = alxb) = (xa)b.

We may alse define an R-algebra in the following way:

ef i 2.2.% 1 Let R be a commutative ring with 1

and let A be a ring with 1 ., Let fs R, Centre A be a ring
homomorphism. If rcR and acA , we define a product rea =
f(r).a where . is the multiplication in the ring A. This
makes A into an R-module, The ring A together with this
R-module l;rueturc is called an R-algebra,
Re 2,1,2 3 If K is a field and if R =K and A £ 0
in iho above definition,then f is gn injection. Thus K can be
canonically identified with its image in A

escontinued,.
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under f 31 XK —- A, Thus 2 K-algebra, K Dbeing a field,
is essentially a ring with centre .‘ containing K ,
Repark 2,1,3 ¢ If A and B are Realgebras then

3 % B 4is in general an Remodule, A@Ql becomes a ring
under an operation g s (A 022 B) x (AGA!) — A @Rl ,
defined as ‘(.‘ ® by,a, ® bz) = 0,8, ®byb, , amd 1@}
is the identity of the ring AQ. .

If mow £t R > A and gs R - B are the
corresponding homomorphisms on A and B respectively,
then A@Rl is an Realgedbra under the ring homomorphism
R — A@RB such that x> f£(x) @ gi(x).

Refinition 2.,1.,3 ¢+ A ring R with 1 is called simple
if it is Artinian and the only tweo-sided ideals of R are
R and (0).

An Re-algebra A is called simple 4r the ring A
is simple,

Remark 2,1,4 + We shall denote by M_(R) the ring of
all axn matrices with elements in R, I' being any ring.
¥e may aéto here also that I.(D). for D a division ring,
has no proper two-sided ideals,

Remark 2.1,8 ¢+ If A and B are finite dimensional
K=algebras, for K a field, then A(% B is a left and
right Artiniesn ring. This is because any descending chain
of left or right ideals of A @5, say (27 = L, Z- 30’,,

is finite since the dimensions of the OZ,.;u l-nbspun

\\\‘

LIBRARY

strictly deecrease. st 4 S ® i




¥e now state without proof the following Wedderbura's
Theorem, which we shall require subsequently,
Iheorem 2,1,1 ¢ Any simple (Aruuun)rug is isomorphiec te
a complete matrix algebra over a divisionm ring.
Definjtion 2.1.4 ¢+ Let K be @ field, Let A De a
finite dimensional simple Kealgebra, If Centre A = X, then
A is called a Central Simple K-algebra,
We now prove certain results,

Lemmg 2,1,2 + Let K be a field, Let A and B Dbe
finitee-dimensional associative Ke-algebras, Let Ay eand ll
be Kesubalgebras of A and B8 respectively,
Let Ay = the commutant of A, in A

= f: eh s X8 =ax YV a e A‘B
Let B, = the commutant of B, in B

- (y¢ B3 yby=byy V¥ llel‘}
Then A, ®!'3 is the commutant of the subalgebra A, Q('l
in AX B,
Broof ¢+ Comsider any element a, @ 1 of A, @Kl o HNere
A @ 1 dis the image of A; under the canonical map
Ay > A@ B, Let fy‘j be a Kebasis :n B, Then any

I€ien

X cA C)Kl has 2 unique expression X = Zl
i=
%' ¢ A, If now % commutes with a; ® 1, i.e, if

“ O,‘ » Where

:(u‘ ®@1) = (.. ® 1)x then :Z_l:‘.‘ @y = :Z‘l‘l‘ ® vy
so that x.08, = a;x, Y 1 2,6 Ay Vi

Now the commutant of A, @1 ta A@B 1s

{: ¢ AQI ) l(l‘@l) = (a‘®l): V‘l € A‘} -
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f: e_AQ; Bs xe= :7;,'1 @y‘ where X, €Ay, y, ¢ l_}
= A, @2 . Stimilarly the commutaat of 1@ B, i» A®S

is AQ‘D3 e We now prove that the commutant C of

(A, 88;) 1a AQ> 1s (g ®®) N (A@ B,) « One notes
that x ¢C = x(al@hl) = (‘l @bl)x s V 8, ¢A; and

by €8, 9 x(s;, ®1) = (2, @)z » xc A, ®B. Similar=

ly x¢C 5 xc A®B, and hence the commutant C 1is
contained in (A,‘,®K B) N (A Q B,) + Conversely let

I (Az@ B)N (A q:z) o Thea x(a, ® b)) = x(a;, ®1)(1 @ b,)
= (2, @)x(1@b,) = (2, @1)(1@By)x = (3, Id)x V a, cay,
Vb, ¢8,s Therefore x ¢ C , Henee € = (A, @ 8) /\(AQ 5,)e
Now it is emough to show that A’Q B, = (A,Q; B) N (AQ By)e
Clearly the L.N.S, C R,NH,8, . Let x ¢ the R.H.5, . Let
{:‘}‘< 2% be a K=basis for Aye We extend this basis to

a K«basis of A by introducing Eoel? Fpagrecer ¥ Since

..
xeAle.x-Z:‘Qy‘ for y,'sc B, VY 1. Alse

sehQI.u x-rZ: @y‘. This shows that vy, - \/*jw\;ma»d

’f‘.‘l' ”029000. ’. are ll! gero., S0 = = ‘-‘ ‘®" & l‘ eAz
end y, ¢ B, Vi, 1<t<r , Therefore x cAy @B, so

that the R. 0.8, C L.H.S. Hemee the lemma. #

Lemna 2,1,3 t Let P and D' be division algebras over
K, mnot necessarily finite dimensional, Let Centre D' = K.
Then O@ D* is a simple Kealgebra.

Proof ¢ Let (U be any monzero twoesided ideal, if any, of
DQ D', Let ?d‘ﬁi be a K=basis of D, Among all the

€1
nonzero e¢lements of (J,, choose one, say X, of the shortest
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expression % = 4, @il - ~‘z ® 8y, ¢ eeo ¢+ d, ®a, where
4,(1<icm) s a part of the basis {c‘}“e ; of D and
ag ¢ D' ., By considering the element x(1 @l;‘) instead
of X, we can assume¢ without loss of gemerality, that
8y =1, Let a be any element of D' , Assume a # 0.
Then (1®a")x(1@a) e ¢, ®1+4,® c"‘.,u ¥ ose ¢
a0 n'ln.a « Since (] is a twoesided ideal, y =
(1® .")x(l @a)e (L. wow y=x = .Z a, @(."‘“Q - 8,)
and sinece ye=x € @Lnulg shorter l:::n than x, we must
have y =X , 1.0, a8 = n"'.‘u Vi, 2584 cn o Sinece this
is true for all nomzero a c D' , we conmeclude that ay ¢Centre
D'=K Vi, 2<i<n, But then x =4, @1 + (‘213)01 B
(d’a,) @1 % oo * (d.c.) ®1 = “l + 48, ¢+ ou0 ¢ d,n.)@ 1
€ D@‘l e 1.0, x is a nonzero element of the division
ring DQ 150, and hence im invertible, This implies that
0= D@ZD' o Henece DQ P* 4s a simple ring and hemce a
simple Kealgebra . #
Lenmma 2,1,4 ¢ If V end W are f.d, K=spaces, thea
(Ead ¥) @ (Bnd ¥) ~; Bad(v @ W) .
Proof Let €900 000p0, be a Kebasis of V. Define
!“ ¢ End, ¥V es t“(o‘) = e and !“(ok) =0 if 4 4 x,
The the t“'l 1 <i,j<mn , clearly form a K-~basis of End V.
Suppese the elemedt . st% sn‘“ ® gy » Wwhere g, ¢ End W,
is mapped onto sero by the homomorphism O3 (Emd V) @ (ena w)
— End (VO W) given by (6(f ©@g))(x® y) = £(x) @ £(y),
Ve cEnd ¥, g cEnd W, X ¢V and y c W, Them if y ¢ W

is niur"y. we get for a fixed i. 0= (ZI” @ 'SJ> (¢, ®y)



_35‘—-

=2 200 ) @ 9gy(y) = 1 5um tiyle) @ 0y (0 = T g0y Ouyy(a).
Henee ‘S’Zs‘ e ® ’U(’) =0 , Since f'l":"“"s} is 8 K-
basis of ¥V , we must have gu(y) =0, 1<jcm , 1.0, 93 = 0,
since y was arbitrary. Since | was alse arbitrary,we have

9yy = © V1,3, 1<4,3<n. Tis impltes that 2., ® gy, = O.
Therefore the homomorphism O is ome-ome. Dimension considera-

tions show that 0 is surjective, Hemce O is am isomorphism.#

Lemma 2,1,5 3 If R 1is any K-algebra,thea
u (k) @ ® M (R) . ‘
Proof @ Consider f: M _(K) @l —> M_(R) given by

£( 2—0“ ® r“) = (r“) s where \50“3 is a camomical basis of
l‘(l) and Pys cR, Now £ 45 a homomorphism of rings,for

£(( Ej °; ® "u)‘L,zt oy @5y)) = 2(Te 0, @ ys) =

f7 oo @ ryeg) = 002y 00 8 5wy = (Frygsidin
The injectivity and the susjectivity of £ is obvious, There-

fore f 4is an isomorphism, #

Proposition 2,1.6 Let A and B be finite dimemsiomal
Central simple K-algebras., Them the Kwalgebra A@(l is also
Central Simple,

