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INTRODUCTION

This dissertation is devoted to a survey of some investigations carried
out in certain topics in Ring Theory. We are interested here in von Neumann
regular rings and related rings. John von Neumann ([vN:36], [vN]) initiated
the study of rings in which for each element ‘a there exists b such that aba
= a ( called b’y him as regular rings) in 1936. These rings arise naturally in
the study of modular lattices. However , regular rings are interesting objects
in their own right and have been studied at great length in the past four decades.

Plenty of evidence can be adduced in support of this assertion. The
bibliography of Prof. K.R. Goodear!l's book, "Von Neumann Regular Rings"
[Gll], contains 270 items. Several dozen additional references can be found
in Reviews in Ring Theory (See the Bibliography at the end of this dissertation.)

Thus it is impossible to survey more than a small fraction of the
field of regular rings in a work of this size. In this dissertation we have restricted
ourselves to a survey of some investigations on regular rings, strongly regular
rings, weakly regular rings, V-rings, p-V-rings, V'-rings, p—V'-rings. and SF-rings
which were carried out by Armendariz, Fisher, Ming, Pillay, Ramamurthi,
Rangaswamy, Raphael, Steinberg and others.

Each of these classes of rings is 'related' to the class of regular
rings in the sense that its defining condiion is equivalent to_i regularity under
the assumpt'ion of commutativity. So these classes turn out to be of independent
interest only in the context of non-commutativiy. Thus our rings are associative

but usually non-commutative.



For carrying out a systematic study of these rings some ‘'general
classes of rings turn out to be of imp\ortance. Among these are: abelian rings,
reduced rings, symmetric rings, duo rings, quasi-duo rings, quasi-simple rings
and non-singular rings. Results about them are scattered through the literature.
For the sake of uniformity of terminology, ‘completeness and convenience
of reference these rings have been studied in Chapter I. Knowledge of the
following topics in Ring and Module Theory is assumed: artinian and noetherian
modules and rings, semi-simple modules and rings, injective and projective
modules, tensor product and flat modules, rings and modules of fractions.
Most of this material can be found in Stenstrom's book [St.]; we shall usually
follow his terminology.

We take up the main theme of the dissertation, a study of regular
rings and related rings, in Chapter II. The topics covered there are described
in some detail in the introduction to that chapter.

The Bibliography is divided into two parts: (I) books and monographs,
and (I) research papers. A book may be cited as [ X Il J or as [ XYZ J; here
L X Jor [ XYZ ] will denote the initial letter(s) of the na;me(s) of the author(s).
A memoir may be cited, e.g., as [ XYZ:53 J; here '53 gives the year in which
the paper was published. This will give an approximate idea of when the research

was carried out.



CHAPTER 1
§ 1
§ 2
§3
§ 4
§5
§6
§7
§8

CHAPTER 1I
§ 9
§ 10
§ 11
§12
§ 13
§ 14
§15
§ 16
§ 17
§ 18
§ 19
§ 20

BIBLIOGRAPHY

CONTENTS.

SOME CLASSES OF RINGS
Some notations and conventions
Basic definitions

Abelian rings

Directly finite rings ( d.f. rings)
Some conditions on annihilators
Reduced and symmetric rings
Duo and quasi-duo rings

Complements

REGULAR RINGS AND RELATED RINGS
Bacic properties of regular rings

Strongly regular rings

Weakly regular rings

On f-injective and p-injective modules and rings
Flatness and injectivity

V-rings and related rings

SF-rings

An equivalence theorem

Central localisations

V'-rings

Kaplansky's question

Polynomial rings over regular rings

10
13

16

21
28
32
40
48
56
67
71
74
&3
89
93



CHAPTELR I

SOME CLASSES OF RINGS

As mentioned in the introduction, this chapter is
devoted to a survey of the basic properties of certain classes
of rings. Wc need some of this matcrial for a study of regular
rings and othcr rclated rings to be carripd out in the next

chapter.

§1. Some notations and conventions

In this scction we shall fix somc gencral notations
and conventions. We shall try to adhcere to thesc throughout
this dissertation.

1.1. CONVENTION, Unless othcrwisc mcntioned, by a ring we

shall mcan an associative ring with identity; all modulcs,
ring homomorphisms and subrings will be unitary.

1.2, CONVENTION. Let (P)be a property ( of a ring or an element)

which applics on the left as well as on the right. We shall say
that a ring is (P) ( or an element is (P) ) if thce ring is left
or right (P) ( thc clement is left or right (P)).

1¢3« CONVENTION. Throughout, R will dc¢notc an associative

ring with identity. By a modulc gM we mean a left Re-modulc

M and by a modulc MR o right R-modulc M.

Teh4o NOTATION, Let A and B be subgnoups of an abelian
group M. We shall usc A <%B to dcnotc that A 1is con-
tained in B. If, morcover, M 1is a lcft R-module A LpM

will mcan that A is an R-submodule of M. In particular,
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AQQRQWill mean thet A dis -~ 1oft idecal of R.

1.5. NOTATION. Lct RM be o module, ¥F¢R and NgI'. As asual,

K# wilil dunote che subgroup of ( M, + ) goncreted by all

products of tac form kn whcre k bclonge to K ~nd n

wclongs to . Thus KM consists of 2all finitc sums of theo
2

kie‘V, nié‘N. We denote XK by K-, If

KLR, LELR and agR, KalL, akKL ctc. will have thcir

form jininl

usuol mcanings.
1.6. ABBREVIATIONS. Wec shell abbreviatce finitoly gcneratced
as  f.g., direcctly finitc cs d.f., principal idcal ring
s F.I.R.
Furthcr notations and conventions will be introduccd

when requircd.

6)2 «Basic definitions.

i Since therc arc verying definitioans in the litoerature
we indicatc those to be uscd in this disscrtation,

2.1, DEFINITION. A ring ©° is callcd abclian if cvery

idempotent of R bclongs to tno centrc of R.

2.2 DEFINITIONS. By =a domain we meen a (possibly) non-

co.mutative ring without divisors of zcro. A ring is called

a rcduced ring if it has no non-zcro nilpotent clements.

It is called prime if for idcals A,B we have AB = O implics
A =0 or B=0 ( Idcal means two-sidcd ideal). It is cclled
scmiprimc if it has no non-zero nilpotent idecals. A ring R

is called scmi=primitive if its Jacobson radical Red R cgquals

0O . A ring R is cclled semi-simplc if overy left ideal of R
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is a dircct summand of R. A ring R is callcd indecomposable

if it cannot be exprecssed as Ry x Ry where Ry, R2 arc non-zero

*rings.

2.3 DEFPINITION. A ring R is called dircctly finite if xy = 1

implies yx = 1 for elcments x,y of R.

Dircctly finitc rings have also becn called von Ncumann
finite by Herstein [jH] and Peterson {P1: 75; , Dedekind
finitc by Foith[FII : p.85]s finitc by Kaplansky (KI_} ,
fini by Rencult [R 4: 73,

2.4 DEFINITIONS. A ring R is callecd left (right) duo if every

left (right) idcal of R is an idecal . Following Convention 1,2

a ring is called duo if it is left on right duo.

2.5 DEFINITIONS. A ring R is colled left (right) guasi-duo

if cvery maximal left (right) idcol of R is an ideal.

2.6 DEFINITIONS. & ring R dis called left symmetric if for

ay, by, ¢ in R, abc = O implics acb = 0. It is called right
symmetric if abc = O implies bac = O

2.7 DEFINITIONS. A ring R is callced local if R/ Rad R

is a division ring; it is called semi-local if R/ Rad R is a

scmi-simplc ring.
We give somec casy cxamples of thesc concepts in the

remorks below,
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2.8 TREMARK Wc have, triwiclly, commutative rings ore abeclian,
dircctly finitc, left and right duo and lcft and right

symmctric,

2.9 RIMARK. The only idempotcents in a domain arc O anmd 1.
So domeins are abclian. They arc reduced, dircctly finite and
left and right symmetric. The last remark applies to products
of domains.

2.10 REMARK. Let R be a finite product of division rings.

Then R is lcft and right duo, scmisimplc and scmi=primitive.

2.11 EMARK. Othcr definitions will be introduccd whencver

nceded ( sco, cspecially, sections 8 and 19).

1\,\3 « Abelian rings -

!

In thrce propositions bclow, we give sufficient -
conditions ( which arce also trivially nccessary) for an
idempotcnt ¢ to be central. As corollarics wc obtain
sufficient conditions for a ring to be abclion. Thcesc

conditions @xccpt in 3.%)arc also necessary.

3.1 PROPOSITION, Let ¢ = ¢ €R . If ¢ commutes with

all nilpotcnt clcments in o ring R, then e 1s central.
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. 2
proof. For any z in R, ( cz-cze) = 0.
so c¢(cz~ezc) = ( cz-czc)e = O shows c©z = cze. Similarly

(czc—zc)2 = 0 yiclds ze¢ = cze., SO ¢z = zC.

]

3.2 COROLLARY. If R is rcduced then R is abelian.

3.3. PROPOSITION. If ¢R = Re, for an idempotcnt e, thcn

¢ is central.

Proof. Let ¥ ¢R. Then xc = @y for some y in R and

¢cx = zc for somec 2z 1in R,

2
Thereforce cxe = oay = ¢y = ¥x¢ and €Xc = 2¢° = ZC = CX

SO0 ¢x = ¢xe = x¢ for nl1l x in R. So c¢ 1is central,

3.4 COROLLARY. 1If ¢eR = Rc for cach idempotent e, then
R is abelicn.

3.5 PROPOSITION. Let ¢ = oS R. If ¢ commutos with all

(othcr) idumpotcnts then ¢ is central.

Proof. Lct n = ez-cze. Then n2 = 0, cn = n and ne = O,
Thercforc (c+n)® = cZ+on+ne+n® = c+n. SO c+n is an
idempotcnt. Thcercfore ( by hypothesis) c(e+n) = (c+n)e
yields n = ¢n = nc = O. S0 cz = e¢ze. Similarly we get

ez¢ = zeo., Thus cz = zc for all =z in R.

3.6 CORQLLARY, If 211 idcmpotcents in R commute, then ‘R is

abelian.

2.7 DPROPOSITION. Let R bc abeliar,, Then R 1s dircctly

finitc.
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Ppoof. ULet xy = 1. Then (yx)2 = YXYX = Y.leX = yx shows
thet yx is an idempotent. Sojas yx is central, we have,

¥yX.X = XyX = X 1implying yX = yX.Xy = Xy = 1.

3.8 REUMARK. The conversc of 3,7 is not vzlid. For cach
natural number n, Mn(K) is a dircctly finite ring

(K a ficld ) : AB = I for squarc mrtrices A,B

implies BA = I. Howcver, for n>»2, M (K) is not abclicn

ring. g

%14. Dircctly finite rings ( d.f. rings)
>

Sec 2.3 for the definition of a d.f. ring.
4.1 REMARK. A subring of a d.f.ring is a d.f.ring.

L.2 PROPOSITION ( [EII , p.8§] ) The ring R is d.f.

if and only if R/Rad R is d.f.
4,3 COROLLARY. Scmilocal rings are d.f.

4.4 CORCLLARY Local rings are d.f.

4.5. PROPOSITION. [01: 7 Corollary3] iet R bec a

gommutative ring and A an  R-algebra which is a finitely

gencrated R-module. Then A is o dof. ring.

4.6 PROPOSITION, If R is o lcft noctherian ring then R

is o d.f, ring. (This follows from thc wcll known fact that

a surjcctive cndomorphism of a noctherian module is neccssarily

an isomorphism.).
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4.7 PROPOSITION ( Utumi [W : 65]) If R is lcft and

right sclfinjective, then R is a d.f. ring.

4.8 REMARK. As notcd in 3.7, abelian rings arc d.f.
Hence, by 3.2, rcduccd rings arc d.f. So art duo rings
(Proposition 7.6 bcelow ). We prove below that quasi-duo

rings arc d.f. ( 7.9 ).

4.9 EXAMPLE. Let V Dbe an infinitc-dimensional vector spacc
over a ficld K ( say (V:K] = jo ) Then in R = ®ndy (V) there
oxist clcments f,g such that gof = 1y and fog £ 1y « So

R is - prime ring which is not dircctly finitc. (See 8 below).

‘%5. Somec_conditions on annihilators
5.1 NOTATION. Lct S be a subsct of & ring R . By its
left annihilator 3(S) we mean the sct i}ceI?l xn = 0 for

cach o in S 3 . Thus 1(S) is a left ideal of R. Similarly

the right cnnihilator S, r(S) = g x € R ! ax = O for each
L .
ain S , & right idecal of R. If S 1is thc singlcton

scot %a} , wo writc 1(a) for 1(8) -nd r(a) for r(8).

5.2 THE CONDITIONS

We shall considcr the following conditions on

annihiletors idceals:
5 (A) Fof cach a ¢ R, 1(a) = r(a).

5 (Ay) For cach aeR, La) & r(a).
5 (A,) For cach a€Rr, r(z) & La).
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5 (31) For cach ae R, 1(2) is an idecal of R.
5 (B,) For cach a€R, r(a) is on idcal of R.
5 (Cl) For cach subsct S of R, 1(S) is an idcal of R.

5 <Cr) For occh subsct S of R, 1r(S) is an idczal of R.

We notce bclow the implicntions that hold between thesc

conditions.

5.3 RFMARK. Supposc (Ar) holds ~nd lct x bc an arbitrery
clecment of R. Supposc y € 1(x). Then yx = O and so
xer (y) . By (A, r (y)£1 (y). Hence xel (y) and
& Xy = O . Thus yer(x). So 1(x) £r(x) nnd thus (Al)
holds. By symmectry ( Al) implics ( Ar). Thus (Al), (Ar)

and (A) arc all cquivalcnt.

5.4 REMARK. Supposc (B,) holds. Lct ¢ Dbe an arbitrary

clcment of R and lct bel(c). Lot xeR. Thon bec = 0O

H

implies cer(b) and so xcer(b) ( an idcal ). So bxc 0

showing that bxel(c). Thus 1(c) is an idcal. So (Bl)
holds. Convcrscly, (Bl) implics (Br) and so0 (Bl) and
1
(B).) arc cquivalent. Vic can thus telk simply of condition
(B) ( or 5(B))
5.5 REMARK we have 1(S) = /) 1(a) and r(8) = N r(2).
a€esS aeS
_ Thercfore (Bl) is oquivn}cnt to (Cl) and (Br) to (Cr)‘
S0, by (5.5), (Cl) ond (Cr) arc cquivalent and oquivrlent
to (B). Trivially (A) implics (B).
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5.6 REMARK, If condition (B) holds, thcn R is abelion.
For let ¢ = 02 e R. Then 1(1-¢) = Re and r(i—e) = eR arc

ideals and so Re = ReR = ¢R. Hence by 3.4 R is abelian.

In the remakks bceclow we rocord some propertics of

annihilctors to be uscd later.

5.7 REMARKS. (I) Let ST be subscts of a ring R. Thcn, by
definition, 1(T) €« 1(8) and r(T) & 1r(S). Thus, taking

annihilators is an inclusion-reversing operation.

(II) Let S be » subsct of ™. For cach clemont o of S,
we have 1(S) . a = O (by definition of 1(S))and so :151‘[1(Sﬁ .
S0, wc havec,
sCr [1(5)] for 211 subscts S of R (1)
Similorly, we get
scz1[r(s)] for all subset S of R (2)

D

Now lct J bc & subsct of R. Applying
(1) to r(J), we get

r() & r [ 1r)] (3)
Applying (2) to J wc got
JC 1 [:r(J)] . (4)

Now (by Remark (I) ) (4) yiclds

rxr I (D) (5)
Thus ( 3 ) anda (5) dimply,

r(g) = r[2(r(J) | (6)
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Similarly, wc gect

1J) =1~ (1(J)i] (7)
for all subscts J of R.

Q6. Reduced and symmetric rings
The conccpt of a syumctric ring can be casily gencreliscd

to that of o symmetric modulc.

