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Abstract. The crossover scaling behaviour for the lattice anisotropy of the susceptibility of 
the quasi-two-dimensional Ising models has been studied using high-temperature series 
expansions. The predictions of the extended scaling hypothesis are verified and the plots of 
the effective exponent are presented in the scaling regime. These results should provide a 
basis for comparison with experiments on quasi-two-dimensional king systems. 

1. Introduction 

Quasi-two-dimensional systems, i.e., three-dimensional systems in which interactions 
in the off-plane directions are weaker than those within the planes, have been of recent 
experimental interest (see the recent reviews by De Jongh and Miedema 1974, De  Jongh 
and Stanley 1976, De  Jongh 1976). The most important parameter determining the 
behaviour of such a system is the lattice anisotropy g, i.e., the ratio of the off-plane to 
intraplanar couplings. Forg large, say more than about lo-*, the properties of the system 
are essentially three-dimensional in nature. So one can use the standard Pad6 approxi- 
mant methods to construct the thermodynamic functions for all temperatures. This was 
recently done by Navarro and De Jongh (1978). On the other hand, for smaller values 
of g, the behaviour of the system is two-dimensional for temperatures not too close to 
the critical temperature T&) and crosses over to the true three-dimensional behaviour 
only when T,(g) is approached more closely. In this case, the behaviour is nicely described 
by a crossover scaling hypothesis introduced by Riedel and Wegner (1969). The ther- 
modynamic functions showing this subtle behaviour can now be obtained by using the 
methods developed in the analogous case of spin-space anisotropy by Pfeuty et a1 (1974; 
hereafter PJF). Experimentally, the results for both the susceptibility and the specific 
heat are generally available, but, the former (because of its stronger singularity) is more 
suitable for an initial study of the critical behaviour. In this paper, we concentrate on the 
crossover scaling functions and approximants for the susceptibility; in a later publication, 
we plan to report on specific heat and comparison with experiments (W L Basaiawmoit 
and S Singh, work in progress). 

The outline of this paper is as follows. In § 2, we give a brief summary of the scaling 
theory and the previous work. The detailed isotropic (g = 0) and the anisotropic behav- 
iours are given in 00 3 and 4. The scaling functions are obtained and the plots for effective 
exponents are given in 9 5 .  Our concluding remarks are in § 6. 

0022-3719/83/020369 + 14 $02.25 0 1983 The Institute of Physics 369 



370 W L Basaiawmoit and S Singh 

2. The scaling theory and the previous work 

We shall be dealing with the ferromagnetic quasi-two-dimensional Ising model 
Hamiltonian 

1) 2 

x =  - - J x s s , s , - g J x s s , s ,  S I =  2 1  J > O  (1) 
( V )  (1,) 

where the first summation is over all the NN pairs of spins within the planes parallel to 
the xy plane and the second summation is over all other NN pairs. For g = 0, the 
Hamiltonian (1) describes a set of mutually non-interacting two-dimensional Ising 
models. In this case, the zero-field reduced susceptibility is given by 

x(g = 0 ,  T)  = At-' t = [T  - W)I/TC(O) (2) 

in the critical region. (For definitions of exponents etc, see the review by Fisher (1967) 
and the monograph by Stanley (1971).) Forg f 0, the critical temperature shifts to Tc(g) 
and it is convenient to introduce 

i = [T  - Tc(g)YTc(O). 

The general scaling theory (Riedel and Wegner 1969) implies for the susceptibility that 

x(g,  r )  =Ai-%(&/i?,  

for g ,  t + 0 ,  where Q: is the crossover exponent. This leaves open the question of the 
shift exponent defined through 

tc(g) = [T,(g) - Tc(0)I/Tc(O) = M;g1!W g + 0. (3) 

However, generally, 
model). In that case the theory implies further that 

= cp (see Singh (1975) for many examples of this in the spherical 

x(g, r )  -- At-'/X(Bg/tF) (4) 
(M E Fisher and D Jasnow, unpublished; PJF. We shall exclusively use this extended 
version of the theory). 

Now, we summarise the detailed predictions of the theory following PJF. The 
successive derivatives of xa t  g = 0 should diverge as, 

( 5 )  Z" = (a"X/dgm)o = Cmt-(Y-"F) t + 0. 