Broof @ Since A and B are simple , by Wedderbura's
theorem,we can write A = lr(l) and B = l'(t') for some imtegers
r and 8 and division rings D and D' , New by Propesition
2.1.5, A =M(K) Qn and B = M_(K) @-' o So by Lemma 2.1.4,
AQ: = M_(K) Ql.(x) ®) (0 ® »*) = M (K) @k(n X9) el (i) &0
¥ (K) @‘lil'), for some division rimg D" ,



- M (K) Q Uy (K) @ 0" = M (K) @ 0" = m (%) , Hence
A® B is a simple algebra over K, Now Centre (AQ B)

= commutant of (AQ B) = (Conmutant of A in A) Q
(Comnutant of B in B8) by lemma 2,1.2

= (Centre A) Q (centre B) -‘l(% K=K, Therefore AQ n
is a Central Simple K-algebra ,

Corollary 2,1,7 3 If A 4is a Central Simple K-algebra
and 1f L 4s any field extemsion of K, then AC; L is
Central Simple over L,

Proof ¢ That AQ L 4s simple is clear, Also

Centre (A@‘ L) = Commutant (A Gx) L) = (Commutant of A) Q
(Commutant of L) =kK@L =1L , # |
Proposition 2.,1.8 If A is a Central Simple K-algebra,
then A® A®* is isomorphic to a matrix algebra over K,
(Here A®* 4s the opposite algebra of A).

Proof s By Proposition 2,1.6, AQA’ is a simple
K-algebra, W%We imbed A into nd‘A as a vegctor space,
through the left regular representations f.e. Af a c A,
we defime L ¢ EndA as l..(x)-- ax o, The imbedding is
a t—-)l-. e We imbed A®* {nte lld.A through the right
regular representation of Aj; i.e. if b ¢ A®, we define
Ry ¢End,A as l.(x) = Xb . In this case we are conside-
ring the imbedding b »—’l. e Through these ring homomor-
phisms, A and A® are considered as Ke-subalgebras of
End,A . Notice that L.l.(s) = a(xb) and I.l-.(l) = (ax)b,

Therefore I..lh = I.I. We can thus defime a nomszero ring

. -
homomorphism £ ¢ A ? A®* — EndgA as f(a ®b) = LRy o
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The mapping is clearly an abelian group homomorphism. To
check that £ 1is a ring homomorphism, we neeod only to shew
that £{((a ® b)(a*' @ d')) = t(a ® b)f(a* @ b') V a,a’ ¢ A
and Y b,d* ¢ A®° , Now f£((a® b)(a' ® bd*)) = £(aa’' @ b*D)
= LogtByop = Labgo®pRye = LRpbooBye = L RplaeRye =
t(a@b)f(a* @ b') o Thus £ 4is a ring homomorphism,
Consider now the dimensions 3 ['(AQ; A°) s K J= LA l_7a
and [End A s KT = [A s K72 . Now f is a monzere
homomorphism because the multiplicative identity 1 of
A@Kv goes the multiplicative ddentity 1 of End.A .
The kernel f being a two=sided ideal of A@‘A‘ is
gero, since AQ(A' is simple, Therefore f {is ome-one,
Since the dimensions agree, f is an isomorphism, #
Ptoposition 2.,1,9 ¢ If A 4s a Ceatral Simple K-algebm,
then [ A s KJ 1s the square of some integer. (We shall
use the abbreviation C,S, for Central Simple). ‘
Proof We first prove the result for A = D, a ceantral
divisional algebra over K,

If L 4s an extemsion field of K, then DQL
is a simple algebra over L by lemma 2,1.3 o Take
L = i (the algebraic closure of K); then Dq(f is a
matrix ring over a finite dimensional division algebdra
over K . Now D@ L is considered as an L vector-space
as follows 8 4if lc L amnd d®a c D@L , define
(ea@®2a) =a®la, Then » @(l. becomes an L-algebra,
AMso [D@L s 1] =01 KT, because, 1f X ;% 5000,%,
is a K.basis of D, then any element of DO;I. has a



unique expression :E, x, ® L‘ = :Z‘ Lt"t @1). That is,

the elements (xl ® seces(x, @ 1) form an L-basis for
a@kl. over L. One motices that 3 mo finite dimemsional
divisional algebra over K other than K {tself s for
i D is ome such, and if a ¢ P, then i(c) is a finite
dimensional extension of f. and hence must be equal te
K, K being algebraically closed, Thus & ¢ K showing
that D = K . MHence b@i-l'('l') and ['Dl IJ =
Lo0K s 87 = Lu,(R) s 7 = n® . thus the proposition
is true in the case of a division algebra,

If A 1is arbitrary, we write A = M_(K) ® », where
D 1s a division ring. Then AQ® K = u (k) @k (PO®K) =
I'(t) ® l.('l') ,(nr some u.)) = ln(f) o« Therefore
LA 8]« LA®R s BT o L, (B) s T = (em)?
Hence the proposition. #
Iheorem 2,1,10 (Skolem=Noether) : Suppose A and B are
finite dimensional simple algebras over K, Assume that
Centre A=K, Then if f and ¢ are two K-algebra mono=
morphisms of B imto A, 1 an invertible element t of
A sueh that f(x) = t"g(:)t V 8e®s
Proof 3 Suppese A 1is a matrix algebra over K, Thea f
and g give two Ke-representations of B having the same
dimension, B8y - r simple algebra theory, these two répresen-
tations are equivalent, 1.0, J an invertidble matrix ¢t ¢ A =
M (K) such that f(x) = t".(x)t Vs cB, Suppose now
that A 4is arbitrary., Then we kmow that A tg A® l.(t)
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for some n, Comsider £ @ 1,,: B@(A' . A@KA° and
0@ 1,,t 8@ A — A®kA' « Now u@ A* is a simple algebra
and by what precedes, we get a teA@A' for this case,
Considering this for the element 1 ®y , y € A®, we get
1@y = t'l(l ® y)t. Therefore t ¢ Commutant of 1 QA‘ in
A@KA'. But this commutant = (Commutant of 1 in A)Q (Commu-~
tant of A® in A) = A@K . Thus t c AQK and hemee teA
since A ® KA Applying the result to elements of the type
t®1, xcB, we get f£(x) @1 = t™Hg(x) @ 1)t = (t™1g(x)t) @ 1.
Therefore f(x) = t-lg(x)t YxeB, #
Corollary 2,1,11 @ Any algebra automorphism of a Central
Simple K~algebra is an inner automorphism, :
Proof : Sake A =B and ¢ = identity mapping im the theorem,
Then £(x) = t™'xt , # o
Theorem of the Bi-Commutant 2,1,12 Let A be a Central
Simple K-algebra and let B be a simple subalgebra of A, Let
C be the Commutant of B in A , Then the Commutant of C in
A is B} i.,e, the bi-commutant ( or the Commutant of the Comm~
utant) of B is B itself, Also C 4s simple and / A:K_/ =
[k _7/[cx 7.
Proof: Let B be imbedded in End,B, as a K-space through
the left regular representation., Then the commutant of the image
is isomorphic to B°, | _

Consider the C.S. K-algebra lnd‘l® A, Now B can
be imbedded into this algebra in two ways 3
(1) » L @1 , and
(2) b+—>1®b, since B is a subalgebra of A,
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Applying the SkolemeNoether's theeorem, we conslude that the
images are Ke~isomorphic as clgebres through er inner auto~
morphism, Hence their ;ouputantl are isemorphic. 1.0,
8@ A, (EndgB) @c since the comnutant of 1 is End.D
and the commutant of b is C, Equating the dimensions,
veget [2°®As k] =LEngn®c s K] . The LS, =
Las L0 2 87 and the R.H.S. = [Enqd 3 K. 7[C 2 F
«/B 1872157 . Thus we have [A s K] =
[BsxJfc s K] . tiow B*@® A is simple so that Eagd @ ¢
is simple and therefore C 4is simple , _ '
Applying what precedes to € im place of B, let
C*' = commutant of C dm A, Them C* 5B and [As K] =
L[esxJLc 1 5] « But the L.0.8, =L ¢C s K[ B s & 7.
Thus ['a sk 7 =fc s 5 7, Since C° OB , this implies
that ¢* = B , # |
Corellary 2,1,13 ¢ Let A be a Ceatral Simple K-algebra,
Let L Dbe any field extension of K contained in A, Them
L is a maximal commutative subring of A ¢(®» L s its
own commutant 4n A <@ [AskJ=/L:k]?,
Proof 3 Let L Dde a maximal commutative subring of A,
Let L' Dbe the commulant of L ia A, If L' ;I. s take
some & ¢L', 8¢ L, Them Ll e’ ] 4s a commutative subring
of A containing L, Hemee if L i35 a maximal commutative
subring, we must have a' ¢ L, Contradiction, Therefore
L' = L, Conversely let L' = L, If B 4is any commutative
subring of A containing L, them B Cc L' so that B = L,

Therefore L is a mazimal comantative subring of A,
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Assume now that L is a maximal commutative Sube
ring, Then L' =L and [At k7 e Lok Vs x' ]
« /L sk J? . conversely it [ A s K7 = 7L v k7%, then
Lo kL0 s kT =1 s k7% so that [ 18] =
7L s &7 whieh together with the faet that L' 5L
implies 'uu L' = L, This shows that L 1is a maximal
commutative subring of A, §