6.1 DEFINITICN ( Raphrcl [Rp: 74)) A right R-modulc M
is called symmetric if for clements rys in R and m in M

mrs = O implics msr = O

6.2 REMARKS. (I) A ring R dis right symmetric if ond only

if RR is a symmctric modulc.
(TI) A submodulc of a symmectric module is symmetric,

(III) From (I) and (II) wc gect: if R is a right
symmctric ring cevery right ideal of R dis o symmctric modulc.
Next, wc show thot symmetry ( os is appropriate) a

left-right symmctric condition.

6.3 REMARKS. (I) Let R be a right symmctric ring. Then
(teking ¢ = 1 in the notation of 2,6 ) ab = O if and only
if ba = 0. So we¢ have 1(a) = r(a) for cach a in R. Thus a
right symmctric ring satisfics condition (&) of Scction 5.
(III) By tcking o = 1 in the definition of a left
symmectric ring (2.6) wc scc that o lcft symmetric ring also

satisfies thc same condition 5(4).
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6.4, PROPCSITION.. If R is left symmctric, then R is

right symmctric ( and converscly).

Proof. Lect abe = 0. Then as R is left symmetric we have
acb= 0 i.c. acel(b). By condition 5(A), wc have ac er(b)

ink:. bz’lC = Oo

6.5. REMARKS (I) In vicw of proposition 6.4 and convention
1.2, a symmetric ring will be o left and right symmetric ring.
(I1) As sccn above (6.3) symmetric rings sctisfy 5(4)
and 5(B). Hence, by 5.6, thcy arc abelian and so, by 3.7,

dircctly finitc,

6.6. PROPOSITION ( Lambck ( Sce | §3: 73})) if R is

reduced thenR 1is symmetric.

Proof. Wc rcpeatedly usc the fact £hat R is reduced,So lct
a,by;c in R such that abc = 0.
Then ( cab)® = cab cab = O yiclds cab = O
( abac)® = abacabac = O yiclds cbac = O;
( bacba)® = bacbabacba = O yiclds bacba = O}
( cba)a = cbacba = O yiclds cba = O and finally,
(acb)2 = acbacb = O implics acb = O
In the recsults below, wc record some more properties of

rcduccd rings.

6.7 PROPOSITION. Lot R be a ring. Then R is rcduced if and

only if whcnever a in R is such that aZ = 0 we have a = 0O
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Proof, Cnly to prove Vif' part. Let a in R such that o = 0.
We nssert a = 0. If not thcre oxists an intceger m22 such

ﬁm-] 2

that 2% = 0 but am—] Z 0. Tecking b = we get bT = O,

b £ 0, o contradiction.

6.8 REMARZ. If R is a rcduccd ring, thcen 1(2) = r(a) for
cech a in R. This result, which follows from Proposition
6.6 and Rcmorks 6,3 can also be sccn dircctly as follows:

ba = O implics (ab)2 = ¢bab = O and hcnce, as R is reduced,
we get ab = O. Thus l(a)gg r(a) for cach 2 ¢ R implying, by

Remark 5.3, 1(2) = r (a) for cach a in R.

6.9 PROPOSITICN. Let R be o reduced ring ond o an clcment of

R, Let A = 1(a) = r(a), an idcrl of R. Then S = R/A is a

rcduced ring and 2 is & noazero divisor in S,

Proof. Let x  be an clcment of R, Supposc X - o.
Then xaé_l(a) implying x.xa = 0. As 1(xa) = r(xa) we get

xrx = 0 ~nd so (xa)2 = 0 in R. Hcnce xa = 0 and so0 x €l(a).
Thus ¥ = 0. It follows, by Proposition 6.7, that S is a

rcduccd ring.

Next let 7X = O in S. Then ax€l(e) implies axa = O
and so xa = O. Thus x€l(a) ~nd X = 0. Similarly Xa = O
implics X = 0. Thus & 1is a lcft ond ripht non-zero
divisor in S.

Domains arc prime, rcduced rings. The conversc clso

holds. Morc gencrnlly, we have:
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6.10 PROPOSITICN. Tet R be a prime ring satisfying

condition 5(B). Then R is a dowmain.

Proof. Lect a2 # O in R. Then,; as r(a) is an idcal of R, we
have
RoRr(a) = Rar(a) = R.O0 = O.

Since RaR £ O wec have r(a) = O. Thus R 1is o domain.

As spccinl ceses of this results we have:
6.11. COROILARY. If R 1is ~ primc, symactric ring then

R is o domain.

64,12 CORCLIARY. If R is ~ prime, reduced ring then R is

a domain.

(The above rcsult is well-known. Scc,for cx-mple,

[51:. Ch.XTT, Exer. 15, [1ng: 71]{c2: 84] )

In view of Rumark 5.6 it is naturel to ask the following
6.13. QUESTION, If R 1is a prime, cbelian ring is it

ncecessary a domain?

(§7 Duo and quasi-~-duo rings.
-

“le statc below only the left-sided” versions of a number
0f results valid on both sidcs.
7+1 REMARKS. A finitc product of loft duo rings is 1left duo.

A finitc product of lcft quasi-duo rings is lefi quasi-duo.
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7.2 REMARK. A ring R is left duo if and only if for cach
clcment a of R, Ro is an ider~l of R. This holds becausc every

left ideal A is

O

sum of thc principrl left ideals gencrated

by clcuents of A.

7.3 REYARK,” Trivially left duo rings =we left quasi-duo.

7.4 EXAMPLZS: (I) The ring of 2 x 2 lowcr triangular matrices
over a division ring is o left quasi-duo ring which is not
left duo.

(IT) If R is a local ring, Rad R is thc uniquc maximal
left ideal of . It is also an idenl of R, Thus R is a lcft
(and, simiiarly, right) quasi-duo ring. But loccl rings may not
be left duo ns shown in (III) beclow.

(III) Let X be a ficld and h: K~->K a ficld monomorphism
which is not onto ( eg. K = L(X), th¢ function fi.ld in onc
varioblc over a field L and h thce map which is didcntity
on L ~nd tokes X to X2 ) Let V be o vector space over K.
Then KV becomes o ring under the delinition

(a,u) (b,v) = (ab,, h(a) ¥ + bu).

Consider bhc maps  J: .K-—>K M VvV ziven by a —> (2,0)
and the projcction p: K & V —> K. They arc both ring
homomorphisms. Wec can identify V with thc ideal 0 &® V
of R;then v = O and V is the unique mrximal left (right)
idcel of R. S0 "R is o loc-~l ring and so is 1lcft and right
quasi-duo. Lct M = h(K), o subfield of X. If W 1is a

M-subspace of V which is not a K-subspacc, then
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4 |
’WJ = Q(O,w) | we;W}-is a loft idcal of R which is not
an idcol. Thus R will hot be 1left duo.

7.5 REMARK. A mesult often statced in literature ( sec
c.g. [ ¥ :81,p.137 ]) is that left and right duo rings are
abelian. Howcver onesided duoness is a sufficient condition
for a ring to thec abelian: Suppose R 1is left dvwo, then it
clearly satisfies condition (Bl) of §§5. Therefore, by
Remark 5.4, R satisfies condition (B) and so, by Remark 5.6,
R is abelian.

So duo rings arc abelion and so, by Proposition 3.7,
they are dircctly finite. It is instructive to give a dirdct

proof of this fact:

7.6 PROPOSITION. If R is duo, then R is directly finite.

PROOF., Let xy = 1. If P is left duo, then Rx 1is an ideal
and so 1 = xy < Rx. S0 1 = zx for some =z in R. Then, as usual,

Z2 = 2¢]l = 2Xy = 1.y = ¥y, SO0 yx = 1.

7.7 PROPOSITION. [ R3 : 86, Proposition 4.4] Let R be

quasi-duo, Then R/Rad R ' is a subring of a product of

division rings.

PROOF: We have Rad R = ) my, where mg L is
‘ : | ieT

the family of maximal left ideals of R. The canonical

map R —>3NR/ induces an injection

g: R/Rad R ——=TT R/ { ‘7?"?17"27\ ;

iel i i
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If R is lett quasi-duo, m; are all ideals of R. Hence
R/mi are all division rings and g is a ring monomorphism.

This proves the proposition.

7.8 COROLLARY. A scmiprimitive quasi-duo ring is reduced.
The following extends Corollary 4.4 and

Proposition 7.6.

7.9 PROPOSITION [CDR:88] If R is quasi-duo then R is

dirc€tly finite.

PROOF: It follows from Proposition 7.7 that R/Rad R (being a
subring of a directly finite ring) is directly firite. (This
can also be seen as fdllows: R/Rad R is reduced, so abelian
by 3.2 3nd hcnce directly finite by 3.7 .) Hence by 4.2

R is directly finite.

.
2%8. Complcmenys.

In this section we shall collcct some more definitions

ond results that will be nceded later.

8.1. DFEFINITION. A ring R is ealled quasi-gimple if R
.and O are the only ideals of R.

8.2. REMERKS. (I) 1In 8.1 we follow Bourbaki's terrminology

[_B I1 8, §5, Bxercise 5 J; Many authors call such rings
simple ring;s.
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(IT) Division rings are clecarly guasi-simple. More
generally, i1f D is a division ring and n any natural nunber

then Mn(D) is a quasi-simplc ring.

(ITI) Let V ©be a vector specc over az field K.

Let R = Endk(V). Ifn = dim, V dig finitc, then

K
R =5 M (K) and so is quasi-simple by Reméark (II). If n

|

[ t

is infinite, then A = }f&R i Im £ is finite-dimensiona¥§

is an ideal of R. Since A # R, A # O, R is not quasi-simple.

(IV) In the notation of Remark (III), let G}K] %ﬁﬂ
R = Endp(V). Then A is the only ideal of R such that °
A# 0, A#R. Hence, clearly, R is a prime ring (2.2).
Moreover, S = R/A is quasi-simple, ncither left nor right

noetherian.

(V) Examples of quasi-simple domains which are not
division rings are given in {;J IIT, p.211 } and

| FI, pp. 361-362 | .

(VI) If R is quasi-simple ring then C = Centre R
can be easily seen to be a ficld. We shall extend this result

to indecomposable, weakly regular rings in 11,7.

Next we record some basic properties of singular and
nonsingular modules. We shall refer to standard kexts for

proofs ol some results,
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8.%. DEFINITION, Let L bc a submodule of a module M.
Then L 1is called a large (essential) submodule of M if
for every non-zero submodule. N of M we Bave L{} N is

nonzeros. By a large left ideal of R we mean a large

submodule of RR.

8.4. PROPOSITION. Let f: M;->M, be a homomorphism of

R-modules. If L dis large in M2, then f—1(L) is a large

submodule of M1.

PROOF: Sec CGI, Proposition 1.1(c)j

8.5. PROPOSITION. Let RM be a module. Define

Z(M) = 3n1éM ; Lm = Okgfor some large left ideal L of R

Then Z(N) is a submodule of M.
PROOF: We use 8.4 . Sce L eI, %IDJ

3.6. DEFINITIONS., We esll z(M) the singular submodule of

M. If 2(M) = 0, M is called g non-singular module ; if

72(M) = M, M is called & singular module. We call a ring R

a left non-singulcr ring if Z(xR ) = O ; a right non-singular
/
ring 1if z( RR) = 0. /

)

8.7. REMARK. Suppose XeiZ(RR)y/Thcn Ix = O for some
large left ideal L. Hence Lxr/= O implying xr€ 2 (RR) for

each r<R. Thus 2 (RR) is| an idcal of R. However,
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there exists ring, R for which Z(RZR) £ Z(Rp). (See
X: GI, g1D, Exercise 1:} )

8.8 EXAMPLE. Let R bc o reduced ring and let x<€Z(Rp).
et xL = O for a large right ideal L of R. If yg L{ xR, then

vy = xz2 ¢L. Hence 0 = xy xaz.implying that xae:l(z).

By 6.9, x€1(z) and so ¥y

O. Thus L AN\xR = 0 implying
that xR = 0. Thus x = O. Hence R is right ( and lcft)

non-singular.

8.9. REMARK. Let L be a large submodule of the left
R-module M., For m<& M, the map f:R~»M, defined by
f(r) = rm 1s R-~linear. Hence by 8.4 f—1(L) = I is a large

left ideal of R, Clearly, Im £ L showing that Im = O

in M/L.

Thus M/L is a2 singular left R-mddule. In particular, if
L is a large left ideal of R, then R/L is a singular
lcft R-modulc.
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CHAPTFER 17T

REGULAR RINGS AND RFELATTD RINGS

IN THIS CHAPTFR, wc take up thc main theme of the
disscrtation, nemely, a study of reguler rings. We sh-1ll also
define and study the following relatced classcs of rings:
strongly recguler rings, wecakly rcgular rings, V-rings,

. _ . - e
t~-V-rings, V'-rings, p- V&rlnuu, SF-rings. >och of these
clesscs is'relrtcd! Lo the class of roguler rings in the
scnse that its defining condition is cquivalent to regularity

- T

under the ~ssumption of; CéghktéF}Y}ty . ( Scc 10.2, 11.4(1I7),
14,21, 15.4, 18.8 & 18.15 ). Hcnce a rccurrcnt question
wlll bc: what are the other ossumptions under which a perti-
culer doiining condition is cquival.nt to rogul-rity. This

h

5
4 2

a5 bcen onswered, for czample, in 10,3, 11.20, 14.20,

15.9, 15.12{‘-}& 1644

It is wcll--known that o ring is somi~scimplc if ~nd
only if vv.ry modul. is projcctive if ~nd only if cvery modulc
is injcctive. The conccpt of injectivity gencernliscs naturally
to that of p-injoctivity. (Sce 312 for cdefinition.) It is
tnown that o ring is regular 1f and only if cvery ( onc-
sidcd ) module is flat. ( Scc 13,1) It cean bc shown that
P is rcgular if ~nd onjyif  cvery ( lcft ) T-modulc it

p-injcctive if and oy if cvery right R-module is



p~injcctive. ( Thcorcm 12.13 ).7hesc facts lc~d to o gono-
ral study of the¢ rclotionships botween injectivity, p-injoc-
tivity ond f{lotness. ™ais wes carried out by V. S, Pome-
murthi in [§1:75.] and ic roproducod in éJB bclow.

Teft V~rings and reguler rings arc hoth containced in the
clsss of left  p-V=rings; these risgs cad "-riage e

. . L s
studicd in € T4.tdings cver which simpl. lcft modulcs ~rc

~

P
flat, called left  SP-rings, are studicd in &15. In &16 wo
provc an ‘equivalence’  theorcm. In the lest four sgctions we
study dentral localisetions, V'-rings, Kaplanskyfs qucstion on
the primitivity of prime, rcpular rings cnd polynomiel rings

over recgular rings.

H

€9. 3asic properties of rogulrr rings
This scction 1s devoted to the besic cxemplis and
propcrtics of regular rings. "or tac proofs of meny state-
nents ve shnll refer to stondard toxtbooks ond monographs.
In scetions 11 and 14 o fow propoertics of regular rings
will be obtainod in the contcxt of larger closscs of rings.

Somc properties will be obtrincd in cloment-wisc

situatione
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9.1 DEFINITIONS. Let R bc a ring and a an ec¢lcement ofi R. An

clcment B of R is called o l-inversc of a if »ba = a, »nd

a is callced a reogular elcment ( an R-rcgular element in casce of

gmbiguity ) if it hcs a 1-inverse in R. (Note that -~ number of
authors use the term regular elemcnt for o aon-zero-divisor.
( Sce, o.g.,‘ St: p.52 7. ) Somc others usc this term for

an invertible elcmcnt),

9.2. DEFINITION. A ring R is called (_von Neumann )rcgular

1f ecch clcment of R is regular,

9.3. EXAMPLES. (I) Division rings clearly ore regular,

1

j i T

Then ‘r} Ri is rcgular if and only if cach Ry
= T

(II) Lot %‘Ri be a family of rings.

i
is rcgular. Hence i+ follows from (I) that if Di

are division rings thc product Dy is a regular ring.
1€T
(I1I) et My bc a semi-simple modulc. Then

its endomorphism ring S = Endp(M) is 2 regular ring.
( Sce [St., p.41:} ; FAF , Exercisc 15.13~I )

(IV) We have, more gencrally ( (ét., Excrcisc
1-50:} ) Endp(M) is regular if and only if for each f ¢ EndR(M)

the submodules Ker(f) and Im(f) are dircct summands of M.