With the normalisations, 

we see that 

CO = A C l = A B  (7) 

and 

C, = AB" I 

0 
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Since the scaling function X ( x )  is universal, the ratios of the amplitudes, 

m =  1 , 2 , 3 . .  

are predicted to be universal. For g # 0, when i + 0, the scaling function X(x)  itself 
should be singular at i , say, to reflect the crossover to the new exponent i .  The extended 
theory of PJF makes the simplest assumption, i .e . ,  

(8) X(x)  = k(1 - x / x ) - f  x - x .  

This results in the following predictions. The quantity i is universal and is given by 

X = BW-P. 

The amplitudes A (g) in the g # 0 behaviour of %i.e . ,  

x(g, q = A ( g ) i - ?  t - 0  

diverge as 

(9) 

with the universal amplitude 2? given by 

2 = A ~ ~ ? + Y - ~ A .  (12) 

(The so-called double power law behaviour of the amplitude in (11) also follows from 
the original Riedel-Wegner theory.) After this brief summary of the scaling theory, we 
summarise previous work. 

This model has been studied extensively; for recent reviews, see Domb (1974) and 
Stanley (1974). After some initial controversy (Oitmaa and Enting 1971,1972, Rapaport 
1971, Paul and Stanley 1971, Enting and Oitmaa 1971) and some heuristic arguments 
(Abe 1970, Suzuki 1971, Coniglio 1972), Liu and Stanley (1972,1973) and Citteur and 
Kasteleyn (1972) showed rigorously that 

o ? =  Y. (13) 

Subsequently, Harbus and Stanley (1973a, b) and Krasnow et a1 (1973) analysed the 
high-temperature series for the anisotropic sc and FCC lattices and produced strong 
support for (13). Estimates for critical temperatures and amplitudes were obtained by 
Harbus and Stanley (1973b) who tested the relations (3) and (11) by Pade approximant 
methods. They found that the simple power law relations are valid with the expected 
exponents. In the meantime PJF and Singh and Jasnow (1975) developed and applied 
suitable methods for calculating the scaling functions for the analogous case of the 
spin-space anisotropy. In this paper, we have essentially used these methods for the 
study of lattice-space anisotropy. We present the details of our analysis in the coming 
sections. (Brief, preliminary accounts of this work have been reported earlier; Basaiaw- 
moit and Singh (1982a, b).) 

3. Isotropic (g = 0) critical behaviour 

In this section, we obtain the g = 0 behaviour of the Hamiltonian (1). We will deal with 
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the cases SQ to sc and SQ to FCC. For g = 0, we get a set of SQ king models. The critical 
temperature of this model is exactly known to be given by 

Kc(0) = J/kBTc(0) = 1 ln(1 + a) = 0.440686793. . . (14) 

(Kramers and Wannier 1941 , Onsager 1944). The susceptibility exponent y is equal to 
1.7.5 (This has along history; see the review by Domb 1974). So from (13), it follows that 
q = 1.75. The lastest estimate for the critical amplitude A in (2) was given by Sykes et 
a1 (1972); the exact value was obtained by Barouch et a1 (1973). They calculated that 

A(sQ)  = 0.9623317322. . . (15) 
in complete agreement with the former authors. (We may remark in passing that these 
authors also found confluent singularities in the asymptotic behaviour of the suscepti- 
bility. We have not included these in our analysis, since we feel that the series are 
probably too short to examine all the subtle effects taking place for small g. So, we have 
concentrated only on the leading crossover behaviour for small g.) Once the value of A 
is known, that of B follows from the work of Liu and Stanley (1972,1973) who proved 
many rigorous thermodynamic relations, in particular, 

where A denotes the number of exfra interactions in the off-plane directions. It is equal 
to 2 and 8, respectively, for the cases of sc and FCC lattices. This helps us to get B exactly; 
we obtain, 

B(SQ to sc) = 0.848394142. . . 
B(SQ to FCC) = 3.39357656 . . . . 