Corollary 2,1,14 : If D is a central division algebra

over K, then a subfield L 48 a maximal commutative sub-
field if and only 4f /D sk =L sk ]2, #

Ihe Brauer Group ¢ Let K be a field and let A and B be
Central Simple K-algebras, Then by Yedderburn's Theorem,

A 0 M (D) for a division ring D and some positive integer
n, and B :\_.;u-(n') for some division ring D' and positive
integer m , Define a relation ~ suek that A ~5 if D
is Keisomorphiec to D' 3 ( i.e., define A is eguivalent to
B 4f 0 is Keisomorphic to D* ), This is clearly an
equivalence relation, Lot By be the set of equivalence
classes, We introduce a binary composition on By as followss
If A and B are represeatatives and ?A& and {Bj their
cqntuhn_cf: .,,,‘c(lu,;:f?::d'a:d“““ $ay x {8l= A@ 2} o This

onnt!nk-nu B‘ into a group., Notice first that u
A ~A and B ~B), then writing A = n'(n), Ao = l.(l),
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Ba=N (D), B, =M (D) we get AQ ] r_v,u“(x)@(l@l')
end A, ©8, ~u (k) @ (» @ D'). Simce the division rings
for A@kl and A‘Q B, are the same, we comclude that
AQ B~ Ay Q B, o Thus the operation defimed above is
independent of the representatives chosea,
assodtativity s [ (Al x {87 x fej= {A@ 8] x{c} =

{(AQ B)§c] and Al < Lo x{e) T = {A@(IQC)}.
Hience the associativitly of the operation on l‘ follows
from the associativity of teasor products, »
Identity : The identity element of l‘ is {Kj .
Inverse : The inverse of the class {Aj is the class {A' 3
this follows from the fact that A@K A® n matrix ring over K,
Thus I‘ is a group, and is in fact, an adbelian group since
tensor products commute,

Definition 2,2,1 : This group is called the Brauer Group
of K,

Propeosition 2,2,1 ¢ If A is a Ceniral Simple K-algebra
of finite K~dimension such that AQL is a matrix algebra
over L, (here L can be any finite extemsion of K) them
4 @& Central Simple K-algebra of finite dimension, say B,
such that B ~4A, 8 DL and [Bs kT =L K 72,
Proof s Notice that simce AQL r5 ML)y, A°@L =
(A@kl.)' 5 (I.(L))Og l.(l.‘) f‘_-;,..(‘-) oo' that J a
K-vector space say V, of finite L-dimension such that
A’@(L = Enq,V. Notice also that [V 1 K J<cw . Alse
ll‘l.' is a subring of tld". We compute the commutant of
A*®L in EndV. For this we identify elements of L



with left multiplication on ¥ s8¢ that L C ‘Idt'
through the imbedding L'—ytndtt given by L»—a !i, where
£/t V>V is such that £, (v) = (v, 12 wéA‘Q L = Enq,V,
then w being an L-linear map of V¥V, for le L we have
'.ﬂ = [,' } i.e, upto identification, w.f = Q’.i for, (Iﬂl)(')
=wily) = lwivd = er(v) = (tLv)(v) v cVyse that w.f,=f .w.
Thus L is contaimed in the commutamt of A® @KI.. Conversely
let w belong to the commutant of A’@( L 8o that firstly
wol= l.w for l¢L ; this shows that w is L-limear,i.e.
w e!nd,_'. Also w commutes with every element of A‘Q L, i.e,
of EndL',sow ¢ Centre of EndL' y 1s¢, w ¢ L, Hence we conc-
lude that the Commutant of A° @;‘ L in Bnd" is L,

Let B be the commutant of A® in Eld". The
Centre of B 4is nothing but the commutant of B in End.V f\l,-
i.e. BN A®, Reversing the roles of A®° and B, the centre of
A* is also B(\A®., This shows that B/ A® = K,so that centre B
= K, Therefore by Proposition 2.1,6, A® Q; B is a Central Simple
K-algebra.

Consider the multiplication map 03 A® % B —»End.V .
Since A® @ B 4is simple, kernel 0 = (0) and so O is injective.

Dimension comsiderations show that 0 is surjective, for

LA® B8k 7 =4 ¢ x J[B:k ] ana [hu‘nxj = /v 7?

g -
g Tabse

and these are equal by Theorem 2,1,12,

We now show that the algebra B satisfies the re-



quirements of the Proposition. Simnce A Q B N lnd‘t » B is

the inverse class of A e« But A is the inverse class of A .

Therefore B is the same class as A , i.e, B ~ A,
Secondly,the commutant of Af D the commutant of

A’ Q L 5 L. Therefore the commutant of A° - B D L .
Lastly, /A" §osx7-= [ s x 7 1x7 =

o x_7 e==(1). But then [V : L 7% = [7a°8 .7 , sinece

A'Q L = End ¥ , and this tmplies that [V 3 172/ L s k7% =

A% K7L 2 5. 7% , which together with (1) gives that

LA x 78 s 87 = [2°s 5. 7L s k_J%. Therefore /B : K_7

o/ K Jz . Hence the Préposition, #

Propesition 2,2,2 3 Let D be a division ring with ceatre
K such that [B t K7 <00 o« Then T an extension field L of
K such that (1) L C D ,(41) L is separable over K, and (11i)
LéK .,

Progf If characterestic K = 0 , then any extemsion field
of K different from K and contained in P will do.

Let characterestic K = p . It is enough to produse
an xX¢cD ~K such that x 4is separable over K . Suppose no
such Xx exists , Then any xc D - K is jinseparable over K,
Thus for xcPh — K, J an !ntuor e>1 and a separable polynomial
£(X) ¢ K/ X7 such that z(x’ ) is the mimimum polymomial of x ,
Now xP° being a root of the separable polynomial £(X), the ext-
ension l(:’.) (CD ) s separable over K , If degree f£(X)> 1,
then l(x") £ K . Thus l(x’.) satifies the requiremeants, If
degree £(X) = 1 , we assume that Vxcp —K s J@ >1 such that



2 o0 B . teb (| bo « maxinel semmutabive subfield of a.

( 1.es (] is such that ['.(L: k7%« [ s+ K7 ). Then D !_ﬂ_A—I (_{L)ﬁ
Now H(x® 1) _g(s® ©1) = (a®1) =6La(1® 87 =
af(1®1) = el , where I_ 1s the idemtity mxm wmatrix. If
N A, are the cuonnm of u- ut:n 9(:@ :) .
then the ouonahu of (= ® l)’ are .7\: Y S

But by whot proeom.tho ounvnlnc of B(= @ 1)?° are all equal
to a . Hemce .?«: W andibred -A’ » 50 that =A = s =2
Thus the eigenvalues of O(x(® 1) are al2 onnl. This is true
even if % ¢ K ., Hemee for x ¢ D , the trace of O(x® 1) =

n 'x the common eigemvalue of O(x® 1). Alse p/m , for,if e is
the least integer such that 2*° ¢ K , then the minimum pelynemial
of 3 will bo sene :® = b ; That 18 LE(x) + K7 1s a multiple
of p. Alse [K(x) llj/é-l:lj amd /D17 =0,
Therefore p / '2 s and hemce p / 2 .

' This shows that the trace O( x® 1 ) =0 4f x e,
The elements {9(: ® l)}, cp 0Uive a system of gemeradors of n-(.n)
as an (|- space . This gives that any element of I.(.ﬂ_) has
trace szero, which is impessible,
This proves that 1 y ¢ D , y separable over K and

K(y) # X. Hence the Propositioen. #

Proposition 2,2,3 ¢ Let D be a division ring with ceatre

K such that /~ » s X7 <0 . Then J an extension field L eof
X having the followimg properties 3 (1) L c® (11) [L s l_]:
=/ s ] and (141) L 1is separable over K , ( 1.e. D has
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a maximal commutative subfield which is separable over K ).
Proof By the previous Proposition, J a field () ,
{lcd and () separable over K, and (L £ K ., Let D' be
the commutant of (L in D '. We notice that D' is a divisien

ring with centre (L . Now, /0 : X7 N s k7 =[x 7,
and since /~ (L: K7 > 1, we notice that [ sk 7 < [ mk 7 .
Again since [~ 0t L7/ 0 3K] = [ 01k ] so [ s [0ax T,
By induction we can assume that D' has a subf- ;
feld L having the following properties : (i) LO () , L 4=
separable over () ,and (11) /= L1L 7%= [':.0_ 7. ve now
show that L satisfies our requirements. Now, [/ LiK_J° =
[ 0730 k7% = [0 0/ X 72 = [0k L0 T
= [ D:X_7. Also L is separable over () and (. is separable
over K , so that L is separable over K , Hence the Preposi-
tion . #
Proposition 2,2,4 ¢ Let A be any Central Simple K-algebra
of finite dimemsion over K , Them there exists a finite Galois
Extension \\ of K splitting A , i.e. J a finite Golois Exten-
ston /\ of K such that A(® /| 1s a matrix algebra over |\ .
Proof @ Now A N5 u-(a) where 0 48 a division ring. By
Proposition 2.2.3 , 7 a subfield L of D such that L is
separable over K and L 4§s a maximal commutative subfield eof
D. But then t@( L must be a matrix ring over L . Let J| be
the least normal extension of K containing L . Them /. is

a finite Galois extension of K ., Alseo simce DRI (D® L) Q;EJ\, ’
K
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D@A_ is a matrix ring over JU. Now A@A =M (n) @J\. =

(M (x)Qa)@A -n(x)@(o@J\)-n(x)@uu\) , for
some m , = M (x@l\). Mo (L) . 2

* % %%



CHAPTER III

In this chapter we shall define Galois Cohomology
groups, and show that B, can be interpreted in terms of such
Galois Cohomolegies,

§ 1. Galois Cohomology @

In this section we define Galois Cohomology in the
profinite sense,

Remark 3,1,1 t Let I be a partially ordered set such that
given 1,5 ¢ I, 3 R €1, Kk greater than both 41 and § with
respect to the pm rtial order, This is called being inductively
ordered.

