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INTRODUCTION 

This dissertation is devoted to a survey of some investigations carried 

out in certain topics in Ring Theory. We are interested here in von Neumann 

regular rings and related rings. 3ohn von Neumann ([vN:36], [vN]) initiated 

the study of rings in which for each element 'a there exists b such that aba 

= a ( called by him as regular rings) in 1936. These rings arise naturally in 

the study of modular lattices. However , regular rings are interesting objects 

in their own right and have been studied at great length in the past four decades. 

Plenty of evidence can be adduced in support of this assertion. The 

bibliography of Prof. K.R'., Goodearl's book, "Von Neumann Regular Rings" 

[Gil], contains 270 items. Several dozen additional references can be found 

in Reviews in Ring Theory (See the Bibliography at the end of this dissertation.) 

Thus it is impossible to survey more than a small fraction of the 

field of regular rings in a work of this size. In this dissertation we have restricted 

ourselves to a survey of some investigations on regular rings, strongly regular 

rings, weakly regular rings, V-rings, p-V-rings, V'-rings, p-V'-rings and SF-rings 

which were carried out by Armendariz, Fisher, Ming, Pillay, Ramamurthi, 

Rangaswamy, Raphael, Steinberg and others. 

Each of these classes of rings is 'related' to the class of regular 

rings in the sense that its defining condiion is equivalent to: regularity under 

the assumption of commutativity. So these classes turn out to be of independent 

interest only in the context of non-comm'utativi^. Thus our rings are associative 

but usually non-commutative. 



For carrying out a systematic study of these rings some 'general' 

classes of rings turn out to be of importance. Among these are: abelian rings, 

reduced rings, symmetric rings, duo rings, quasi-duo rings, quasi-simple rings 

and non-singular rings. Results about them are scattered through the l i terature. 

For the sake of uniformity of terminology, completeness and convenience 

of reference these rings have been studied in Chapter I. Knowledge of the 

following topics in Ring and Module Theory is assumed: artinian and noetherian 

modules and rings, semi-simple modules and rings, injective and projective 

modules, tensor product and flat modules, rings and modules of fractions. 

Most of this material can be found in Stenstrom's book [St.]; we shall usually 

follow his terminology. 

We take up the main theme of the dissertation, a study of regular 

rings and related rings, in Chapter II. The topics covered there are described 

in some detail in the introduction to that chapter. 

The Bibliography is divided into two parts: (I) books and monographs, 

and (II) research papers. A book may be cited as [ X II ] or as [ XYZ ]; here 

[ X ] or [ XYZ ] will denote the initial letter(s) of the name(s) of the author(s). 

A memoir may be cited, e.g., as [ XYZ:53 ]; here '53 gives the year in which 

the paper was published. This will give an approximate idea of when the research 

was carried out. 
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CHAPTER I 

SOME CLASSES OF RINGS 

As mentioned in the introduction, this chapter is 

devoted to a survey of the basic properties of certain classes 

of rings. Wc need some of this material for a study of regular 

rings and other related rings to bo carried out in the next 

chapter, 

01. Some notations and conventions 

In this section we shall fix some general notations 

and conventions. We shall try to adhere to these throughout 

this dissertation. 

1.1. CONVENriON. Unless otherwise mentioned, by a ring we 

shall mean an associative ring with identity; all modules, 

ring homomorphisms and subrings will be unitary. 

1.2. COIWEN^ION, Let (P)be a property ( of a ring or an element) 

which applies on the left as well as on the right. We shall say 

that a ring is (P) ( or an element is (P) ) if the ring is left 

or right (P) ( the element is left or right (P) ). 

1.3. CONVENTION. Throughout, R will denote an associative 

ring with identity. By a module „M we mean a left R-module 

M and by a module M-n a right R-module M. 

1.^. NOTATION, Let A and B be subgiroups of an abelian 

group M. We shall use A £iB to denote that A is con­

tained in B. If 5 moreover, M is a left R-module A :^pM 

v/ill mean that A is an R-submodule of M. In particular. 
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A4.nRwill rauan thrt A la - l.-ft ideal of R. 

1.5. NOTATION. Lut '.4 be a modulo, "-'icP and N^n. As usual, 

KliF will duDOto chc subgroup of ( M, + ) goncrpted by all 

products of tno form kn where k belongs to K and n 

belongs to 1-'. 'T'hus KN consists of all finite sums of the 

form T'^i^\ , kj_<̂ ^̂  n^^ N. We denote KK b^ K^. If 

K^I^5 L^R and 9./gIl, KaL, aKL etc. will have their 

usucl meanings. 

1.6. ABBRWIA^^IONS. Wc shrll abbreviate finitely generated 

as f.g.j directly finite as d.f., principal ideal ring 

-̂.s F.I.R, 

Further notations and conventions will be introduced 

v/hon required, 

H ̂• .Rasic definitions. 

Since there arc varying definitions m the literature 

we indicate those to bo used in this dissertation. 

2.1. DEFINITION. A ring Q is called abclian if every 

idempotcnt of R belongs to tnj centre of R. 

Z,2 DEFINITIONS. By a domain wo monn a (possibly) non-

co-imutativTo ring without divisors of zero. A ring is called 

fi reduced ring if it has no non-zero nilpotent elements. 

It is called prime if for ideals A,B we have AB = 0 implies 

A =0 or B = 0 ( Ideal means two-sided ideal). It is celled 

semiprime if it has no non-zero nilpotent ideals. A ring R 

is called scBii-primit.iy.e if its Jacobson radicg.1 Had R equals 

0 . A ring R is called spmi-simp_lc_ if every loft ideal of R 
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is a direct summand of R. A ring R is called indecomDOsablo 

if it cannot bo expressed as R̂  x H^ where R^, R2 ^^° non-zoro 

rings. 

2,3 DEFINITION. A ring R is called directly finite if xy = 1 

implies yx = 1 for elements x,y of R. 

Directly finite rings have also been called von Neumann 

finite by Hcrstoin f H"̂  and Peterson Q^]: 75] , Dedekind 

finite by FolthrPII : p.85]j finite by Kaplansky fKI j , 

fini by Renault p k : 7'3~] * 

a.4 DEFINITIONS. A ring R is called left (right) duo if every 

left (right) ideal of R is an ideal . Following Convention 1.2 

a ring is called duo if it is loft or. right duo. 

2.5 DEFINITIONS. A ring R is colled loft (right) qugsi-duo 

if every mojcimal left (right) ideal of R is an ideal. 

2.6 DEFINITIONS. A ring R is called left symmetric if for 

a, b, c in R, abc = 0 implies acb = 0. It is called ri^ht 

symmetrri-c if abc = 0 implies bac = 0 

2.7 DEFINITIONS. A ring R is called local if R/ Rad R 

is a division ring; it is called somi-local if R/ Rad R is a 

somi-simplo ring. 

Wc give some easy examples of those concepts in the 

remarks below. 
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2.8 •̂'̂MAT?K Wc have, trimdly, commutative rings are abclian, 

directly finite, left and right duo and left and right-

symmetric . 

2.9 RICMÂ K. The only idempotents in a domain arc 0 and 1 . 

So domrins are abclian. They are reduced, directly finite and 

left and right symmetric. The last remark applies to products 

of domains. 

2.10 gEFiARK.. Let R be a finite product of division rings. 

Then R is left and right duo, scmisimplc and semi*primitive. 

2.11 RSMARIv. Other definitions will be introduced whenever 

needed ( see, especially,sections 8 and 19)• 

't>5* Abplian rings • 

In three propositions below, we give sufficient -

conditions ( which are also trivially necessary) for an 

idempotent e to be central. As corollaries we obtain 

sufficient conditions for a ring to be abclian. These 

conditions (except in 3*2) are also necessary. 

3.1 PROPOSITION. Let o = e^ £ R . If e commutes with 

all nilpotent elements in a ring R, then e is central. 
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Proof. For any z in R, ( oz-cze) = 0. 

So G(oz-ezc) = ( cz-czc)c = 0 snovjs oz = czo. Similarly 
p 

(czo-zc) = 0 yields zo = czo. So GZ = zc. 

3'2 COROLLARY.. If R is reduced then R is abclian. 

3.3. PROPOSITION. If cR = RG, for an idorapotcnt e, then 

o is central. 

Proof. Let ^ tR. Th^n xe = ©y for some y in R and 

ox = zc for some z in R. 

? 2 
Therefore exG = c**y = cy = xe and exc = ze = zo = ox 

So ox = exe = xe for all x in R. So e is central. 

3»^ COROLLARY. If oR = Re for each idompotent e, then 

R is abclicn. 

3*5 PROPOSITION. Let o = 0̂ 6 R. If c commutes with all 

(other) iduiiipotents then e is central. 

Proof. Let n = cz-ozo. Then n = 0, en = n and ne = 0. 

Therefore (c+n) = e +cn+ne+n = G+n. So c+n is an 

idempotent. Therefore ( by hypothesis) o(e+n) = (o+n)G 

yields n = en = no = 0. So cz = Gze. Similarly we get 

ezG = ze. Thus oz = zc for all z in R, 

3.6 COROLLARY. If all idempotcnts in R commute, then 'R is 

abclian. 

3.7 PROPOSITION. Let R be abelian „ ffhon R is directly 

finite. 
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Ppoof. Let xy = 1. Then (yx) = yxyx = y.l.x = yx shows 

that yx is an idompotont. So;, as yx is central, wc have, 

yx.x = xyx = x implying yx = yx.xy = xy = 1. 

3.8 R̂ MAPJ<:. The convorse of 3.7 is not valid. For each 

natural number n, M (K) is a directly finite ring 

( K a field ) : AB = I for square rartrices A,B 

implies BA = I. However, foi n ^ S , M^(K) is not abolian 

ring. 

§^* Directly finite rings ( d.f. rings) 

Sec 2.3 for the definition of a d.f. ring. 

.̂1 REMARK. A subring of a d.f.ring is a d.f.ring. 

if.a PROPOSITION ( JFII , p. 85I ) The ring R is d.f. 

if and only if R/Rad R is d.f. 

^•3 COROLLARY. Somilocal rings are d.f. 

4.if COROLLARY Local rings are d.f. 

if.5. PROPOSITION. JJD 1 : 71 Corollaryjj let R be a 

commutative ring and A an R-algcbra which is a finitely 

generated R-raodulc. Then A is a d.f, ring, 

if.6 PROPOSITION. If R is a left noethcrian ring then R 

is a d.f. ring. (This follows from the v;cll known fact that 

a surjcctive endomorphism of a noothorian module is necessarily 

an isomorphism.). 
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4.7 PROPOSITION ( Uturni Qw : 65] ) If R is left and 

right sclfinjGctivc, then TR is a d.f. ring. 

4.8 REMARK. As noted in 3.7^ abclian rings arc d.f. 

Hence; by 3.2, reduced rings arc d.f. So art duo rings 

(Proposition 7.6 below ). "v'o prove below that quasi-duo 

rings arc d.f. ( 7.9 ). 

^•9 EXAMPLE. Lot V be an infinite-dimensional vector space 

over a field K ( say Q/:K] = < ) Then in R = n̂d̂ ^ (V) there 

exist elements t,g such that gof = ly and fog / 1y . So 

R is a prime ring which is not directly finite. (See §8 below) 

12 5 • Some conditions on annlhilators 

5.1 NOTATION. Let S be a subset of a ring R . By its 

loft anaihilator l.(Sj, we moan the set Jx^R j xa = 0 for 

each a in S C . Thus 1(S) is a loft ideal of R. Similarly 

the right annihila.tor S, r(S) = ^ x^R | ax = 0 for each 

a in s i , a right ideal of R. If S is the singleton 

set SaJ , wo v/ritc 1(a) for 1(S) -nd r(a) for r(S). 

5.2 THE CONDITIONS 

'.Ve shall consider the following conditions on 

annlhilators ideals: 

5 (A) Fof each a t R, 1(a) = r(a). 

5 (A-j_) For each aeR, 1(a) ̂ r ( a ) . 

5 (A^) For each a€R, r(a) ^l(a). 
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5 (3^) For each aeR, 1(a) is an ideal of Dc 

5 (B^) For each acR, r(a) is an ideal of R. 

5 (C^) For each subset S of JR, 1(S) is an ideal of R. 

5 (C^) For orch subset S of R, r(S) is an ideal of R. 

Wc note below th^ implications that hold bctv/cen these 

conditions. 

5.3 RFMAPvK. Suppose (A ) holds ,-nd let x be an arbitrrry 

clement of R.. Suppose y ̂  l(x). Then yx = 0 and so 

X ̂  r (y) . By (A^), r (y) ̂  1 (y). Hence X€ 1 (y) and 

^ xy = 0 . Thus y£r(x). So l(x) ̂ r(x) and thus (A;̂ ) 

holds. By symmetry ( A-i) implies ( A^). Thus (A-,), (A^) 

and (A) arc all equivalent. 

5.^ REMARK. Suppose (B^) holds. Let c be an arbitrary 

eleraunt of R and let b^l(c). Lot xeR- Then be = 0 

implies C6r(b) and so xce.r(b) ( an ideal ). So bxc = 0 

showing that bx^l(c). Thus 1(c) is an ideal. So (B-^) 

holds. Conversely, (B^) implies (B^) and so (B^) and 

(Bp) arc equivalent. V/e can thus tclk simply of condition 

(B) ( or 5(B)) 

3.3 REMARK Tff^ have 1(S) = D 1(a) and r(S) = f] r(a). 
a e S a fc S 

Therefore (B̂ )̂ is equivalent to (C^) and (B^) to (C^) 

) rnd (C^) are oq̂  

to (B). Trivially (A) implies (B). 

So, by (5.5), (Cw.) rnd (C ) are equivalent and oquiifalent 
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5.6 R̂ liARK-i. If condition (B) holds, then R is abclian. 

For let 0 = o e R. Then 1(1-G) = I?c and r(i-G) = eR arc 

idc-als and so Ro = RoR = oR. Honco by 3'k R is abolian. 

In thi. rcmaî ks bclov/ wo record some properties of 

annihilators to bo used later. 

5-7 REMARKS. (I) Let S<Z.T bo subsets of a ring R. Then, by 

definition, 1(T) ̂  1(S) and r(T) !^ r(S). Thus, taking 

annihilators is an inclusion-reversing operation. 

(II) Let S be r subset of "̂^ For each element a of S, 

wo have 1(S) . a = 0 (by definition of l(S))and so aer fl(S)] 

So, we have, 

S Qr \j-(5)] for all subsets S of R (O 

Similarly, we get 

SCl^l f r ( S ) ] for a l l subse t S of R (2) 

Now let J be a subset of R. Applying 

(1) to r(J), wo get 

r(J) ̂  r [l(r(J))] (3) 
Applying (2) to J we get 

J CT 1 [r(J)] . (k) 
Now (by Remark (I) ) (k) yields 

r(j)> r [1 (r(J)')] (5) 

Thus ( 3 ) and (5) imply, 

r(J) = r[l(r(J))] (6) 
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Similarly, wc got 

1(J) = 1 Qr (KJ))] (7) 

for all subsets J of R. 

^6* EPî -̂̂ir-'̂  ̂ '̂ ^ s.yn̂ fflGtric rings 

The concept of a sy.iiractric ring can be easily generalised 

to that of a symraetric module. 

6'1 DEFINITION ( Raphrel j^ 2: 7^3) A right R-modulo H 

is called symmetric if for clerix:nts r,s in R and m in M 

m r s = 0 implies msr = 0 

^•2 REMARKS.(I) A ring R is right symmetric if rnd only 

if Rp is a symmetric modulo. 

(TI) A submodulc of a symmetric module is symmetric, 

(III) From (I) and (II) wc get: if R is a right 

symmetric ring every right ideal of R is a symmetric module. 

Next 5 wo show that symmetry ( as is appropriate) a 

left-right symmetric condition. 

6.3 REMARKS. (I) Lot R be a right symmetric ring. Then 

(trMng c = 1 in the notation o f 2 . 6 ) a b = 0 if and only 

if ba = 0. So WG have 1(a) = r(a) for each a in R. Thus a 

right symmetric ring satisfies condition (A) of Section 5. 

(Ill) By telling a = 1 in the definition of a left 

symmetric ring (2,6) we sec that a left symmetric ring also 

satisfies the same condition 5(A). 
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6.A-. PROPOSITION.- If r? is left symmetric, thc:n R is 

right symmetric ( raid conversely). 

Proof. Let abc = 0. Then as R is left symmetric we have 

acb = 0 i.e. ac€l(b). By condition 5(A), v/c have ac€r(b) 

i.e. bac = 0. 

6.5» REMARKS (I) In viov; of proposition 6.4 snd convention 

1.2, a symmetric ring will be a left and right symmetric ring. 

(II) As seen above (6.3) symmetric rings srtisfy 5(A) 

and 5(B). Hence, by 5•6-, they arc abelian and so, by 3.7> 

directly finite, 

6.6. PROPOSITION ( Lambek (See fs3: 73I )) if R is 

reduced thenR is symmetric. 