(16a) 

(16b) 
Equations (7), (15) and (16) give us CO and C1 exactly. To get the other values of Cm, 

high-temperature series analysis is resorted to. The series for the susceptibility for the 
cases SQ to sc (to 11th order) and sQ to FCC (to 10th order) in powers of tanh K are given 
in Oitmaa and Enting (1971), and Harbus and Stanley (1973a), respectively. For con- 
venience, we have converted the series to the form, 

n 

The coefficients bflr ,  so obtained, are given in table 1 for the FCC lattice. Knowing the 
exact values of Kc(0) ,  yand q, we have calculated the series for 

Y +  w..= Cm(K) = [I - K/Kc(O)] -m 

and then used the standard ratio and Pad6 methods to estimate the critical amplitudes. 
We have also performed the ratio and the Pad6 analyses for the series for 

(For a recent review of these methods, see Gaunt and Guttman 1974). As an example, 
Pade approximants to the sc series for R m ( K )  for m = 1-5 evaluated at K = K,(O) are 
shown in table 2. On the whole, we find that the standard methods give consistent results 
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except for the PAS to the R,(K) series for the FCC case form > 1, which, for unexplained 
reasons, is badly behaved. Accordingly, we have omitted it in our analysis. The overall 
estimates for the two lattices, along with the mean-field results and universal values 
adopted for further work are listed in table 3. Our confidence limits based on overall 
analysis are 1, 1 , 2 , 3  and 5% in the amplitudes R1-R5, respectively. 

Table 1. Reduced susceptibility expansion coefficients b,), defined in (17) for the SQ to FCC 
case. 

n I b,i n 1 b,I 

0 
1 
1 
2 
2 
2 
3 
3 
3 
3 
4 
4 
4 
4 
4 
5 
5 
5 
5 
5 
5 
6 
6 
6 
6 
6 
6 
6 
7 
7 
7 
7 
7 

0 
0 
1 
0 
1 
2 
0 
1 
2 
3 
0 
1 
2 
3 
4 
0 
1 
2 
3 
4 
5 
0 
1 
2 
3 
4 
5 
6 
0 
1 
2 
3 
4 

1 7 
4 7 
8 7 
12 8 
64 8 
56 8 
343 8 
320 8 
656 8 
3893 8 
92 8 
13223 8 
4544 9 
59943 9 
26103 9 
24% 9 
48423 9 
245013 9 
527893 9 
498663 9 
17473A 9 
6114 9 
16392A 10 
1132583 10 
3505776 10 
5325383 10 
398216A 10 
11525w 10 
15388% 10 
52451% 10 
47087175 10 
19502894 10 
42027696 10 

5 
6 
7 
0 
1 
2 
3 
4 
5 
6 
7 
8 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

49930023 
3053159% 
7 5 9 5 4 5 % 
3809% 
160939B 
1811017% 
9584969% 
2732748N 
45609776E 
43961545g 
22924237M 
4966694% 
9 3 6 4 H  
477876% 
6 5 6 1 4 2 H  
42946637% 
154892344! 
339157477s 
456207 197* 
372564564H 
168266475% 
32458605% 
2 2 8 2 W  
1 3 8 2 0 6 m  
22672635a 
179063707M 
79159810M 
21763 1144ah5 
38 18 16036 1% 
4327624997% 
3046735819% 
1219450540w 
21 1100973M% 

It is seen from table 3, that the central estimates for the ratios R,  agree with each 
other very well. This implies that the prediction of the scaling theory about the univer- 
sality of these ratios is very well fulfilled. We test the predictions of the theory about the 
g # 0 behaviour in the next section. 
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Table 2. Pad6 estimates for the universal ratios for the sc lattice. The numbers are the values 
of the PAS to the series (18) at K = K,(O). The symbol-means a defective entry, NC means 
not calculated. 

Pad6 R I  R2 R3 R4 Rs 

(1.1) NC NC NC 1.3781 1.3369 
(1.2) NC NC NC - 0.2264 
(2. 1) NC NC NC 
(2 ,2)  1.7918 1.4862 1.2617 1.1791 1.1238 
(2 ,3)  1.0650 1.4617 1.4483 1.9235 4.6123 
(3 ,2)  2.4663 1.4605 1.4136 1.6009 1.9174 
(3 ,3)  1.7242 1.6715 1.2996 1.2633 
(3 ,4)  1.6667 1.4570 1.2521 
(4,3) 1.6554 1.4557 1.2470 
(4 ,4 )  1.6718 1.4727 
( 3 3 )  1.6729 1.5112 
(5,3) 1.6911 1.5192 
(5,4) 1.6712 
(4,5)  1.6712 