Now for each 1 ¢ I, suppose we are givem a group A‘
(resp. ring or field). Suppose also for 4 < § there are
given homomorphisms f,, 1 A; — A, -:n nu it 1 <3<k
and f,, = Identity, the situation A, 23, gL I, A, denends
that ¢ .ot" = f.x + Ve thea define the inductive limit,

lig s Aas tollovl =
i el

Consider ‘JJ;(A‘X i) We introduce a relation on this
€
as follows 3 (x,,1) ~ (x;,3) 1f for R both 1 amad 3§,

£.(%) = .(l ) « This is an equivalence relatiom, and

under this rclntltl ~ we defimne -LL(A x 1) = lip A‘ .
A 1el

¥e can make !i; A; into a grouwp (rolp. ring or field) 1in

a natural mananer,
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¥e want to see what the composition + is for the
‘multiplication’ (l‘.l)o(y,.j). Since 3 k y beth i and
§ with t"(x‘). t’.(y’) both of which belong to Ay, we
can talk of (£, (x ) ‘.(y’). k) « Defime (:‘.t)'(y,.ﬁ
as the eguivalence class of (f"(:‘)ot’.(y’), k) « This
makes -:_g?,l‘ into a group

Remark 3,1,2 : Let L/X ‘be a finite Galois Extension and
let ?l/‘ be its Galois group., Then ?/I.Il operates om
L* = L - (0] and L* becomes a ?’V‘-odllc for, if

T ¢ ?‘m » then considering the mapping ?’m x L* — L*
such that (r,x) —r(x) £#0 for x ¢ L*, we have

Ty Talx) = y(0y(x)) , c(x+y) = 7(x) +0(y) end (1) =1
Y Tye 20T € (isg e We can therefore talk sbout

n2 (8._,',1.-) o Now let M be a finite Galois Extension of K

cutqun L. We notice first that (J/m = 7%/'- ’

2
so that &he -.”“’3 E» (?l./l) — L* — u* induces the

mapping f 3 (?l/l) —» M* such that f (x,y) = £(%,¥5)
V =, ¢ ?’.,‘ e« Consider now a map

0s )y (?i',‘.l-') 2 Chom ((r.,‘.n-) such that O(f) = 7 .
It is easy to verify that () is a homomorphiss and that 0

induces a homomorphism Q s l’ (?m.l.') —_ l3 (?‘/‘.l') ®
For the latter part, it is emough to show that under 0,
cocycles go to cocycles and co-boundaries go te co~boundaries,

Remark 3,1.,3 * Let Kg be the separable closure of K in

a field algebraic closure of K. (By separable closure we
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mean the maximum separable extemsion or the I’Iltl of all
separable extensions in a fixed algebraic closure of K)
Then the system ‘S .3 (3"./‘,u> s K c:l.Cl.} s Where L
is a finite normal utinton of l,' is an inductive system,
The inducting set is the set of all fimite Galeis fxtouln.
of K contained in Kg o '

] Under the situation of Remark 3,1.,3 ,

ve dotine 2, (%/‘ .x;) - 1 .2(?’_,‘,.,.),

finite

We shall prove later that l'/_\:,l:"‘ (?I’, o") .
L

bui we first regquire some resulls which are given in Lhe

next sectiom

B 2. gCrossed-Product Algebra @
In this section we shall develop the theory of Crossed-
Product Algebra with a view to applying it in the proof of

% 15 Bpror (?(-,/‘ J:) :

Let L/K be a finite Galois Extension. Let .o—.r be
a 2=cocycle of the Galois group g/l-/l with values in L* ,

Define A= JLu_ , u_ being am L-basis. We are
defining A ,8 a vector space first, We mow defime a multi-

plication as 3 if x c L then ux = c{(x)a . For the

product of elements of A, we define (Z' %—)(Z’r' > -
'_'Z< (xalyw) = 7x o(y)uu= Zx, oy )a__u_ ’since

Iv_l_(- .u‘.'c . With this multiplication, A becomes an

associative algebra, The associativity follows from the follo=-



wing + [ (au_)(bu ) T(en,) = ng_(urnc)uf = l{no_“uq_t cu,
=aba_ da__w —==(1) and (au )/ (bu )(ew,)]
- (uﬂ_)[bctnt’? 'th -ab e’ l";f e —) .
Comparing (1) amd (2), all is accounted for, and the rest
is by the cocyecle condition, !xt;ndllg by limearity, A is
\ unochtlﬂ. Also A is an algebra becouse firstly A is
a vector space over K, Secondly,for amy U € K, we have
X/ (an)(bu ) T =X Laudun T =uLabun =
O([Qhrar'_c L o('u;b‘raa_.t 0. w==(3) and
[(X(tnd_).](ht) = (xau_)(bu ) = Xau bu_ -O(Qg—la_lt-
¥ab'a__u_ .  ==—=(4) and (an )L o (bu ) 7 = (an )idu )

£ (5 (8 b a _w
= au_d ht = la{'rbnr =adbuu = ao l‘_.z . - ad ud_.z 2

(since (X €K and T is a Keautomorphism of L) =
D(tbrla_._clﬂ  ===(5) , Since & [ (auw )(vu ) T = LG (au_) T(bu_)
- (“a-)[“("‘c)J s (we may extemd this by linmearity), A
is an algebra over K ,
We will show presently that A 4is a Central Simple
split K-algebra with L as its maximal commutative subfield,
We however need the following 3
Lemma 3,2.1 : Let A be a G-group, If £ ¢ C2(G,A) is
a 2-cocycle, then I a 2-cocyele g such that (1) feg is
a coboundary, and (i1i) g(1,7) = g(o1) = 0,
Proof : Define h(v) = £(l,0) . Then b 4is a lecochain,
We take g=f -7h, This g will do, for £ and g differ
by a coboundary and this gives (1) ., e have only to verify
(11) « Now g(1,0) = £(1,0) =D n(1,5) = £(1,r) .{-(o—).-(rmu_)}
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= £(1,0) = (1) = £(1,0) - t(l,l) = 0 (by the cocycle comdi-
tion i.e. ‘l;r = "1';1 ¥ 7). Alse g(7,1) = £(r,1) =D h(r,?)
= #(31) ~{rh(1) = b(s) + M=) | . Hemee g(wy1) = £(ry1) -
ch(1) = £(o,1) =c£(1,1) =0 (by the cocycle condition & 1=

'T,l ). Hence we get (ii).

Remark 3.2,1 ¢ Let L/K be a finite Galois Extemsion,

let aT’t bnd .T)t be equivalent 2-cocycles of ?1/‘ with

values in L*, Then the algebra A -Zi&gr given by nwjt' and

the algebra B = Z:L‘r given by 'r;t are K-isomorphic.

Broof : Simce a _  is equivalemt to b__ , 1 e_cL* such

that a = <98 p  ——ue(1), Defime f: A —>B such that
09T L TeT

W +—— ¢V, and extend by linearity, Then f is a ring homom-
orphism, The additivity is clear, For the multiplicativély,

f(u )e(u. ) = ( ¢ v )(c v ) = ere:hq_'tvﬂud f(u u ) = ‘(‘r’:")! =
a t(qﬁ)‘- a ¢ v _, Using (1), the right hand sides are

9T U9t TeT L
equal, Also f is a ring isomorphism,and in particular a K-iso-

morphism,
Let us s e _what we propos :
Remark 3,2,2 A is already shown to be a K-algebra,

We shall first show that A has a multiplicative identity,that
A is simple and that Centre A = K, We will then show that the
commutant of L dim A is L itself,i.e, that L 4is a maximal
commutative subring of A .

Notice that A is a finite dimensional
L-vestor space and L is a finite dimensional K-vector space,
so that A is a finite dimemsional K-vecter space,

Hence it will thus be

sesccontinued,...
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shown that A 4s a finite dimensional Central Simple K-
algebra with L as its maximal commutative subfing.

In particular,if L is a maximal commutative
subring of A we will have [ MK/ = [TL:‘;72 ~==(1) , by
Corollary 2.%.13. But them / AsK_7 = [ A:L_7/ L:K_J and se
(1) will imply that /A:L_7/ LiKk_7 = [ LiK_72 which will give
LML) = [k ], Further, of ?l./t) =Lk ] = [ a7,
Remark 3,2,3 @ Thereafter we will show that A is a split

K-algebra,(i.e. A N, a matrix rimg over K ), if and enly if

the two cocycle a__ is equivalent to the trivial 2-cocycle
5 9

b =1 Voepyt o To do this we employ the following procee-

dure : Let A (notation) demote ™" A with the cocycle a_ o"
T

oy T
and let ‘trivial denote " A with the trivial 2-cocycle

= ” N\, o
br't 1 Yy © " We will first show that Ay ivial™” l-(l) (2)

where n = / L:K_7, Then for the first part of the proef,we

assume that a_ o~ b and prove that A, . . ,05 A v—-=(3).