Proof. LVc repeatedly use the fact that R is reducgd.So let 

a,bjC in R such that abc = 0. 
p 

Then ( c®b) = cab cab = 0 yields cab = 0; 

( abac) = abacabac = 0 y ie lds abac = 0; 
2 

( bacba) = bacbabacba = 0 y ie lds bacba = 0; 
2 

( cba) = cbacba = 0 yields cba = 0 and finally, 
2 

(acb) = acbacb = 0 implies acb = 0 

In the results below, we record some more properties -of 

reduced rings. 

6.7 PROPOSITION. Let R be a ring. Then R is reduced if and 
2 

only if whenever a in R is such that a = 0 we have a = 0 
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Proof. Only to prove "if'' part, lot a in R such that o = 0 . 

We assert a = 0. If not there pxists an integer m^2. such 

that a'" = 0 but n̂ "̂  / 0. Triiin- b = a"̂ ~̂  we sot b^ = 0, 

b ?̂  0 5 a contradiction. 

6.8 ]l?]MARi:. If R is a reduced ring, then 1(a) = r(a) for 

each a in R. This result, which follows from Pro.position 

6.6 and Remarks 6.3 can also be seen directly as follows: 

ba = 0 implies (ab) = rbab = 0 and hence, as R is reduced, 

We get ab = 0. Thus 1(a) < r(a) for each e e -'̂̂  implying, by 

Remark 5-3 s 1(;̂ -) = r (a) for each a in R. 

6.9 PRpPpSITICĵ L. Let R be a reduced rin^ and a an element of 

R. Let A = 1(a) = r(a), an idcrl of R. Then S = R/A is a 

reduced ring and "a is a nonzero divisor in S. 

• - 2 

Proof. Let x be an clement of R. Suppose x = 0. 
p 

Then x 6 1(a) implying x.xa = 0. As l(xa) = r(xa) we get 
p 

xax = 0 rnd so (xa) = 0 in R. Hence xa = 0 and so xel(a). 

Thus X = 0. It follo\/S5 by Proposition 6.7 > that S is a 

reduced ring. 

Next let "rx = 0 in S. Then ax^Ka) implies axa = 0 

and so xa = 0. Thus xel(a) pnd x = 0. Similarly 5ca = 0 

implies T = 0 . Thus "a is a left and right non-zero 

divisor in S. 

Domains arc prime, reduced rings. The converse also 

holds. More generally, wo have: 
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6.10 PRPP0SITI0F_^ Let R be- a prime r i n g s.r. t isfying 

cond i t i on 5(B) . Then R i s a domain. 
« 

-Proof. Let a ?̂  0 in R. Then, as r(a) is an ideal of R, we 

have 

RaRr(a) = Rar(a) = R.O = 0. 

Since RaR / 0 wo have r(a) = 0. Thus R is a domain. 

As special cases of this results v;e have: 

6-11- CORpL.LAl]X-, If ^^^ is - prinî , symmetric ring then 

R is a domain. 

6'. 12 COROLLARY. If R is a prime, reduced ring then R is 

a domain. 

(The above result is woll-known. See,for ox-mple, 

[̂ St. Ch.XTI, Excr. 1 5 "j , [ M 2 : 71 "j p 2 : 8/fl ) 

In view of Remark 5.6 it is natural to ask the following 

6.13. QUESTION. If R is a prime, abelian ring is it 

necessary a domain? 

0 7 Duo. .q.nd- q^Asi-duo rings. 

l7o state belov/ only the -left-sided'' versions of a number 

of results valid on both sides. 

7.1 REMARKS. A finite product of left duo rings is left duo: 

A finite product of left quasi~duo rings is leLt quasi-duo. 



- 14 -

7.2 REMARK. A ring R is loft duo if and only if for each 

clement a of R, Re. is an ideal of R. This holds because-,every 

left ideal A is a sum of the principrl left ideals generated 

by olehients of A. 

7.3 R'̂''IARK.- Trivially left duo rings are left quasi-duo. 

7.4 EXAMPLES: (I) The ring of 2 x 2 loviAor triangular matrices 

over a division ring is a left quasi-duo ring v/hich is not 

left duo. 

(II) If R is a local ring, Rad R is the unique maximal 

left ideal of R. It is also an ideal of R. Thus R is a left 

(and, similarly, right) quasi-duo ring. But local rings may not 

be left duo as shown in (III) below. 

(III) Lot K be a field and h: K-->K a field monomorphism 

which is not onto ( eg. K = L(X), thu function fi^ld in one 

variable over a field L and h the map which is identity 
p 

on L and trJces X to X ) Lot V be a vector space over K. 

Then K ^ V becomes a ring under the definition 

(ajU) (b,v) = (ab,/ h(a) ¥ + bu). 

Consider lihe maps j: K—>K (̂  V given by a i >-(a,0) 

and the projection p: K t?) V —> K. They arc both ring 

homoraorphisms. We can identify V with the ideal 0 @ V 

of R;then V^ = 0" and V is the unique maximal left (right) 

ideal of R. So 'R is a local ring and so is left and right 

quasi-duo. Let M = h(K), a subficld of K. If W is a 

M-subspaco of V which is not a K-subspace, then 
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JCOJW) I v/tWCis a loft ideal of R which is not 

an ideal. Thus R will hot bo left duo. 

7.5 REMARK. A Bosult often stated in literature _( see 

e.g. I E :81,p.l37 j) is that left and right duo rings are 

abelian. However onesided duoness is a sufficient condition 

for a ring to the abelian: Suppose R is left duo, then it 

clearly satisfies condition (B») of Ci3' Therefore, by 

Remark 5«^j R satisfies condition (B) and so, by Remark 5*6, 

R is abelian. 

So duo rings arc abelian and so, by Proposition 3.7 3 

they are directly finite. It is instructive to give a dirdct 

proof of this fact: 

7.6 PROPOSITION. If R is duo, then R is directly finite. 

PROOF. Let xy = 1 . If P is lefit duo, then Rx is an ideal 

and so 1 = xy <:- Rx. So 1 = zx for some z in R. Then, as usual, 

z = z. 1 = zxy = 1 , y = y. So yx = 1 . 

7.7 PROPOSITION. rR3 : 86," Proposition k,k] Let R be 

quasi-duo. Then R/Rad R • is a subring of a product of 

division rings. 

I S 

e r 
PROOF: We have Pad R = ^ "^i' ^^here ( m̂^ I 

the family of maximal l e f t i d e a l s of R. The canonica l 

map R ^TIR/w, induces an i n j e c t i o n 

g: R/Rad R ^TTB/ ./ •'?o^'f^,--' 
i fe l 1 1 ' 
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If R is leit quasi-duo, m̂^ are all Ideals of R. Hence 

R/m. are all division rings and g is a ring raonomorphism. 

This proves the proposition. 

7.8 COROLLARY. A scmiprirritive quasi-duo ring is reduced. 

The following extends Corollary k*k and 

Proposition 7*6 . 

7.9 PROPOSITION fcDR:88j If R is quasi-duo then R is 

direftly finite. 

PROOF: It follows from Proposition 7.7 that R/Rad R (being a 

subring of a directly finite ring) is directly finite. (This 
4 

can also be seen as fallows: R/Rad R is reducedj so abelian 

by 3.2 and hence directly finite by 3.7 .) Hence by 1^.2 

R is directly finite. 

Coniplemon;̂ s. 

In this section wo shall collect some more definitions 

ond results that Viiill bo needed later. 

8.1. DEFINITION. A ring R is Balled quasi-simple if R 

.and 0 are the only ideals of R, 

Q.2, RM4IRKS. (I) In $.1 wo follow Bourbaki's terninology 

r B II 8, ̂ 5, Exercise 5 J. Many authors call such rings 

simple rinjs. 
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(II) Division rings are clearly quasi-simplo. More 

generally, if D is a division ring and n any natural number 

then M (D) is a quasi-simple ring, 

(III) Let V be a vector space ovei' a field K. 

Let R = End, (V). If n = dinij, V is finite, then 

R ;r̂ <, M (K) and so is quasi-simple by Remark (II). If n 

is infinite, then A = > f (j-H i Im f is finite-dimensionalC 

L I J 
is an ideal of R. Since A ?̂  R, A ?̂  0^ R is not quasi-simple, 

(IV) In the notation of Remark (III), let [V:K] =VJ, 

R = Endj^(V). Then A is the only ideal of R such that 

k T^ 0, A ?̂' R» Hence, clearly, R is a prime ring (2,2). 

Moreover, S = R/A is quasi-simple, neither loft nor right 

noetherian. 

(V) Examples of quasi-simple domains vvhich are not 

division rings are given in j J III, p.211 | and 

[ F I , pp. 361-362 ') . 

(VI) If R is quasi-simple ring^then C = Centre R 

Can be easily seen to be a field. We shall extend this result 

to indecomposable, weakly regular rings in 11,7. 

NtiXt we record some basic properties of singular and 

nonsingular modules. We shall refer to standard texts for 

proofs of some results. 
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8 . 3 . DEFINITION. L e t L be a submodule of a module M. 

Then L i s c a l l e d a l a r g e ( e s s e n t i a l ) submodule of M i f 

f o r e v e r y n o n - z e r o submodule- T̂  of M v/e have Li) ¥ i s 

nonzero*... By a l a r g o l e f t i d e a l of R we mean a l a r g e 

submodule of pR. 

8 . ^ . PROPOSITION. Le t f: M^--^M2 be a homomorphism of 

R-modu lcs . I f L i s l a r g e i n Mp, th'en f~ (L) i s a l a r g e 

submodule of M,. 

PROOF: See P G I , P r o p o s i t i o n 1 . 1 ( c ) ^ 

8 . 5 . PROPOSITION. Let ^M be a modu le . Def ine 

ZW = 5 m ̂ M I Lm = 0 ( f o r some l a r g e l e f t i d e a l L of R 
(. ! J 

Then Z(M) i s a submodule of M. 

PROOF: Ŵe u s e 8.if . See F GI , ^ ^ ^ 1 

8 . 6 . DEFINITIONS. We afell Z(M) t h e s i n g u l a r submodule of 

M. I f Z(M) = 0 , M i s c a l l e d a n o n - s i n g u l a r module ; i f 

Z(M) = M, M i s c a l l e d a s in/ :^ular modu le . We c a l l a r i n g R 

a l e f t n o n - s i n g u l a r r i n g i f Z(gR ) = 0 ; a r i g h t n o n - s i n g u l a r 

r i n g i f z( Rp) = 0 . ^ 

8 . 7 . REMARK. Suppose x f ZCTJR) . / T h e n Lx = 0 f o r some 

l a r g e l e f t i d e a l L. Hence Lxri = 0 i m p l y i n g x r ^ t Z (pR) f o r 

each rcfeR. Thus Z (-nR) i s ( a n i d e a l of R. However, 
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t h e r e e x i s t s ring_, R for which Z(pR) ^L Z(Rg). (See 

|_ GI, SlDs Exe rc i se 1 ~] ) 

8 '8 EXAMPLE. Let l\ be o reduced r i n g and l e t x £ Z ( R p ) . 

Let • xL = 0 for a l a r ^ r i g h t i d e a l L of R. I f y^Lf'^xR, then 
2 2 

y - xz e L . Hence 0 = xy = x z. implying t h a t x c K z ) . 

By 6 . 9 , x € . l ( z ) and so y = 0 . Thus' L /^xR = 0 implying 

t ha t xR = 0 . Thus x = 0 . Hence R i s r i g h t ( and l o f t ) 

non - s ingu l a r , 

8 . 9 . REMARK. Let L be a l a r g e submodule of the l e f t 

R-module M. For m t̂  M, the map f:R—>M, def ined by 

f ( r ) = rm i s R - l i n o a r . Hence by 8.-^ f~ (L) = I i s a l a r g e 

l e f t idea.1 of R. C l e a r l y , Ira -̂ ^ L showing t h a t Im = 0 

i n M/L. 

Thus M/L i s a s i n g u l a r l e f t R-m4dule. In p a r t i c u l a r , i f 

L i s a l a r g e l e f t i d e a l of R, then R/L i s a s i n g u l a r 

l e f t R-module, 
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CHAPTER IT 

IfflGULAR THINGS AKD RP^LAT^P l̂ TNGS 

IN THIS CHAPTF:R, WG take up the m.nin tiioniu of the 

dissertation, ncjncly, a study of rogulfr rings. Wo sh-ll also 

define and study the following related classes of rings: 

strongly regular rin^^s, weaJily regular rings, V~ringS; 

p~V-rings, V-rings, p-'\yiJtrings, SF-rings. ^ach of these 

classes is'relrted' to the class of regular rings in the 

sense that its defining condition is equivalent to regularity 

under the assumption of ̂;cVMu-tftav-±iy , ( See 10.2, 11./+(II), 

14.21, 15.4, 18.8 & 18.15 )• Hence a recurrent question 

v/ill be: what arc the other assumptions under v/hich a parti-

culrr d> fining condition is equival.,nt to regalrrity. This 

has been answered, for ezaniplo, in 10.3, 11.20^ 1i+«205 

15.9, l5.lf-& 16,z+. 

VJ 
I t i s v.'cll-kiiovm that a r ing i s Swi-ni-siniplc i f and 

only i f ĵV'.ry module i s project ive i f and only i f every module 

i s i n j e c t i v e . 'The concept of m j a c t i v i t y gcn^^ralises na tura l ly 

to that of p~ in jec t iv i ty . (See '312 for de f i n i t i on . ) I t i s 

known that a r ing i s regul.^r i f and only i f every ( one­

sided ) module i s f l a t . ( Sue 13,1) I t can be shown that 

V i s regular i f and onjiyif v^vory ( lo f t ) l7~module ie 

P'-injective i f and orjtyif every r igh t R-modulo i s 
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p-injcctivc. ( Theorem 12.13 ).'"''iiesc facts lord to c. gene­

ral study of tho relationships between injcctivity, p-injcc-

tivity and flatnuSo. "''his V!C3 carried out by V. S. '^csm-

raurthi m }__R1 :75 J and ic reproduced m bl3 below. 

Left V-rings and regular rings are both contained m the 

cl^sc of loft p-V-rins^s-, ilicso riugs rnd "-rings .aie 

studied in *̂  Ui-.f-ings ĉ '̂ cr v/hich simple, left modules -̂ rc 

flcut, called left S'P'-rings, arc studied in (̂ 15« In ^16 v/c 

prove an ''equivalence" theorem. In the last four sections v;o 

study cJentral localisations, V-rings, Kaplansky's question on 

tho primitivity of prime, regular rings and polynomial rings 

over regular rings. 

^9• Sasic properties of regular rings 

This Suction is devotod to tho basic exi.mples and 

properties of regular rings, "̂ or the proofs of many state­

ments ve shall refer to standard textbooks and r.ionographs. 

In Suctions 11 and ]L\. a few prop, rtictj of regular rings 

will be obtained in the context of larger classes of rings. 

Some properties will be obtained in cl̂ MTiont-vri-se 

situations 
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9.1 DEFINITIONS. Let R be a ring and a an element oL R. An 

olcmGnt ,lt> of R is called o 1-inverse of a if pba = a, nnd 

a is called a regular element ( an R-regylar element in case of 

laftbiguity ) if it hcs a 1-inverse in R. (Note that a number of 

authors use the term regular element for a non-zero-divisor. 

( SQC^ o.g.5 1 St; p.52 !. ) Some others use this term for 

an invertible element), 

9.2. U^iNlTION. A ring R is called ( von Neumann )regular 

if erch element of R is regular. 

9.3. EXAMPLT?]S_̂  (I) Division rings clearly ore regular, 

(II) Let J R^Y ̂  _ ̂  be a family of rings. 

Then ~j'"] R^ is regular if and only if each R^ 
i i I 

is regular. Hence i-t follows from (I) that if D. 

are division rings the product ~\^^ D^ is a regular ring, 
i e I 

(III) lot M,̂  be a semi-simple module. Then 

its endomorphism ring S = Endp(M) is r regular ring. 

( See Î St., p.41J , FAF , Exercise 15.13~[ ) 

(IV) We have, more generally ( |st., Exercise 

1.50 J ) Endp(M) is regular if and only if for each f ̂  Endp(M) 

the subnodulcs Ker(f) and Im(f) art? direct sumwands of M. 

(V) If R is a semi-simple ring, then it is 

regular. 
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(VI) Let Vpj bo a vector spree over a division, 

ring D. Then S = Endj.(V) is' a regular ring. ((V) and (VI) 

follow fron (III)). 

(VII) Let £p be a non-zero infective module 

(dee 9*7 fo^ references for injccti^fity) and S = Endp(E). 

Then S/Ra.d 5, is a regular ring. ( This extends to 

qua.si-injective modules. See T L , ̂ if.i+, Proposition 1 

and Exercises 7 and 8] or j~GII, Theorem 1.22 J. ) 

Many more examples of regular rings arc given in 

standard text books, for example FGII J "and [KII] , 

9.4. PROPOSITION. Let R be a ring and A an idcr̂ l of R. 

(I). If a is a regular elerjent of R, then a is a regular 

olonent of R/A. 