(V) If R is a semi-simple ring, thon it is

rogular.
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(VI) Let V, be a wector spece oOver a division,
ring D. Then S = EndD(V) 1s 2 reguler ring. ((V) and (VI)
follow fron (III)).

(VII) Let Ep Dbe 2 non-zcro injective module
(gce 9.7 for references for injcctivity) ond S = EndR(E).
Then S$S/Rad & is a regular ring. ( This oxtunds to
quesi-injective modules. See [ L, %qwq, Proposition 1

nd Exerwises 7 and ﬂ or [GII, Thcorem 1.22 1. )

Many more cxemples of regular rings arc given in

standard text books, for exwmple [GIT - and [kII] .

9.4. PROPOSITION, Let R Dbe a ring and A an ideol of R,

(1), If a is a regular clcrent of R, then & is 2o regular

clement of R/A.
(II). If R 1s a regular ring, then so is the ring R/A.

Proof., Let b be an e¢lument of R such that aba = a.
Then & = aba = aba in R/A. This proves §I). Clearly,

(I1) follows from (I).

9.5 REMARKS (I). Let ~ be a rcgular clement of a ring R.
Let oba = a. Then e=ab, f=ba are idempotcnts and we have
Ra = Rzba €< Rf & Ra implying Ra = Rf and similarly aR = cR.
(II1). It follows from (I) that if a is &« rcgular
clement ofi an abelian ring R, then Ra and aR are idcals

of R.
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9.6. PROPOSITION. Thc following arc cquivalent on a ring R

(I) R is » rcgular ring.
(1I1), (II)' Bvcry principal lcoft(right) ideal is

generated by an idempotent {(equivclently, is a dincet summand)

(ITI), (TII)' Every f.g. left (right) idcal is gcneratcd

by an idcmpotcnt (cquivalently, is a direct summand).

PROOF: (I)—>(II) and (I)-— (II)' follow from Rcmark 9.5(I).

Re, ¢ = 02. Let ¢ = ba, a = xe¢. Then

(II) ->(I). Let Ra
aba = ac = x02 = XC = a, shows that a is a regular clement.
The proof of (II)!-— (I) is similar. For (I)«—>(III) ( and
(I)«s(III) ) seco E?II, Thecorcm 1.[] or iL, é}.B} or

[R, Theoren 4.12 ] .

9.7 REMARKS. We shall assuwc known the basic propertics of
profecctive and injective modules ( sce, for cxamplc, [St} 5

(aF] or {R}. ) A ring will be callcd lefitt_ hereditary kf

every left ideal is projectivc, l¢ft scmi-hcreditery if covery

f.g. left iderl is projective and o left p.p. ring if cvery

principal left ide-~l is projecetive, It follows from 9.6 that
regular rings arc left ( and right ) semi-hcoreditary and left
( and right ) p.p. Let I bc on infinite sct and fonr each

ieI let K.

i be a field. Then, by Example 9.3 (II) , R:(}Ki

is a regular ring, which is not semi-simplc since thec

ideal 4 = @ Ki is not a direct summand of R. Hence by
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a theorcm of Osofsky [02: 64] , therc exists a éyclic

R-module which is not injective. It is known ( Sec cither

[§1 : 68, Lommaﬂhz:} ( for a proof using a lcmma of Snapper

ES 5: 651 ) or [SV:?A s 5.2:] ) that R is a self-injective
fing. Thus thec iﬂjcctive R-module R has non-injcctive quoticnts.

Hence by ( [R, Theoren 4.10] ) R cannot be n hereditary ring.

Thus regular rings nccd not be left or right hercditary.

Following Chasc fCE : 60j a ring is cali.d left cohcrent

([:St; peL3 1, [ﬁf} €£19] or EFI,.11.34] ) if cvery finitely

generated left ideal is finitely prescnted. Left noctherian

rings arec lcfit cohcrent. A finitely gcneratcd projective
modulc can be cosily secn to be finitely presented. It follows
that left scuiherecditary rings arc lceft cohercnt. Therefore

regular rings are left and right cohcrent. It follows by

—

!

St. , Proposition 13.37or [FI, Chopter 11, Excrcisc 2]
that if Ra and Rb are principel left idenls in a regular
ring then Ra f\ Rb is principal. A dircct proof of this result

can be found in (Sk., ‘%2, Theorcm 1 ] .

9.8. PROPOSITION. Supposc that O and 1 arec the only
idempotents of a ring R.

(I). If A is a non-zero regular clemcnt of R , then a is
invertiblec.

(II). If R 1is a regulor ring, then R 1is a division ring.

Proof. Let a = zba for an clement b of R. Lct e = ab.
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Then 02 = ¢ and ea = aba = a £ O shows that ¢ £ O. Hence, by

hypothesis, ab ='¢ = 1. Similarly, ba = 1, This proves (I).

1

Clecorly, (II) follows from (I).

9.9 COROLLARY. Let R bc a regular, local ring. Then R 1is
a division ring.
9.10. COROLLARY. Let R be a regular domain. Then R is
a division ring.
9.11. PROPOSITION. Let R Dbe a rcgular, left noetherian ring
Then R is o semi-simple ring. (This gives a pantial conversc
of 9.3(V) 9.
PROOF. Let A be a lefit idecal of R. As R is lefit
noetherian, A 1is f.g. Hence, by 9.6, A = Rc, for some
c = ea. Hencce A ds a direct summand of R, and so R is a
scmi-gimple ring.

In the next two results, we assume a knowledge of the
ba§ic properties of localisc-tions. This can be found for

.cxample, in [AM, Chaptcr g or [UII, Chapter 77 -

9.12. PROPOSITION. Let R be a ring and S a multiplicatively
closcd subsct of the centre of R.

(I). If a is a rcgular clement of R, then a/s is a regular

1

elcement of S 'R for each se S.

(IT). If R 4is regular, then so is S—1 R.
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PROOF. Let a = aba. for some b ¢ R. As s 1is central, wc havc,

a/s. sb/1. a/s = aba/s = o/s in gz,

This provcs (I); (II) follows from (I).

9.13, PROPOSITION, Let R be -~ commutative ring. Then R is

regular if -nd only if for c¢-ch primec idecal p of R the

localis~tion R, is a ficld.

PROCF. By 9J2(II), Rp is a rcgular ring. Hcencc (bding

a commutative, regular, local ring) Rp is a field, by 9.9.

Let zeR. Now if M = Ra/Ra2 , then for e~ch primc ideal p

of R, M, = ( Rp. a/1) / Rp (a/l)2 =0 as R is a ficld.

Y 1Y
Hence M = O. Thus Ra = Ra2 and soO o = nab for somc¢ b in R.

So R is

™

regular ring.

Centrcl localisations will be studiced further in section 17

where the ideas in 9.2 =and 9.73 will be extended.

.

9.14. PROPOSITION. In a commutative regular ring R every

primc idecal is moximal ( i.¢. R is zero-dimensional ).
PROOF., Let p be a prime ideal of R. Then R/p is a

commutative, rcgular, domnin and so a ficld. So p 1s a

maximal dideal.
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%10. Stmongly rcgular rings.

In this scction we study reguler rings which arc
also abclian. It will be shown that this condition is also
cquivelent to regular ond rcduced, to regular and duo ~nd to

a number of othcr conditions. (Scec Thcorem 10.8 below).

10.1. DEFINITIONS. Let R be a ring ond a on clement of R,

We say thot o 1is lcft (rospectaively, right) strongly rcguler

if therc exists an clexecnt b of R such that a = o22b

(respectively, o = bpa ). We ¢~11 a ring R left (rcspectively,

right ) strongly regulcr if coch clement of R is left

(respectively, right ) strongly rcgulnr.

10.2. EXAMPL®S. If R is a commutative ring then an col_.ment
& is reguler if and only if it is strongly rcgulor. Division

rings arc strongly recgular.

10.3. REMARK. In 10.5 bclow, we sh2ll show that a ring R 1is
left strongly rcgular if end only if it is right strongly

regular. Thus this condition is lcft-right symmetric.,

10.4. REMARK. If R is left strongly rcgular, then R is
rcduced, symmetric, abelian and d.f. We also hove
1(a) = r(a) for ecch a in R,

PROCF, Supposc a & R such th-t aa = O. Thcn os there exists

b € R such that a = a%b, we have a = a%b = 0. b = O
S0, by Proposiition 6.7, R is reduccd. So R is symmetric(6.6)
abclian (6.5(II)) ~nd d.f. (5.7 ). Thc statcment about

Aannihilators follows from 6.8.
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10.5. PROPOSITION. Supposc R 1is left strongly rcgular.
Then R is regular and right strongly regular,

PROOF. Lect x € R and x = xay. Hence x (1-xy) = O

implying, by 10.4 (1-xy) x = O. So x = xyx showing that
R is rcgular. Again, by 10.5, x(1-yx) = O yields
(1-yx)x = 0 1.0, x = yxz. Thus R is right strongly

rcgular,

10.6 PROPOSITION. Lct R Dbe strongly mcgulor. Then R is

left ( and right) duo.

PROOF. By Remarks 10.4. and 9.5(II) Ra is an idcel for cach
clcement a of R. Hence, by Remark 7.2, R 1is left duo. By

symmetry (Proposition 10.5 ) R is right duvo.

10.7. REMARK. It is casily sech that o factor ring cof a

strongly rcgular ring is strongly rogular.

10.8. THEQOREM. Lct R be a regular ring. Then the following
arc cquivalent.

(1) R 1is strongly rcgular

(2) R is recduced.

(3) R 4is abelian

(4) Every principal right idezl of R is gener~ted by
o ceoentral idempotent.

(5) Every right R-modulc is symmetric o

(6) Every cyclic right R-module is symmetric

(7) R 1is o symmctric ring
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(8) R is right duo

(9) R satisfics Condition 5(A) (Sce Remark 5.3)

(10) R satisfics Condition 5(B) ( scc Remark 5.4)
(0f coursc, thc left-sidcd countcrperts of (4), (5), (6) and

(8) arc -1so cquivelent to (1) )

PROOF'. Notc that the implic-tions
(2) — (7) (6.6 ), (7) —(9) (6.3), (99 —> (10),
(10) ~—(3) hold gencrally, that is without any regularity
assumption on the ring R. (1) —= (2) is Remark 10.4.
Assune (3) and let 2 = aba Then ab = e is central implics
a = ac = a%b. So (1) follows. Also we have, (1) —= (8) (10.5)
and (8) — (10) trivially. Hcnce (1), (2), (3), (?7), (8), (9)
and (10) arc all cquivalcnt. (3) —=(4). Ldt a € R, Then
aR = ¢R, where ¢ = 02 & Centrc R, as R 1is recgular and abelian.
(4)—(1). Let a & R; let aR = oR, .where e g Centrc’ Rua

2 2

Then ¢ = ab, 2~ = ea’gives a = ¢“a’= ca = ac = a"b.

Next we prove the equivalcence ( duc to Raphacl
[:R 2: 74 ]) of (1), (5), (6) and (7). Thc implications
(5) —=» (6) and (6) —=> (7) arc trivial and (1) «=3 (7) was
scen above., Only to prove (1) —3.(5): Let m ¢ M, r;, s &R
such th-t mrs = 0. Let I dcnotc the annihilatonm of m.
As R 1is right duo, I dis an idecal of R. Now rs £1
implies r. s = 0 in R/I,vhich is a strongly regular ring,

by Remark 10.7. Hence, by 10.4, S8.r. = 0, i.c. sr € I. This
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implics msr = O, showing that M is a symmetric R-module
Thus (1), (4), (5), (6) and (7) arc cquivalent, This completes

the proof of the theorcm.,

10.9. REMARK. We note thce following coxtension of thce

implicrtion (2) --——-.(8) duc to Birkcnmcier ['81: 83, Remark
before Corollary 14 ] . Let A be ~ right ( or luft) ideal
of a regular ring R. If A contains no non-zero nilpotong

clenmcnts then A is an ideal.

10.10. LEMMA. Lect o boe a regular element of a ring R,
Supposc abo = a and the idempoteats ¢ = ab and f = ba arc

both central. Then ¢ = f.

PROOF. We hove nc

i
o]
0
1l
™
2
o]
Q
9]
O

¢ = abob = afb = fab = fe = bac = ba = .
The following result can be dcduccd from Lemma 10.10.

10.11. PROPOSITION ( Raphrcl ;\:R 2: 74 ] ) Tho following arc

cquivalent on a ring R.

(i) R is strongly megular
(ii) R is recgular -~nd if o,b €& R with a = oba then

cbh = be.

10.12. TERMENOLOGY. We shnll usc thc followings tenminology.

By a g-invcrse of ~n clciment 2 in a ring R we shall mean an

!

clement b such that b = bab. By o 1-2-inversc of - wc menan on

clement which is both o 1-inversc and a 2-inverse of a.
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10.13. REMARK. If o has a 1-inversc, then it has a 1-2-inverse.

Let a = aba. Then with b, = babd we have ab, a = a and

1
b1 &b1 = bC\b(’lelb = b'lb = b-l.
The following rcsult is due to Savage | S4 : 80 7§,

who studicd gencraliscd inverscs in regular rings.

10.14. PROPOSITION. Supposc b, and b2 cre two 1-2-invcrses of
an clement a. Suppose ab1 and b1 a oare both ccentral clemonts.
Then by = b2.

PROOF. By Lemma 10.10, ab] = b1a = ¢y, Say Lct ey = b
Then cq= ab]zabzab1 = Cpey= 0905 = ab1 ab2 = ab2 = Coe.
Finally, by= b1ab] = by ¢, = b1ab2 = e1b2 = ezbaz b202=b2ab2=b2'
10.15. PROPOSITION.XjSt; Chapter 1, Excrcisc 47 (ii):} In o

strongly rcgular ring covery clcment has a ynique 1-2-inversec

PROQF. Existence follows from 10.12 and uniqucncss from 10.14.

o~

C11. Weakly rogul~r rings

A

In this scction we shell study rings in which
every left idcel is idempotent ( and ~2lso the right-~sided
countecrpart of this clnss). This class contains 211 rcgular

rings ond all quasi-~simplc rings.

11.1, DEFINITION. An clement a¢R is called a left

(respectively, right) wenkly regular cloment if Ra = (Ra)%

(respectively aR = (aR)Z )
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11.2. RENMARKS: (1) An clcement aeR is left weakly regular if

and only if a.e(Ra)a.

(2) If a is a rcgular clcment (9.1) then a is left
as well as right wcakly rcgulor.,

(3) If a ¢ Centrc R, and a is weakly rcgular thon
Rn = Ra Ra = aRa shows that a is regular.

(8) Let a be might strongly regular, so that a = baa

for souc b& R. Then a = b.a.f.acRaRa show that a is left
weckly regular, We shall show in Proposition 11.19(I) that

the converse holds if Ra is an ideal of R.

11.3. DEFINITION. A ring R is lcft weakly regular if cach

clecment a of R is left wecakly regular, i.c. Ra = (Ra)2 for

cach ageR. ( Sce Proposition 11.,9(I) bclow).

1.4 REMARKS. (I) By Remark 11.2(2) regular rings arec left
as wcll as right wenkly regular.

(II) By Rcmark 11.2(3), commutative weakly regular
rings are recgular,

(III) Let R be a quasi-simple ring ( 8.1 ). Then
for cach non~zero cloment a offi R, thc nonzero ideal ReR
coincides with R. Hence RaRa = Ra and aRaR = aR. Thus R is

left (and right) we-kly rcgular.,

(IV) Suppose R is lefc weakly regular i.e. cvery °

principal left ideal is idcmpotent. Then each left ideal

A of Ris also idempotent:for if a €A, thon a € Ra = (Re)2< A

2

’
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S0 Aé}Aa ; the reversc inclusion alwnys holds, thus A2= A.

Becausc of this left weakly rcgular ringshave o2lso been

called as left fully idempotent rings in the literature.