T"C
Thus the one way implication will be proved,because (2) and (3)
together imply that A, %l.(x) it W ges b o For the

converse we assume th;tvyi. lké_l.(l)v--(l). ;nt then (2)

Tyt

trivial 55 ‘ar 2
F]
nrwt is now equivalent to b¢3c will follow from a Proposi-

tion below,i.e, Proposition 3.,2,2,

and (4) give that A «The proof them that

We w oceed t rove these results

Claim I : A has a multiplicative identity.
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Suppose A '7_'-",- corresponding to the coecycle lrﬂ

with the property that a8, =8, o = Identity VO’ o« Now iy
? ’
is the multiplicative identity for A for, if x ¢cL, then

WX =X = X, ( after identification of L with Lu;, through
the isomorphism 1;—-71“.) Alse w, @ = 8 o8 = u_since P 1
and w w, = 8 1%= ", Yo e Thus u, is the multiplicative
identity for A ,

To prove this for A with any 2-cocycle 'r,-c y We find
an equivalent cocycle b‘rt

?
= Identiiy Vo‘. Then by Remark 3.2,1,the algebra A -Zlu"_ given

and the property that b _, = b,
’ ’

" by aq_'( and the algebra B -Ztvr given by ba_,_c are ring
isomorphic. But by the above, B has a mmltiplicative identity.
Therefore A has a multiplicative identity,
Claim II : Centre A =K,

Assume that By is the identity for A ., Let xcA such
that x c Centre A ., We write x -Zxrnr, x_ &L, ‘nonVlél_.,
lx = xl o Now [x = Z[xrld_ and x[ = Zlﬂ_la_l = Z_’f(l')'o’—
Since u_ is a basis for the algebra,comparing coefficients,
[xﬂ_- xo_c'([). If x_# 0 then u'-(L) ol Vo & o = Idemtity; i.e.
x_=0 if o f Identity. Hemce x = 8, « Also u x =3xu_,
but thenm u x = (x)u_=3xu_ =0(x) =x Vo 3 xcK. There-
fore Centre A C K , and hence Centre A = K ., This proves our
Claim 1II,
Claim III : The commutant of L in A is L itself .,
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Let x ¢ the commutant of L. Write x« ) [ u.
Take any lel.. Then [: = xo, since x ¢ the commutaant of
L. Now x| = ZL‘«-Q = ZLO’(E)lr and lx= 2 “q_ u_ .
Since u_ 1is a basis, comparing coefficients, L_v’( ) = M,,_ N
theretore (1) = | if la_ﬁ 0, V¥ ler and se o = lden=
tity 4t Lgo;tee. [ =0 ir 4 1dentity. Hemce
X = [l'l € Lu, (we can take u, = Ldentity element), Theree
fore the commutant of L in A C L. Conversely L C Commu-
tant of L trivially, and s¢c Commutant of L i3 A is L,
Llaiw IV @ A 18 simple,

Let (/' be a nonzero two-sided idesl of A. We will
show that CZ- A. Choose any a ¢ A with a £0 , Write

as= lll + lzld_ * ses * L!'.r o (l‘ # 0) where a is such

k.
1 2 r

that r 4is least, Suppese r ) 1. Let le L such that

a‘l([) # rz(!,) e (sivece Ty aad 0, are distinect)., Now

'Q = [‘.rl +* ose * see = l«‘r‘('.).rl * ooe * soe o and

n[ € OZ since (l is a two-sided ideal, This implies that
(U—i(‘))-l .v, ¢ OZ ¢ But ﬂ—.(ﬂ)-ll»[- al.rl * see ¥ see » SO
that a = rl(ﬂ)'laﬂ = something which has at most rel sume-

mands, and this element lies in OL. contradiciing the minie

7 ¢ ¥We show

that the Iq__"l are units ia A, New .E., = ar”:. 8 e

But u is identity and a_ _, € L* , So u is a unit in

‘ Tea T

mality of r , fHence r =13 1.0 a = R‘I

A, This fmplies that a is a unit of A, since a = l‘lr .
1
Therefore Ol = Ae Thus A is simple,

Claim ¥ : A is a split K-algebra (=> the 2-cocycle aa_.t
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is egquivalent to the trivial 2-cocycle hr”_ =1 Vaoptoe
Firstily te .lhow that A, . ... u-(:). where n =
[L:sK] , wesetupamap £t A_,Hom(LyL) as
t{an ) = J\.-r s where A 13 homotheecy by a. {Elements
of A are linear combinations of nv_'c). Now f is a
ring homomorphism., The additivity is clear, Also
= : ‘
£((au )(bu ) = f(a¥n_ ) = A A °TT (using b_  =1),
But (dpo) (M) = g‘o.?«.rort o Therefore f is a ring
homomorphism, Here f is mnot the zero map because the iden=
tity of A goes to the identity of HOI‘(I.,I.). Also, kernel
f being a two-sided ideal, must be (0). Therefore ¢ is
l=l, Dimension considerations show that f is bijective ;
(both have K=dimension /L 3 K_72). Therefore f is an
isomorphism and so A, . . .M I.(K) o
Assuming that a is equivalent to b e by Remark
T T TeT

3.2,1 , we know that ‘trhinl"—' A e These together imply

0"0‘(

that A, ~ M (x) it a Lo b_ et Thus the cne way impli-

cation ot clai- v (i.e., Remark 3,2,3) is proved,
For the converse, we kmow that A, . ..., 7 I.(l) »

n=/L3 K] . If ve assume now that A, o~ M (E), then

r T
A‘ L"_ ‘trlvlul’ The fact that a_ is eguivalent to the

trivtal 2=cocycle foilows from the toueﬂlg

Proposition 3,2,2 Let A = Zl.na_ with the cocyele .T.t

and let B = ) Lv_ with the coeycle b, Then A~ B as
a T

Ke ~
algebras & ad_“ bq_’t »

Eroof By Remark 3,2,1 , the & implication has already
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been proved. For the converse, let f: A-——>B be the given

K-isomorphism, Let f(L) =M ., Now M 4is a subfield of B,
Also since *(A) =Bso B= ezl_% Mt(u ). We have

%I. inclusiey Using the Skolem-Noether theorem, J am
J -
" ,/7 inner automorphism say p of B such that

pof = Identity on L. Let w_ = (pof)(u ).

Applying p to B, we get B -Zl.vo_ susing the fact that B =
“(r}‘ Mf(u_). We now want to see the mmltiplication in terms of

the mew basis w_ of B, For x cl,we hdve u x = (x)u .

Applying £ to each side,the L.H.S. = f(u _x) = f(u )f(x),since

£ 4is 2 homomorphism,and the R.H.S5. = f(c(x))f(u_). Applying

p to each, pof(w x) = (pof(n, ))((pef)(w )) = w x and

pof 2(c(x))2(u )7 = (pof)((x))((pof)(u )) = r(x)w, Thus w x

=c(x)u_ . Next,starting with u u = & __u_ . , we get f(uu)s=

T

f(lr._(lﬁ) ® f(u )t(u ) = I(lr.‘)f(l‘_t). Applying p to each

side w w = ad_.tw e We want to show thit the element vro_v:l ’

Lo d

which belongs te B since v_ is a unit , commutes with all
elements of L. This will show that w e v:_'lé- L. We keve, w x

= c{x)w for xclj also v x =o(x)v. We want to Shew that
¥ o v:_ls = IW o v;l Vxeljie. to show that wo va'_"u,_- v,
¥V xc L, Writing x =c(y) , the LH.S, = w o v;lo-(y)vd_- vrov:lgj)

= Wy , and the R, 0.5, = (y)w_= w_y. Therefore w o v;lx =
xwov ! ¥xeclL, sothat w_o v:l

%o v;l = ¢ ¢ L%, for some element ¢ im L* simce v_ and

€ L 3 i, we can write
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w_ are units, so that w_ = ¢_v_. Now, the cocycle with the

basis c_v = w_ will be S=S<( the cecyele for the basis v,_ ),
. Coz

i.e, 3§§:x(b,_r). But with the basis w_, the cecycle for B

TT

is a__» Therefore the cocycle Io_,,t- 2%33)( ba_’t. Thus lu_,t
? aT

is equivalent to '¢3z' Hence the propositiom, #

Our object now is to prove the following main theorem of this
section ¢

Theorem 3,2,3 3 Let L/K be a finite Galois Extemnsion.
Let A -'Zl.nr corresponding to the 2-cocycle ar’t s and let

B = Zl.vd_ correspondirg to the 2-cocyecle b“_'_: « Then AQ B

is equivalent to the algebra detcrniqod by the cocycle a .