(II). If R is a rugylar ring, then so is the ring R/A. 

Proof. Lot b be an tilomont of R such that aba = a. 

Then a = aba = aba in R/A. This proves $1). Clearly, 

(II) follows from (I). 

9'5 REMARKS (I). Let i bo a regular clement of a ring R. 

Let aba = a. Then u=ab, f=ba affi'e idempotcnts and we have 

Ra = Raba ̂  Rf ^ Ra implying Ra = Rf and similarly aR = eR. 

(II). It follows from (I) that if a is a regular 

element ofi an abclian ring R, then Ra and aR are ideals 

of R. 
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9.6. PROPOSITION. The f.ollovving arc equivalent on a ring R 

(I) R is r- regular ring. 

(II), (II)' Every principal lef--t(right) ideal is 

generated by an idcmpotcnt (equivrlently, is a dinect suniraand) 

(111)5 (III)' Every f.g. loft (right) ideal is generated 

by an idcmpotcnt (equivalcntly, is a direct sunmand). 

PROOF: (I)—^(11) and (I)->(II)' follow from Remark 9.5(1). 

(II) ->(I). Lot Ra = Re, e = o^. Let e = ba, a = xo. Then 

aba = ae = xe = xe = a, shows that a is a regular element. 

The proof of (II)'—s. (I) is similar. For (I)^->(III) ( and 

(I)-̂ -̂ (III).' ) soo pJII, Theorem 1 .11 or [L/'^^-^] or 

[R, Theorem 4.12 "j . 

9.7 REMARKS. We shall nssuuic known the basic properties of 

projective and injectivc modules ( sec, for example, fstl , 

I^AFJ or |R^ . ) A ring will bo called leflt hereditary if 

every left ideal is projective, loft seim.-heroditary if every 

f.g. left ide:̂ l is projoctivo and a left p.p. ring if every 

principal left ide-1 is projective. It follows from 9.6 that 

regular rings are left ( and right ) semi-hereditary and left 

( and rigjat ) p.p. Let I be an infinite set and fon. each 

ifcl lot K^ be a field. Then, by Example 9.3 (II) , R= H K j_ 

is a regular ring, which is not serai-simple since the 

ideal A = 0 Kj_ is not a direct summand of R. Hence by 
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a theorem of Osofsky [_02: 64] , there exists a cyclic 

R-module which is not injoctivo. It is known ( See either 

fsi : 685 Lemma 7.2~j ( for a proof using a lemma of Snapper 

fs 5: 65I ) or \'s'J:7k , 5.2 J ) that R is a sclf-injectivc 

ring. Thus the injoctive R-module R has non-injcctivo quotients. 

Hence by ( TR, Theorem ^•lOl ) R cannot be a hereditary ring. 

Thus regular rings need not be left or right hereditary. 

Following Chase fc2 : 60 j a ring is call'-d left coherent 

( [St; p.45 "j, [_AF, ^19] or [FI, ,11.34j ) if every finitely 

generated left ideal is finitely presented. Loft noethorian 

rings are Icfit coherent, A finitely generated projective 

modulo Can be easily seen to bo finitely presented. It follows 

that left scaihercditary rings are loft coherent. Therefore 

regular rings are left and right coherent. It follows by 

I St. 5 Proposition 13.31 or [FI , Chapter 11, Exercise 2J 

that if Ra and "Rb are principal left ideals in a regular 

ring then Ra r\ Rb is principal. A direct proof of this result 

can be found in | Sk., ^23 Theorem 1 J . 

9.80 PPOPOSITIONw Suppose that 0 and 1 are the only 

idcmpotents of a ring R. 

(I). If a is a non-zero regular element of R , then a is 

invertiblo. 

(II). If R is a regular ring, then R is a division ring. 

Proof. Let a = aba for an element b of R. Let e = ab. 
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Then o = e and ea = aba = a ?̂  0 shows that e 4 0. Honce, by 

hypothesis 5 ab ='c = 1. Similarly, ba = 1. This provos (I). 

Clearly, (II) follows from (I). 

9.9 COROLLARY. Let R be a regular, local ring. Then R is 

a division ring. 

9.10. COROLLARY. Let R bo a regular domain. Then R is 

a division ring. 

9.11. PROPOSITION". Lot R bo a regular, left noethcrian ring 

Then R is a semi-simple ring, (This gives a pantial converse 

of 9.3(V) ^). 

PROOF. Lot A bo a le f i t i d e a l of R. As R i s l e f i t 

noethcrian, A is f.g, Honce, by 9.6, A = Ro, for some 

2 e = e . Hence A is a direct suramand of R, ana so R is a 

semi-simple r ing . 

In the next two results, we assume a knowledge of the 

basic properties of locaJisrtions. This can bo found for 

example, in FAM, Chapter g 1 or fJII, Chapter 7 1 . 

9.12. PROPOSITION. Let R be a ring and S a multiplicatively 

closed subset of the centre of R. 

(I). If a is a regular element of R, then a/s is a regular 

element of S" R for each seS, 

(II). If R is regular, then so is S" R. 
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PROOF. Let a = aba. for some b (^ R. As s is central, wo have, 

a/s. sb/1. a/s = aba/s = a/s in S" R. 

This proves (I); (II) follows from (I). 

9.13. PROPOSITION. Let R bo r commutative rin£,. Then R is 

regular if and only if for o-ich prime ido-al p of R the 

localisation R is a field. 

PROOF. By 9.12(11)5 R is a regular ring. Hence (bding 

a commutative, regular, local ring) R is a field, by 9.9• 

Let a^-R. Now if M = Ra/Ra , then for each prime ideal p 

of R, Mp = ( Rp. a/1) / Rp (a/1)^ = 0 as Rp is a field. 

"P ? 
Hence M = 0. Thus Ra = Ra and so a = a b for some b in R. 
So R is a regular ring. 

Central localisations will be studied further in section 17 

where the ideas in 9.12 and 9*13 will bo extended. 

9.1^. PROPOSITION. In a commutativo regular ring R every 

prime ideal is maximal ( i.e. R is zero-dimensional ). 

PROOF. Let p bo a prime id.oal of R. Then R/p is a 

commutative, regular, dom.ain and so a field. So p is a 

maximal ideal. 
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10. Stnongly regular rinpjs. 

ID this section wo study rogulrr rings which arc 

also abclian. It will be shown that this condition is also 

oquivplont to regular end reduced, to regular and duo and to 

a number of other conditions. (Sec Theorem 10,8 below). 

10.1. DEFINITIONS. Let R be a ring md a pn clement of R. 

Vi/e say thnt a is Icfit (respectively, right) strongly rogulrr 

if there exists an olG.nont b of R such that a = a b 

(respectively, c = he ). Wo c-11 a ring R loft (respectively 

right ) strongly regulrr if cpch clcTnent of R is left 

(respectively, right ) stronglj rê gular. 

10.2. EXAMPLES. If R is a commutative ring then an oljmcnt 

a is rogulrr if and only if it is strongly regular. Division 

rings are strongly regular. 

10.3. REMARK. In 10.5 below, wo shall show that a ring R is 

left strongly regular if rnd only if it is right strongly 

regular. Thus this condition is left-right symmetric. 

lO.Zf. REMARK. If R is left strongly regular, then R is 

reduced, symmetric, abelian and d.f. Wc also hove 

1(a) = r(a) for occh a in R. 

PROOF. Suppose a £ R such th-t a^ = 0. Then as there exists 

b ̂  R such that a = a^b, we have a = â b = 0. b = 0 

So, by Proposition 6,7, R is reduced. So R is symmctric(6.6) 

abclian (6.5(11)) and d.f. (§.7 ). The statement about 

annihilators follows from 6.8. 
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10.5- PROPOSITION. Suppose R is loft strongly regular. 

Then R is re®ilar and right strongly regular. 

PROOF. Let x ^ R and x = x^y. Hence x (1-xy) = 0 

implying, by 10,^ (1-xy) x = 0. So x = xyx showing that 

R is regular, Again^ by 10.§, x(l-yx) = 0 yields 

(l-yx)x = 0 i.e. x = yx . Thus R is right strongly 

regular. 

10.5 PROPOSITION. Let R be strongly negular. Then R is 

left ( and right) duo. 

PROOF. By Remarks 10.4, and 9.3(11) Ra is an ideal for each 

element a of R. Hence, by Remark 7.2, R is left duo. By 

sgrmmetry (Proposition 10.5 ) R is right duo. 

10.7. REFJVRK. It is easily seen that a factor ring of a 

strongly regular ring is strongly regular. 

10.8. THEOREM. Let R bo a regular ring. Then the following 

are equivalent. 

(1) R is strongly regular 

(2) R is reduced. 

(3) R is abolian 

(k) Every principal right ideal of R is generated by 

a central idempotont, 

(5) Every right R-raodulc is symmetric 

(6) Every cyclic right R-module is symmetric 

(7) R is a symmetric ring 
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(8) R is right duo 

(9) R satisfies Condition 5(A) (See Remark 5.3) 

(10) R satisfies Condition 5(B) ( see Reraark 5.̂ ) 

(Of course, the left-sided counterparts of (if.), (5)> (6) and 

(8) arc --Iso equivalent to (l) ) 

PROOF. Note that thi. implications 

(2) - ^ (7) ( 6.6 ), (7) yO) ( 6.3 ), (9) — V (10 ), 

(10) ^(3) hold generally, that is without any regularity 

assumption on the ring R. (1) y (2) is Remark 10,^. 

Assume (3) and let a. = aba Then ab = e is central implies 

a = ao = a^b. So (1) follows. Also wo have, (1) —$> (8) (10.5) 

and (8) — V (10) trivially. Hence (1), (2), (3), (7), (8), (9) 

and (10) arc all equivalent. (3) ^ik)- Ldt a ̂  R, Then 

aR = oR, whore o = o €. Centre R, as R is regular and abelian, 

(^)—>-(1). Let a 6; R; lot aR = oR, .where e ̂ Centre' R.i 
2 2 

Then c = ab, a = oa"gives a = c a'= oa = ao = a b. 

Next v/c prove the equivalence ( due to Raphael 

C R 2: 74 J ) of (1), (5), (6) and (7). The implications 

(5)—^'(6) and (6) — ^ (7) are trivial and (1 ) ̂ -> (7) was 

seen above. Only to prove (1) J>»(5): Lot m £ M, r; s ^R 

such th?t mrs = 0. Let I denote the annihilaton' of m. 

As R is right duo, I is an ideal of R. Now rs ^ I 

implies r. s = 0 in R/I,v*iich is a strongly regular ring, 

by Remark 10.7. Hence, by lO.ifj's.'r. = 0, i.e. s r ^ I . This 
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implies Dsr = 0, showing that M is a syramutric R-module 

Thus CD, ik), (5), (6) and (7) arc equivalent. This coraplotes 

the proof of the theorem. 

10.9. HEMARK. Wo note the following extension of the 

implicrtion (2) >.(8) due to Birkenmeier ^B]: Q3, Remark 

before Corollary 1^ 1 • Let A be a rig^t ( or It-ft) ideal 

of a regular ring R. If A contains no non-zero nilpotent 

elements then A is an ideal. 

10.10. LEMMA. Let a be a regular element of a ring R. 

Suppose aba = a and°thu idcmpotonts e = ab and f = ba arc 

both central. Then c = f. 

PROOF. We have ae = ea = a and so 

e = abab = afb = fab = fe = bae = ba = f. 

The following result can be deduced from Lemma 10.10. 

10.11. PROPOSITION ( Raphrul iR2; 7k] ) The followingi are 

equivalent on a ring, R. 

(i) R is strongly negular 

(ii) R is regular and if ajb^R with a = aba then 

ab = ba. 

10.12. TERMINOLOGY. Wo shall use the following^terminology. 

By a 2-inversu of --n clement a in a ring R we shall moan an 

element b such that b = bab. By a 1-2-invorse of a wc mean an 

element which is bo'̂ h a 1-inverse and a 2-inverse of a. 
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10 .13 . REMARK. If c has a 1 - invcrso , then i t has a 1 -2 - inve r se . 

Lot a = aba. Then with b . := bab v/c have ab^ a = a and 

b-jab^ = bababab = bab = h-^. 

The follo\ving result is due to Savage ^S Zf : 80 2> 

who studied generalised inverses in regular rings. 

10.14. PROPOSITION. Suppose b̂  and h^ are two 1-2-inverses of 

an clement a. Suppose ab, and b. a arc both central clemnnts. 

Then bi = bp. 

PROOF. By Lemma 10.10, ab, = b,a = e,, say Let Oo = abp 

Then e-]= ab^=ab2ab^ = Cpe-,= c-,Cp = ab^ abp = abp = Cp» 

Finally 5 b^= b^ab, = b-, Q^ = b, ab, = '̂ î p = epbp= bp0p=bpab2=bp. 

10.15. PROPOSITION. ]|̂ St; Chapter 1, Exorcise k7 (ii)l In a 

strongly regular ring every element has a qnique 1-2-inverse 

PROOF. Existence follows from 10.12 and uniqueness from 10.1^. 

CJ 1 • Weo.kly regular rings 

In this section wc shell study rings in which 

every left ideal is idempotont ( and also the right-sided 

counterpart of this clnss). This class contains all regular 

rings and all quasi-simple rings. 

11.1. DEFINITION. An olcmGnt a^R is called a left 

i-^csppctivcly, rig;ht) woaiily regular oloMont if Ra = (Ra) 
p 

(respectively aR = (aR) ) 
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11.2. REMARKS: (1) An Gloraont a^R is loft weakly regular if 

and only if at(Ra) . 

(2) If a is a regular clement {^.^) then a is left 

?.s well as right weakly regular. 

(3) If n 6 Centre R, and a is wcaĴ ly regular then 

Ra = Ra Ra = aRa shows that a is regular. 
p 

(5) Let a bo- night strongly regular, so that a = ba 

for some b^R. Then a = b.a.i. a (CRaRa show that a is left 

wecJily regular. We shall show in Proposition 11.19(1) that 

the converse holds if Ra is an ideal of R. 

11.3. DEFINITION. A ring R is left weakly regular if each 

element a of R is left weakly regular, i.e. Ra = (Ra) for 

each aeR. ( See Proposition 11.9(1) below). 

n.^ REMARKS. (I) By Remark 11.2(2) regular rings arc left 

as well as right weakly regular. 

(II) By Remark 11.2(3), commutative weakly regular 

rings are regular. 

(III) Let R bo a quasi-simple ring ( 8.1 )• Then 

for each non-zero elcraont a ofi R, the nonzero ideal RaR 

coincides with R. Henco RaRa = Ra and aRaR = aR. Thus R is 

left (and right) weakly regular. 

(IV) Suppose R is lofc weakly regular i.e. every • 

principal left ideal is idcmpotent. Then each loft ideal 

A of R is also idempotont: for if a 6. A, then a E. Ra = (Ra)^;^ A^, 
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? 2 

so A^A ; the reverse inclusion alv̂ r.ys holds, thus A = A. 

Because of this left weakly regulc.r rings have clso been 

called as left fully idompotont rings in the literature. 

In the following propositions (11.5j 11.9> 11.10,11.11) 

we obtain some basic properties of weakly regular rings. In 

view of Remark ll.if(I) those are properties of regular rings 

as well. 

11.5. PROPOSITIONo (I). If X is r central regular element 

of a ring R and C = Centre R then x is C-regular (i.e.regular 

rs an ulcmont of C). 

(II) The centre of a v/eokly regular ring is regular. 

P̂ ÔOF. (I). Let y <$ R such tnat x = x^y = xyx Let o = xy.= yx 
2 

Then e = o, and ex = x 

Step 1 . e£C: As x^C, v/e have ez = xyz 

= yzx = yzxyx= yxzyx = eze and so zc = zyx =xzy=xyxzy 

= xyzxy = Gze = ez for each ztR. So e<eC. 

Step 2. ey ^ C: Next, we have, for z ^R, 

oyz = yzo = yzyx and zey = ezy = yxzy = yzyx, shov/ing that 

oy 6: r. 

Finally, we have x.ey.x = exyx = ex = x 

showing that ey fc C is a 1-inverse of x. 

(II) By 11.2(111) a central, left werJily regular 

element is rogulajr. Hence this follows from (I). 
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11.6 REMARK. That the cc-ntro of a regular ring is ndgular 

is a classical r-esult duo to John von Neumann([_ vN: % ~^ 

11.7. COROLLARY. Let R bo an iddacomposable, weakly 

regular ring. Then C = Centre R is a field. 

PROOf. Since R is indecomposable 0 and 1 are the only 

idempotcnts of C, which is a regiilar ring by 11.5(11). 

Hence C is a field by 9.8 (II). 

11.8. COROLLARY. The centre of a primej regular ring is a 

field. 

11.9. PROPOSITION. (I) Let x be a (left) weakly regular 

element, of a ring R such that x fe.Rad R. Then x = 0. 

(II) A weakly regular ring is semi-primitive. 