In thc following propositions (11.5, 11.9, 11.10,11,11)
we obtain some basic propertices of weakly regular rings. In
view of Remark 11.4(I) thesc are propcrtics of rezular rings

as well,

117.5. PROPOSITION. (I). If x 1is o ccentral regular clcment
of a2 ring R and C = Centre R then =x is C-recgular (i.c.regular
s an clement of C).

(II) Thc centre of a weakly rcgular ring is rcgular.

PRO0OF. (I), Let y&R such that x = ny = xyx Let ¢ = Xy yx

2
Then o = ¢, and ¢cx = x

Step 1. c¢&£C: As x€C, we have ¢z = xyz

Jy2X = YZXyX= yXz2yX = czc and SO zC = 2YX =XZY=XYXZY

!

XyzXy = cz¢ = ez for eoch z&€R, SO0 ¢&C(C.
Step 2. ¢y &€ C: Next, we have, for 2z &R,
Cyz = yz¢ = yzyX and 2¢y = €2y = yX2y = Yz¥YX, showing that
ey € C.
Finally, wc have X.Gy.X = ¢XyX = GX = X
showing that ey € C is a 1-invcrse of X.
(II) By 11.2(III) a central, left wcckly regular

element is regular. Hence this follows from (I).
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11.6 REMARK. That the contre of a regular ring is ndgular

is a classical result duc to John von Neumann(i vN: 36 ip

11.7. COROLLARY. Let R Dbe an iddmcomposable, weakly

regular ring. Then C = Centre R is a field.

PROOF. Since R is indecomposable O and 1 are the only
idempotents of C, which is a regular ring by 11.5(II).
Hence C is a field by 9.8 (II).

11,8, COROLLARY., Thc ccntre of a prime, rcegular ring is a
field.

11.9. PROPOSITION. (I) Let x be a (left) weakly regular

element. of a ring R such that x&€Rad R. Then x = O.
(II) A wegkly regular ring is scmi-primitive.

PROOF. Since RxRx = Rx, there exists z €¢RxR<Z Rad R
such that x = zx, Then, (1-2) x = O implying, as 1-z is a
unit, that x = O. This proves %I) . Clearly, (II) follows

from (I) and its right-sided analoguc.

11.10. PROPOSITION, A weekly regular ring is scmi-prime.

PROOF, This follows from Remark 11.4 (IV):1if every left
ideal is idempotcent then no nonzero ideal can be nikpotent.
This also follows from 11.9 since semi-primitive rings are
always semi-prime.(See, eg., [FI, 7.32C ] ).

Refer to ?%8 for basic results on nonsingular rings.
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11.11 PROPOSITION. A left weakly regulcor ring R is right

nonsingular.

PROOF. Let a é.Z(RR ). Then thcre exists 2z &€RaR such

that za = a « As Z(RR) is an ideal we have zegZ(RR). Hence

2zl = O for some largc right ideal L of R Let lel [)aR,

then 1 = at for some t € R . Hence 1 = at=zat=z1l=0 implying
L/iaR = O. As L is large wec hove o = O, showing Z(RR) = 0.
11.72 COROLLARY. A regular ring i1s left and right non-singular.
In 11.14, 11.21 and 11.22 bclow we give sufficicent conditions
for the equivalence of 1lcft and right weak regularity for

a ring.

11.13. PROPOSITION. Suppose o is a left wdakly rcgular

element in a ring R satisfying the condition 1(a) < r(a).

Then a is right weakly rcgular.

PROOF. By hypothcsis, there exists b € RaR such that
a = ba i.e. (fi=b)ea = O,
Now ()£ r(o)) implics g(1~b) = 0 i.c., a = abg aRaR. S0

a is right weakly reguler.

11.14. COROLLARY, Ccf. [R1:73, Corollary 11 J). Let R be a
(

ring satisfying the condition that 1(2) = r(a) for each

aéeR (eg. a reduced ring ( Remark 6.8 )). Then R is left

weakly regular if and only if R is right wecakly regular.
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The following proposition is due to Ramamuryhi

[R]: 75] Its proof is routine.

11.15. PROPOSITION. The following are equivalent for a ring R.

(1) R is left weakly regular.
(2) If I 4is a left idecal and K an ideal of R,
then INK = KI
(3) If T and J cre left ideals of R, then I[YJR = JI.

We shall follow the definitions of left zero divisor

and left invertible in | AF, p.11)

[

11.16. PROPOSITION. Let R be a left weokly rcgular ring and

x an clement of R such that the ideal RxR does not cqual R.

Then x is a right zero divisor.

PROOF. Let. y ¢ RxR such that x = yx. Then y £ 1 implies
1-y # 0 and so (1-y)x = O shows that x is a right zero

divisor.

11.17. COROLLARY. Let R be a domain. Then R is wcakly regular

if and only if R is quasi-simple.

11.18. COROLLARY. Let R be o right weakly regular ring. Then
R is reduced if and only if R is 2 subdirect product of
quasi-simple domains.

PROOF. See [R1 : 73]

Corollary 11.20 to the next proposition extends (8)-—> (1)

of Theorem 10.8.
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11.19. PROPOSITION. Lot a be a left weakly rcgular elcment

of a ring R.
(I) If Ra is an ideal, then a is right stirongly regular
(II) If aR is on ideal, thcen 2 is left strongly regular.
PROOF. (I).We have aR&Rn. Hence a € RaRa £RRaa = Raa.
(II). We have Ra<aR. Hence a €RaRa < aPRa = aRa £ acR=a"R.

( See 1.4 for the notation & )

11.20 COROLLARY, A weakly regular, duo ring is strongly

regulor,

11.217. COROLLARY. Let R bc duo. Then R is left weckly regular

if and only if R is right weokly regular,

In %\16 we shall prove that guasi-duo, we-kly regular
rings ¢re strongly regular, cxtending Corollary 11.20. Here we

prove o preliminary result cxtending 11.21.

t1.22. PROPOSITION. Let R be quasi-duo. Then R is left

weckly regular if and only if it is right weckly regular.

PROOF: Assume, without loss of gencrelity, that R 1is left
quasi-duo. By 11.9, being a wezkly regular ring, R is semi-
primitive, Thus by 7.9, in either case, R is reduccd. So, by
11.14, the equivalence of left and right weak regularity
holds for R.

11.23. PROPOSITION: Let B Dbe an idempotent left ideal of R

and g:B —sR an R-epimorphism. Then BR = R. ( Also, 1if gl is



- 39 -

a module and g:B-—»N R-cpic then BN = N).

2

PROOF. As B = B the left R-linenrity of g yields

R = g(B) = g(BZ) = Bg(B) = BR. (Similarly, we have, N = BN).

11.24. COROLLARY., Let x be o left wcakly regular element of
R such that RxR does not cqual R. Then the left ideal Rx

cannot be isomorphic to R.

11.25. REMARK. 1In {FI, Proposition 7.3L) and

LF: 72, Proposition 29 | Faith has given longer proof of
11.24 (essentially) for a smaller class of rings, namely for
left V-rings ( see Zi14 ) and used it to determine the
structure of left V;;ings with certain additional conditions.

Notice also that 11.16 can be deduced from 11.24.

11.26 NOTES. The conceptsof a strongly negular element (10,1)
and a weakly regular eclement (11.,1) date back to at least 1950.
They were epparently introduced by Bailey Brown and N.H. McUoy
in [iBM:BO,E%ﬁ ]. However, they do not appear to have been
studied later, the emphasis being on the study of strongly
regulrr rings and weakly reguler rings. The latter (defined
as in 11.3, but without the assumption of an identity element)
wbpe studied in Ramamurthi's dissertetion submitted to the
Madurai University in 1970. His paper [R1:7j]reproduces
portions of this dissertation and conteins our 11.5(II),
11.9(II), 11.11, 11.14( essentially) and 11.15-18. However

the elemcnt-wise'™ approach taken in 11.2(4), 11.5(I),11.9(1),

11.13%3, 11.19 and 11.24 appears to bc novel.
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%%12. On f-injective and p-injective modules and rings.

In this section we shall introduce two conditions
weaker than injectivity - f-injeectivity and p-injectivity -

and characterise megular rings in terms of them,

Rec~11l the following wcll-known criterion due to

Baer,

12.1. THEQREM. A left R-module E is injective if and only
if for cvery left ideal I of R every R-linear map f:I-—E

cen be extended to a R-linear map g:R-—E.

PROOF. See [8:40] or [51:., Chapter I, Proposition 5.4
or [L, %4.2, Lemma 1_‘[ or [AF, 18.3]or {R, Theorem 3.19]
Or‘[CE, Theorem 3.2 on page 8] 2

We define f-injective and p-injective modules by
weckening the condition in Baer's criterion. We sh-11 state
these definitions using the classical terminology of

I-completcness due to Baer.

12.2. DEFINITION, Let I be o left ideal of R. A left

R-module E is called I-complete of every R-homomorphism

f:I—E can be extended to o R-homomorphism g: R—>E.

12.3. DEFINITIONS. A left R-module E is called f-injective

(respectively, p-injcctive ) if for cvery finitely generated

(respectively, principal) left idcal I of R the module E is

I-complete. A ring R will be called a left f-injective
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(respectively, left p-injective) ring if the module RR is

f-injective (respectively, p-injective).

12.4. REMARK. Suppose the left ideal I is a direct summond
of R. Then every left R-module R is I-complcte; if f:I->E 1is
R-linear and I # J = R, then each x € R cn be uniquely
written as x = i+Jj with i¢I and jeJ, and the map g: R—>E

defined by g(x) = f(i) extends f.

12,5 REMARK, By definition, cvery ingective modulc is

f-injecctive and every f-injective modulc is p-injective.

12.6. REMARK. V.S, Ramamurthi ond K.M. Rangaswamy

c~1ll a module E finitely injective if for evcry R-module M

and every f.g. R-submodule N of M cvery R-homomoxphism
f:N-—>FE can be extended to a R-homomorphism g:M->E. Cle-rly,

finitely injective implies f-injective in the above sensc.

12.7. REMARK. Over a lcft noetherian ring f-injective modules
are injective. Over a left principolideal ring p-injective
modules arc injecctive. Baer's criterion (12.1) yields thesc

asscrtiors.

12.8. REMARK. Direct products and direct frctors (summonds) of
f-injective ( recspectively, p-injective) modulcs are f-injective
(respectively, p-injcctive). This folluws in the same way s the
corresponding results for injective modules. ( See

ESt. Lemma 6.4 of Chapter Ij_ or [AF, Proposition 19.2:} or

[Rs Thcorem 3.14 | or [L, Section 4.2, Proposition 2 ] )
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12.9. REMARK. By a result of H.Bass and Z. Papp R is left
‘noetherian if and only if every dircct sum cf injective

left R-modules is injective. ( [R,Theorem 4.273 ,

]jAF, Proposition 18.13] ). However, ~ dircct sum of left
f-injective(respectively, left p~injective) modules is lcft
f-injective (respectively, left p-imjective). This holds
because when I 1is o f.g. left ideal of a ring R, the image
of o R-homomorphism f: I-4>ITMi is actually contained in_

o direct sum of finitely many Mi Se

12,10 REMARK. Colby [CB :75]calls an f-injective module as

,5% injective, Maths [Mq : 82]88 semi-injcctive. Ihmiano[? : 7?}
has defined a property c-llcd coflotness, which is more general
than flatness. He has shown that a module is caflat if znd only

if it is f~injective,

12.11 REMARK. Rec2ll that a ring R is ccolled le ft

self-injective if the module RR is injective. If S 1is
principal ideal domain and A « non~zefo ideal of S, then
S/A is a self-injective ring [?, Theoremn 4.2§]. Left self-
injective rings are clearly left f-injective and left
p-injective.

The following theorem (12.13) wos essentially
proved by Tkeda and Nakayama'{IN:54t]ond reproved by
Ming [ M1 74]
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1212, LEMMA. Let I be a left ideal of R. If I is principal
and p-injective (or fig. and f-injective) then I 1is a direct

summand of R.

PROOF. Consider the identity map 1I:I—{>I. By hypothesis,
there exists g:R~=I extending ]I‘ So I is a direct

summand of R,

12.13. THEOREM, The following conditions are eguivalent for
a ring, R ( of course, every left-sided statement has a right-
sided counterpart).
(1) R is rcgular.
(2) (respectively(2’)) Every left R-module is f-injective
(respectively, p~injective)
(3) ((37)) Every cyclic left R-module is f-injective
(p-injective)
(4) (4" )) Every left ideal is f-injective(p-injective)
(5) ((57)) Every principsl left ideal is f-injective
(p-injective)
PROQF. We shall prove the implications as follows::

L)<
(2)——>(29

’d
(3) (31

i‘ﬁ(u)-—f)(g')
e ¥
(5) === (5")
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PROOF. (1)—> (2). Let I be ~ f.g. left idecal of R. Then
I is a direcE sunicond ofi Ry, by 9.6. Hence every left
R-module M is I-complete by 12.4. So M is f-injective.
(5 )i—§(1) is the only other non-trivial implication. This

follows by Lemma 12.12 and Proposition 9.6.

12.14+ COROLLARY., If R dis a regular ring then R 1is lefit

and right f-injective( and s-injective).

12.15 REMARK., Recall that a module M is called guasi-injective

if for every submodule N of M every R-homomorphism f:N -—M
extends to an cndomorphism g of M. It is known EBV1:7;]
that if M 1is a quasi-injective module o~nd N o submodule of
M then N isomorphic to a direct summand of M dimplies

that N is itmelf o direct summand of M, The following is an

analogue of this result for f-injective (p-injective) rings.

12.16. PROPOSITION. Suppose R 1s a left f-injective

(respectively, p-injective) ring. Supposc I is a f.g.
(respectively, principal) left ideal of R which is
isomorphic to o direct summand of R. Then I dis a direct

summand of R.

PROOF. Assume R 1is left f-injective. By 12.8, I 1is an
f-injective left R-module. Hence, by 12.12, I is a direct
summand of R. The proof in the p-injective case is similar.

See 9.7 for the terminology used below.
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12.17. PROPOSITION (Damiano {D:?Q]) The following cre

equivalent for a ring R.

(1) R dis regular
(2) R is left scmi-hereditary and left f-injective

(3) R is leftl p.p. ond left p-injective.

( As usu~l, left can be repleced by ri_ht in conditions

(2) and (3) )

PROOF. See Rem~rks 9.7 and Theorem 12.13 for (1)—»(2);

(2) —(3) ;s triviol. (3) -» (). Consider for a in R hhe

R-epinorphism f:R -—=aRa defined by f(x)=xa. As Ra is projective
f splits ~nd Ra 1s isomorphic to =« cirect summand of R. So

by Proposition 12.16, Ra is a direct suuanm=and of R, So R is

a regular ring.

r—

12.18. REMARK, The above result is stated in \AI : 82] . In
[AI: 82] Ahsan and Ibrchim have also proved two theorems
(3.4, 3.8) characterising rcgulesr rings. However, many rasudts
of sgection 3.8 of [AI:8§] cre included in Theorem 12.13% rbove
and do not really requirc Azunaye's R-projectivity or
flatness

Regular rings are f-injcctive and p-injective.,
Although these namcs were used Inter, thd study of f-injective
and p-injective rings Was initi~ted by Ikeda and Nokayama

in [INM :54] . Ve shall show thot their characterisation
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of left p-injective rings EN:SLz.',‘ Theorem I(I)] can be
obtained as a corollary to'a proposition :iving a necessary
and sufficient condition for R to be Ra-complcte for an
element a of R. (The classical paper {iN:SQ}led to a number

of further investigations involving annihilators and chain
conditions. See for example, [F: 66-7 , [%V2:77\‘}andt?:76t}>

12.19. PROPOSITION. Let a be an element of. a ring R. Then
the following are equivaleﬁt.

(I) The modulc RR

is Ra~complete

(II) aR = r]:i(a):}

(III) aR = r(J) for some subset J of R

(i.e. aR is a right annulet in_the terminology of
Feith [F 1 66] )

Proof.(I)->» (II ). Assune RR

is Ra-completc., Since,by

5.7, aR & r[i(aji always, only to prove the reversc
inclusion. So lé% X € r[l(aﬁ , i.e. 1(a)x = O and so

1(2) €1(x). Therefore, the map f:Ra->R given by f(ra) = rx
is easily seen to be well-defined. By thc Ra-completeness of

R, this map is given by right multiplication by an element y

of R. Hence x = f(z) = ay shows x &¢aR.