T T d""f
(in the sense of Bramer Equivalence),
The proof gf the Theorem requires the following
Lemma $.2.4 @ Let A be a finite dimensional simple

K-algebra, Let e be an idempotent in A , e # 0., Then eAle

is a simple K~algebra equivalent to A ,

Proof of the Lemma 3 Since A is simple, by Wedderburmn's
theorem, A = l-(b) for some division rimng D; i.e. A = EndyV,
where V is a right D-vector space. Since ecA , e cam be
considered as a D-endomorphism of V , Also A operates omn ¥V

on the 2xgkt left such that if weA and decD, veV, then
w(vd) = w(v)d ===(}). Here eV and (1 - e )¥ are D-subspaces
of ¥V because of (1),for, if x ce¥ them x = ev for some
veV, 80 xd = e(v)d = e(vd) < eV, Therefore eV is a D-subspace

of V , Similarly (l-e)¥ is a D~subspace of ¥ and we can also
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SNON show that V = eV (3 (1 = o)V,
basis FyeTgsecey¥g of (l~e)¥. Then ‘1"2""'xr”l”2""’-
is a D-basis of V. We compute the matrix of e with respect
to this D-basis of V¥V, Now oxi-o(ni) where X =ev, foe t‘e'
since !1(—0\'- Therefore ex, = o(ev!) = czvi -ey, = x‘ ' i,
1¢ic<cr o Also ey; = o((l—c)v)) s where y, = (l-o)" for tjc-'.
Therefore ey, = (0-02)' =0 o So the matrix of e is

3  times s Uimes :

diagonal (l,l,l,...,l,e,ﬂ,ﬁ,...,ﬁ) e Using block multiplication

of matrices, el.(l) =

ol

rQPQ IrO.IOPO-PO

(1] 0 7 s 0 0 0 0 R 0 0 0
So cl-(l)o = set of matrices of the type

P 0
( ) where P is an r xr matrix over D, Thus oi.(n)o is
0 0

isomorphic to sr(n). Now A~ D by definition, and also l’(D)

~D ., But then lr(B) s eAe , Hemce eAe ~ A, Hence the Lemma.#

Proo f Theore 3 s
We note that A@( B is a central simple K-algebra,
Also L ®« L is a commutative subring of AQ B . We will find
an idempotent e LQ; L, e # 0,such that e(AQ B)e is equival-

ent to tho.aggebra ZLta_ corresponding te the 2-cocycle a « b

0""( d‘,‘(

By lemma 3,2,4 , we will have AQ B ~ o(AQl)o. Hence the above
statement will imply that A Q B ~Zl.wr_ corresponding to the

2-cocycle a e b 9
(s 24 o gT
eeecontinued,,.

L)
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and we will be through.

New L being a separable extemsion of K ,
niu t ¢ L such that LeK$t). Let F(z) bde the minimal
polynomial of ¢t over K, Let [ LiK 7 = a so that degree

F = n.
t 1) = s 3 .chnﬂy

T(tert)®2 z
;IL (L@ 1 «1@ct) ¢ LQL e« Also since I./t is separable
and ¢t gemerates L/K soct 4t Vo 1,00 that T (t=ct) 4 0.
Henes lL(t-rt) ®1 is a momsero element of L(® 175 L, and
is hemce imvertible, Therefore ec L @ L . We will show that
e is an idempotent ( o f£ 0 ).
Comsider §t @ 1 « 1 @ t)e =

5 “
Pefine o -""

1 = t)

Lad L

TE| -

The numerator = t* @ 1 » t""@ £, + "2 fu = ceceey Where
£10%,000. are olomentary symmetrie fumefions of T t, ccﬁ,‘.
Now tx.t’.t,.... being elementary symmetric fubctions in < t,
we get ‘1"2"“ belong to K. So for each 1, t"'@ l‘ =
" @1, 00 that *@1-1"9e e ™y,

o (0%t L 20" 2 L ) @1 =0,51mce t satisfies the
polynomial F(x) 'Jﬁ X « Tt ),the roots of F(x) being all the
Tty TE %,' « Therefore the numerator is mero,i.e.(t®! - 1@t)e
=0 80 that (t @ 1)e = (19t)e, Also any ¥y c L 4s of the form
zf ait‘, for a, c K. Henee (y@1l)e = [(Z.‘t‘) ®1 e =

70 at! ®@1)e = Ta(t!@Ne = Ja(t @1 = Za( 1@ t)0e
=281 @the s J(1@atYYe = (1@7at))e = (1@ y)o.

Thus ( y® 1 )e = (1 ® y)e, for ycB.Agaim e°= Mé

T (¢t wt) @1

T\
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T 32 t
T (t®1 =rt@ 1)e : r,,{(t rt) @ 1/ e s
MT(t=crt) @ 1 U_TI’I (t=ct) @1

fore e is an idempotent, To show that e £ 0 , we see that

the numerator of the expression for ¢ is t" (@1 = t"2(® %
+ ™3 ® U = sesees p Where g;,0590.0 are certain elements
of L., This is nonzero since l,t.tz....,t.'l is a Kebasis
of L, .

Consider now o(A@ B)e , Now AQ B = (Zl-ld_.) @k( 2Ly )
- 7 (LQL)(-r@vt) s ¢ and T running independently over
%l/i in this sunmation, Thus e(A(Y) Be = 7 o(L ® L)(n @ v )e

= 2L e(L® 1)e T e(1(® L)e T e(u @ %"—7‘ Notice that
e(L® 1)e = e(1 ® L)e by what was proved earlier. Also
e(L® 1)e 1s Keisomorphic to L s the isomorphism being
e e(l® 1)e . Hence e(a® B) = 7 L'w_ where L' =
o(l.@ l1)e and v_= c(uq_®vc)c e We will now compute the
2=cocycle with respect to W » using the fact that uy =
y)u_ and v (2) =<(z)v, for y ¢ A, 2 ¢ B ===(1),
Claim s e(u_@v)e = 0 it — £ <
= either of e(u (v )
or (n_@® v )e
JE“Q‘ el AL (n,.@v) ===(2),
: M, (= 2t) @1 "'x@‘,
This is the sum of elements of the form c@ uw @ v,

which is equal to (xa™ lOy)(u @v ) o 27 xG u_ ®yv, =

-1
A )®:¢‘(x§% '[;'zy;” “)'J v, )'('33:'—(!389 "21) G
"C (’) - - -l

7 (a) ®1 | (a) ®1

412 ao=T .

Now '(‘r@'f) =




J(Fe@1-19 e vy
JTrv -

Suppose mow T # T, Then taking ¢ = ‘C(r'.! s ¥e have

£ # lcentity amd ot - et o Tl Flra

sl - q:lt =0 , Hence in this case c(ur@vt)e = 0 ,

Thus the R.i.S. of (2) = (u_@& v )

T o

Let " =T o, Then °(“w—@ v()e = (uo_@ va_)e e Similarly we
can prove that e(u_(® v.)e = e(u_®v ) . Hence c(A(x:Z B)e
- Zlfwo_ where w_=¢e(u_(F v )e ., Now let e(l@1)e ¢ L
=e(L@®1)e . Then w /[ e([(® 1)e ] =~ (v @ va_)(o(L@ l)e) =
’(“r@ !)( Q@ l)e , (by svitching e ) , = e(uo_a@ v )o =
e(w(Da_@v )e =ec(l) @ 1)(n_@ v )e = [elctl) @1)e TL e
(o_@v )e ] = e(c(l) ® w_ o Also ww =e(u_{& va_)oz(ut@ ve
=e(uu ®v v )e-= o(ad_"ua_c ® bq_'rva_.t)e -
e["(a“_.t ® bo_.t)(uq_t@ v ) e = e['(ad_._( @b Jeln_ Bv ) Te
= °(‘a;<@ t}/t )C'rt = [-e(nu;t !%_)t@ l)e__7wa”c o Hemce the cocyecle
for the basis w_ will be c(aa_,c ba,;t@ l)e , (1.e, the coeffi=-
cient of w__ ) . This can be identified vith the element
(’_.tbd_.t of L wunder the canmonical isomorphism L' - L such
that e([G 1)e ] .

Hence the cocycle for the algebra ZL'vq_ is 'ntbr.t
fi.e, the cocycle for the algebra o(AQB)c is a b

aeT T

Hemce the proof, #
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In this section we will prove that

B N W (?., = -t:) :

Remark 3,3,1 : Before we go ianto this proof, we first re-
call the following two results which have been proved in' § 2 3
(a) Let L/K be a finite Galois Extension, Let

T

in L* , Then defining A = 2:_ ku_ 88 we did in the
cre?l./l

previous section, we have shown that A is a finite dimen-

a be a 2-cocycle of the Galeis group T"" with values

sional Central Simple K-algebra with L as its maximal come=
mutative subring,

(b) We have also shown that if L/E 4e a Tinite
Galois Extension, and if A = Zl-la, corresponding to the
2=coecycle u‘_“ and B = Z'-',. corresponding to the 2-cocycle
b‘r.t s then A Q B is equivalent to the algebra Z II(
corresponding to the cocycle an-bf.t .
Remark 3,3,2 3 ¥e notice also that if X is a field and
L any extensiom of K, then d a natural homomorphism
By — lll_ as fellows 3

If A is 2 finite dimensional Central Simple K=algebra,
then AQ®L is a finite dimensional Cemtral Simple L-algebra.
Hence I{‘A} —7 ?A @ I.k gives amep B — B, .

Also since (AQ B) Q L N~ (AQ L) Q u@ L), the above
map is a group homomorphism, He will denote by .l-/‘ s the
kernel of the homomorphism I‘ —> 'L .
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Remark 3,3,3 @ From Proposition 2,2,4 , we have seen that
if A is a Central Simple Kealgebra of finite dimension,
then 3 a finite Galois Extension J\.. of K such that
A@J\. is a matrix algebra over J\. .