PROOF. Since RxRx = Rx, there exists z^RxRcRad R -

such that X = zx. Then, (1-z) x = 0 implying, as 1-z is a 

unit, that x = 0. This proves {1) . Clearly, (II) follows 

from (I) and its right-sided analogue. 

11.10. PROPOSITION, A weakly regular ring is semi-prime. 

PROOF. This follows from Remark 11.^ (IV): if every left 

ideal is idompotont then no nonzero ideal can be niipotent. 

This also follows from 11.9 since serai-primitive rings are 

always semi-prime. (See, eg., ĵ FI, 7.32C "| ). 

Refer to 08 for basic results on nonsingular rings. 
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n . n PROPOSITION, A left weakly regular ring R is right 

nonsingular. 

PROOF. Let a 6 Z(R-D ). Then there exists z 6RaR such 

that za = a . As Z(RT^) is an ideal we have z^Z(Rp). Hence 

zL = 0 for some large ri^t ideal L of R Let leL /̂  aR, 

then 1 = at for some t t R . Hence 1 = at=zat=:zl=0 implying 

L/'\aR = 0. As L is large we hove a = 0, showing Z(Rp) = 0. 

11.12 COROLLARY. A regular ring is left and right non-singular. 

In ll.lZf, 11.21 and 11.22 below we give sufficient conditions 

for the equivalence of left and right weak regularity for 

a ring, 

11.13. PROPOSITION. Suppose a is a lef.t weakly regular 

element in a ring- R satisfying the condition 1(a) ^ r(a). 

Then a is right weakly regular. 

PROOF. By hypothesis, there exists b ̂ RaR such that 

a = ba i.e. (1i-b)a = 0. 

Now l(a)^r(a)} implies a(t-b) = 0 i.e., a = ab^aRaP. So 

a is right weakly regular. 

11.1i+. COROLLARY. Tcf. [R1:73, Corollary 11 J). Let R be a 
^ I, 

ring satisfying, the condition that 1(a) = r(a) for each 

a 6.R (eg. a reduced ring ( Remark 6.8 )). Then R is left 

weakly regular if and only if R is right, weakly regulajr. 
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The following proposition is due to Ramr.murjrhi 

[̂Rl : 73I Its proof is routine. 

11.15. PROPOSITION. The following are equivalent for a ring R. 

(1) R is left weakly regular. 

(2) If I is a left ideal and K an ideal of R, 

then IHK = KI 

(3) If I and J are loft ideals of R, then If'^J'R = JI. 

We shall follow the definitions of left zero divisor 

and left invertible in ̂ AF, p.lO 

11.16. PROPOSITION. Let R bo a left weaJily regular ring and 

X an clofflent of R such that the ideal RxR does not equal R. 

Then x is a right zero divisor. 

PROOF. Let. y £RxR such that x = yx. Then y ^ 1 implies 

1-y ?̂  0 and so (1-y)x = 0 shows that x is a right zero 

divisor. 

11.17. COROLLARY. Let R be a domain. Then R is woricly regular 

if and only if R is quasi-simple, 

11.18. COROLLARY. Let R bo a right weakly regular ring. Then 

R is reduced if and only if R is a subdirect product of 

quasi-simple domains. 

PROOF. See [RI : 73I 

Corollary 11,20 to the next proposition extends (8) >(1) 

of Theorem 10,8. 
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11.19. PROPOSITION. Lot a be a left weakly regular element 

of a ring R. 

(I) If Ra is an ideal, then a is right stlrongly regular 

(II) If aR is an ideal, then a is left strongly regular. 

PROOF „ (I). Wo have aR^Ra. Hence a eR̂ R-'̂ -̂ RRaa = Ra . 

( I I ) . We have Ra<a-R. Hence a ^RaRa<aRRa = aRa<aaR=a R. 

( See l.if. for the n o t a t i o n <̂  ) 

11,20 COROLLARY. A weakly regular, duo ring is strongly 

regular, 

11.21. COROLLARY. Let R bo duo. Then R is loft weakly regular 

if and only if R is right weakly regular. 

In b 16 '^^ shall prove that quasi-due, we?kly regular 

rings are strongly regular, extending Corollary 11.20. Here we 

prove a preliminary result extending 11.21. 

11.22. PROPOSITION. Lot R bo quasi-duo. Then R is left 

weakly regular if and only if it is right weakly regular. 

PROOF: Assume, without loss of generality, that R is left 

quasi-duo. By 11.9? being a weakly regular ring, R is semi-

primitive. Thus by 7«9s in eitheir case. R is reduced. So, by 

11.1 if, the equivalence of left and right weak regularity 

holds for R. 

11.23. PROPOSITION: Let B be an idempotent left ideal of R 

and g:F—^R an R-epimorphism. Then BR = R. ( Also, if ^N is 
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a module and g:B—>-W R-cpic then BN = N"). 

PROOF. As B = B^ the left R-linearity of g yields 

R = g(B) = g(B^) = Bg(B) = BE. (Similarly, we have, N = BN). 

11.24. COROLLARY. Let x be a left weakly regular element ofL 

R such that RxR does not equal R. Then the left ideal Rx 

cannot be isomorphic to R. 

11.25. RT̂ MARK. In [FI , Proposition 7.3k~\ and 

i F: 72, Proposition 29~j Faith has given longer proof of 

11,2̂ - (essentially) for a smaller class of rings, namely for 

left V-rings ( see ^14 ) and used it to determine the 

structure of left V-rdngs with certain additional conditions. 

Notice also that 11.16 can be deduced from 11.2if. 

11.26 NOTES. The concepts of a strongly negular element (10,1) 

and a werĴ ly regular element (11.1) date back to at least 1950. 

They were apparently introduced by Bailey Brown and N.H. McUoy 

in j BM:505^^6 1. However, they do not appear to have been 

studied later, the emphasis being on the study of strongly 

regulrr rings and weakly rogulcr rings. The latter (defined 

as in 11.3? but v/ithout the assumption of an identity element) 

wbipe studied in Ramamurthi's dissertation submitted to the 

Madurai University in 1970. His paper |J?1 :73 j I'oproduces 

portions of this dissertation and contains our 11.5(11)5 

11.9(11)5 11.11, n.14( essentially) and 11.15-18. However 

the "element-wise" approach taken in 11.2(4)5 11.5(1)311.9(1)s 

11.13, 11.19 and 11.24 appears to bo novel. 
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t<̂  12. On f-in.1ective and p-in.joctive modules and rin^s. 

In this section we shall introduce two conditions 

weaker than injectivity - f-injectivity and p-injectivity -

and characterise rcegular rings in terms of them, 

Rec-11 the following well-known criterion due to 

Baer. 

12.1. THEOREM. A left R-raodule E is infective if and only 

if for every left ideal I of R every R-linear map f:I—^E 

cm be extended to a R-linear map g:R—>E. 

PROOF. See fB.-ZfOjor Tst., Chapter I, Proposition 5.ZfJ 

or I L, p/f.2, Lemma llor FAF, l8.3 7orrR, Theorem 3.19] 

or Î CE, Theorem 3.2 on page 8j 

We define f-injectivo and p-injective modules by 

weakening the condition in Baer's criterion. We sh-11 state 

these definitions using the classical terminology of 

I-corapletcness due to Baer. 

12.2. DEFINITION. Let I be a left ideal of R. A left 

R-raodule E is called I-completo of every R-homomorphism 

f:I—>E can be extended to a R-homomorphism g: R—^E. 

12.3. DEFINITIONS. A left R-module E is called f-in.jective 

(respectively5 p-inJective ) if for every finitely generated 

(respectively5 principal) left ideal I of R the nodule E i£ 

I-complete. A ring R will be called a left f-injective 
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(respectivelyJ left p-in.jective) ring if the module ^R is 

f-injective (respectively, p-injective). 

12./f. REMARK. Suppose the left ideal I is a direct sunimond 

of R. Then every loft R-module E is I-complote; if f:I->-E is 

R-lineor and I t̂  J = R, then each x e R can be uniquely 

written as x = i+j with iel and je.J, and the map g: R->-E 

defined by g(x) = f(i) extends f. 

12,5 REMARK. By definition, every inooctive modulo is 

f-injoctive and every f-injective module is p-injective. 

12.6. REMARK. V.S. Ramamurthi and K.M. Rangaswamy 

c-ll a module E finitely infective if for every R-raodule M 

and every f.g. R-submodule N of M every R-homoraoiphisra 

f:N—>E can be extended to a R-homomorphisra g:M->E. Cle-̂ rly, 

finitely injective implies f-injective in the above sense. 

12.7. REMARK. Over a left noetherian ring f-injective modules 

are injective. Over a left principolideal ring p-injective 

modules are injective. Baer's criterion (12.1) yields these 

assertions. 

12.8c REMARK. Direct products and direct factors (summrnds) of 

f-injective ( respectively, p-injective) modules are f-injective 

(respectively, p-injective). This follows in the same way as the 

corresponding results for injective modules. ( See 

£st. Lemma 6.^ of Chapter ij or pAF, Proposition 1©-2]] or 

[R, Theorem 3.1^1 or ]jL, Section ^.2, Proposition 2 J ) 
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12.9. REMARK. By a result of H.Bass and Z. Papp R is left 

noetherian if and only if every direct sum of injective 

left R-modules is injective, ( |R,Theorem Zf.S?! 5 

pAF, Proposition 18.13J ). However, a direct sura of left 

f-injectiveCrespectively, left p-injective) modules is loft 

f-injective (respectively, left p-injective). This holds 

because when I is a f.g. left ideal of a ring R, the image 

of a R-horaoraorphism f: I—>TTM: is actually contained in 

a direct sum of finitely many M? s. 

12.10 REMARK. Colby ("03 :75] calls an f-injective module as 

^- injective^ MattLs JjAl^ : 8^ ^s semi-injective. Ufamiano 

has defined a property called coflatness, which is more general 

than flatness. He has shov;n that a module is CQflat if and only 

if it is fr-injective, 

12.11 REMARK. Recall tiiat a ring R is celled left 

self-injective if the module „R is injective. If S is 

principal ideal domain and A a non~ze^o ideal of S, then 

S/A is a self-injective ring JR, Theorem if.287. Left self-

injective rings are clearly left f-injective and left 

p-injective. 

The following theorem (12.13) was essentially 

proved by Ikeda and NaJk̂ yaraa I IN:54lc'nd reproved by 

Ming r Ml: 7^7 
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12.12. LEMMA. Let I be a le f-t ideal of R. If I is principal 

and p-injective (or fL.g. and f-injective) then I is a direct 

suramand of R. 

PROOF. Consider the identity map 1 :I—^I. By hypothesis, 

there exists g:R—^1 extending 1̂ , 

suramand of R. 

So I is a direct 

12.13. THEOREM. The following conditions are equivalent for 

a rinĝ . R ( of course, every le£t-sided statement has a ri^t-

sided counterpart). 

(1) R is regular. 

(2) (respectively(2'')) Every left R-module is f-injective 

(respectively, p-injective) 

(3) ((3 )) Every cyclic left R-module is f-injective 

(p-injective) 

(4) ((Zf )) Every left ideal is f-injective(p-injective) 

(5) ((5 )) Every principal left ideal is f-injectivc 

(p-injective) 

PROOF, We shall prove the implications as follows:* 

Xl)^ 

>(5') 
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PROOF. (l)->(2). Let I be a f.g. left ideal of R. Then 

I is a direct sumniaiid ofi R, by 9.6. Hence every loft 

R-module M is I-complote by 12.4. So M is f-injoctivo. 

(5 )—>(1) is the only other non-trivial implication. This 

follows by Lemma 12.12 and Proposition 9«6. 

12.14. COROLLARY. If R is a regular ring then R is leilt 

and right f-injectiveC and p-injective). 

12.15 REMARK. Recall that a module M is called quasi-in.1ective 

if for every subraodule N of M every R-homomorphism f:N—>M 

extends to an ondomorphism g^ of M. It is known ̂ RV1:72 I 

that if M is a quaai-injective module and N a submodule of 

M then N isomorphic to a direct aummand of M implies 

that N is itself a direct suramand of M. The following is an 

analogue of this result for f-injective (p-injective) rings. 

12.16. PROPOSITION. Suppose R is a left f-injective 

(respectively, p-injective) ring. Suppose I is a f.g. 

(respectively5 principal) loft ideal of R which is 

isomorphic to a direct sumraand of R. Then I is a direct 

summand of R. 

PROOF. Assume R is lefft f-injective. By 12.8, I is an 

f-injective left R-module. Hence, by 12.12, I is a direct 

summand of R. The proof in the p-injective case is similar. 

See 9*7 for the terminology used below. 
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12.17. PROPOSTTION (Damiano [D:79]) The following are 

equivalent for a ring R. 

(1) R is regular 

(2) R is left semi-hereditary and left f-injective 

(3) R is lef tL p.p. rnd left p-injective. 

( As usu-̂ l, left can be replrced "by ri^ht in conditions 

(2) and (3) ) 

PROOF. SeE Remarks 9.7 and Theorem 12.13 for (1)—>(2); 

(2)—^(3) is trivi-̂ l. (3) -^(i). Consider for a in R hhe 

R-epimorphism f:R—>Ra defined by f(x)=xa. As Ra is projective 

f splits m d Ra is isomorphic to a direct su^mand of R. So 

by Proposition 12.16, Ra is a direct sumnand of R. So R is 

a regular ring. 

12.18. REMARK. The above result is stated in ^AI : 82j . In 

FAI: 82J Ahsan and Ibrahim have also proved two theorems 

iJ>'k, 3.8) characterising regular rings. However, 3i!)an> T'â'-iA'̂S 

of aecferon 3.8 of ]j\I:82l cjre included in fheorem 12.13 rbove 

and do not really require Azumayr's R-projectivity or 

flatness'. 

Regular rings are f-mjoctive rnd p-injective. 

Although these names wcrjs- used Inter, thd study of f-injective 

and p-injective rings was initi-itod by Ikeda and Nr'kayana 

in \l¥ :5^J . We shall show that their characterisation 
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of left p-injective rings riN:5̂ l-», Theorem 1(1) "] can be 

obtained as a corollary to a proposition .-iiving a necessary 

and sufficient condition for R to be Ra-coraplote for an 

element a of R. (The classical paper |_IN:54][led to a number 

of further investigations involving annihilators and chain 

conditions. See for example, [F: 66 ) , TRVS:??^ ) andjz:76 J .) 

12.19. PROPOSITION. Let a be an element of. a ring R. Then 

the following are equivalent, 

(I) The modulo R is Ra-complete 

(II) rJ? = r[l(a)j 

(III) aR = r(J) for some subset J of R 

(i.e. aR is a right annulet in.the terminology of 

Faith FF : 66] ) 

Proof. (I) --> (II ), Assume R is Ra-completo. Since_,by 

3,7,e^<: rn.(a)l always, only to prove the reverse 

inclusion. So let x£ rri(a)j , i.e. l(a)x = 0 and so 

1(a) <l(x). Therefore, the map f:Ra-^R given by f(ra) = rx 

is easily seen to be well-defined. By the Ea-completeness of 

R, this map is given by right multiplication by an element y 

of R. Eence x = f(a) = ay shows x ̂-aR. 

The implication (II)~->(III) is trivial. Now assume(III) 

Let f:Ra-^R be R-linear, and let y = f(a). Now Jo = 0 implies 

Jy=Jf(a) = f(Ja) = f(0)=:0. Hence y6r(J) = aR, i.e. y=az for 

some Z6R. Thus f is given by f(xa)=xy=xaz and so the linear 
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map R —JJ-R given by right multiplication by z extends f. 

This proves (I). (Note (III)—>(II) can be proved directly: 

if aR = r(J), then r[l(a)]=r [l(aR)J= r^(r(J))] = r(J) = aR, 

by using 5.?.) 

12.20 COROLLARY. The following are equivalent for a ring, R. 

(I) R is left p-injective 

(II) aR = r[l(a)] for each aeR 

(III) Every principal right ideal is a right annulet, 

Vie record some related results. (See references cited 

fon proofs). 

E.A. Rutter, Jr. j R 5:75) also studied p-injective 

rings, calling then rings with the principal extension property. 

He rediscovered 12,20 and proved the next result, 

12.21. PROPOSITION. Let R be a left p-injectivc ring, with 

ascending chain condition on annihilator left ideals. Then 

(a) R is right artinian 

(b) R is left artinian if and only if the left socle 

of R is f.g. as a left ideal. 

12.22. PROPOSITION ( [lN:5/+, Theorem l(ii)lor [st., Chapter XIV, 

Proposition 2.1 'l)Following are equivalent on a ring R. 

(I) R is left f-injoctive 

(II) R satisfies (i) r (I^r]l^) = r(ip+r(l2) for all 

f.g. lofjt ide-̂ ls. 1,5 Ip. 

and (ii) r rL(a)J = aR for every a tR. 
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12.23 PROPOSITION. ( [lN:5^^ theorem Kiiif] or [st, Chapter XIV5 

Proposition 2.21 ) Let R bo leflt self-injective. 