The implication (II) > (III) is trivial. Now assume(III).
Let f:Ra->R be R-linear, and let y = f(a). Now Jo = O implies
Jy=Jf(a)=£f(Ja)=f(0)=0. Hence yer(J)=aR, i.e. y=az for -

some z&R. Thus f is given by f(xa)=xy=xaz and so the linear
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map R —>R given by right multiplication by z extends f.
This proves (I). (Note (III)—>(II) can be proved directly:
if aR =r(J), then r[l(a)=r [1(aR)]= r W(=(D]] = r(9)=aR,
by using 5.7.) )
12.20 COROLLARY. The following are equivalent for a ring R.
(I) R is left p-injective
(II) aR = ri}(a)} for each aeR
(III) Every prancipal right ideal is a night annulet,
We record some related results.(Sce references cited

for. proofs).

T.A. Rutter, Jnj R 5:751 also studied p-injective
rings, calling then rings with the principel extension property.

He rediscovered 12.20 and proved the next result.

12.21. PROPOSITION, Let R be a left p-injectaive ring. with

'ascending chein condition on annihilator left ideals. Then
(a) R is right artinian
(b) R is left artinian if and only if the left socle

of R is f.g. as a left ideal.

12.22. PROPOSITION ( [IN:54, Theorem 1(ii)jor [St., Chapter XIV,
Proposition 2.1:pFollowing are equivalent on a ring R.
(I) R is left f~injective
(II) R satisfies (i) r (I]f}IZ) = r(I])+r(12) for 211
f.g. lcft ide-ls. 115 I2'
and (ii) r [njai] = aR for every a &R.
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12.23 PROPOSITION. ( L;N:54/ theorem 1(iii5} or [?t, Chapter XIV,

Proposition 2.2] ) Let R be lefit self-injective,

Then: (1) r (I4{} Ip) = r(I)+r(I,) for all left ideals I,,I

1772

(ii) r [1(J3)} = J for every flg. right ideal .

12.24. CORCLLARY, Let R be left noetherian. Then R is left

self~-injective if and only if
(1) r(I1f\Ia) = r(I)+r(I,) for all left ideals I,
and 12.
(ii) rl;(aj] = J for every f.g. right ideal J.
These results lead to the study of rings defined
below.

12.25. DEFINITION., A right and left artinian ring R 1is called

a gquasi-Frobenius ring ( or QF-ring) if it satisfiex r[i(Aﬂ = A,

1{r(B)] = B for all right ideals A and left ideals B.

12.26 PROPOSITION, If R is lefit or right noetherian and is

left or right self-injective then R is a QF-ring.

PROOF. See |St.,Chapter XIV, 'Proposition 34)
There is a vast literature on QF-rings. It will take

us too for afield to discusg them herec.

%213. Flatness and injectivity.

For basic results concerning tensor products and

flatness we refer tc standard texts (eg,‘}t.,Chapter I]s
- " " (-§ —
[aF, £19 ], [R, k2 2nd&3 )
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We begin with the followigg well-known characterisation
of regular rings.
13,1 THEOREM, Let R be 2 ring., Then the following arc

equivalent.

(1Y R is regular
(2) Every left R-module is flat.

(3) Every cyclic left R-module is flat.

PROOF. See [St., Chapter I, éjaw , {?, Theorem L.247] ,

[611, corollary 1.13 7, [L,&jxqw Proposition 4 of
[AF, Exercise 19.161 .

13.2. THEOREM (Villamayor) (See Chase [C 2: 60] )
Let O-»K—>F-—=B—>0 be an exact sequence of R-modules,
where F is free, KLF and K-=>F the inclusion map. Then the
followlng are equivalent.

(i) B is flat.

(ii) Far every ve¢ K, there is a map

h:Fe>»K with h(v) = v
(1ii) For every viy... v, € K, there is a map

h:F-—>K with h(v;) = vj for each 1,i = 1,2,3,...n

PROOF. See [R, Thearem 3.39 | or |FI, 11.27] for a proof.
See also {?t., Corollary 11.4 in Chapter ;j

13.3. COROLLARY (Chase [C2 : 60] ) Let K be a left ideal

of a ring R. Then the following are equivalent.
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(1) R/K is flat ( as a left R-module)
(ii) For each o in K thexe is some b in K such that

ab = a (1.e. agak).
PROOF. (i) —>(ii) Considern the exact sequence

0 ~»K-R ~>R/K—>0
Let a&X. By Theorem 13.2 there exists h:R-=>K suech that
a=h@) = ah(1) = ab where b = h(1) &K.
(i1)—=>@# Again apply Theorem 13.2
13.4. COROLLARY. Supposc the ring R satisfies conditdon 5(A)
on annihilators. Let K Dbe an ideal of R. Then R/K is left

R-flat if and only if R/K is right R-flat.

PROOF. (->) Let a2 ¢K. Then by 13.3 there exists b in K such
that 2 = ab. So by condition 5(A) a = ba. Hence by 8.3 again
R/K is right R-flat.
* *
Fer a left R-module M, let M = HomZ(M,Q/Z). M
becomes a right R-module under the following definition :

for feM , reR, fr is defined by (fr)(m) = £(rm).

We have the following theorem due to Lambek,
*

13.5 THEOREM. A module RM is flat if and only if MR is
an injective module,

PROQF. see [ St., Chapter I, 10.5]
[.R, Theorem 3%.35 j'on. [FI, Theorem 5.60 :]

or [L, g5.3 '] or [AF,Lemma 19.1];[.
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Let *A be an ideal of a ring R. The next thcorem gived an
"injectivity criterion® for the flatness of the left

R-module R/A. We include a proof for the sake of completcness.
(Note that Theorem 13.6 has been attributcd to Azumaya [} :7%}
by Yousif [¥:86, p.141] 1In |Y:86, Proposition 3.2] Yousif
has proved thatt the two conditions in Theorem 13.4 are
equivalent to the condition obtained by replacingfinjective'

by "'p-injective'in (ii) (cf. 13.7 - 13.11 helow).)

13.6. THEOREM, Let A be an ideal of R. Then the following
are equivalent.

(i) R/A is flat as a left R-module

(ii) Every injective right R/A-module is

injective as an R-module.

PROOF., (i) —~(ii). Let h:R-—>R/A be the canonical quotient
map. Let E be an injective right R/A-module. Let B be a
right ideal of R and f:B=>E an R-homomorphism. Consider the
induced map  F: B+A/A—3»E defined by f(b) = f(b). This is
well-dafined: if =0 i.e. x«Bf]A, as R/A is left R-flat

there exists y¢ A such that x = xy ( by 13.3 ) Hence as

EA = O we get f(x) = xf(y)€ EA = O. Hence 2s E is R/A-
injective this extends to a homomorphism k:R/A—>E and so
koh :R-E extends f. So by Boer's criterion E is injective

over R.
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(ii)—=> (i) Consider the lcft R-module R/A and the right
R-module (R/AY = Hom, (R/A, Q/Z). Now R/A is left
R/A-flat, and so (R/A)* is an injective right R/A-module,
by Lambek's theorem (13.5). Hence, by hypothemis (R/A)* is
injective as a right R-module. So with another application
of Lambek's theorem we conclude that R/A is flat ag a left
R-module.

Next, we shall prove two propositions, one giving
a necessary condition and anothen giving a sufficient
condition for the flatness of R/A s a left R-module, wherc

A is an ideal of R.

13.7. PROPOSITION ( Lemma (1.2) in [R1 :75{)Let A be an ideal
of R. Assume R/A is left R-flat. Suppose B is a right
ideal of R such that B{A or B + A = R. Then R/A is

B-complete ( as a right R-module).
PROOF, Let f:B-ﬁ>R/A be (right) R-linear. We note first that
if x €B/A then f(x) = O: by 13.3, there exists y&A such

that x = xy; hence f(x) = f(x)y = O, as A annihilotes R/A.

Case 1. BgA, then B{ A = B and so f = O and trivially has

an extension R—R/A.

Case 2. B + A = R. Then 1

b+a, for some b &£B, a&€A. So, for

Xx in B, X = bx + ax with bx in B and hence ax = X-bxeiB{”\A.

So f(ax) = O implying f(x) = f(bx) = f(b)x., Hence f 1is given
by left multiplication by f(b) and extends to a2 R-homomorphism
R—>R/A.
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13.8 REMARK. Note that the following are equivalent for
an ideal A of R: (i) A is maximal as a left ideal

(ii) R/A is a division ring (iii) A is maximal as a right

oD

ideal,

A
13.9. PROPOSITION. [h1 : 75—}Su?pose the ideallsatisfies the
equivalent conditions of 13.,8. If R/A is p-injective as a

right R-module, then R/A is left R~flat.

PROOF. Let a be an element of A. We show that a ¢aA and so0

by Corollary 13.3, R/A will be left R-flat.

Consider the R-epimorphism f:R/A -—aR/aA defined
by f(r+A) = ar + aA.
If =0, then aR = aA and s0 & ¢aA.
If f #£ 0, then R/A is a simple right R-module and hence f
is an isomorphism. So aﬁ/aA is p-injective as a right
R-module., Hence the natural quotient mep h! aR-—>aR/aA is

given by left multiplication by an clement ar + aA of

aR/aA. Thus, we have, in aR/aA, & = h(a) = 2ar.a
= ara = 0 as ara ealA. S0 a tah.

13.10. THEOREM, Let A be an ideal of R sufh that R/A is
a division ring. Then the following are equivalent.

(i) R/A is left R-flat.

(ii) R/A is right R-injective.

(iii) R/A is p-injective as a right R-module,
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PROOF. (ii) implies (iii) is trivial and (iii) implies (1)

is Propasition 13.9.

(1) =>»(iii) First proof. Notc that S = R/A is a division .,

ring and so injective as a right S-module. Applying

Theorem 13.6 we get -R/A is right R~injective.

Second proof. Let B be a right ideal of R. Then by the

maximality of A as a right ideal, we have BLA or B + A = R.
Hence by proposition 13.7 R/A is B-complete. The desired

conclusion follows.

13.11. COROLLARY. Lect R be a commutative ring and M a

simple R-module., Then the following are equivalent.

(i) M 4is flat

(ii) M dis injective

(iii) M is p-injective.
13.12. REMARK. We do not know of a direct proof

(i.e. one not involving flatness) of (iil) ~> (ii)
in Corollary 13.11.

We shall now consider the question: if R 1is a
COmmuPative ring and A an ideal of R, is the flatness of
R/A as an R-module a necessary or a sufficient condition
for the injectivity of R/A on an R-module? The answer is

negative 1in each case.

13,13, EXAMPLE. Let R be a commutative ring which is not
selfinjective ( eg. R = Z ). Take A = O, Then R/A is R-flat

but not R-injective.
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13,14, REMARK If R 1is a commutatfidve selfinjective hereditary
non-regular ring -~we do ndt know of an explicit example of such
a ring -~ then 'there would exist an ideal A such that R/A is not
R-flat. However, by the argument of 9.7 R/A is R-injective.

( An explicit example of o commutative ring R and an ideal A.
such that R/A is R-injective but not R=flat is given in
[Rr1:75,£2 ).

Next we apply the results of this section to weakly regular
rings. First we prove a generalisation of[?1:75, Proposition
3.1(i1)] .

13,15 PROPOSITION. Let A Dbe an ideal of a ring R. Assume

that each element of A is left weakly regular. FThen R/A is
right R-flat,

PROOF. Let ag#A. Then, by hypothesis, a = xa, for some

Xe RaR < A. Hence, by 13.3, R/A is right R-flat,

13,16. CORCLLARY. Let R be a ring, A an idezl of R
satisfying the equivalent conditions of 13.8. Suppose that
each element of A is left wecakly regular. Then R/A is left

R-injective.,

PROOF. Apply 13.15 and ( the lefs-right dual of ) 13.10

13.17. COROLLARY (Proposition 3.1(iii) of €§1:75_1 )

Let R be a left weakly regular ring and A an ideal of R

satisfying the equivalent conditions of 13%.8. Then R/A is

left R-injective.
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13.18 PROPOSITION. (cf. Proposition 3.1(ii) of YP1:75] )

A ring R is left weakly regular if and ohly if for each

ideal A of R, R/A is a flat right R-module.

PROOF. Only if' follows from Proposition 13.15.for the
converse, lect x be an element of R. Then R/RxR is right
R-flat. Hence by 13.3, there exists y (-RxR such that yx = x

S0 x& RxRx.

2

3

N/

)14. V-rings and reclated rings.

(

It is well-known and easy to show that a ring R
is semi-simple if and only if every left R-module ( or every
cycli€ left R-module) is projcctive and that R is semi-simple
if and omly if every left R-module is injective. A theorem of
Osofsky ({p 2:64] or [bz: 68} ) asserts that a ring is semi~
simple if and only if every cyclic left ( or right) R-module
is injective. It i1s natural to ask what happens if in addition
to the class of. cyclic R-modules we consider a smallcr class,
that of simple R-modules, and in addition to injectivity and

projectivity we consider p-injectivily and flatness.

Some results are well-known : it is a standard
exercise thnt R 1is semi-simple if and only if every simple
R-module is projective. ( See, for example , [V:76,Theorem 2.6?

or rMV:77, p. 566 ] . ) We have already mentioned (13.1)
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that R is regplar if and only if every left R-module

(cyclic left. R-module) is flat. We have also seen (12.13)
that "flat' can be replaced by "p-injective?” herc. Kaplansky
proved that a commutative ring R is regular if and only if
every simple R-module is injective ( The usual reference for
this result is EPZ:59]'. ) Around 1967, Villamayor considered
rings R such that every simple left R-module is injective,
Faith [F III;} called such rings as left V-rings aften
Villamayor. In {MV:?;] Michler and Villamayor studied the
structure of V-rings. In [F1 : 74} Fisher gave an expository
account of ‘the connections between regular rings and V-rings.
Ming([M] : 74} and [M1 : BQJ ) and others have studied
p~V-rings: A left p-V-ring is a ring R such that simplc
left R-modules are p-injective. Ramamurthi E§1 : 75j initiated
the study ofi rings R such that simple left R-modules are

flat, and called them as left SF-rings.

In this section we shall survey some research work
done in the field of V-rings and p-V-rings. SF-rings will be

considered in a later section.

4,7, DEFINITION. A ring R is a left V-ring if every simple

left R-module is injective. (These rings have also been called
as left co-semisimple nings in [;AF, Exerciscs 13.10 and

18.25:]. )
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14.2. DEFINITION A ring R 1is a left p-V-ring

(respectively left f-V-ring) if every simple left R-module

is p-injective (respectively, f-injective )
14.3. REMARK, Note that left p-V-rings are also called

left SPI-rings in the literature. ( [k] : 75, Section ?] )

4oy, NOTATION. For a left ideal L of R, L¥ will denote the
intersection of all moximal left ideals containing, L

( of course, R* = R ).

The following fundamental theorem gives a

cheracterisation of left V-rings.

14.5. THEOREM. [MV : 73, Theorem 2.1 | Th

-

following

(6]

conditions are equivalent for a ring R,
(1) R is ~ left V-ring.
(2) For each left R-module M, Rad M = O
(3) For cach cyclic left R-module M, Rad M = O.

(4) For each left ideal I of R, we have I = I .

PROOF. See [MV : 75] , note that a module M such that
Rad M = O has been called as semi-simple there. See also

[ FI, 7.324 | and [sv:7s, Proposition 2.2 |

4.6, PROPOSITION. Let x be an element of a ring R. Assume

that every simple quotient of Rx is Rx-complete., Then x is

left wenkly regular.
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PROOF. Let, if possiblc, Rx # (Rx)Z. Then M = Rx/(px)2 is
o non-zero f.g. left R-module and hence has a maximal
submodule N. Now N = B/(R¥)S for some left ideal B of R such
that (RX)EQ;_B\QRX. Hence M/N % Rx/B is simple and so Rx-complete,
by hypothesis. Sc the natural quotient map h:Rx—>Rx/B is

giwen by h( rx ) = rxz = Xz for some element 2z &RxX.