- - 

Table 3. Overall estimates for the universal amplitude ratios R,. For confidence limits, see 
text. 

~~~ 

Adopted Mean-field 
Ratio FCC sc mean value 

RI  1.6703 1.6715 1.6709 2 
R2 1.4793 1.4718 1.4755 1 . 5  
R3 1.2914 1.2924 1.2919 1.333, . . 
R4 1.2599 1.2410 1.2505 1.25 
RJ 1.1243 1,1402 1.1323 1.2 

4. Anisotropic critical behaviour 

The scaling theory makes definite predictions (mentioned in § 2) about the small-g 
behaviour. However, for very small values of g ,  one needs correspondingly very long 
series for a reliable analysis. On the other hand, the scaling theory does not apply for 
large enough g. So, for the crossover scaling analysis, there is a typical ‘window’ of 
values of g. An estimate of this range can be obtained by making a scaling hypothesis for 
the coefficients a,(g) themselves (see PJF); 

F(0)  = 1. 

This predicts, e.g. ,  that the sequence 

where, 
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should vary as 

w, = w t (i/ - y)/ngl/q ngl/q+ cc, 

On applying this method to our case, we find that ranges of g amenable to analysis are 
0.01 6 g 6 0.08 and 0.005 S g 6 0.02 for the sc and the FCC cases, respectively. This is 
in general agreement with the previous work of Harbus and Stanley (1973b), who 
obtained similar ranges by a different method. 

Having decided on a range of values of g to work with, the next step is to estimate the 
critical temperatures. Here, apart from the standard methods (Gaunt and Guttman 
1974), PJF extrapolated the sequences, 

versus K 2 ,  In our work, we have used these as well as the standard techniques. It is 
found that in both the cases under study, the method using the extrapolants (19) works 
well; whereas the conventional methods, e.g., using 

show oscillations due to the loose-packed nature of the SQ lattice. In ,u,(g). these 
oscillations are cancelled to a large extent because the ratio p,(g)/p,(O) is used. The 
graphs of p , ( g )  against n-’ for several values of g are shown in figure 1. These methods 

n 

I I I I 
11 10 9 8 I 

2.701 I ~ 

2 2.50 +------ 
/ - -  

2.4.0 _ _ - e  - 
, 1 1 1 I 

0 0.004. 0.008 0.012 0.016 0.020 
1 In2 

Figure 1. The graphs of sequences ,U&) (see equation (19)) against n - 2  for g = 0.01 to 0.05 
for the sc lattice. The arrows point to the chosen values of [K,(g)]-’ .  Values of g are given 
on curves. 

allow us to estimate the critical temperatures to an accuracy of about a conservative 
0.2%. This uses the exact values of y, K,(O) and also assumes that the three-dimensional 
exponent .i/ is exactly 1.25 (Domb 1974). Our estimates of K,(g) are listed in table 4. 
Now we calculate 

W e f f k )  = IW) - K(g)Y[Kc(Ok’ q. 
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Table 4. Estimates of critical temperatures K,(g) = J/kBT,(g) and amplitudes A ( g )  for 
various values of the anisotropy parameter g. The critical temperatures are believed to be 
accurate to about 0.2% and the amplitudes to about 4%. 

0.006 
0.008 
0.010 
0.012 
0.014 
0.016 
0.018 
0.020 

0.40355 
0.39730 
0.39093 
0.38595 
0.38110 
0.37636 
0.37202 
0.36792 

1.985 
1.861 
1.706 
1.647 
1.5755 
1.505 
1.4535 
1.4055 

0.01 
0.02 
0.03 
0.04 
0.05 
0.06 
0.07 
0.08 

0.41806 
0.40766 
0.39872 
0.39124 
0.38476 
0.37893 
0.37341 
0.36846 

2.495 
2.135 
1.878 
1.722 
1.624 
1.543 
1.469 
1.4175 

(Here we have accepted = q; plotting log[K,(O) - K,(g)] against log g confirms this, 
see also Harbus and Stanley 1973b). Extrapolation of Vi, eff(g) tog = 0 withg orgl'q yields 
the estimates, 

ri/ = 0.715 ? 0.025 (SC) 

6 = 1.575 & 0.055 (FCC). (20b) 

The uncertainties in ~ reflect mainly those in K,(g). Clearly, these critical point shift 
amplitudes are non-universal. On using (9), (16) and (20), we calculate x to get, 

,i = 1.526 i 0.090 (SC) (21a) 

(21b) = 1.533 ? 0.090 (FCC). 

It is seen that the central estimates agree with each other to about 4%; the scale factor 
universality is very well satisfied. 

Now we are in a position to evaluate the critical amplitudes A (g) in (10). We use 
conventional ratio methods based on the extrapolation of 