Then: (i) r (l^f)!^) = r(I^)+r(l2) for all lefit ideals 1^,12 

(ii) r fl(J)l = J for every fT.g. ri#it ideal 

I2.2if. COROLLARY. Let R be left noetherian. Then R is left 

self-injective if and only if 

(i) vil^C^l^) = r(I^)+r(l2) for all left ideals Î  

and Ip, 

(ii) rll(j)J = J for every f.g. right ideal J. 

These results leat to the study of rings defined 

below. 

12.25. DEFINITION. A right and left artinian ring R is called 

^ .quasi-Frobenius ring ( or QF-ring) if it satisfies ̂ [l(A)] = A, 

l|rr(B)] = B for all riĝ it ideals A and left ideals B. 

12.26 PROPOSITION. If R is left or ri^t noetherian and is 

left or right self-injective then R is a QF-ring. 

PROOF. See 'jst. , Chapter XIV", 'Proposition 3.^1 

There is a vost literature on QF-rings. It v/ill taJte 

us too fnr afield to discuss them here. 

p 13, Flatness and in.jectivity. 

For basic results concerning tensor products and 

flatness we refer to standard texts (eg. jSt., Chapter I~\, 

LAF, bl9j, JR, |2 andf3j ) 
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We begin with the following well-known characterisation 

of regular rings. 

13.1 THEOREM. Let R be a ring,. Then the following arc 

equivalent. 

(1 )' R is regular 

(2) Every left R-module is flat. 

(3) Every cyclic left R-module is flat. 

PROOF. See [st., Chapter I, Sl2~l , [R, Theorem t^.Zlf] , 

[GII, Corollary 1.13], !L,S.5.^5 Proposition ifj of 

TAFS Exercise 19.16 j . 

13.2. THEOREM (Villamayor) (See Chase [̂C Z: 60] ) 

Let 0-->K—>F--^B —>0 be an exact sequence of R-modules, 

where F is free, K^F and K-^F the inclusion map. Then the 

following are equivalent, 

(i) B is flat 

(ii) Fmn every vc- K, there is a map 

h:F--^K with h(v) = v 

(iii) For every v̂  ... v 6: "K, there is a map 

h:F->K with h{v^) = v; for each ±,± = 1,2,3,...ri 

PROOF. See [ R , Theorem 3.39^1 or | F I , 11.2?] for a proof . 

See a l s o f s t . , Coro l l a ry 11.4 i n Chapter l l 

1 3 . 3 . COROLLARY (Chase [C2 : 60] ) l e t K be a l e f t i d e a l 

of a r-ing R. Then the fol lowing are e q u i v a l e n t . 
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(i) R/K is flat ( as a left R-raodule) 

(ii) For each a in K there is some b in K such that 

ab = a (i.e. a^aK). 

PROOF, (i) —>(ii) Considen the exact sequence 

0^->K->-R -^-R/K-^O 

Let airK. By Theorem 13.2 there exists h:R-^K such that 

a = h (a) = ah(1) = ab where b = h(1)(bK. 

(ii)—̂ ('j) Again apply Theorem 13.2 

13.^. COROLLARY. Suppose the ring R satisfies condition 5(A) 

on annihilators. Let K be an ideal of R. Then R/K is left 

R-flat if and only if R/K is rig^t R-flat. 

PROOF. (--> ) Let aeK. Then by 13.3 there exists b in K such 

that a = ab. So by condition 5(A) a = ba. Hence by 1̂ ,3 again 

R/K is right R-flat. 

For a left R-module M, let M* = Hom2(M5Q/Z). M* 

becomes a right R-module under the following definition : 

for ffcM*, r€R, fr is defined by (fr)(m) = f(rm). 

We have the following theorem due to Lambek. 

13.5 THEOREM. A module pM is flat if and only if M^ is 

an infective module. 

PROOF. see Qst., Chapter I, 10.5l 

IJR, Theorem 3.35 7 °̂ - [̂ ŝ Theorem 5.60 1 

or TL, ^5.3 ']or r AF, Lemma 19. l3* 
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Let 'A be an ideal of a ring R, The next theorem gived an 

"injectivity criterion" for the flatness of the left 

R-module R/A. We include a proof for the sake of completonesa. 

(Note that Theorem 13«6 has been attributed to Azumaya TA :73l 

by Tousif jj:86, p. 141J In ^:86^ Proposition 3.2J Yousif 

has proved thail the two conditions in Theorem 13»&- are 

equivalent to the condition obtained by replacing:'injective 

by'p-injective'ln (ii) (cf. 13.7 - 13.11 below).) 

13.6. THEOREM. Let A be an ideal of R. Then the following 

are equivalent.' 

(i) R/A is flat as a left. R-raodule 

(ii) Every injective right R/A-module is 

injective as an R-module. 

PROOF. (i)—>(ii). Let h:R—^R/A be the canonical quotient 

map. Let E be an injective right R/A-module. Let B be a 

rigfit ideal of R and f:B--»E an R-homomorphism. Consider the 

induced map 'f: B + A / A ~ ^ E defined by f(b) = f(b). This is 

well-defined: if Iĉ O i.e. xr-Bf|A, as R/A is left R-flat 

there exists y f-A such that x = xy ( by 13»3 ) Hence as 

EA = 0 we get f(x) = xf(y)^EA = 0. Hence as E is E/A-

injective this extends to a homomorphism k:R/A-^E and so 

koh.:R->E extends f. So by Baer's criterion E is injective 

over R. 
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(ii)->(i) Consider the loft R-module R/A and the riglit 

R-raodule (R/Af = Hom^ (R/A, Q/Z). Now R/A is left 

R/A-flat, and so (R/A) is an infective right R/A-mo'dule, 

by Lambek's theorem (13.5)« Hence, by hypothesis (R/A) is 

injectivo as a right R-module. So with another application 

of Lambek's theorem we conclude that R/A is flat az a left 

R-module. 

Fext, we shall prove two propositions, one giving, 

a necessary condition and anothen giving a sufficient 

condition for the flatness of R/A as a loft R-module, where 

A is an ideal of R. 

13.7. PROPOSITION ( Lemma (1.2) in ["R 1 : 7j)Let A be an ideal 

of R. Assume R/A is left R-flat. Suppose B is a right 

ideal of R such that B^A or B + A = R. Then R/A is 

B-complete ( as a right R-module), 

PROOF. Let f:B->R/A be (right) R-linear. We note first that 

if x^Br\A then f(x) = 0: by 13«33 there exists y^A such 

that X = xy; hence f(x) = f(x)y = 0, as A annihilates R/A. 

Case 1 . B<̂ .A, then B P] A = B and so f = 0 and trivially has 

an extension R-^R/A. 

Case 2. B + A = R. Then 1 = b+a, for some b c-B, at A. So, for 

X in B, X = bx + ax with bx in B and hence ax = x-bx €.B f^A. 

So f(ax) = 0 implying f(x) = f(bx) = f(b)x. Hence f is given 

by left multiplication by f(b) and extends to a R-homomorphism 

R-^R/A. 
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13.8 REMARK. Note that the following are equivalent for 

an ideal A of R: (i) A is maximal as a left ideal 

(ii) R/A is a division ring (iii) A is maximal as a ri^t 

ideal. 
A 

13.9. PROPOSITION. [_R1 : 73j Sutjpose the idealZ.satisfies the 

equivalent conditions of 13.8. If R/A is p-injective as a 

right R~module, then R/A is left R~flat. 

PROOF. Let a be an element of A. We show that a ̂ aA and so 

by Corollary 13.3, R/A v;ill be left R-flat. 

Consider the R-epiraorphism f :R/A --p̂ aR/aA defined 

by f(r+A) ,= ar + aA. 

If f^O, then aR = aA and so a ̂ aA. 

If f ;!̂  0, then R/A is a simple right R-module and hence f 

is an isomorphism. So aR/aA. is p-injective as a right 

R-module. Hence the natural quotient map h; aR -> aR/aA is 

given by left multiplication by an element ar + aA of 

aR/aA. Thus, we have, in aR/aA, a = h(a) = "aF. a 

= ara = 0 as ara eaA. So a taA. 

13.10. THEOREM. Let A be an ideal of R sucEh that R/A is 

a division ring. Then the following are equivalent. 

(i) R/A is left R-flat. 

(ii) R/A is ri^t R-injective. 

(iii) R/A is p-injective as a right R-module. 
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PROOF, (ii) implies (iii) is trivial and (iii) implies (l) 

is Proposition 13.9. 

(i)->(iii) First proof. Note that S = R/A is a division , 

ring and so injective as a right S-module. Applying 

Theorem 13.6 we get -R/A is ri^t R-injective. 

Second proof. Let B be a right ideal of R. Then by the 

raaximality of A as a right ideal, we have B<A or B + A = Re 

Hence by proposition 13.7 R/A is B-completo. The desired 

conclusion follows. 

13.11. COROLLARY. Let R be a commutative ring and M a 

simple R-module, Then the following are equivalent. 

(i) M is flat 

(ii) M is injective 

(iii) M is p-injective. 

13.12. REMARK. We do not know of a direct proof 

(i.e. o'ne not involving, flatness) of (iii)—-^ (ii) 

in Corollary 13.11. 

We shall now consider the question: if R is a 

commutative ring and A an ideal of R, is the flatness of 

R/A as an R-raodule a necessary or a sufficient condition 

for the injectivity of R/A on an R-module? The answer is 

negative in each case. 

13.13. EXAMPLE. Let R be a commutative ring which is not 

selfinjsctive ( eg. R = Z ). Take A = 0. Then R/A is R-flat 

but not R-injective. 
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13«14. REMARK If R is a commutattive selfinjective hereditary 

non-regular ring -we do not know of an explicit example of such 

a ring - then 'there would exist an ideal A such that R/A is not 

R-flat. However, by the argument of 9.7 R/A is R-injective. 

( An explicit, example of a commutative ring R and an ideal A 

such that R/A is R-injective but not R-flat is given in 

TRI :75, '̂ 2 J). 

Next we apply the results of this section to v/eakly regular 

rings. First we prove a generalisation of"[R1 '-I'O^ Proposition 

3.1(ii)J . 

13.15 PROPOSITION. Let k be an ideal of a ring R. Assume 

that each element of A is left weakly regular, ffihen R/A is 

right R-flat. 

PROOF. Let at A. Then, by hypothesis, a = xa, for some 

XfeRaR <CA. Hence, by 13.3, R/A is right R-flat. 

13.16. COROLLARY. Let R be a ring, A an ideal of R 

satisfying the equivalent conditions of 13.8. Suppose that 

each element of A is left weakly regular. Then R/A is left 

R-injective. 

PROOF. Apply 13.15 and ( the left-right dual of ) 13.10 

13.17. COROLLARY (Proposition 3.1(iii) of IIRI :75 1 ) 

Let R be a left weakly regular ring and A an ideal of R 

satisfying the equivalent conditions of 13.8. Then R/A is 

left R-injective. 
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13.18 PROPOSITION-, (cf. Proposition 3>H±±) of j'PI :75l ) 

A ring R is left weakly regular if and ohly if for each 

ideal A of R , R/A is a flat right R-module. 

PROOF. "Only if'' follows fnom Proposition 13.15-for the 

converse, let x be an element of R. Then R/RxR is right 

R-flat. Hence by 13«35 there exists y ̂-RxR such that yx = x 

So x<^RxRx. 

-̂ 1̂ « V-rings and related rings. 

It is v/ell-known and easy to show that a ring R 

is semi-simple if and only if every left R-module ( or every 

cycliff left R-raodule) is projective and that R is semi-simple 

if and ooily if every left R-module is infective. A theorem of 

Osofsky (To 2:6̂ -1 or !02: 68 1 ) asserts that a ring is serai-

simple if and only if every cyclic loft ( or rigjit) R-module 

is injective. It is natural to ask that happens if in addition 

to the class of. cyclic R-modules wo consider a smaller class, 

that of simple R-modules, and in addition to injectivit̂ y and 

projectivity we consider p-injectiviiy and flatness. 

Some results are well-known : it is a standard 

exercise that R is serai-simple if and only if every simple 

R-module is projective. ( See, for example , 1 V:76,Theorem 2.6j 

or I MV:77, p. 566 ~\ • ) We have already mentioned (13.1) 
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that R is re®ilar if and only if every left R-module 

(cyclic left. R-module) is flat. We have also seen (12.13) 

that ''flat'' can be replaced by "p-injective'' hero. Kaplansky 

proved that a commutative ring R is regular if and only if 

every simple R-module is injective ( The usual reference for 

this result is ';RZ:59l . ) Around 1967, Villamayor considered 

rings R such that every simple left R-module is injective. 

Faith FF III 7 called such rings i\s left V-rings afteir 

Villamayor. In |MV:73'] Michler and Villamayor studied the 

structure of V-rings. In IFI : 7k\ Fisher gave an expository 

account of 'the connections between regular rings and V-rings. 

Ming(LM1 : 7̂ J and [MI : 8oJ ) and others have studied 

p-V-rings: A left p-V-ring is a ring R such that simple 

left R-modules are p-injectivc. Ramamurthi |R1 : 75j initiated 

the study oH rings R such that simple left R-modules are 

flat 5 and called them as left SF-rings. 

In this section we shall survey some research work 

done in the field of V-rings and p-V-rings. SF-rings will be 

considered in a later section. 

1^.1. DEFINITION. A ring R is a left V-ring if every simple 

left R-modulc is injective. (These rings have also been called 

as lefi: co-semisimple nings in 1 AF, Exercises 13.10 and 

18.23^. ) 
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lZf.2. DEFINITION A ring R is a left p-V-ring 

(respectively l_eft f-V-rin^) if every simple left R-raodule 

is p-injective (respectively, f-injective ) 

1if.3. REMARK. Note that left p-V-rings are also called 

left SPI-rings in the literature. ( FRI : 75, Section 3I ) 

H.if. NOTATION. For a lef..t ideal L of R, L* will denote the 

intersection of all maximal left ideals containing,̂  L 

( of course, R* = E ). 

The following fundamental theorem gives a 

characterisation of left V-rings. 

14.5. THEOREM, [MV ; 71>, Theorem 2.1 ]^ The following 

conditions are equivalent for a ring R. 

(1) R is a left V-ring. 

(2) For each left R-module M, Rad M = 0 

(3) For each cyclic left R-module M, Rad M = 0. 

(4) For each left ideal I of R, we have 1 = 1 . 

PROOF ̂ See j MV : 73I I note that a module M such that 

Rad M = 0 has been called as semi-simple there. See also 

j^FI; 7.32A "] and \z'M\lh, Proposition 2.2 | 

1-̂ .6. PROPOSITION. Let x be an element of a ring R. Assume 

that every simple quotient of Rx is Rx-complete, Then x is 

left weakly regular. 
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PROOF. Let, if possible, Rx ^ (Rx)^. Then M = RX/(RX)^ is 

a non-zero f.g, left R-raodule and hence has a maximal 

submodule N. Now N = B/(PX)^ for some left ideal B of R such 

that ( R X ) ^ ^ ^ B 4 R X . Hence M/N :::̂'Rx/B is simple and so Rx-coraplete, 

by hypothesis. So the na.tural quotient map h:Rx—>-Rx/B is 

gifeen by h( rx ) = rxz = fxz for some element zfcRx. 

Hence 'x = xz = 0 in Rx/B since 

xz e.xRx <:(Rx) ^ B. Hence x fc-B and M/N = 0, a contradiction. 

So Rx = (Rx)^, 

14.7. COROLLARY. ( See J'MI : 74, Lemma J or j~R1 : 75 , 

Proposition 3.17 ) Let R be a left p-V-ring. Then R is 

left weakly regular, 

14.8. COROLLARY. Let R be a p-V-ring. Then R is semi-

primitive and so semi-primE. 

PROOF. This is e consequence of 11.9, 11.10 and 14.7-

14.9. REMARK. in |Ml: 74, Lemma 1(ii)l Ming proves that 

if R is a left p-V-ring then every non-zero left ideal of 

R contains a maximal left subideal. ffowever, this is a 

property of rings belonging to a much larger class, namely, 

of sonii-primitive rings ( Of course, it is also a property 

of left noetherian rings). In fact, analogous results hold 

for modules also. We prove all this in a sequence of results 

below. 
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lif.10. PROPOSITION. Let M be a module and W a submodule 

of M such that N ̂ Rad M. Then N has a maximal submodule. 

PROOF: Since N^Rad M, there exists a maximal submodule Q of M 

such that N:^Q. Consider the restriction g to N of the 

canonical quotient map M ->M/Q. As N^^Q, gj ?̂  0; hence, as 

M/Q is simple g is onto. Hence- N/Kerg_,̂ 'M/Q is simple and 

so N has a maximal submodule. 

14-.11. COROLLARY. Let M be a module such that Rad M = 0. 

Then every nonzero submodule of M has a maximal submodule. 

lif.12. COROLLARY. Let R be a semi-primitive ring. Then evorv 

non-zero left (respectively, right) ideal of R contains a 

maximal left (respectively, right) subideal. 