: This implies that A belongs to the kernel of
By —> B, s 2.0. A C By, ®o that By C UIL/‘ , the

union running over all finite Galois Extemsion L over K,

But then UIL/‘ C By o and thus By = U'L/x .

Proposition 3,3,1 If L 1is a finite Galois Extension of
K, then 3 a natural isomorphism .2( L/ .L‘) g .l-/‘ .

Proof : Consider the map [ @ l’(?‘v‘ .l.')._u'_,‘ such
that o+ A= 25 La_ .

Now under (, af.c|—> A= Zt.na_ ’ ba’.('_7 B = ZL}_

so that aﬂt-bntl-—? AQ B = Z Ly in ths notations of

Remark 3,3,1 . ([ is therefore a group homomorphism., Also
by Remark 3.2.3 s We have shown that O is injective, We
have therefore to show now that ( is surjective, Let

{Ajr € .l../l o Then by Proposition 2,2,1 , 3 B~ A, B DL

and [ B R7=/LL:1KT?. Let ¢ ¢ ?1/‘. Thea ("
defines a Keautomorphism ¢ 3t L — L , By Skolem=Noether's

Theorem q w_ an invertible element of B such that

Io_!l;l-q"(!) V¥ sc¢t,

We will show that Z Lur " which is a sum of subspaces
of B, (Iq_ ¢ B), is a direct sum, For otherwise choose &

relation of the type x = ‘a—, 'ﬂ,* eee + na; ua_& =0 with ¢
minimal, Clearly ¢ 7 1 since u_ is a unit, Choese b ¢ L
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such that o“‘_(b) - 0"2(5) e Then G"l(b)x - xb, 1is zero
and of shorter lemgth tham x , Contradiction, Since
Jtu_ is o divect sum, [ Jiu: KT =/L:KT%;
also [l H !_7 = [I. H lJz and so 2ince both have Ke
dimension [L 3 K72 we get [ e = e .
Let now ac¢c L , Claim that = u l-l

-]
il T ST
The R.H.S. = u_ g (&)ltl

o] =] Y ]
bz =8 (T (a))u"_ by (4) of
Remark 3,3.,4 following the Proposition, Therefore the R,H.S,

-l -] -] e}
=uuu_as= :..H.B; (Sta:o u_a= :O'C) au__ dimplies
- - - - -
a = no__t((d‘c) .hrz 7 u_ &= ({e2) u)no_( ) . Hence
a‘.nr-:: is in the commutant of L in B, But the commuiant

of L in B 1is itself since /B3 K7 =/L 11K 7%,

- 1 *
Therefore "r"c"g-z g 'r,r €& L* ., Then

wu =23 .. Since B is an associative ring, (lrllr)ﬂf

’ -
¢ L* , Let nv_ucnr

== u (un,) . This gives that a is a 2~cocycle, The
iy, A2 Tt

algebra Z l.nd_ actually corresponds to the algebra defined

by the cocyecle ao_'_t ¢ This shows the reguired surjectivity,

Hence the Proposition. #

Remark 3,3.4 3 In the Proposition, u_ is an invertible

element of B such that Irll;l = o {x) V Xc L e==(*),

.> ux = a"tx)-ﬂ_ V: eL ww={1) o Putting x = 0‘.‘(1)

in (*), we get u_ o-:"(y)u;l = 0 ( ;—l(y)) =y o Therefore

cHy) = ‘:}JI( V yelL, or, writing x for y we get

:—l"«- = &x) VY xelL eea(2) . That is s -

o:l(!)l;l ew=(3) , We want to prove that ¢ )'c -

-1

-t((o—c)'la). fe0s u_ a"—l(a)n( = (o—'v)"‘a e Putting x = a"(n)
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and T =T , we get from (2), w3 SMa)u_= T F(a))
= (c0)"ta ——={4) .

We have so far shown that B, = U 'l-/‘ where LJ/K
is a finite Galois Extension, and that 'l./l n .2( ?’u‘.v)
if L/K is a finite Galois Extemsion, Finally, we require
the following ¢
Lemma 3,3,2 : Suppose I {is an inductive set, Let Viern,
‘1 be some set, For i Cj 1let tu : A‘ 4 A’ be given
maps making {A‘}‘ c1 o inductive fanily, Assume that the
tu’l are injective maps, Then 4) the canonical map say

£, 24 — l_l_: A; is injective eand i1) 4f we identify

A; with a subset of 1im A, through f,, thea 1im A, =UA,.
— =2

Broof ¢ Suppose for X,y ¢ A, we have f£,(x) = 7,(y).
Then for § 1large emough, tu(x) -t“(!). Simce f,, 1s

l=1, this implies x = y, Hence t‘ is 1«1 and this proves "J
UAg x

i). The proof of 4ii) is trivial, Consider f 3 A > .

A i
such that a, l-—r(n‘.l) e Then t‘(A‘) CU—‘A-;{— and alse

considering U_‘_‘_’_‘_ﬁ_} <y £,(A;) such that
(!‘.I) L d f‘(“) = (3‘.;) we get U:"%{-"j c U“(“) .

A i
fTherefore !_1’- A‘ = U—Lii-} = Ut‘(A‘) and thas uptoe

~ns

fdentification of A, with t‘(A‘). we conclude that
u_’ Ay = UA‘ . B

Incorem 3,33 * B y '.’...f(j/.m-':) -

Proof ¢ Let K CLCNM be a tower of finite extension of K
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such that L/K amd M/K are both Galois Exteasions, Then

from the following commutative diagram

'3( %’L/l."’. inflation -»} nz‘ ./‘.‘.)

R

Ja natural inclusion -
7 .i/l

we get that the inflalion maps .2‘ m.l.‘) —> .2( ,‘,I')
are l-l , Notice that '-/‘ —> '-/‘ is an inclusion be=
cause AQ L = A@ ®l.-l (I)@L-I (L), where A@I
Mow (w) .

By the Lemma 3,3.2 , we can identify .2( l./!"'.)

as a subgroup of l:”r( %/",‘ l‘) s and then
n? ( l") -Ul’( L*) . Now B, = |)B
prof | [Kg, *'S /K* L/x °*
fup) - U
L/K finite Galois, and B , = n3( ?Lll'") after this
identification, Therefore l‘ = U.l-/‘ = U '3‘ L/l"'.)'
L

lees By = .:nt( %‘s/‘.l‘> o flience the theorem, #

Lo g ¥ ]
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CHAPTER IV

LA 2

- COMPUTATION OF BRAUER GROUPS

r. In this chapter we compute the Brauer Grpups of R,¢
and that of a finite field. Ve also show that the Brauer

Group of a field is a torsion group., We require the following

Proposition 4,1,1 : Let L/K be a finite cyclic field

extension, Then = /"/ where N* = {l A3 Zelt}
L/ " L/K L/K

Proof Let ¢ be a generator of %/‘/‘, the Galois group
ef L over K, For a ¢ K* we define a cyclic algebra deno-
ted by [ L/K,0,a] as follows : Let u be an indetermi-
nate over L, Consider the vector space over L, namely

n=-1
X I.u" where n = [I. : l_7. We make it into a K-algebra
i=0

by the following rules
ux = T(2)u for 72 €L*

and wied = u? 4r 445

i+j-n . e b

for all i,j, 0 {i,§ < n=1

By earlier theory [/ L/K,v ,a_/ 1is a Central Simple
K-algebra. Define mow 1| : K*— B, . as N(2) = vk, 7
for any % ¢ K*, We claim that (1) 0 is a group homomorphism,
(11) v‘ is surjective and (1i1) lcrnIV\ = IL,‘I.'. We pro-
ceed to prove these three in their respective orders,
(1) V\ is a group homomorphism : The coeyecle for / L/K,u, 27/

is a =1 if i+J < na and a =% 4if 1+j > n. Se
U!ofg T‘or‘ "
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the coeyele for [/ L/K, 7,27 @ v,y 7 is
e ‘ o'-' 1 if 1+j < »
=Ay 4if 4+j 7 n
Also the cocycle for ['I./l.v‘. 11_7 is given by w==e(2) above,
Hemee [L/k,7,% T @ [u/%, 553 Tpy Lu/KymonxsT. This

shows that || is a group homomorphism,

i wwee(2) , by an earlier theory,

(11) V| 4s surjective : Let A  be a Central Simple K-alge-
bra split ty Le Let .r‘ 3 be a cocyecle corresponding to A,
T

f.0s A= Zu‘ and .“’..q—‘.ﬂ".r"“ Let

LT :
A= T a ‘ o We will show that o ¢ K* and that A
i=]

LR, 7 J. This will show the required surjectivity, Compu-

2 3 2
:!u. W hkeve § c88, =8 S8 S8 % o8 a2t

= a .0_2 - 0‘" .n.""‘"'oo'
finally ('“' a 1 )u s = M8y = A, -—(3)
‘.l o o
since u, = 1 and r = l.
We claim that .:, belongs to the ceatre, namely K, of the
n n
algebra ) Le 4+ We have only to n;' thet = _® =u , w .,
We have u n =82 " ,u =a . =
At B a_t.o. vl * o .,J.r G_hl a
d finall o

a a u an na S, 8 = “
r‘,a- :‘“QO" r"z poesy y -1 Ju0 o i+) >d‘".