against n-' which are found to work well in both the cases (sc and FCC). Our estimates 
are listed in table 4. Uncertainties in the amplitudes are about 4% and come mainly 
from those in K,(g). Now we form 

which are found to have a weak dependence on g; they are extrapolated against g or 
gyp to give 

A ,  = 0.690 t 0.040 (sc) (22a) 

A ,  = 0.462 i 0.025 (FCC). (226) 
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From these estimates, we fo rmX,  using (12), (15), (20) and (22). We get 

k = 1.220 t 0.070 (sc) 

X = 1.212 ? 0.070 (FCC). 

(23a) 

(23b) 
Again, we see that the universality is satisfied to a good degree of accuracy. 

parameters, 
For further work, we adopt the following ‘best’ values for the two universal 

x = 1.530 X =  1.216. (24) 

It is to be noted that we have mostly not used the PadC method in g # 0 analysis as that 
was already used by Harbus and Stanley (1973b) in their study of this model. Their aim 
was mainly to test the power law predictions (3) and (11). However, on using their 
figures (2a) and (3), we estimate the values of M; (A, )  from their analysis to be consist- 
ently higher (lower) than our central estimates for the two models but within our 
confidence limits. With this, we have completed our analysis of the detailed predictions 
of the scaling theory both for g = 0 and g f 0. In the next section, we will construct 
approximants for the scaling functions using these results. 

5. Scaling functions for lattice anisotropy 

Having obtained detailed information about the scaling function X ( x )  near x = 0 and 
x =x , we now construct approximants for it. Using the adopted universal values of the 
ratios R,, m = 1-5, we can form the low x expansion of X ( x )  from 

(25) 
1 1 
2! 3! 

X ( X ) = ~ + X + - R ~ X ~ + - R ~ R ~ X ~ +  . . .  

(PJF and Liu and Stanley 1972). We get 

X ( x )  = 1 + x + 0.83545 x 2  + 0.6866 x 3  + 0.5467 x 4  + 0.4355 x 

+ 0.3273 x 6 .  . . . (26) 
We emphasise again that we have verified that this scaling function is universal and 
following current ideas about universality, we expect it to be the same for all two- to 
three-dimensional crossovers in the king model (i.e. universal with respect to spin 
values, range of interactions as long as they remain short-ranged, lattice-type, etc.) The 
above representation of X(x)  is valid for x -e 1; to extend its range to x , we have to take 
into account its singularity at x i.e. (8). Although the values of R and X have been 
obtained in § 4, it is useful to get estimates from the six-term series (26) itself, e.g. ,  by 
forming PadC approximants to [ X ( X ) ] ” ~ .  We get 

x = 1.334 X = 1.071. (27) 
(The relatively large differences between (24) and (27) are probably due to the shortness 
of the series (26), see PJF and Singh and Jasnow (1975).) Approximants for X ( x )  valid 
up to x may now be obtained by forming PadC approximants to the six-term series, 

P ( z )  = (1 - z):’X(x) z = x/x 
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subject to the conditions 

P(0)  = 1 P(1) = X .  

For the assignment (27), we have examined the (2,4),  (4,2),  (3,3), (3,4) and (4,3) 
approximants. All of these are quite smooth for 0 S z S 1 and agree with one another 
within less than i%. We choose, somewhat arbitrarily, the following for future work: 

1 - 0.905752 + 7.90442' + 7 . 8 0 6 1 ~ ~  + 0.379862' 
1 - 0.989652 + 7 . 9 6 2 8 ~ ~  + 7 . 1 4 3 5 ~ ~  

(i) P ( z )  = 

x = 1.334 k= 1.071. (28) 
We have examined the same set of PAS for the assignment (24). In this case, all approx- 
imants except (3,4) and (4,3) show a pole in the range 0 S z 6 1. Presumably, the only 
singularity of X ( x )  should be at x , so P ( z )  should be smooth. So, we reject all PAS except 
(3,4) and (4,3) as unsuitable. These two PAS show a broad maximum at about z = 0.7 
and agree with each other within 1%. A similar maximum was found in the case of 
spin-space anisotropy (PJF, Singh and Jasnow 1975). We choose the (3,4) approximant: 

1 - 1.00072 - 1 . 7 3 7 3 ~ ~  + 2 . 4 1 2 5 ~ ~  
1 - 1.28072 - 1.57822' + 2 . 8 1 7 2 ~ ~  + 0.403682' (ii) P ( z )  = 