1^.13. EXAMPLE. The following is an example of a ring, which 

does not have the property mentioned in 1/+.12. Let R = Z ̂  Q 

be made into a (commutative) ring by defining:, (a,x) (ti,y) 

= (ab, ay+xb). Then subiderls of the ideal A = 0 (+) Q cpf R . 

coincide with Z-submodules of Q. Since „Q does not have a 

maximal submodule A cannot have a maximal subideal. 

1^.1^. REMARK. Kn Example 1.7 of JV : 76^ Varadarajan 

considers R = Z ("^^ ^i 6 ET ' *̂ '® polynomial ring in a 

countable number of indeterminates over Z, the ring of 

integers. Let I be the ideal of polynomials with constant 

term zero. He constructs an R-̂ epimorphism I-> Q, where Q 
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is regarded as an R-raodule via the onto ring homomotphism 

R—^Z takinfe a polynomial tx) its constant terra. It is asserted 

next that since Q has no non-zero f.g. quotient (as a Z-raodulo 

or as an R-module) I has no non-zero f.g. quotient module. 

Of course, this argument is incorrect. In fact, as seen above, 

since Rad R = 0, every nonzero ideal of R does have a simple 

quotient module. 

Corollary 1̂ .12 suggests the introduction of a number 

of related properties. So let us adopt the following 

14.15 TERMIWOLOGY. Let R be a ring,. We shall say 

(1) R has property (P-i ) (respectfcLvely, (P )) if every 

non-zero left R-module (respectively, left ideril) has a 

simple quotient." 

(2) R has property (PT) (( P^)) if every nonzero left 

R-module (loft ideal ) has a nonzero infective quotient, 

(3) R has property (P̂ -) ((Pg)) i-f every nonzero left 

R-module (left ideol) has a nonzero p-injective quotient. 

Ii|..l6. REMARKS.. (I) Rings with property (P^ have been 

variously (failed as (left) B-rings i FII , p. 155 J or 

max rings \^V : 76, .̂'̂ 1 in the literature. 

(II) Trivially, (P2n-1 ̂  implies (P^n^ ^°^ "^ ~ U2.,3' 

Also (P^) -—^(P^) and (P^)~^(Pg ) 
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(III) Every left noethorian and (by lif.lH) every 

semi-primitive ring has (Pp ) but as .̂Q has no simple 

quotient Z does not have (P-,). 

(IV) Suppose R has (Pz) and let S be a simple left 

R-module. Then S has a nonzero injective quotient T and 

so S ^ T (as S is simple). Hence S is injective and 

R is a left V-ring, 

(V) As in (IV) we can show that ifl R has (^c.^ it is 

a left p-V-ring, 

(VI) Suppose R is a left V-ring^ Then by Theorem lif.̂  

for every pM we have Rad M = 0. Hence M has a maximal 

submodule and so a simple quotient, i.e. an injective 

(non-zero) quotient. Thus R has (Pv). 

(VII) If R is a le£t p-¥-ring such that R has (P̂  ) 

then every nonzero left R-module has simple and hence 

(non-zero) p-injective quotient. So R has (Pc). vVe do not 

know if every left p-V-ring has (P,) (i.e. is a max ringi, ) 

(VIII) -Let R be - ro[;ular and M a non-zero left 

R-raodule. Then by 12.13 M is p-injective and so M itself 

is a nonzero p-injective quotient of M. So regular rings 

have (P^ ). 

(IX) By (VI), (VII) and (VIII) above a left p-V-ring R 

which does not have (Pc;) will have to be a ring R such 

that R is neither regular nor V- nor a max ring. 
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(X) As seen above (lif.8) if R is a left p-V-ring, 

R is semiprimitive and so every nonzero left ideal has a 

nonzero simple and so p-injectave quotient. So R has (Pg)« 

Thus, by (V), we can assert that the following implications 

hold: R has (Pc)—>R is a left p-7-ring-^R has (Pg). It is 

natural to ask whether either of these implications can be 

reversed. 

1^.17. REMARK. A left V-riing is by definition a lef.t p-V-ring 

and so lofi V-rings have the properties of left p-V-rings 

mentioned in 14.7 and 1^.8. Because of }k'7 they also have 

properties of leftu weaJily iregular rings mentioned in ^11. 

The rest of this section v/ill be denoted to various 

properties of V~rings and p-V-rings. A few ofi. them will be 

proved and the rest stated v/ithout proof. 

14.18. PROPOSITION. ( cf. Theorem 3.2 of {̂ W/:73j ). The 

following conditions are equivalent for a ring R. 

(1) R is semi-simple 

(2) If pM is such that Rad M = 0, then M is 

infective. 

(3) If pM is a cyclic module such that Rad M = 0, 

then M is injective. 

PROOF. (1)-^(2) and (a)-^(3) are trivial Assume (3). 

Since simple modules are cyclic and have zero radical, 

condition (3) implies that R is a le f't V-ring, 
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So by Theorem H.5 Rad M = 0 for each M. This, together 

with the hypothesis, implies that every cyclic lefti 

R-raodule is injective. So by Osofsky's theorem \ 02 : 6̂ 1 

R is semi-simple, 

14.19. REMARK. It is asserted in rMV:73, ̂ 3 1 that the 

above theorem answers a question of Cateforis and Sandomierski: 

1 CS : 69 I : If semisimple left R-modules are injectivOj is R 

necessarily semi-simple^ However, it should be noted that in 

\ CS : 69~] semi-simple is used in CUE sense and not, in the 

sense of the Jacobson radical being,zero. 

Next we explore the connection between V-rings and 

strongly regular rings. The following theorem was proved 

independently by Brown T B3: 73 Û nd by Sexath and Varadarajan 

I SV : 74 |. Our proof uses the characterisation (Theorem 14.5) 

of V-rings due to Michler and Villamayor and so differs from 

both these proofs, 

14.20. THEOREM. The following are equivalent for a ring R. 

(1) R is a strongly re^alar ring. 

(2) R is a left duo, left V-ring. 

(3) R i s a l e f t quasi-duo, l e f t V-ring, 

( Of .course, lefL can be replaced thnoug^out by right-

in (2) as well as (3) ) . 
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PROOF. ( l ) - > ( 2 ) . Let M be a c y c l i c l e f t R-raodulo. Then 

M ' I ^ R/I where I i s a l e f t i d e a l of R. Since R i s l e f t 

duo ( 10.5 ) I i s an i d e a l of R and R/I i s a r e g u l a r r i n g . 

Now the r a d i c a l of the l e f t R-raodule R/I equa ls the r a d i c a l 

of R/I as a r i n g and hence vanishes by 1 1 . 9 ( 1 1 ) . (See 11.4(1)«) 

So Rad M = 0 which i m p l i e s , by 1A-.5s t h a t R i s a l e f t V-r ing. 

(3)-^(1). Let I be a left ideal of R. Then, by \l^.^, 
* I = I . As R is left quasi-duo, I (being, an intersection 

of maximal left ideals of R ) is an ideal of R. Thus R 

is left duo. As R is also left weakly regular R is clearly 

strongly regulair . ( see Corollary 11.20) 

14.2U, COROLLARY. Let R be commutative. Then R is a V-ring 

if and only if it is regular, 

1̂ ,22 EXAMPLES. We shall nô r record examples which show that 

the regularity of R is neither a necessary nor a sufficient 

condition for R to be a V-ring. 

(I) Let W be an infinite dimensional vector space 

over a field K, and R = Endj^(W). Regard W as a left 

R-raodule by defining f.x = f(x) for any fGR and x tW. By 

9.3(6) R is a regular ring. If Xjy^iW and x ?î  0, then 

there exists f 6-R such that y = f(x); this is a well-known 

property of vector spaces. It follows that W is a simple left 

R-module. It can be shown that W is not infective over R. 

(See ^SV: 7̂ ?. Proposition 2.if j for a detailed proof. ) 
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So R is not a left V-ring. Thus R regular does not imply 

R left V-ring:, 

It will not. be out of place to mention that the above 

result (W is not R-injective) is a special case of the 

following theorem of Sandomierski J S2 : 70, Theorem Ij : 

Let R be a ring, Mp a module such that M = {+). M̂  , where 
" iel 

each Mĵ  is non-zero and I is an infinite indexing set. 

Let S = End(Mn ). Then M is not injective as a left 

S-module. 

(II) Cozzens fc^.: 70 settled the question of the 

reverse implication in the ngative . He o|)tained examples of 

domains which are V-rings but not division rings. Hence by 

9.10 these rings cannot be regular. These rings have been 

studied in detail in IFI ( (PP« 358-362). 

(III) Since loft V-ring implies left p-V-ring and 

regular ring implies loft p-V-ring (12.13) the example in (I) 

is an example of a left p--V-ring which is not a left V-ring. 

Similarly the examples in (II) are p-V-rings which are not 

regular. 
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^15. SF-rings. 

Recall that a ring R is called a right SF-ring if 

'every simple right R-module is flat. If R is regular then 

every R-module is flat, and so R is lefit and right SF. 

Ramaraurthi initiated the study ol SF-rings in \ 'R'\ : 75 | n.nd 

of the question whether an SF-ring is necessarily regular. 

Although a number of partial results have been obtained the 

question is still open. In this section we record some 

properties of SF-rings, The results 15«1 - 15»5 r.rc essentially 

ixi [RI ; 73 1 . 

15.1. PROPOSITION. Let R be a right SF-ring and x an 

element of R such that K = l(x) is an ideal. Then x is 

regulcx. 

PROOF. By hypothesis, xR+K is a iright ideal of 'R. -Suppose, 

if possible, xR+K ^ R. Let M be a maxlraal right ideal 

containing xR+K. Then R/M is R-flat, and so by 13.3 x = yx 

for some y in M. So l-yeK^M and y^M implies 1 ̂ M , 

a contradiction! So xR+K = R and hence 1 = xz+k for some z 

in R and k in K. Hence x = (xz+k)x = xzx, showing that x 

is regular. 

15.2. COROLLAPY. Let R be a SF-ring satisfying condition 

5(B) (See Remark 5.4) Then R is strongly regular. 

Proof. Apply Proposition I5.I "".nd Theorem 10.8 

15.3. COROLLARY. A reduced SF-ring is (strongly) regular. 
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P]̂ QOF. A reduced ririt̂  eatisfies condition 5(A) and hence 

5(B). Now apply 15.2. 

^5.^. C_OP_OL_LAR_Y. A commutative SF-ring is regular. 

15.5. PROPOSITIONo The centre of an DF-ringiis regular. 

PROOF. Let R be a fight SF-ring and let xfeC, the centre 

of R. Then l(x) ic an ideal of R, and so ( by I5.I ) there 

exists y in R such that x = xyx. It follows, by 

Proposition 11.5(1), thqt x is C~regulpr. Thus C is a 

pe:~ular ring. 

The results I5.6 - 15.12 are from [R3 : 86^ . 

15.6. PROPOSITION. A factor rinc of a left SF--ring is a left 

SF-ring, 

PROO£. Let f:R -> T be an onto hcmoraorphism of rings, and 

let S be a sinplo left T-module. Regard S as a left 

R-modulc via f. As f is onto S is a simple, and therefore 

flat, left R-raodule. Therefore T^)^S -CV^ S is T-flct. 

15.7. PROPOSITION. Let R be a left SF?ring and M a 

maximal left ideal of R. Then M is flat. 

PROOF. Consider the exact sequence 

0 —>M - >R —>R/M — > 0 (I). 

Taking character modules we get rn ex-̂ ct sequence 

0—>(R/M)* ^(E)*—>(M)*--> 0. (II) 

( See TL, Ch-pter 5 "j or l̂ R, Lemnr 3.3^^ ) 
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As R/M and • R are flat left R-modules, by 

Lambek's theorem (13.5)j (R/M) and R are infective right 

JR-modules. Hence (II) splits, -uid boint̂ , a direct summand uf 

R , M is knjoctive. Another ppplication- of Lambek's theorem 

yields that M is flat. 

15.8. REMARK. A ring R is a left SF-rinr if and only if 

every semi-simple left R-module is fllat. This holds because 

a direct sum of flat modules is flat. 

15.9. PROPOSITION. A semi-loc-1 SF-rinn; is semi-simple. 

( and. therefore regular ). 

PROOF. Let R be a semi-local, left SF-ring. Then R/Rad R is 

a semi-simple, and thereloro flat (15.8) left R-module. Let 

a cz Rad R" . By 13.3 there exists b^Rad R such that a = ab. 

As b cRad R, 1 - b is c unit and hence a = 0. Thus Rad R = 0 

and R is a semi-simple ring. 

Following I CE:81 | we introduce a definition. 

15.10. DEFINITION. A ring R is called left quasi-perfect 

if every finitely generated flat le£t R-module is projective. 

15.11. REMARKS. (I). It is known that integral domains, local 

rings and serai-perfect rings ( see I AF, ̂ 27j for definition 

and bcsic properties) are left and right quasi-perfect. 

(II). Let R be a left noetherifn ring. Then every 

f.g. left ffi-mudule is finitely presented. Now Theorem 13.2 

Can be used to show that finitely presented flat modules are 
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alv/ays projective. (See pR, Corollary 3-^0 )• Hence it 

follov;s that R is loft quasi-perfect. 

(Ill) It is clrimed in [cE : 8lj[ that left coherent 

rings are left quasi-periEect. However, as seen in 9*7? 

commutr.tive regular rings are coherent. Let R = 1 1 K- , 
<:̂  i=1 ^ 

Where K. are fields. Let A = © K• , r.n ideal of R. Then 
i=1 ^ 

the cyclic R-module R/A is non-projective )(since A is not 

a direct summnnd of R ) but is R-flat, by Theorem 13.1. 

Eence R cmnot be quasi-perfoct. 

15.12. PROPOSITION If R is 3 left quasi-perfect, left SF-ring, 

then R is semi-simple ( and therefore re^'ular). 

PROOF. Let S be a simple left R-module. Then -xs R is left 

SF, S is flr-t. As R is quasi-perfect and S is f.g. and flat 

over R, S is projective. Hence R is semi-simple, ( See the 

references cited in the Introduction of b14 ). 

Finally5 we record without proof sume results :f 

Ming. Fitst, a definition. 

15.13. DJIFINITION. A ring R is called an ELT (MELT) ring if 

every essential ( m?.ximal essentirl ) left ideal is an ideal. 

15.1^. PROPOSITION [MI:80j If R is a semi-prime, MELT, 

right SF-ring satisfying a polynomial identity,, then R is 

a regular, left and right V-rinj, 

15.15. PROPOSITION. pMI :80j A prime, MELT, right SF-ring is 

primitive. 
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15.16. PROPOSITION. (|M1-.so"] Suppose R is a send-prirae, 

MELT, mght SF-ring such that every primitive iactor ring 

is regulfur. Then R is regular. 

15.17. PROPOSITIOr. [̂n : 80J suppose every essential one­

sided ideal of R is p.n ideal, then the following are 

equivalent : 

(r) R is regular (b) R is a scmi-primc, right SF-ring 

(c)R is a. right SF, left p-injective ring. 

15.18. PROPOSITION. j_M1:81, Theorem 2.8 1 The following 

oonditions are equivalent. 

(1) R is left self-injcctive and regular. 

(2) Every left annihilator ideal of R is quasi-

injective md R is a right SF-ring. 

There are many other results cbout SF-rings in 

|_M1:8lJ. However a number of definitions will be required 

for stating them. 

C'l6. An equivalence theorem 
-.J 

In this section wc follovv' to prove the 

equivalence of a number of conditions intnoduced in this <;hapter 

under the assumption that R is a quasi-duo rin^. For 

convenience, the proof of the nontrivial implications in 

Theorem 16.4 is broken into Propositions 16.1 to 16.3. In 
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these propositions R denotes a left quasi-duo ring, 

16.1 PTOPOSI^ION. I f R i s l e f t weal^ly r e g u l a r , then 

R i s r. l o f t V-rinu;. 

PROOF. Let S be a simple l e f t R-module. Then S ::>'R/M 

where M i s a maximcJL l e f t i d e a l and so an i d e a l of R. 

Let X ^ H. As R i s l e f t weakly r e g u l a r Rx = RxRx and 

so t h e r e e x i s t s y fe. RxR cT- M (an i d e a l i ) such t h a t yx=x. 

Thus by 1 3 . 3 ' # R/M i s a f l a t r i g h t R-raodule and so bjr 13 .6 ' 

S -O^ R/M i s an i n j e c t i v e l e f t R-module. Thus R i s a lefit 

V- r ing . 

16 .2 . PROPOSITION. I f R i s a r i g h t SF-ring^ then R i s a 

l e f t V- r ing , 

P_ROOF. I f M i s a maxiraoJ. l e f t i d e a l (and so an i d e a l ) of 

R then R/M i s p s imple , and t h e r e f o r e f l a t , r i g h t R-module. 

By 13 .6 ' R/M i s an i n j e c t i v e l e f t R-module. 