Hence X = xz = O din Rx/B since
X2 ekasg(Rx)ajg B. Hence x ¢B and M/N = 0, a contradiction.
So Rx = (Rx)°.

14.7. COROLLARY. ( See [M1 : 7L, Lemma Jor{Rl : 75,
Proposition 5.{] ) Let R be a left p-V-ring., Then R 1is

left weakly regular.

14.8. COROLLARY. Let R be a p-V-ring. Then R is semi-

primitive and so semi-prime,
PROOF. This is e consequence of 11.9, 11.10 and 14.7.

14.9. REMARK. iIn [M1: 7L, Lemma 1(ii)} Ming proves that

if R is a left p-V-ring then every non-zerc left ideal of
R conteins a maximal left subideal. However, this is a
property of rings belonging to a much larger class, namely,
of scmi-primitive rings ( Of course, it is alsc a property
of left noetherian rings). In fact. anglogous results hold
for modules also. We prove all this in a sequence of results

below,
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14,10, PROPOSITION., Let M be a module and N a submodule

of M such that N £Rad M. Then N has o maximal submodulc.

PROOF: Since N£Rad M, there exksts a maximal submodule Q of M
such that N g#Q. Consider the restriction g to N of the
canonical quotient map M ->M/Q. As W Q, g # O; hence, as
M/Q is simple g 1is onto., Hence. N/Kerg,ZyM/Q is simple and

s0 N has a maximal submodule.

14.71. COROLLARY. Let M be a module such that Rad M = O.

Then every nonzero submodule of M has a maximal submodule.

14.12. COROLLARY. Let R be & semi-primitive ring. Then every
non-zero left (respectively, right) ideal of R contains a

maximal left (respectively, right) subideal.

14,13, EXAMPLE. The following is an example of a ring which
does not have the property mentioned in 14.12. Let R= 2@ Q
be made into a (commutative) ring by defining; (a,x) (b,y)

- (ab, ay+xb). Then subiderls of the ideal A = O {(+'Q pf R
coincide with Z-submodules of Q. Since 7Q does not have a

maximal submodule A cannot have a maximal subideal.

14.14. REMARK. fn Example 1.7 of |V : 76] Varadarajan
considers R = Z ([?n} )n,e N the polynomial ring in a
countable number of indeterminates over 7, the ring of
integers. Let I Dbe the ideal of polynomials with congtant

term zero. He constructs an R-epimorphism I-—>Q, where Q
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is regarded as an R-module via the onto ring homomorphism

R~>7 taking o polynomial to its constant term. It is asserted

next that since @ has no non-zero f.g. quotimnt (as a Z-meodulc
or as an R-module) I has no non-zero f.g. quotient module,

Of course, this argument is incorrect. In fact, as seen above,

since Rad R = O, every nonzero ideal of R does have a simple

quotient module.

Corollary 14.12 suggests the introduction of a number

of related properties. SO let us adopt the following

14.15 TERMINOLOGY. Let R be a ring. We shall say

(I) R has property (P1) (respectdvely, <P2)) if every
non-zerc left R-module (respectively, left idenl) has a
simple‘quotient.‘

(2) R has property (PB) (( Pq)) if every nonzero left

R-module (left ideal ) has a nonzero injective quotient.

(3) R hes property (P5) ((P6)) if every nonzero left

R-module (left idecl) has 2 nonzero p-injective quotient.

14.,16. REMARKS. (I) Rings with property (P1) have been
ariously ¢alled as (left) B-rings LFII , p.155j or

max rings [V : 76, é;g] in the literature.

(II) Trivially, (PZn—1) implies (Pan) for n = 1,2,3.
Also (PB)-~9(P5) and (Pq)'€7(P6 )
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(III) Every left noetherian and (by 14.12) every
semi-primitive ring hes (P2 ) but as ZQ has no simple

quotient 2 does not have (P;).

(IV) Suppose R has (P5) and let S be a simple left
R-module. Then S has a nonzero injective quotient T and
so S&%T ( as S is simple), Hence S 1s injective and

R is a left V-ring.

(V) As in (IV) we can show that ifi R has (Pg) it is
o left p-V-ring.

(VI) Suppose R is a left V-ring, Then by Theorem 14.5
for every RM we have Rad M = O, Hence M has a maximal
submodule and so a simple quotient, i.e. an injective

(non-zero) quotient, Thus R has (P3).

(VII) If R 4is a left p-®B-ring such thett R has (P1 )
then every nonzero left R-module has simple and hence
(non-zero) p-injective quotient. So R has (P5)' We do not

know if every left p-V-ring has (P,) (i.e. is a max ring )

(VIIT) -Let R be - regular and M A non-zero left
R-module. Then by 12.13 M 1is p-injective ond so M itself
is a nonzero p-injeciive quotient of M. So regular rings
have (P5 ).

(IX) By (VI), (VII) and (VIII) above a left p-V-ring R
which does not have (P5) will have to be a ring R such

that R 1s neither regular nor V- nor a max ring.
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(X) As seen above (14.,8) if R 1s a left p-V-ring,
R is semiprimitive and so every nonzero left ideal has a
nonzero simple and so p-injective quotient. So R has (P6).
Thus, by (V), we can assert that the following implications
hold: R has (P5)-ﬁ>R is a left p-V-ring —»R has (P6). It is
natural to ask whether either of these implications can be

reversed,

14417. REMARK., A left V-rimng is by definition a left p-V-ring
and so left V-rings have the properties of left p-V-rings
mentioned in 14.7 and 14.8. Bccause of 14.7 they also have
properties of left weakly negular rings mentioned in %ﬂ1.
The rest of this scction will be denotéd to ;arious
properties of V-rings and p-V-rings. A few ofi them will be

proved and the rest stated without proof.

14418, PROPOSITION. ( cf. Theorem 3.2 of [MV:?3] ). The

following conditions are equivalent for a ring R.

(1) R is semi-simple

(2) 1I1f M 1is such that Rad M = O, then M is

R
injective.
(3) If gM is a cyclic module such that Rad M = O,

then M is injective.

PROOF., (1)—=>(2) and (2)—>(3) are trivial Assume (3).
8ince simple modules are cyclic and have zero radical,

condition (3) implies that R is a left V-ring.
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So by Theorem 14.5 Rad M = O for each M. This, together
with the hypothesis, implies that every cyclic lefti
R-module is injective. S0 by Osofsky's theorenx(OZ 1 64

i !

R is semi-simple,

14.19. REMARK. It is asserted in (MV:?}, gj % that the

above theorem answers a question o; Cateforié-and Sandomierski:
(—CS : 69i] : If semisimple left R-modules are injective, is R
Agcessarily semi-simple @ However, it should be noted that in
EQS : 6?] semi-simple is used in cur sense and not in the
sense of the Jacobson radical belng, zero.

Next we explore the connection between V-rings and
strongly regular rings. The following theorem was proved
independently by BrownX;BS: 731and by Sarath and Varadarajan
FSV : 74:}. Our proof uses thé charscterisation (Theorem 14.5)
;} V-rings duc to Michler and Villamayor and so differs from

both these proofs.
14,20, THEOREM. The following are equivalent for a ring R.

(1) R is a strongly regnlar ring.
(2) R is a left duc, left V-ring.

(3) R is a left quasi-duv, left V-ring.

( Of .ouurse, left. can be replaced thnoughout by right

in (2) as well as (3) ).
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PROOF. (1) =—>(2). Let M be a cyclic left R-modulec., Then

M 23X R/I where I is a left idecl of R. Since R is left

~duo ( 10.5 ) I is an ideal of R and R/I is a regular ring.
Now the radicel of the left R-module R/I equals the radical

of R/I as a ring and hence vanishes by 11.9(II). (See 11.4(I).)
So Rad M = O which implies, by 4.5, that R 1is a left V-ring.
(3)~>(1). Let I Dbe a left ideal of R. Then, by 14.5,
I=1I.A R is left quasi-duo, I (being an interscction

of maximal left ideals ¢f R ) is an idezal of R. Thus R

is left duc. As R is also left weakly regular R 1is clearly

strongly regulamw, ( See Corollary 11.20)

14421. COROLLARY, Let R be commutative. Then R is a V-ring

if and only if it is rcgular.

14.22 EXAMPLES. We shall now record examples which show that
the regularity of R 1is neither a necessary nor o sufficient

condition for R to be a V-ring.

(I) Let W be an infinite dimensional vector space
over a field K, and R = EndK(W). Regard W 2as =z left
R-module by defining f.x = f(x) for any f&R and xeW. By
9.3(6) R 1is a regular ring. If x,yeW and x £ O, then
there exists feR such that y = f(x); this is a well-known
property of vector spaces. It follows that W is a simple left
R-module. It can be shown that W 1is not injective over R.

(see [sv: 74, Proposition 2.4 | for a detmiled proof. )
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So R is not a left V-ring. Thus R regular does not imply

R left V-ring,

It will noct. be out of place to mention that the above
result (W 1is nct R-injective) is a special case of the
following theorem of Sandomierskij-s2 : 70, Theorem []

Let R be a ring, Mp a module such that M = (E} M; , where
i€l

each M; is non-zero and I d1is an infinite indexing set.
Let S = End(MR ). Then M dis not injective as a left
S-module,

(II) Cozzens [?4: 707 settled the question of the
reverse implication im the ngative . He optained examples of
domains which are V-rings but not division rings. Hence by
9.10 these rings cannot be regular. These rings have been

studied in detail in [FI] (pp. 358-362).

(III) Since left V-ring implies left p-V-ring and
regular ring implies left p~V-ring (12.13) the example in (I)
is an example of a left p-V-ring which is not a left V-ring.
Bimilarly the examples in (II) are p-V-rings which are not

regular,
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€é15. SF-rings.

B Reccall that a ring R is celled a right SF-ring if
‘every simple right R—muduie is flat. If R is regsular then
every R-mcdule is flat, and so R 1is lefit ~nd right SF.
Ramamurthi initiated the study oi SF-rings in E;Ri : 75}_ and
of the question whether an SF-ring is necessarily regular.,
Although a number of partial results have been obtained the
questiun is still open. In this section we record sone
properties of éF-rings. The results 15.1 - 15.5 are essentially
in [Ri 1757 .

15.1. PROPOSITION, Let R be a right SF-ring and x an

element of R such that K = 1(x) is ~n ideal. Then x is

resular,

PROOF., By hypothcsis, xR+K is n right ideal of ‘R. -Suppose,
if possible, xR+K # R. Let M be a maximal right ideal
containing xR+K. Then R/M is R-flat, and so by 13.3 x = yx
for some y in M. So 1-yeK{M nd y€M implies tgM ,

a contradiction! So xR+K = R =and hence 1 = xz+k for some z
in’ R and Lk in K. Hence x = (xz+k)xXx = xzXx, showing that x

is regular.

15.2. COROLLARY, Let R be - SF-ring satisfying condition
5(B) (See Remark 5.4) Then R is stron;ly reguler.

Procuf. Apply Proposition 15.1 ~nd Theorem 10.8
15.3. CCROLLARY. A reduced SF-ring is (strongly) regular.
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PROOF, A rcduced ring satisfies conditicn 5(A) and hence

5(B). Now apply 15.2.

15.4. COROLLARY., A comuutative SF-ring is regular.

15.5. PRCPOSITION, The centre of an BF-ring; is regular.

PROOF, Let R be a right SF-ring ond let x € C, the centre
of R. Then 1(x) is an ideal of R, and so ( by 15.1 ) there
exists y in R such that x = xyx. It follows, by
Proposition 11.5(I), thqt x is C~regulor. Thus C is a

resular ring.
The results 15.6 - 15,12 are from [PB : 86] .

15.6. PROPOSITION. A factor ring of » left SF-ring is a left

SF-ring.

PROO¥, Let f:R --> T be an onto hcmomorphism of rings, and
let S be a simple left T-module. Regard S as a left
R-module via f. As f d4is onto 8§ 1is a sinple, and therefore

flat, left R-module. Therefore T®pS g S is  T-flot.

15.7. PROPOSITION, Let R Dbe a left SF»ring and M a

maximal left iderl of R. Then M dis flat.

PROOI". Counsider the exact sequence

O —>M - >R —->R/M —> 0 (1).
Taking character mcdules we get on ex~ct sequence
0 —> (R/M)* = (R)*— (M)*-> O. (I1)
( Sce {L, Ch-pter 5j] or 1R, Lemnc 3.34:} )
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As R/M and. R are flat left R-modules, by
* . .
Lambek's thecorem (13.5), (R/M)* and R are injective right
R-mcéules. Hence (II) splits, ~nd being o direct summand of
*

R, M is knjective. Ancther nppliéation' of Lombek's theorem

yields that M 1is flat.

15.8. REMARK. A ring R 1is a left SF-ring if and only if
every scmi-sinple Ieft R-module is filat. This holds because

a direct sun of flat nwcdules is flat.

15.9. PROPOSITION. A semi-~-loc-1l SF-ring is scmi-simple,

( and therefore regular ).

PROOT, Let R be a scmi-local, left SF-ring. Then R/Rad R is
a semi-simple, -nd therefore flat (15.8) left R-module. Let
a & Rad R, By 13.3 there exists bé&Rad R such that a = ab,.
As bcRad R, 1 - b is - unit and hcnce A = 0. Thus Rad R = O

and R is a semi-simple ring.

Following [ CE:81] we introduce a definition.

15.10. DEFINITION., A ring R ds called left gquasi-perfect

if every finitely genercted flat left R-mocdule is projective.
15.11, REMARKS. (I). It is known that integral dcmains, local
rings and semi-perfect rings ( sce [Aﬁy QB?] for definition
and besic properties) are left and right quasi-perfect.

(I1). Let R be a left noetherien ring. Then every
f.g. left B-module is finitely presented. Now Theorem 13.2

can be used to show that finitely presented flat modules are
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always projective. (Sec [?, Corcllary 5.4§] ). Hence it

follows that R 1is left quasi-perfect.

(ITT) It is clamimed in [CE : 81] that left coherent
rings are left guasi-perfect. Howcver, as seen in 9.7,

oo
commutative regular rings are coherent. Let R = Tﬂl Ki ’
i=1

where Ki are ficlds., Let A

H

.

oy
G% K;p an ideal of R. Then
1=

the cyclic R-module R/A 1is non-projective )(since A is not
a direct summand of R ) but is R-flat, by Theorem 13.1.
Hence R ccnnot be quasi-perfect.

15.12. PROPOSITION If R is a lcft quasi-perfect, left SF-ring,

then R 1s somi-simple ( and thercforec reguler).

PROCF. Let S be a simple left R-mccdude. Then 2s R is left
SF, S is flat., As R 1s quasi-perfect and S is f.g. ~nd flat
over R, S is projective. Hence R is semi-simple. ( See the

references cited in the Introduction of 2514 ).

Finally, we record without proof some results >f
Ming. Fitst, a definition.
15.13%. DTWFINITION. A ring R is called an ELT (MELT) ring if

every essential ( maxinol essenti-l ) left ideal is en ideal.

15.14. PROPOSITION EM1:8Q] If R is n semi~-prime, MELT,
right SF-ring satisfying a polynomial identity,. then R is
a regular, left and right V-rin .

15.15. PROPOSITION.[M1:80] A prime, MELT, right SF-ring is

primitive.
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15.16. PROPOSITION. {M1:80] Suppose R is a semi-prime,
MELT, night SF-ring such that every primitive factor ring

is regular. Then R 1s regular.

15.17. PROPOSITIOI, Eﬂ: 80] Suppose every essential one-

sided idenl of R 1is an idcal, then the following cre

cquivalent

(/) R is regular (b) R is ~ scmi-primec, right SF-ring

(¢c)R is a right SF, left p-injective ring.

15.18. PROPOSITION. |Mi1:81, Theoren 2.8;] The following

conditions are equivalent,

(1) R is left self-injecctive ~nd regular.
(2) Every left annihilator ide~l of R is quasi-

injective ~nd R 1is a right SF-riung.