x = 1.530 X = 1.216. (29) 
In addition to (28) and (29), we have also utilised the simplest form for P ( z ) ,  i.e. 

(iii) P ( z )  = 1 + 0.2162 

x = 1.530 X =  1.216 

in our analysis. 
To study the crossover behaviour of x,  we define an effective exponent through 

30) 

(Kouvel and Fisher 1964, Riedel and Wegner 1974). Using the expression for x in the 
form 

equation (31) can be simplified to give 

This expression holds in the scaling region. For g + 0 at fixed temperature, yeff + y and 
for g # 0, t + 0, Yeff+ y ,  as expected. The detailed behaviour between these two limits 
depends on the non-universal parameters of a given model. Since we have obtained all 
the relevant parameters in the preceding sections, we can calculate yef f  from (33). In 
figures 2 and 3, we show the plots for g = lo-* for the sc and FCC lattices, respectively. 
Curves (i), (ii) and (iii) correspond to the choices for P ( z ) ,  equations (28) to (30). Curves 
(i) and (iii) are smooth but the curve (ii) shows some structure mainly in the region where 
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1.0 
-9 - 8  -7 -6  -5  - 4  -3 -2  -1 

log t 
Figure 2. The effective exponent (see equation (33)) against log i for g = 
lattice for the three choices for P ( r ) ,  see equations (28) to (30). 

for the sc 

2.01 

1.8t 

x 1.4 

1.25 
1.2 

1.0 
-9 -8  -1 -6 - 5  - 4  -3 -2 -1 

iog i 
Figure 3. Same as figure 2 but for the FCC lattice. 

-10 -8 -6 -4 -2 0 2 
1 

log i 

1.75 

Figure 4. The effective exponent (see equation (33)) against log i for various values of g 
(given on curves) for the sc lattice. For P ( z ) ,  choice (i) is made (see equation (28)). 
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the anisotropic effects predominate. This may be due to our assumption of a simple 
behaviour (8) for the singularity of X(x)  near k . In order to get better results in this 
region, one needs to estimate the function P ( z )  more accurately near z = 1 (see remarks 
in the last paragraph of section VI1 B of PJF). We concentrate on the choice (i) because 
it gives smooth yeff and utilises the full series (26). In figures 4 and 5 ,  we depict yeff against 
log i for various values of g for the two lattices. Since the critical region is usually for 
i =s lo-*, one should not take the graphs seriously beyond this reduced temperature. 

1 .o 
-10 -8 - 6  ~4 -2 0 2 L 

log t 

Figure 5. Same as figure 4 but for the FCC lattice. 

This is because for i 3 there is expected to be a crossover to the mean-field 
exponent of unity. So, for g b lo-' (see the figures), one may not see a complete 
crossover to the isotropic value 1.75. Experiments in the range g b lo-* and i == low2 
may yield intermediate values of yen. Forg S however, our graphspredict a gradual 
crossover from 1.75 to 1.25 as one goes towards the critical temperature. Finally, it 
should be noted that the crossover region (suitably defined) is about four decades in i 
for a given value of g. Its length is practically independent of lattice type as it depends 
mainly on the crossover exponent q. 

6. Concluding remarks 

We have studied the crossover behaviour of the susceptibility of quasi-two-dimensional 
Ising models. We have verified the detailed predictions of the extended crossover scaling 
theory both for g = 0 and g f 0 and have obtained accurate estimates for the non- 
universal and the universal parameters. We have also constructed approximants for the 
scaling function valid in the whole critical region and presented plots of yeff against 
reduced critical temperature for a range of values of anisotropy for the sc and the FCC 
lattices. 

In concluding, we remark that it would be highly desirable to study this model and 
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obtain the values of all the parameters using renormalisation group techniques, e.g. , by 
following Bruce (1974) and by the recent partial differential approximant techniques 
(Fisher 1977a, b, Stilck and Salinas 1981). 
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