16,3 PROPOSITION. I f R i s a l o f t SF-ring, then R i s a 

r i g h t V- r ing , 

PROOF. Let A = R/Rad R, By 15.6 A i s a l o f t SF- r ing . 

As R i s a Heft quasi-duo r i n g , by ^ . 9 A i s a reduced rdng^ 

By 10,8 A i s strongjLy ixDgular and hence , by 10.6 A i s 

r i g h t quas i -duo . This imp l i e s t h a t R a l so i s r i g h t quasi-duo. 

St) R i s a r i ^ h t V-r ing by 16.2* 

# The n o t a t i o n m,n' denotes the l o f t - r i g h t dual of the 

r e s u l t m,n . 
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l6.i+. THEOREM. Let ĵ  be r. quasi-duo ring, T hen the 

following conditions ar.e equivalent, 

(1) R i s a l e f t V-ring. 

(2) R i s a lef t t p-V-ring, 

(3) R i s a l e f t wepJkly r.egular rinafe. 

(k) R i s a l e f t SF-ring. 

(5) R i s a r igh t V-ring 

(6) R i s a r igh t p-V-ring 

(7) R is a right wecJkly regular ring. 

(8) R is G right SF-ring 

(9) R is a regular ring. 

(10) R is a strongly regular ring'. 

PROOF. Assume R is Ire ft quasi-duo. (The proof in the 

right qupsi-duo case follows by symmetry.) 

NotQ, that the implications (10)-/-(9) (10.5), (9)~>(2)(^1^) 

(2)---̂ (3) (lZf.7) and (1)—^2) (trivial) always hold, that 

is without the assumption that R is quasi-duo. 

Next for a left quasi-duo ring (3)—>.(1) by 16.1 and 

(1)__^(10) by 1if.20 , and (3),^(7) by 11.22. This proves 

the equivalence of. (1), (2), (3), (7), (9) and (10). Now 

(8)—>(1) by 16.2 and (9)—^8) by 13.l' ; hence we getu the 

equivalence of (8) and (9). Since (9)—>(^) (13.1) --̂nd 

(5)—> (6) —>(7) always hold and (k)~>(5) by 16.3j we have 

the equivalence of (if), (5)? (6) and (7)» This completes the 

proof of the theorem. 
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^17, Centrnl Localisations 

It was shown in 9»13 that r. commutative ring R 

is regular if and only if the loffalisation of R at each 

maximal ide,al is a fi^ld. In this section we shall study 

central localisations. 

Throughout this section C will denote the centre 

of a ring R and S will denote a multiplicatively closed 

subset (containing 1) of C. Then S~ C is a commutative 

ringi and C-modulo S R can be made into a C-algebra as 
-1 -1 

usual. If Q is a left R-râ dulc S Q becomes a left S R-
— 1 

module. We have the canonical maps h^: R->S R defined by 'R' 
hp(r) = r/1 and h^: Q->S" Q , h^Cq) = q/l ; h^ is a ring 

horaomoxphism and h^ is a R-linear map. If m is a prime 

ideal of G, then S = C - m is a multiplicatively closed 

subset of C, In this case, we denote S~ C, S" R and S~ Q 

by Cĵ  Rjjj and 0 respectively rnd call them central 

localisations (of C,R, Q respectively) at m. We refer to 

r AM ~1 or f -l 1 for the basic properties of localisations. 

17.1 PROPOSITION. Let R be a ring, with centre C. Let Q 

be a left R-module, Then; (1 ) For any S consisting, entirely 

of regular elements, the map ^Q'Q. -^ S" Q is onto. 

(2) Assume C is regular, and let S = C — m where m 

is a maximal ( r:'"—- prime ( 9.1 if )) ideal of C. Then 
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Ker h = mQ. Hence the sequonce-̂  

0 •—> mQ — ^ Q > Qm ^ 0 is exnct, 

(3) Under the hypotheses of (2), mR H C = m 

PROOF. (1) let q £_ Q and c i, S C C. Then there exists 

d €̂  C such that c = c d. Hence q/c=dq/l = h(dq) in S> Q. 

Thus h is onto, 

(2) Let X£m, qeQ. Then xy'x = x implies (1-xy) x = 0 

with 1-xy &̂. m. Hence (l-xy)xq = 0 showing h(xq) ;= xq/l = 0 

in Qjjj. Thus mQ ̂ .Ker h. 

On the other hand, let q^Ker h, so that q/1 = 0 

in Qj,̂ , So there exists x <e C \,m such that xq = 0 in Q. 

Let xyx = x for sorje y£C, Then (1-xy) x = 0 inplic£3 

1-xy €̂  ra. So q = (1-xy) q (~ mQ. Thus ker h < mQ. This shows 

ker h = mQ, 

(3) Now, clearly, mR /*) C = kernel ( C •->Cj^ ) As Z^ 

is a field ( by (9.13)), niR/')C is a maximal ideal of C, and 

mRi'̂ jC Dm. Hence mR PiC=: m. 

17.2 PROPOSITION. Let a be an element of a ring R. Let 

C be the centre of R, Then the follov/ing conditions ard 

equivalent, 

(I) a is a left weakly regular element of R 

(II) For a multiplicatively closed subset S of C and 

u 6S> e/u is a left weakly regular element oi S" R 
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( I I I ) e^^ i s r l e f t weakly r e g u l a r elonient of R^ for each 

maxir.ial i d e a l m of C, 

PROOF. ( I ) - ^ ( 1 1 ) l e t a e RaJ?a. Then c = T?^j_^^^yj_r for some 

Xj^, yj_ ^ R , 

Hence x-u ' y. 

a /u = ^ - ^ j — a/u — : j — a/u shows t h a t 

cVu £ S"^R. r / u . S"^R ? /u . 

Hence a/u is loft weakly regular 

(II)—>(III) is trivirl 

(III)--f>(I).Let I = Ra, a loft ideal of R. Since localisation 

is an exact functor ( equivalontly, Ĉ ^ is a flat C-module) the 

sequence 0-^(1^:^)1—^ (I/I^)j^-> 0 is exact. Now Î = R̂ .̂ o/l 

and (Î )ĵ  = (1,^)^ = (Rĵ  cVD. Hence, by hypothesis, 
2 2. 

(I/I ) ^ = 0 for every maxinal ideal m of C. So I = I and 
so a is loft v/eakly rregular, 

17.3. COROLLARY. Following are equivalent for a ring R, 

(I) R is left werkly regular 

(II) S~ R is left weakly regular, for each S. 

(Ill) R^ is left weekly regular for each m6 Max (C). 
Ml 

The follovang result is the regularity analogue of 17.2 

17.4 PROPOSITION. Let afeR* Let C = Centre R. Then the 

follov;in^ are equivalent. 
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(I) The eloniGnt a is a regular element of R, 

(II) For cech multiplicatively closed subset S of C, and 

for each ueS, a/u is a regular element of. S~ R, 

(III) For each me Max (C)j a/1 is a regular elem.ent of 'R^, 

PROOF. (I)->(II) If aba = a then a/u,ub/l.a/u = a/u in 

S~ R shovd.ng a/u is regular. 

(II)->(III) Trivial. 

(Ill)—)•(!) Since a/1 is regular in R there exists 

bjjj/sjjj ̂  Rjĵ  such that a/1 . 'b^/ s^, a/1 = a/1 in R̂^̂, So there 

exists t^ €-- C-m such that t̂^̂  (ab̂ ^̂ a) = t̂ ŝ a = u a where 

^m ~ ^m^m ̂  ^ ~"̂ ' '̂^ ^^ usual the ideal of C generated by 

u is the unit ideal. ( In the rest of the proof we write t. 

fon t^ , b. for b . etc.) 
mj 0 m^ 

Now there exists a natural number n aad elononts 

\ ~- n -^ 
", V. V in C such that > v .u. = 1 . 

L J J d = i 1=1 ^ J 
Hence a = ,> v.u.a = a ^ v.t.b. a = ada for some 

d fcz R. So a is a regular element. 

17.5* REMARK. In exactly tne same manner as that of 

Pitoposition 17,'̂  we can prove the equivalence of the 

following conditions. 
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(I) a is left strongly regular 

(II) For each u£ S CC, a/u is left strongly negylar in 

(III) For each m<^Max (C), a/1 is left strongly regular in 

17.6. THEOREM. The following statements are equivalent for 

a ring R v/ith centre C: 

(a) R is regular 

(b) Rĵ  is regular: for each me Max (C). 

(c) C is regular and R/mR is regular for each me Max (C). 

PROOF. (a)^-^(b) follows from Proposition 17.V. 

( c ) — ^ ( b ) . By Proposition 17.1(2), as C is regular, 

R/mR 1-̂Rjĵ  as rings. Hence R is-, regular. 

(b)—>(c). As Rĵ  is Seft weakly regular for each m, by 

l7.3, R is lefit weakly regular. So, by 11.5 (II), C is 

regular. Hence Rĵ :2̂ R/raR, by Proposition 17.1(2), showing 

that R/mR is regular. (Of Course, we can prove (a)—>(c) 

(more easily), instead of (b)—^(c).) 

Alt_emative proof of (b) -~^(a). Notice that the commutative 

result that flatness is a local property FAM, Proposition 3»10l 

extends to central localisstions. How let Q be a left 

R-module. Then Q̂^̂  is a liat R̂ -̂module ( since R̂ ^ is regular) 

for each maximal ideal ra of C. So Q is R-flat. Hence by I3.I 

R is a regular riijg. 
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In the next theorem, the property, "all lo-calisations 

at maximal ideals are fields" is extended to" all central 

localisations at maximal ideals of the centre are division 

rings". 

17.7. LEMMA. A ring R is reduced if and only if R is reduced 

for each mcMax (C). 

PROOF. Suppose R is reduced. Let ( a/s )^ = 0 in R^. Then 

there exists fefeC - m such that ta = 0. So (at) = 0 implies 

at = 0, and so a/s = 0. Thns R̂ ^ is reduced by 6.7. ConverselLy, 

suppose each R̂^̂  is reduced. Let a = 0 ( afe-R). Then (a/1) = 0 

in R for each m. Hence a/1 = 0 in each R . So a = 0 and thus m m 

R is reduced, 

17.8. THEOREM. The following conditions are equivalent for 

a ring R. 

(1) R is strongly regular 

(2) Rjĵ  is strongly regular fon each m tMax (C) 

(3) Rjjj is a division ring for each m <=. Max (C). 

PROOF. (1)<-X2) ( First Proof) By Theorem 10.8 a ring is 

strongly regular if and only if it is regular and reduced. 

It follows by Theorem 17.5 and-Lemma 17.6 that R is strongly 

regulpr if and only if R^ is strongly regular for eaoJi 

m £Max (C), 

(1)^-^(2) (Second Proof) This also follows firom Remark 17.5. 

Since (3)—^(2) is trivial we have to prove only (1)-—>(3) 
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to complete the proof of the theorem. So let xeR, s e C-m be 

such that x/s is a non-zero element of R . Let xyx = x. 

Now R is abelian by 10.if and so .e = xy6:.C. Note that 

e^m: for e e-m implies 1 - ei.m and so x/s = xe/s = 0/1 

in Rjjj ( since (1-e) (O.s-xe) = 0 ) So we have x/s. ys/e 

= xya/es = es/es = 1/1 in R̂^̂. Thus R̂^̂  is a division ring. 

17.9. THEOREM. The following conditions are equivalent for 

a ring, R. 

(1) R is a leLt V-ring.. 

(2) For each multiplicatdvely closed: subset S ofi C, the 

localisation S~ R is a left V-ring, 

(3) For each m e Max (C), R̂ ^ is a left V-ring. 

PROOF. (1)-y(2). By n.5(11) C is a negular ring^ Hence, 

by 17.2, S~ R is a factor ring of R. Hence S~ R is also a 

left V-ring. 

(2) ->(3) is trivial. We next prove (3)—>(1) 

V/e shall prove that for each left R-module Q, 

Rad Q = 0. The desired conclusion will follow from 

Theorem 1^.3. So let q^^Rad Q. Then under the map 

^Q • Q'~>Qm ŝ Q̂ Rad Q).^Rad (Q^^). Hence q/1 € Rad (qj = 0 

(as Rjjj is a left V-ring) for each m---Max (C). So q = 0. 

Next we consider SF-rings. Wo can apply Proposition 17.1 

herejSince the centre of a left SF-ring is regular, by 

Proposition 15»5» 
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17.10. PROPOSITION. Consider the following conditions 

(1) R is a lefit SF-idng. 

(2) Toir each maximal ideal m of C the localisation R̂^̂  

is a left SF-ring. Then (1) implies (2). If R is finitely 

generated as a C-algebra thBn (2) implies (1). 

PROOF. Let R be a left SF-ring. Then, as C is regular, 

R̂ r::̂ R/mR is a factor ring of R. Hence by 15.6 H^ is a left 

SF-ring. Thus (1) implies (2). 

Conversely, let R be a f.g. C-algebra. Then, for 

a multiplicatively closed subset S of C, Centre S~ R = S~ C; 

in particular, Centre R̂^̂  = Ĉ ĵ. Hence C^ is a regular rinĝ  

( in fact, a field ) for each m . So C is regular C by 9.13 

or 17.6 ). Next, if S is ac simple left R-module, R̂ ^ = R/mR 

and Sjjj = S/mS ( by 17,1(2) ) is either zero or a simple 

left Rĵ -̂module. Thus S^ is a flat left R^-module for each 

m and S is therefore .R-flat. Thus R is a left SF-ring, 

As an application of the above proposition we shall 

show that left SF implies regular for rings which are f.g. 

( as modules ) over their centres, 

17.11. THEOREM . Let R bo a ring which is finitely generated 

as a module over its centre C. If B is left SF, then R is 

regular. 
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PROOF. By 15.5 C is a regular ring. So C^ is a field and 

Rĵ  is a finito-difficnsional C -algebra. Hence R is a left 

Nootherian ring. By 17.10 R is a loft SF-ring and hence, by 

15.11(11) and 15.12, a regular ring. It follows by 17.6 that 

R is a regular ring, 

17.12. PROBLSMS (I) In view of the fact that regular rings 

and left V-rings are both classes of p-V-rings, it is natural 

to ask the following question ;; Is it t»ruc tĥ t R is a left 

p-V-ring'if and only if R is a lefit p-V-ring for each 

m (̂ Max (C)? 

(II) R left SF implies regular has been proved for a 

number of classes of rings above.( See 15*2, 15.9, 15.11(2), 

17.11.) Each of these claries is a sub-class of the class of 

directly finite rings. It is therefore natural to expect the 

following result: if R is a directly finite SF-ring then R is 

B regular ring. 

17.13. NOTES. In 17.1 we have extended ['AFS:7^, Lemma 1^ 

to modules. Proposition 17.3 and Theorems 17.6 and 17.8 are 

in I AFS : 7if "1 . However, our proofs are different; we have 

derived those results from element-wise result® M^Z^ ^7*k and 

17.5- Our proof of (1)—->(3) of Theorem 17.8 is also more 

direct. Theorem I7.9 is also in [AFS.: 1^ our proof of 

(3) implies (O'uges 1̂ .5 and so differs from the proof in 

\_AFS - 7 ^ 3 . Proposition 17.10 and Theorem 17.11 occur 

in ( R3 : 86^ . 

file:///_AFS
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Q18. V-rings. 

In this section wo shall consider the singular 

versions of the nings considered in D1^. Alin and 

Arraondariz j M : 68 I called a ring R a (right) T-ring 

if every non-zero R-module has a nonzero socle. They 

investigated (in [AArSS"! ) T-rings having the follov/ing 

property: 

(*) Every singular, simple (right) R-modulc ±s injective, 

In I RR:72J Ramamurthi and Pangaswamy called a ring 

5̂ ^ generalised right V-ring, or for short, a right GV-ring 

if every simple right R-moduie is injective orrprojective. 

Rings satisfying condition ( * ) were called V-rings 

by Tominaga. He introduced the follov;ing terminology in 

[_ T : 7?] ( Sec j" Ml: 80'] .) 

18.1 DEFINITIONS. A ring R is a right V'-ring (f-V'-ring, 

p-V*-ring) if every simple, singular, module is injective 

(f-injectivc, p-injective) 

The following Eesult was stated without proof in 

IAA:68 I and RR:72, %z\ 

IS-2. PROPPSITIO:̂ ]. A ring R is a right GV-ring if and only 

if R is a right V'-ring. 

PROOF: -Only If'' part. Let S be a simple, singular right 

R-module. We shall prove that S is not R-projcctive. Then 



- Qk -

S must be R-injective. 

Lot X be a nonzero element of S. Consider the 

]?-epimorphism f: R —^S ddfined by f(r) = xr. Suppose, if 

possible, S is R-projective. Then f splits and so 

R = K if' N where K = Kenf and N is a minimal right ideal 

of R , since 1^ C^S. As xeS = Z(S), xL = 0 for some large 

righti ideal L of R. So by the minimality of N, N/̂  L / 0 

implies N î  L. So xL = 0. A contradiction. So S cannot be 

R-projective. 