’

There arc many other results obout SF-rings in
[Pﬂ:81]. However a number of definitions will be required

for stating themn.

%\16. An cquivalence theovrem
—

In this section we follow [33:861 to prove the
equivalence of z number of conditions intrcduced in this chapter
under the assumption that R is a quasi-duo ring. For
gonvenience, the proof of the nontrivial implicnticns in

Theorem 16.4 is broken into Propositions 16.71 to 16.3%. In
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these propesitions R denotes a left quasi-duo ring.

16.1 PROPOSITION, If R 1is left weakly regular, then

R is a left V-rins.

o

PROOF., Let S Dbe a simple left R-module. Then S ZR/M
where M 1is a maximal left ideal and so an ideal of R.
Let x &M. As R 1is left weakly regular Rx = RxRx and

s0 there exists y € RxR <~ M (an idenl! ) such that yx=x.
Thus by 13.3'# R/M is a flat right R-module and so by 13.6!
S L3 R/M is an injective left R-module. Thus R is 2 lefit

V-ring.

16.2. PROPOSITION. If R is o right SF-ring, then R is a

left V-ring.

PROOF., If M is a maximal left idenl (and so an ideal) of
R then R/M is » simple, and therefore flat, right R-module.

By 13.6' R/M is an injective left R-nmodule.

16,3 PROPOSITION, If R is o left SF-ring, then R is a

rizht V-ring,

PROOF, Let A = R/Rad R. By 15.6 A is a left SF-ring.

As R 1is a Ieft quasi-duo ring, by 8.9 A is a reduced ning.
By 10.8 A is strongly negular and hence, by 10.6 A is
right quosi-duo. This implies that R also is right quasi-duo.

S6 R 1is o right V-ring by 16.2°"

# The notation m.n' denotes the lcft right dual of the

result m.n .
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16.4. THEOREM. Let 1R be n quasi-duo ring. T hen the

following conditions ore equivalent.

(1) R 1is n left V-ring.

(2) R is a leftwp-V-ring.

(3) R dis a left weeskly regular ring.
(4) R is a left SF-ring.

(5) R is a night V-ring

(6) R is a right p-V-ring

(7) R is o right wenkly regular ring.
(8) R is a right SF-ring

(9) R is ~ regular ring.

(10) R 1is a strongly regular ring.

PROOF. Assume R is left quasi-duo. (The procf in the

riszht quesi-duo case follows by symmetry.)

Note that the implications (10)—3(9) (10.5), (9)-—>(2)(§14),
(2)—(3) (14.7) and (1)—(2) (trivial) always hold, that

is without the assumption that R is quasi-duo.

Next for a left quasi-duo ring (3)—>(1) by 16.1 and

(1)—(10) by 14.20 , and (3)¢>(7). by 11.22. This proves
the equivalence of (1), (2), (3), (7), (9) and (10). Now
(8)—>(1) by 16.2 and (9)—48) by 13.1'; hence we get the
equivalence of (8) and (9). Since (9)—>(4) (13.1) and
(5)— (6) —>(7) always hold and (4)—>(5) by 16.3, we have
the equivalence of (4), (5), (6) ond (7). This completes the

proof of the theorem.
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5;17. Central Localisations

It was shown in 9.13 that =~ commutative ring R
is regular if and only if the lofalisation of R at each
naximal ideal is a figld. 1In this scction we shall study

central locolisations.

Throughout this section ¢ will denote the centre

of a ring R and S will denote a multiplicatively closed

1

subset (containing 1) of €. Then 8§ 'C 1s a commutative

1

Hhe -
ring; and,\c—modulo S 'R can be made into = C-algebra as

1

usunl. If @ is a left R-mudulc S~ @ becomes o left S” R-

1

module. We have the canonical maps hp: R-2S"'R defined by

hR(r) = r/1 and hQ: Q-<>§-1Q , hQ(q) = q/1; hR is a ring

homomorphism and hQ is a R-linear map. If m 1is a prime

ideal of ¥, then S = C - m 1is a multiplicatively closed

1 1

gsubset Of C. In this case, we denote S°'C, ST 'R and S'1Q

by C, Ry, and Q respectively ~nd call them central
localisations (of C,R, Q respectively) at m. We refer to

[ M} or T J'] for the basic properties of localisations.

17.1 PROPOSITION., Let R be a ring with centre C. Let Q

be a left R-module, Then:(1) For any S consisting entirely

of regular elements, the map h :Q ——> SQIQ is onto.

Q

(2) Assume C is regular, nnd let S = C~m wherc m

is a maximal ( =——  prime ( 9,14 )) ideal of C. Then
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Ker h = mQ. Hence the sequcnce;

O —>mQg —>Q > Q> O is exact,
(3) Under the hypotheses of (2), mR /| C = m

PROOI', (1) Iet q ¢ Q and ¢ « S <. C. Then therc exists
2 1

d € C such that ¢ = ¢“d. Hence g/c=dqg/1 = h(dqg) in 8~ Q.
Thus h 1is onto.
(2) Let xem, geQ. Then xyx= x implies (1-xy) x = O

with 1—xy‘¢;m. Hence (1-xy)xq = O showing h(xq) = xq/1 = O
in Qy. Thus mQ <.Ker h,

On the other hand, let gqeKer h, so that g/1 = O
in Q.. 8o there exists x € C~m such that xqg = 0 in Q.
Let xyx = x for some y€ C, Then (1-xy) x = 0 implics
l-xy e m. S0 q = (1-xy) q < mQ. Thus ker h £ mQ. This shows
ker h = mQ.

(3) Now, clearly, mR f\C = kernel ( C - >C ) As C
is « field ( by (9.13)), mRAC is a maxzimal ideal of C, ~nd

mR/)C Dm. Hence mR (\C= m.

17.2 PROPOSITION. Let a be 2n elenent of a ring R. Let

C be the centre of R. Then the following conditions are

equivalent,

(1) o 1is a left weakly regular element of R
(II) For a multiplicatively closed subset S of C and

u €S, 2/u is a left weakly regular clement of S'IR
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(III) /1 is r left weakly regular clewment cf Rm for each

moxinal ideal m of C.

PROOF. (I)=>»(II) let o & RaRa. Then o :innyi? for sone
Xiy yi é Ro

7

Hence U N
a/u = jix? a/u 11 a/u shows that

1

2/u € S_1R. ~/u. ST'R a/u.

Hence a/u is left weakly rejular
(I1) —>(III) is triviel

(III)—>(I).Let I = Ra, ~ left ideal of R, Since localisation

is an exact functor ( equivalently, C_ is a flat C-nodule) the

m
sequence O-—}(Iagff>1m_;>(I/Iz)m—§~O is exact. Now I _= R, a/1.

and (12)m = (Im)2 = (R 2/1). Hence, by hypothesis,

m

(1/1%), = O for every mexinal ideal m of C. So I = I° and

g0 a is left weakly regular,

17.3. COROLLARY, Folluwing are equivalent for a ring R,

(I) R is left werkly regular

1

(II) S 'R is left wenkly regular for each 8.

(I1I) R, i1s left weckly regular for each mé€ Max (C).
The followiing result is the regularity amalogue of 17.2

17.4 PROPOSITION. Let agR. Let C = Centre R. Then the

following ~re equivalent.
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(I) The element a is a regular element of R.
(IT) For cech multiplicatively closed subset S of C, and
' 1

for each ue€$8, a/u is a resular element of S™ 'R.

(ITI) For cach meMax (C), a/1 is a regular element of R .

PROOF, (I)=>(II) If aba = a then a/u.ub/l.a/u = a/u in

s~ 1R showing a/u is regular.

(IT) —(III) Trivial.

(ITIT)—»(I) Since /1 is regular in Ry, therce cxists

b./5y <« R, such that a/1. bm/ Spe a/1 = a/1 in R+ SO there

= u_a where

exists tméi C-m such that tm (abma) = tmsma m

U, = tmsm & C-m. 8o as usual the ideal of C generated by
u, is the unit ideal. ( In the rest of the proof we write tj

forr t b. for b . etc.)

3
my 9 N
Now there exists a natural number n gnd elements
n

toy, L™ din ¢ such that S v.u., = 1.
L9 Ji=1 j=1 9

ey gl, \ £
Hence a =_>_ v.u.a = a(/ P v.t.b. ; a = ada for some

327 JdJ . =T J°3°3

d « R. S0 a ig a regular clcment.

17.5. REMARK, In exactly tihc samc manner as that of
Proposition 17.4 we can prove the cquivalence off the

following conditions.
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(I) a is left strongly regular

(IT) For each ug Ss<€C, a/u is left strongly megular in

s 'g.

(ITI) For each m ¢ Max (C), a/1 is left strongly regular in

Ry

17.6. THEOREM. The following statements are equivalent for

a ring R with centre C:

(a) R is regular
(b) R, is regulam for each me&Max (C).
(c) C 1is regular anrd R/mR is regular for each me Max (C).

PRCOF, (a)é&}(b) follows from Proposition 174,
(c)-—§>(b). By Proposition 17.1(2), as C is regular,

R/mR ~3R, as rings. Hence R 1s regular.

(b) —>(c). As R, is Reft weakly regular for each m, byx
17.3, R 1is left weakly regular. So, by 11.5 (II), C is
regular. Hence Rm;;;R/mR, by Proposition 17.1(2), showing
that R/mR is regular. (6f €@oursce, we can prove (a)—s(c)

(more easily), instead of (b)~_>(c).)

Alternative proof of (b) —s(a). Notice that the commutative
result that flatness is a local propef%y [}M, Proposition 3.1@]
extends to central localisstions. How let Q be a left

R-module. Then Q, is a Ikat R -module ( since R, is regular)
for each maximal ideal m of C. So Q is R-flat. Hence by 13.1

R is a regular ring.
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In the next theorem, the property, '"all localisations
at maximal ideals are fields' is extended to" all central
localisations at maximal ideals of the centre are division

rings®,

17.7. LEMMA, A ring R is reduced if and only if R, 1s reduced
for each meMax (C).

PROOF. Suppose R is reduced. Let ( a/s )° = 0 in R, Then
there exists e C - m such that ta2 = 0. S0 (at)2 = 0 implies
at = 0, and so a/s = O. Thu= R, is reduced by 6.7. Tonverselly,
suppose each R is redqped. Let,a2 = 0 ( aeR). Then (a/1)2 =0

in R, for each m. Hence a/1 = O in each R« S0 a = 0 and thus

R i1is reduced.

17.8. THEOREM. The following conditions arec equiValentAfor

a ring R.

(1) R 1is strongly regular
(2) R, 1is strongly regular fon each meMax (C)

(3) Ry is a division ring for each m & Max (C).

PROOF, (1)¢>(2) ( First Proof) By Theorem 10.8 a ring is
strongly regular if and only if it is regular and reduced.
It follows by Theorem 17.5 and -Lemma 17.6 that R is strongly
reguler if and only if R, is strongly regular for each
meMax (C).

(1)<f>(2) (Second Proof) This also follows from Remark 17.5.
Since (3)—>(2) is trivial we have to prove only (1)-—=>(3)
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to complete the proof of the theorem., So let x€R, s« C-m be
such that =x/s is a non-zero element of Rm. Let xyx = x.
Now R is abelian by 10.4 and so € = xye«C. Note that

e%m: for eem im'plies 1 - ef.m and so x/s = xe/s = 0O/1
in R, ( since (1-e) (O.s-xe) = O ) 8o we have x/s. ys/e

= xya/es = es/es = 1/1 in Ry. Thus R, is a division ring.

179. THEOREM. The following conditions are equivalent for
a ring.R.

(1) R is a lefit V-ring.

(2) For each multiplicatdvely closeé subset S off C, the

1

localisation ST'R is a left V-ring.

(3) For each m&#Max (C), R_ is a left V-ring.

m
PROOF. (1) --»(2). By 11.5(II) C is a negular ring, Hence,

1

by 17.2, ST 'R is a factor ring of R. Hence s™'R is also a

left V-ring.

(2) ~——>(3) 1is trivial..We next prove (3)-->(1)
We shall prove that for cach left R-module Q,
Rad @ = O. The desirced conclusion will follow from
Theorem 14.5. So let q&Rad Q. Then under the map
hQ D Q=>Qy ,hQ(Rad Q) £ Rad (Q,). Hence q/1 & Rad (Qm) =0
(as R, is a left V-ring) for each m=Max (C). So q = O.
Next we consider SF-rings. We can apply Proposition 17.1

here,since the centre of a left SF-ring is regular, by

Proposition 15.5.
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17.10. PROPOSITION, Consider the following conditions
(1) R is a leftt SF-ning. ‘

(2) ‘Fomr each maximal ideal m of C the localisation Ry,

is a left SF-ring. Then (1) implies (2). If R is finitely

generated as a C-algebra then (2) implies (1).

PROOF., Let R be a left SF-ring. Then, as C 1is regular,
Rnf:;R/mR is a factor ring of R. Hence by 15.6 R, is a left
SF-ring. Thus (1) implies (2).

Conversely, let R be a f.gs C-algebra. Then, for

'R = s ¢

a multiplicatively closed subset § of C, Centre S~
in particular, Centre Rm = Cm. Hence Cm is a regular ring

( in fact, a field ) for each m . So C is regular ( by 9.13
or 17.6 ). Next, if S is & simple left R-module, R = R/mR
and S, = s/mS ( by 17.,1(2) ) is either zero or a simple
left Rm—module. Thus S, is a flat left Rm-module for each

m and S is therefore .R-flat. Thus R is a left SF-ring,

As an application of the above proposition we shall
show that left SF implics regular for rings which are f.g.

( as modules ) over their centres.
1711+ THEOREM. Let R Dbec a ring which is finitely generated

as a module over its centre C, If R is left SF, then R is

regular.
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PROOF, By 15,5 C is a regular ring. So C, is a field and
Rm is a finite-dimensional Cm-algebra. Hence Rm is a left
Noctherian ring. By 17.10 Rm is a lcft SF-ring and hence, by
15.11(II) and 15.12, a regular ring. It follows by 17.6 that

R 1s a regular ring.

17.12. PROBLEMS (I) 1In view of thc fact that ncgular rings
and left V-rings are both classes of p-V-rings, it is natural
to ask the following questioni: Is it truc thgt R is a left
p-V-ring 'if and only if Ry, is a lefit p-V-ring for each

m &Max (C)?

(II) R 1eft SF implies regular has becn proved for a
number of classcs of rings above.( See 15.2, 15.9, 15.11(2),
17.11.) TBach of these chaskss is a sub-class of the class of
directly finite rings. It is therefore natural to cxpect the
following result: if R is a directly finite SF-ring then R is

a2 regular ring.

17.13. NOTRS, In 17.1 we have extended [AFS:?&, Lemma 1]

to modules. Proposition 17.3 and Theorems 17.6 and 17.8 are

in {AFS 74 :;. However, our proofs arc different; we have
derived these results from clement-wise resultw 17.2, 17.4 and
17.5. Our proof of (1)—»(3) of Theorem 17.8 is also more
direct. Theorem 17.9 is slso in}ﬁFS; 7@& our. proof of

(3) implies (1) 'uses 14.5 and so differs from the proof in
X:AFS : 74i}. Proposition 17.10 and Thcorem 17.11 occur

in [R3 : 86].
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248. V'-rings.

-
In this section we shall consider the singular
wersions of the mings considered in %14. Alin and
Armendariz [AA : 687 callecd a ring R a (right) T-ring
if every non-zc¢ro R-mgdule has a nonzero socle. They
investigated (in fAA:68i] ) T-rings having the following
property: -

(*) Every singular, simple (right) R-modulc is injective.

—
i

In LRR:?Z] Ramamurthi and Rangaswamy callcd a ring

R, a gencralisced right V-ring, or for short, a right GV-ring

if cvery simple right R-module is injective oxm projective.
Rings satisfying condition ( * ) werc called V'-rings
by Tominaga. He introduced thc following terminology in

L_T : 727 ( Sec {-Mlz 801 .)