n-

LU . Aw = e o

s )
= a a 'Qo-o a for if A = ‘ . ese A& then
e "39"" 0’-‘0"' 3 r-.lufr

since 'l,o- =1 Yo, we can write 1 - a,”_ . .r'.
i.e. = the L.H.S5., of the above, since

4 s
tez/l,‘ To o



q—'i’ ,1-“,..., g—“'n"l are just a permutation of all the elements

of L/K _J« Also for amy QA ¢ L, wsing the fact that

A = (A)u_ , we get AN = l:») = u:_"lcr'(ﬁ)lq_-‘... ag-'(?\)u:

= \7\1:_-,- A2 (sinece X = n:_ and o> =1), Hemce ' 7 ¢ K*,
n-1

Consider the algebra J I..(uﬂ_)i with multiplication induced
i=0

from ZLl « Now ul = (an element of L*)xu ., by (3) and
ot T i, |

so %u:,j{ form an L-basis of the algebra 2 Lu and thus
g

i
clearly 2. l.(na_)1 . 2 L:-t as vector spaces, and hence

#

A is just the algebra / L/K,c72 7.
(i1ii) We now show that korloll’l = IL/‘L* t To do this we will

first show that korulV\ T2 IL/‘L*. Take 7 ¢ N L* so that

L/K
d yeL* with A= Ny/k¥+ We have to show that L L/kgy 1T

is a matrix algebra over K, For this, we show that
LRy T~ [L/R, 531 7. We write [L/K,0,1_ ] inm standard
form as ZLni with usual multiplication as im (1), Let

v=yu, Then v2 = (yu)? = (yu)(yu) = yo(y)uw = yo(y)u? =

2
140 2 3 2 +0 4
’* u, v ‘yc"(’)r(’)‘a ;’l U—.3,‘","” and
M=
'll . (’.)‘ = yl+r+ ese + 0

u" = 1, These formulae show that 2 l.li TR l.vi. Clearly

J Lyt ny L L/Kyo37 ] since v" = % , Hence Lk Ty

AR Y, N A _J« Conversely, we show that kernel Vl i IL,‘L*.

= (IL/‘y)u- = A u® =. % since

Suppose A ¢ K* such that fl./l,o—,‘z_] is a matriz algebra
over K, Then the cocycle for [/ L/K,7;, x_/ must be equivalent

to the trivial coecycle, i.e. if a , 3 is a cocycle, then o
a

K
¢ € L* such that a = ¢ ¢ ———( ),
o ot yod "%iﬂ "
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A if i+
Now & ) aJ if 1+ j <n, and .ci,rj = i } >
l~l n-1 - i
Hence T oa, X and so 1T Gj_fj//i//
i=0 0,7 i=0 o 1+3
o r} n—l &
=c.c C_ ...‘er_ = IL/qu . Thus A = 'L/x°r~° Finally

we get therefore that kernel n = !L/‘L*.

Hence the proposition, #

We use the above proposition to compute the Brauer
Groups of |R, € and that of a finite field,
Remark 4,1,1 3 We shall show first that the Brauer Group of
the reals is a cyclic group of order 2, Comsider .BAI’ Now

¢ is a cyclic extension of |[R of order 2, By Propesition
4,1,1, 'cﬁu = E;ﬁ;;ﬂt’ « We show that 'tﬂlc* = 1!: (ice.

the positive reals), For if %A + iy ¢ C* then lc/R(xfiy)
= (A+iy)(A=iy) = q? + yz 7> 0, and comversely if t ¢ IR},
then t = "OIIJ? , (positive root). Hence Ne m€* = R} o
~ Thus Bcﬂl = R'/lz , Which is a cyeclic group of order 2, But
then since & 1is algebraically closed any algebra will be
~8plit by € and therefore 1‘ = ¢/R * Hence ﬂl is a cyclic
group of order 2,
Remark 4,1,2 @ Since € is algebraically closed, any
Central Simple C-algebra is a matrix algebra over € and
hence lc is trivial,

We shall show presently in this section that if K is
a finite field, them B, is trivial, We require however, the

follewing ¢

e N



Proposition 4,1,2 ¢ Let K be a finite field and let L
be a finite extension of K, Then any element of K is the
norm of an element of L, '

Proof : The proof of the Propé;ititn roqnirei'tho following
standard result : If G is a finite cyclic gro&p of order
n and if d is a divisor of n, them the equation xd = 1
has exactly d solutioms in G, ‘

For the proof of the proposition, it is enough teo
prove that any element A¢ K* is the norm of am element of
L*, Let #K =q and /L s K/ =n, Them #L = q", (#L
meaning "cardinality of L"), Let (" be the Frobenius auto-
morphism, i,e, the K-automorphism of L defined by 0a = a¥
if a ¢L, Then wja = -qi and hence l‘/‘t = arlv?a... 5?’.
- aq?'l/q'l « Consider now the mapping 'L/K t L*® — K*,
v?hen kernel 'L/l = f’a ¢ L* such that ;E?QKJ- l‘} s« Now
L* being a cyclic group, the set {CIG L* 3 a7V = {} has

cardinality g:fl by the result guoted abéve, Hence

n
L[ L* : kernmel 'L/l;7 = '3;:% = g=1 = #K*, and alse

Q*i
L[ L* : kernel .L/!;7 = # of the image of 'L/l by an iso~
morphism theorem, Hence #K* = # of the image of 'L/l’ and
both sets being finite, we get K* = the image of 'L/l‘
Hence the proposition, #

emar 1.3 3 We show now that the Brauer Group of a finite

field is trivial 1+ Let K be a finite field and let L be a
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finite extension of K, Then L is a cyclic extension of K,

By Proposition 4.1.1, By, = ‘/.{L/x"’ , but by Proposition

4,1.2, K* = IL/‘L' and so BL/[ is trivial, Since now
BK = \{ 'L/K (L ranging through all finite Galois Extensions

of K), we get By is trivial,

Remark 4,1,4 Using the fact that the Brauer Group of a
finite field is trivial, we can prove that any finite division
ring is commmtative and is thus a field : Let D be a finite
division ring and K be the centre of D, Themn K {is a fin-
ite field, and /D s K /< 00 since D is itself finite.

Hence [/ D 7 € B, where [/ D_/ 1is the Brauer equivalence

K

class of D, Since by Remark 4.1,3, B‘ is trivial, we get

that D is K-!gomorphic to a matrix ring over KX, say l.(l).

Since D is a division ring, we must have n = 1, i.,e, D = K,
We end this chapter by proving that the Brauer Group

of a field is a torsion group, We require however the follow-

ing Lemma 4,1,3 : Let G be a finite group. Let A Dbe

a G-module, Let #G = mn, Then for any positive integer i,

if N € I‘(G,A), we have ny = 0; i,e, n annibilates any

co=homology élass of positive dimension,

Proof Let YysV¥oseaes¥s .y be any i+l elements of G,

Let y be represented by an i-nonhomogeneous cocycle f, Then

0 = ( £)(¥)sTg00ecs¥yy) = 3 0(Fo0Tgences¥yny ) +

i=1
(-l)"f(yl,yz..--ﬂj_l.y,-J,ﬂ.y“z,...,y“l) + (-l)“’lf(rl.!,.--

=1
ooo’il
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Now take Faol ™ t and let t run through all elements of
G, keeping YyoVgseees¥y fixed, Adding the resulting equa=

ti_o“ and I‘ritilg q(!l,yz,o-.,!i_l) = tz; 6‘(’17’2,00.”‘-1’t),

(notation), we get 0 = y,0(¥ys¥gs0ee,¥;) +

i=l

33& (-1)’e(yl,yzo---,yj_l.y,-11*1,13+2.---.11) +

(=) gy 030 eeesyyy) + (-1

nr(y,,yz,...,yi) y 1ee,
((=1) n2)(3,575000209,) = 7,0(350Tg0000s,) +
15? (=1)3 g0y 9T000eesy Y. ¥ ceer¥y) +
Pt 127200000 ¥ 5 19T Vg q00eendy
(-1)13(11D12'009’y*_1) = Do(y;s¥y00009Y;)e Hence nf is a
coboundary, i.e. nf =0, or nay = 0,

Hence the Lemma, B
Propesition 4,1,4 3 If K is any field, then B, is a

torsion group, i.e. any element of B‘ has finite order.,

Proof @ Let K be a field and let y ¢ B‘. Since

I‘ = é}‘ lL/‘, L running through all finite Galois Extensions
of K, we get y »BL/K for some finite Galois Extemsion

L of K, We also know that BL/K g; He{ ?L/K,L*). By

Lemma 4,1,3, n annihilates m3( }L/‘,L‘), i.e. n annihi-
latee y, i.e, O(y) im By 4s a divisor of =n, where

u'g # hyx end so o(y) is finite, »

L2 22



- T8 =

< is a subgroup of
'd is a normal subgroup eof
o(G) order of the group G
o(y) order of y
o “is equivalent tcl or \ll related to’
05 is isomerphic te
AL disjoint union
N-homogeneous Non-homogeneous
L* the multiplicative group of the field L
L/K the Galois group of L over K
#L* cardinality of L*
(rij) the matrix with entries iy
R the field of real numbers
¢ the field of complex numbers
/4 the ring of integers
s a{a)
In(l) the ring of nxn matrices with coefficients in R
l‘ the Brauer gromp of the field K
.L/K the kernel of the homomorphism l‘-—a»BL
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