"If part. Assume that R is a rigjit V'-ring and suppose 

that S is a simple, non-injective right R-raodule. We shall 

prove S is R-projectivo. As S is simple non-injective, 

Z(S) j^ S, so Z(S) = 0. Hence if x-eS, x ̂ ^ 0, then for each 

large right ideal L of R, we have xL ̂ ^ 0, now M = ann(x) is 

a maximal right ideal of R (since R/M-C^ xR = S) such that 

xM = 0. Hence M is not large and hence must be a direct 

summand of R. So M (+) N = R implies S :^R/M ̂  N is 

projective over R. 

Alin and Armendariz proved the tollowing result 

r AA:68, Theorem I.H 

18.3 PROPOSITION. For a (right) T-ring R the following are 

equivalent • 

(a) All singular simple (right) R-modules are 

injective. 
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(b) Z(Rp) = 0 and Rad(R/I) = 0 for any large 

right ideal I of R. 

Ramamurthi and Rangasv/amy !RR:72j obtained the 

following generalisation of l8.3. 

18.4. THEOREM. The follov/ing are equivalent for any ring R. 

(1) (a) for every large right ideal I of R, we 

have 1 = 1 * , and (b) Z(Rp) p|J(R) = 0. 

(2) R is a right V'-ring 

(3) For each r i g h t R-module M w i t h Z(M) l a r g e i n 

M v/e have J(M) - 0 . 

ik) (a) For any right R-module M, if N is large 

in M, wo have N = ^f and (b) Z{n)('\j{V.) = 0. 

PROOF: See JRRryS, Theorem ^,S] 

18.5 EXAMPLE. The following example shows that (1) (a) of 

Theorem i8.if does not by itself imply that R is a right 

V'-ring. Lot R = Z /(p ) (p a prime number), then R has 

only 3 ideals 0, pR and R. So (1)(a) holds, but R/pR is 

neither, injectivo nor projective over R. 

18.6. PROPOSITION If R is a right V'-ring in which 

every primitive idempotent is central, then R is a right 

V-ring. 
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PROOF. Let S bo' a simple, projective right R-module. 

Then SC^eR, whore e is a primitive iderapotcnt. Let 

I :^Rp and f:I—7. eR any nonzero R-homomorphism with 

kernel K. Then f is onto and I = K ̂  T, where T C^eR, 

Since e is central eR is a fully invariant submodule of 

R. Hence eR = ffi-. Clearly, K^(1-e)R. Define g:R —> eR 

by g = 0 on (l-c)R and g = f on eR. Then g extends f , 

Hence S is injective. Since by hypothesis, every simple 

right module is either projective or injective it follows 

that R must be a right V-ring. 

18.7. COROLLARY. If R is an abclian right V'-ring, then 

R is a right V-ring. 

18.8. THEOREM. If R as a commutative ring then th^ 

following conditions are equivalent 

(1 ) R is a V-ring 

(2) R is a V-ring 

(3) R is a negular ring 

PROOF (1)—^(2) by Proposition 18.6 end (2)-^(l) is 

trivial. (2)<f^(3) has been seen earlier. (1if.21). 

In b,_/+ of I RR: 72T the authors consider surai-prime 

V-rings. They begin v;ith the following lemma ( cf, 18.16 

below ). 

18.9 LEKMA. In any rigjit V-ring each large rigjit ideal 

is idompotent. 



- 87 -

They prove the following results: 

18.10 PROPOSITION. Lot R be a ring in which every large 

right ideal is tv/o-sidcd. Then R is semi-prime right V'-ring 

if and only if R is rtight v/eakly regular. 

18.11 PROPOSITION. Any prime, right V'-ring R is right 

weakly regular. 

18.12. THEOREM. The following are equivalent for any ring R. 

(1) R is a semi-prime, right noetherian right V'-ring. 

(2) R is either a quasi-simple, rignt noetherian right 

V-ring vv'ith zero socle or is a semi-simple ring. 

(3) Every scini-simple rigjit R-module is injective. 

In |_M:76J Ming considers p-V'-rings. Most of his 

results are consequences of a lemma, which we shall state in 

a modified form. 

18.13. LEHMA. Lot b be an element of P. Assume that 

every simple, singular left R-m.odule be Rb-complete. Then 

there exists a left ideal K such that R = (RbR+X(b)) 0 K. 

PROOF:- Denote the left ideal RbR+l(b) by J. By Zorn's 

lemma, there exists a left ideal K such that J (+) K is 

large in P. If J+K ;̂  R, let L be a maximal left ideal 

containing J+K. Then R/L is simple, singular ( 8.9 ) and 

hence Rb-complete. Define 

g: Rb->R/L by g(rb) = r+L for all r in R. 
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Then g is a v/ell-dcfined R-linoar map ( since 1(b) i^L ) and 

since R/L is Rb-comploto, there exists c in R such that 

g(rb) = rb(d+L) for all r in R. In particular 1+L = g(b) 

= bc+L. Since be ^ RbR ^ L we get 1 i~. L, contradicting the 

maxiraality of L. Thus (RbR + 1(b)) ,'+) K = R. 

18.1^. COROLLARY. If R is a loft p-V-̂ -ring, then for each 

element b ; of R, there exists a left ideal K such that 

R = (RbR + 1(b)) 0 K. 

18.15 THEOREM. The follov;ing conditions are equivalent, 

(1) R is strongly regBlar. 

(2) R is a left duo, left p-V'-ring. 

PROOF: (i)~^(2) by 1Zf.20 

(2)—>(1). Lot b(5R. By 13.13j R = (RbR+l(b))© K 

for some left ideal K of R. As R is left duo, R = (Rb+lfb))@K 

and KRb < Rb ,0 K = 0 implies K = 0 and hence R = Rb + 1(b). 
p 

So 1 = ab+d, a ^ R , d e l ( b ) . So b = ab , showing R i s 

s t r o n g l y r e g u l a r . 

The follov/ing r e s u l t j Mi : 76 , P r o p o s i t i o n 3 ( i i i ) l 

extends 18.9 

18.16 PROPOSITIOr,. Let R be a l e f t p - V ' - r i n g . Then every 

l a r g e l e f t i d e a l of R i s idempotent . 

PROOF. Let I be a lange l e f t i d e a l of R. Let b <c I and l e t 

IR + K b ) = J , a l a r g e l o f t i d e a l of R. I f J ;̂  R, l o t L be 

a maximal l e f t i d e a l of R con ta in ing J . Then R/L i s p - i n j c c t i v e . 
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Hence we get a contoradiction as in Lemma 18.13. Therefore 

R = IR + 1(b) and 1 = u+d, u ̂  IR, del(b) implies 

b = ubeiRI = I^. So I = I^. 

The next result extends 18.11 

18,17. PROPOSITION. Let R be a semi-prime, left p-V'-ring. 

Then R is left weakly regular, 

PROOF. Let, if possible, Rb ^ (Rb) . Since R is semi-prime, 

(Rb)"̂  is a large submodulc of Rb. Let L/(Rb) be a maximal 

submodule of the f.g. nonzero R-niodule Rb/(Rb) , Then Rb/L is 

simple, singular by 8,9 and so p-injective. If 

g:Rb —^Rb/L is the canonical map, then there exists c^R 

such that g(ab) = ab(cb+L) for all a£R. Then fe-bcb ̂ L 

implying b<c:L. So Rb = L, a contradiction. This shoi 

Rb = (Rb)^. 

C "• 9 • Kaplansky' s question.. 

In this section we shall consider a condition 

weaker than quasi-sinplicity and stronger than primeness, 

namely, that of primitivity. 

19.2. DET̂ INITION. A ring P is called (left) primitive if 

there exists a simple, faithful, loft R-raodule. 

19.2. RE?LARKS. (I). Let R be a quasi-simple ring (with 1) 

and M a maximal left ideal of R. Let S = R/M, Then 

)WS 
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A = anripCS) is an ideal of R such that A ?̂  R ( as 

1.S = S ?̂  0.) Kence A = 0. So S is faithful, simple left 

R-module. Thus R is left, ( and right) primitive. 

(II). Let R be a left primitive ring. Then there exists 

a faithful, simple left R-module S. Let A5B be nonzero ideals 

of R. Then S faithful ->BS 4 0 -^BS = S -> ABS = AS ?̂  0 

— ^ AB ?̂  0. Thus R is a prime ring, 

(III). Let R be a commutative primitive ring. Then if S 

is a simplo, faithful R-modulc, S Ĉ -R/M whene M is a maximal 

ideal of R. So M = ann-p (S) = 0 implying R is a field. 

(IV). For any non-zero vector space VT> ( D a division ring) 

R = End (V-p,) is a lofit primitive ring; for V" itself is a 

simple, faithful left R-mfedule. If V is infinite dimensional 

then R is not quasi-simple ( See Section 8. ) 

(V). Let S be a simple, faithful left R-modulc and 

X e Rad R. Thon S £I R/M where M is a maximal left ideal 

of R and xt = xt = 0 in R/M, since xt ^ Rad R ̂  M. So 

xS = 0 implying x = 0. Thus Rad R = 0. This shov/s that 

primitive rings are semi-primitive (as expected from the 

terminology), 

(VI). It follows from the above remarks, and known facts 

from Chapter I ishat wc have the following ch^rt: 
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d i v i s i o n r i n g ^s imple r i n g -> semi-siraplc r i n g 

^ domain - _^quasi-simple r i n g / 

redu-de^d -pr ime r i n g ' ^ - p r i m i t i v e r i n g y 
r i n g j I 

>-semi-prime r i n g ^ - s e m i - p r i m i t i v c r i n g 

The r e s t of t h i s s e c t i o n v/il l be devoted to the fol lowing 

query of Kaplansky ( [K 111 , p.2j) , 

1 9 . 3 , 9.UESTI0N. Are pr ime, r e g u l a r r i n g s p r i m i t i v e ? 

19.'^. L̂"̂ MENTARY CASES. In the fol lowing remarks , R denotes 

a pr ime, r e g u l a r r i n g , 

( I ) . I f R i s commutative, then R i s a commutative, r e g u l a r 

domain and hence a f i e l d , ^o R i s p r i m i t i v e . This r e s u l t w i l l 

be extended i n ( I I I ) and (IV) below. 

( I I ) . Let R be l e f t n o e t h e r i a n . Then R i s semi-s implc( 9«11 

and pr ime. Hence R -'"7 M (D), where D i s a d i v i s i o n ring_, by 

Wedderburn's s t r j i c tu re theonem. Hence by 19.2 ( IV) , R i s 

p r i m i t i v e , 

( I I I ) , Suppose t h a t R i s a f . g , module over i t s cen t r e C, 

Then 6 i s a r e g u l a r , domain and hence a f i e l d . So R i s a 

f in i te -d i imens iona l C-algebra and hence a l e f t a r t i n i a n ring.. 

So by Case ( I I ) P i s p r i m i t i v e . 

( IV) . Suppose R i s a b e l i a n . Then R primffi ., r e g u l a r imp l i e s 

t h a t for each a ?̂  0„ Ra = Re co inc ides with R. ( Otherwise 

Ro .R( l -e ) = 0 g ives a c o n t r a d i c t i o n . ) So R i s a d i v i s i o n r i n g . 
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Honco R is primitive. 

Next v/e report on sone recent work on Kaplansky^s 

question. Goodeorl studied prime ideals in regular, right 

solf-injective rings in (Gl: 73 j • He proved th© following 

result. 

19.5. PROPOSITION. I'GI: 73, Corollary l6"j. Let R be prime 

regular, right self-injective. Then R is left and right 

primitive. 

Next we consider the results of Fisher and Snider 

j FS:7^ I . First, a definition ( which does not occur there) 

19.6. DEFINITIOM. A ring is called anti-regular if every 

nonzero clement has a nonzero 2-inverso,( See 10.12 .) 

19.7. REMARK. By 10.13 regular implies anti-regular. 

19.8. REMARK. Ifi R is a prime ring then the set S off 

nonzero ideals of R is a directed set since I,J in S 

implies 1 f\J in S ( since I H J contains IJ j^ 0). 

19*9' DEFIi'ITlON. A ring R is said to have a countahle 

CO-final subset of ideals if there exists a countable subset 

C of the set S of all nonzero ideals of R such that for 

each A in S there is an I in C such that I^A. 
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19.10 THEOÎ EM. Let R be a prime a n t i - r e g u l a r r i n g . Suppose 

R has a countable c o - f i n a l subse t of i d e a l s . Then R i s . 

l e f t and r i g h t p r i m i t i v e . 

PROOF. See ]jS:7k'] . 

19.11« C_ORDLLARY. If R is a countable, prime, regular ring, 

then R is primitive. 

PROOF: The principal ideals form a countable co-final subset, 

Fisher and Snider have also proved a number of 

results giving sufficient conditions for the primitivity of 

prime, regular group rings. 

19.12.REMARK. Domanov PDI :i77 1 has shown that the answer to 

Kaplansky's question, in all its generality, is negative by 

giving an example of a prime, regular ring which is not 

primitive. 

Q2.0. Polynomial rings over regular rings 

Let R be a ring and S = R [" X jf the polynomial 

ring in one indeterminate X over R. The basic properties 

of R i X j are well known. Namely, S is commutative if and 

only if R is; S'is a domain if and only if R is; S is 

a P.I.D. (principal ideal domain) if and only if R is a 

field. 
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In 1 M3 : 73~\ McCarthy proved the following result. 

20.1. PR(DPOSITIOW. If R is commutative regular, then 

S = R (̂x"] is semi-hereditary. 

In fci :7^7 Camillo proved:: 

20.2-* PROPOSTTIOJY,. If R i X 1 is a coramutativG, semi-hereditary 

ring, then R is regjilar. 

Polynomial ring over non-commutative regular rings were 

considered in [R 3: 75 J and JP2 : 801 . 

The following result was .proved in JR 3 : 75 j • The proof 

uses proposition 20.1 and the theory of Azumaya algebras, 

20.3. PROPOSITION. Let R be a ring which is f.g. as a 

module over its centips C. Then R | X^ is le£t and right 

semi-hereditary. 

Pill ay T P 2 : 80j| proved the following Theorem 20,if. 

We shall reproduce it v/ith proof which is selfcontained, 

20.i)-. THEOREM. The following are equivalent 

(1) R is regular 

(2) For each a^Rj aS + XS is a projective right 

ideal of S. 

(3) For each a 6:R, Sa + SX is a projective left 

ideal of S. 

PROOF: (1) implies (2). Let a^'P. Then there exists b in 

R such that a = aba. Let e = ab, f = e+(1-e)X. Then 
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wc have the equations: 

a = fa r.nd X = f(1-e+oX) = (1-e+GX)f (I) 

It follows that aS+ XS = fS. 

Now lot g = g(X)^R r X 1 be such tnat fg = 0. Using (I) 

WG get Xg = 0. So f is a nonzero divisor in S. So 

S :0:::^ f . S. So aS+XS is free and so projective. This 

proves (1) implies (2). 

(2) implies (l). Fix a^R and let K = aS+XS,, a 

prooective right ideal of S, by hypothesis. By the dual basis 

leiffina for projective modules ( see, e.g., | FI, p. '1̂ 1 j ) 

there exist S-homomorphisns u, v from K into S, such that 

for every k ^ K, k = au (k) + X v(k). In particular, 

a - auCa) = Xv(a). As X is central in S and u is an 

S-horaoinorphism, Xu(a) = u(a)X = u(X)a co that WQ have, 

aX - au(X)a = /v(a). (II) 

Write u(X) = UQ + u, X +.... + u,X and equate the 

coefficients of X on both sides of (II). Then wc got 

a = au^a. Hence R is regular. 

The equivalence of (1) and (3) followsL from the 

left-right symmetry of (1). 

20.5 COROLLARY. If R [x"f is either left or right 

scmi-horcditary, then R is a regular ring. 

20.6 REMARKS (I) Corollary 20.5 also follows from a 

theorem of Jensen [j : 66] about weak global dimensions. 

Txhis was noted in p?3 ; ?> , T^cmci-k 3.13! and in !P2; 8-ol . 
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(II) The converse of Proposition 20,3 is clearly; 

false. Lot D be a division ring which is infinite dimensional 

over its centre K. Then D'_Xj is a left and right principal 

ideal domain and hence a loft and right semi-hereditary ring, 

(III) As noted in 9»7 left semi-hereditary 

implies left coherent. Thus we can replace somi-hereflitary 

by coherent in 20.1 and in 20.3* Coherence of polynomial 

rings and related problems were studied by Soublin in 

LS 6 : 70j and a number of other papers. 

(IV) Professor Jensen mentions in his review of. 

\j>Z: Qol (Mathematical Reviews, 81 g : 16013 ) that 

Prof. Jjẑ ndrup has shown (unpublished) that there ̂ exists a 

regular ring; R such that RJ^X ! is neitĥ er left nor 

right coherent and hence neither left nor right semi-

hereditary. Hence Proposition 20,3 cannot be extended to 

arbitrary regular rings. 
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