18.1 DEFINITIONS. A ring R is a right V'-ring (f-V'-ring,

p-V'-ring) if every simple, singulan module is injective

(f-injective, p-injcective)

The following mesult was stated without proof in
| an:68 | and {ﬁR:?E, g2 |

18.2. PROPOSITICN. A ring R is a right GV-ring if and only

if R is a right Vi-ring.

PROOF: “Only If* part. Let S be a simple, singular right

R-module., We shall prove that S is not R-projcctive. Then
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S must be R-injective.

Let x be a nonzero elcment of S. Considcer the
R-epimorphism f: R—>S ddéfined by f(r) = xr. Suppose, if
possible, S 1is R~projcctive. Then f splits and so
R=K® N where K = Kenf and N is a mz&nimal right ideal
of R , since NZ38. As x&S = Z(8), xL = O for some large
righti ideal L of R. So by the minimality of N, N/L £Z 0
implies N < L. So xL = O. A contradiction. So S cennot be

R-projective.

“Tf" part. Assume that R 1s a right V'-ring and suppose
that S5 is a simple, non-injective right R-module. We shall
prove S 1is R-projective. As S 1is simple non-injective,

7(8) £ S, so 7(S) = 0. Hence if xeS, x # 0, then for each
large right ideal L of R, we have xL # 0, now M = ann(x) is
a maximal right ideal of R (since R/M xR = S) such that

XM = 0. Hence M 1is not large and hence must be a direct
summand of R. S0 M@&) N = R implies S IR/MTIZ N is

projective over R.

Alin and Armendariz proved the following rcsult

[_AA:68, Theorem 1.i]

18.3 PROPOSITION. For a (right) T-ring R the following arec

equivalent
(2) All singular simple (right) R-modules are

injective.
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(b) Z(RR) = 0 and Rad(R/I) = O for any large
right. ideal I of R,

Ramamurthi and Rangaswamy ERR:?Z] obtained the
following gcneralisation of 18.3.

18.4. THROREM., The following are equivalent for any ring R.

(1) (a) for every large right ideal I of R, we
have I = I, and (b) z(Ry) {1J(R) = O.

(2) R is a right V'-ring

(3) For each right R-module M with Z(M) large in
M we have J(M) = 0.

(4) (a) For any right R-module M, if N is large

in M, we have N = N and (b) z(M)\J(M) = O.

PROCF: See }RR:72, Theoremn 5.57

18.5 EXAMPLE, The following examplc shows that (1) (a) of
Theorem 18.4 does nct by itself imply that R 1is a right
Viering. Let R = 2 /(pa) (p a primc number), then R has
only 3 ideals O, pR and R. So (1)(a) holds, but R/LR is

neither injective nor projective over R.
18.6. PROPOSITION If R is a right V'-ring in which
cvery primitive idempotent is central, then R 1is a right

V-ring.
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PROOF. Let S Dbe' a simple, projuctive right R-module.
Then S 3eR, where e 1is ; primitive idempotent. Let

I &Ry and f:I—; eR any nongero R-homomorphism with
kernel K. Then f 1is onto and I = K & T, wherc T ZscR.
Since ¢ 1s ccntral eR 1is a fully invariant submodule of
R. Hence eR = B, Clearly, K <(1-e)R. Define g:R —> eR
by g = O on (1-c)R and g = f on eR. Then g extends f .
Hence S 1is injective. Since by hypothescis, every simple
right module is either projective or injeetive it follows

that R must be a right V-ring.

18.7. COROLLARY., If R is an abclian right V'-ring, then

R 1is a right V-ring.

18.8. THEOREM. If R is a commutative ring then the
following conditions are cquivalent

(1) R is a V'-ring

(2) R is a V-ring

(3) R is a negular ring

PROOE (1)-——(2) by Proposition 18.6 end (2)~=(1) is
trivial. (2)6{>(3) has been seen earlier. (14.21).

In éq of‘[RR: 72] the authors consider scmi-prime
V'~-rings. They begin with the following lemma ( cf. 18.16
below ).
18.9 LEMMA. In any right V'-ring cach large right ideal

is idcnmpotent.
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They prove the following results:

18.10 PROPOSITION, Let R be a ring in which cevery large
right ideal is two-sided. Then R is semi-prime right V'-ring

if and only if R is might weakly rcgular.

18.11 PRCPCSITION., Any prime, right V'-ring R is right

weakly regular.
18.12. THREOREM. The following are cquivalent for any ring R.

(1) R is a semi-primc, right noctherian right V'-ring.
(2) R is cither a quasi-simple, right noetherian right
V-ring with zero socle or is a semi-simple ring.

(3) Every scini-simple right R-module is injective.

In LM:76J Ming considers p-V'-rings. Most of his
results are conscquences of a lemma, which we shall state in

a modified form.

<

18.13. LuMMA. Let b be an clement of PR. Assume that
cvery simple, singular lcft R-module be Rb-complete, Then

there exists a left idecal K such that R = (RbR+1(b)) & K.

PROOF:~ Denote the left ideal RbR+1(b) by J. By Zorn's
lemma, there exists a lcft idecal ¥ such that J @K is
large in PR. If J+K £ R, let 1 Dbe z maximal left ideal
containing J+K. Then R/L is simplc, singular ( 8.9 ) and
hence Rb-completc. Definc

5: Rb —=>R/L by g(rb) = r+L for 211 r in R.
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Then g is a well-dcfined R-lincar map ( since 1(b)<-L ) and
since R/L is Rb-complctc, there exists ¢ in R such that
g(rb) = rb(¢+L) for all r in R. In particular 1+L = g(b)

= bc+L. Since bc € RbR £ L we get 1 & L,contradicting the
maximality of L. Thus (RbR + 1(b)) * K = R.

18.14, COROLIARY, If R is a left p-Vi-ring, then for each

clenment b: of R, thercec cxasts a left ideal K such that
R= (RbR + 1(b)) & K.
18.16 THEOREM. The following conditions are equivalent,

(1) R is strongly regular.

(2) R is a left duo, left p-V'-~ring.

PROOF: (1) —3>(2) by 14.20

\ (2)—>(1). Lot beR. By 18.13, R = (RbR+1(0)) & K
(Rb+1(b)) (P K
0 and hence R = Rb + 1(b).

for some left ideal X of R. As R is left duq R

"

11
l

and KRb < Rb /Y K = 0 implies K

S0 1 = ab+d, ael, d€l(b). So b = ab®, showing R is

I

strongly regular.

The following result | Mi: 76, Proposition B(iii)]

>

extends 18.9

18.16 PROPOSITION. Let R be a left p-V'-ring. Then every

large left ideal of R is idempotent.

PROOF., Let I Dbe a lanmge left ideal of R. Let be I and let
IR + 1(b) = J, a large left ideal of R. If J £ R, lect L be

a maximal left ideal of R containing J. Then R/L is p-injective.
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Hence we get a contradiction as in Lemma 18.13. Thercfore

R IR + 1(b) and 1 = u+td, u & IR, d€1(b) implies

2

b ub&IRI = I, So I = I-.

The next result extends 18.11

18.17. PROPOSITION., Let R be a scmi-prime, left p-V'-ring.

hen R 1is left weakly regular.

PROOF. Let, if possible, Ra £ (Rb)Z. Since R is semi-prime,
(Rb)2 is a large submodulc of Rb. Let L/(Rb)2 be a maximal
submodule of the f.g. nonzero R-module Rb/(Rb)C. Then Rb/L is
simplc, singular by 8.9 and s0 p-injective. If

g£:Rb -—>Rb/L is the canonical map, then there cexists c &R
such that g(ab) = ab(cb+L) for all a ¢R. Then bB-bchb & L
implying b< L. So Rb = L, a contradiction. This shows

Rb = (Rb)Z.

§;19. Kaplansky's guestion.
In this section we shall consider a condition
weaker than quasi-~simplicity and stronger than primeness,

namely, that of primitivity.

19.2. DEFINITION, A ring R is called (left) primitive if

thcre exists a simple, faithful, loft R-module.

19.2. REMARKS. (I). Let R be a quasi-simple ring (with 1)

and M a maximal left ideal of R. Let S = R/M. Then
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A = annR(S) is an ideal of R such that A #Z R ( as
1.5 =8 £ 0.) Hence A = 0. So S is faithful, simple left

R-module. Thus R is lcft, ( and right) primitive.

(II). Let R be a left primktive ring. Then there exists
a faithful, simplc left R-module S. Let A,B be nonzero ideals
of R. Then S faithful —BS £ 0 -»BS = S — ABS = AS £ 0

—> AB # O, Thus R is a primc ring.

(ITZ). Let R Dbe a commutative primitive ring. Then if S
is a simple, faithful R-modulc, S':;R/M whene M 1is a maximal

ideal of R. So M = anng (8) = 0 implying R 1is a field.

(IV). For any non-zero vector space V5 ( D adivision ring)
R = End (VD) is a lcfit primitive ring; for V itself is a
simple, faithful left R-mddule. If V is &nfinite dimensional

then R is not quasi-simple ( Sec Scction 8. )

(V). Let 8 be a simple, faithful left R-modul-. and

X ¢ Rad R. Thcn S_C;R/M wherc M is a maximal left ideal
of R and xt = xt = O in R/M, since xt &« Rad R < M. So
xS = O implying x = O. Thus Rad R = 0. This shows that
primitive rings are semi-primitive (as expccted from the

terminology).

(VI). It follows from the gbove rcmarks, and known facts

from Chapter I that we have the rfollowing chert:
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division ring —-»simplc ring ——- semi-simplc ring
2 Lo . -
_ domain - _quasi-simple ring e
/ \L . \‘(’ v
redufdd - prime ring &- primitive ning e
ring L

~—
—

T semi-prime ring<&.-semi-primitive ring

The rest of this scction will be devoted to thc following

query of Kaplaasky ({R TIIT, p.2D.
19.3. QUESTION. Are prime, regular rings primitive?

19.4. TLEMENTARY CASES. In the following remarks, R denotes

a prime, regular ring.
(Ide If R 1is commutative, then R is a commutative, regnler
domein and hence a field, So R 1is primitive. This result will

b extended in (ITI) and (IV) bclow,

(II). Let R be left noetherian. Then R is scmi-simple( 9,11
and prime. Hence R ;EiMn (D), wherc D is a division ring, by
Wedderburn's structure theormem. Hence by 19,2 (IV), R is
primitive.

(ITI). Supposc that R 1is a f.g. module over its centre C.
Then € 1is a regular, domain and hence a fields So R 1is a
finite~dimensional C-algebra and hence a left artinian ring,

So by Case (II) PR is primitivec.

(IV). Supposc R 1is abelian. Then R prime ., regular implies
that for each a # 0,, Ra = Re coincides with R, ( Otherwise

Re.R(1-e) = O gives a contradiction.) So R is a division ring.
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Hence R 1s primitive.

Next we rcport on some recent work on Kaplansky's
guestion. Goodearl studied primc ideals in regular, right
scelf-injective rings in ('G1: 75]~. He proved the following

result.

19.5. PROPOSITION, }G1: 73, Corollary 16 |. Let R be prime

regular, right self-injective, Then R 1is lcft and right

primitive.

Next we consider the rcesults of Fisher and Snider

L_FS:?A ] « First, a definition ( which does not occur there),
9

19.6. DEFINITION, A ring is called anti-regular if every

nonzero element has a nonzero 2-inverse.( Sec 10.12 .)

19.7. REMARK. By 10413 repular implies anti-rezular.

19.8. REMARK, If# R is a prime ring then the set S of
nonzero ideals of R is a directed set since I,J in §

implies I{\J in § ( since I/\J contains IJ # 0).

19.9. DEFILITION, A ring R 1is said to have a countable

co-final subset of ideals 1if therc existz a countable subset

C of the set § of all nonzero ideals of R such that for

each A iIn § therc is an I 1in C€ such that IZLA.



19.10 THEOREM, Let R be a prime anti-regular ring, Suppose
R has a countable co-final subsct of ideals. Then R is

left and right primitive.

PROOF. See |FS:74]) .

19.11. COROLLARY. If R is a countable, prime, regular ring,

then R is primitive.

PROOF: The principal ideals form a countable co-~final subset.
Fisher and Snider have also proved a number of

results giving sufficient conditions for the primitivity of

prime, regular group rings.

19'12°EEMABKL Domanov (:p1;?7‘].has siiown that the answer to

Kaplansky's gquestion, in all its generality, is negative by

giving an cxample of a prime, regular ring which is not

primi tive,

é@o- Polynomial rings over regular rings

Let R be a ring and 8§ = R[jX] the polynomial
ring in once indetcerminate X over R. The basic properties
of R [X—}are well known. Nemely, S 1is commutative if and
only if R is; S is a domain if and only if R is; S is
a P.I.D. (principal ideal dcmain) if and only if R is a

fiecld.,
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Ini}43zi731} McCarthy proved the following result.

20.1. PROPOSITION, If R is commutative regular, then

S = R(jX} is semi-hercditary.

In [p1 :74] Camillo proved:

20.2+« PROPOSITION, If R [X:]is a commutative, semi-hereditary

ring, then R is regplar,

Polynomial ring ovcr non-commutative regular rings wers
considered in {P 3: 75:fand E’g: 80] .

The following result was proved in‘jR} : 75]. The proof

uses proposition 20.1 and thc theory of Azumaya algebras,

20.3. PROPCSITICN, Let R be a ring which is f.g. as a

module over its centhe C., Then RZiX? is lefit and right

semi~hereditary.

Pillay [Pa : 80| proved the following Theorem 20.k.

We shall reproducec it with proof which is selfcontained,
20.4, THEOREM. The following are equivalent

(1) R dis regular

(2) TFor cach 2a€R, aS + XS 1is a projective right
ideal of 8S.

(3) For each a€&R, Sa + SX is a projectivc left

idecal of 8.

PROOF: (1) implies (2). Let agR. Then there exists b 1n

R such that a = aba. Let e = ab, f = e+(1~e)X. Then
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we havce the cquations:

a = fa end X = f(1-e+eX) = (1-e+cX)f (1)

It follows that a8+ XS = fS.
Now lct g = g(X)e R {:x ] be such that fg = O. Using (I)

0., So f is a nonzcro divisor in S. S0

H

we get Xg
SzZs f . S. S0 aS+XS is frec and so projcctive. This
proves (1) implies (2).

(2) implies (1). Fix a€R and lct K = aS+XS,, a
projcctive right ideal of S, by hypothcsis. By the dual basis
loimea for projcctive modulcs ( SeC, CeZe, I—FI, p.'141:] )
there exist S~homomorphisms u, v from K into S, such that
for cvery kK ¢ Ky, k = au (k) + X v(k). In particular,

a - au(a) = Xv(a)., As X is cuntral in 8 and u is an
S-homomorphism, Xu(a) = u(2)X = u(X)a so that we have,

aX - au(X)a = ¥v(a). (11)
Write u(X) = ug + U X +eene + utXt and cquate the
cocfficicnts of X on both sides of (II). Thcn we get

a = auja. Hence R is regular,

Tho cquivalence of (1) and (3) follows from the
left-right symmctry of (1).
20.5 COROLLARY., If RI:X] is cither left or right
semi-hercditory, then R is a rcgular ring.
20.6 REMABKS (I) Corollary 20.5 also follows from g
thcorem of Jensen [; : 66] zbout wecak global dimcnsions.

This was noted in [R3 : 75 , Remork 3.t{jgmd in {?2: 8Eﬂ .
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(II) The converse of Proposition 20,3 is clearly
false. Let D be a division ring which is infinite dimensional
over its centre K. Then DZXj is a left and right principal

ideal domain and hencc a left and right semi-hereditary ring.

(III) As noted in 9,7 left semi-hereditary
implies left coherent. Thus we can rcplace scmi-hereditary
by coherent in 20.1 and in 20.3. Coherence of polynomial
rings and related problems were studied by Soublin in

LS 6: 7Q] and a number of other papers.

(IV) Professor Jensen mentions in his review of
[}’2: 80:1 (Mathematical Reviews, 81g : 16018 ) that
Prof. Jgndrup has shown (unpublished) that therc xists a
rogular ring R such that R[x_“} is neither left nor
right coherent and hence neither left nor right semi-
hereditary. Hence Proposition 20.3 cannot be extended to

arbitrary regular rings.
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