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Abstract

Classification results about smooth involutions of Browder [Trans. Amer. Math. Soc. 178 (1973)
193-225] have been strengthened and as applications smooth splitting invariants along product of real
projective spaces and Milnor manifolds embedded in a real projective space have been calculated.
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1. Introduction

In order to study classification of smooth fixed point free involutions on smooth
homotopy spheres (which is same as diffeomorphism classification of smooth homotopy
real projective spaces) Browder (cf. [2]) had set up a machinary of generalized version
of Kervaire’s invariant of even dimensional (mod 2) Poincaré duality spaces. A crucial
ingredient of his approach was the following result:

Theorem 1.1 (Motivating result).For a 2¢ dimensional surgery problerty, b) : M'%4 —
M2 if ¢ is odd andM? is 1-connected or iM% is nonorientable andr; (M) = Z/2,
then the surgery obstructioa(f, b) is given by this generalized version of Kervaire's
invariantk(M’) of M’.

Consequently a major thrust of that paper was on the computation of this generalized
version of the Kervaire’s invariant. He proved sum theorems of this invariant under some
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restrictions (see 2.1, 2.3 below), and went on to do certain constructions and computations
required for that work. We will recall this very briefly below, because our work will be
motivated by this:

Let N™ be a smooth (or p.l., or topsg-manifold, andT : N — N a smooth (or p.l.,
or top.) fixed point free involution. Le¥”™ = N/T be the quotient manifold* be the
normal bundle of¥™ in §"+* k sufficiently large, and letf, ) be a normal map intd/.
Thatis f: M’ — M is a deg1 map which is covered by a bundle map of normal bundles
b:vk, — & Forn =25 + 1 one defines a new normal mapf, b) = (g, ¢) into M as
follows:

g:nM' U—sN —> M

is the map whose restriction on each copyfis f and whose restriction on each copy
of N is the projectiorp: N — N/T = M of the double covering. So

degg =ndegf —sdegp=n—2s=1

andc is the bundle map coveringwhose restriction on each copy tzﬁl is b and whose
restriction on each copy afjgl is the inverse of the tangent bundle map

d= (dp)_1 : rlgl — r;,l.

Under a technical assumption (refer to 2.6) and the condition that the square of the middle
dimensional Wu class satisfiesq(M))z[M] # 0 Browder could calculate the generalized
Kervaire’s invariant for this example in terms of the generalized Kervaire’s invariant of the
original surgery problem (see 2.7 below)

This technical Assumption 2.6 was satisfiedM§ = RP™ and hence Browder could
very efficiently use the machinary to get a lot of information about the diffeomorphism
classification of smooth homotopy real projective spaces and there by about the classifica-
tion of smooth involutions of smooth homotopy spheres.

The purpose of this paper is to first prove the result that the technical Assumption 2.6
mentioned above is in fact satisfied for any double cgve¥ — M. This result constitute
the Main Technical Theorem 3.1 of this paper. Therefore we get a strengthened version of
Browder’s Theorem 2.7 as our main theorem:

Theorem 1.2 (Main theorem)If n = 25 4+ 1,
(@) k(nM' U —sN) is defined and(nM’' U —sN) =k(nM’).
(b) If in addition (v, (M))?[M]# 0

, k(M") forn=+1(mod 8,
k(nM'U (=s)N) = { k(M)+1 forn=+3(mod8.

This theorem enables one to get many more applications than in [2]. We give
applications in calculating splitting invariants along product of real projective spaces,
and real Milnor manifolds embedded in a single real projective space of dimension
=1 (mod 4.

We now recall some terminology needed to discuss these applications: Ket> M
be a homotopy equivalence between manifolds (smooth, pl., or topologicaljy/iet M
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be a submanifold. Then we will call (after making transversal toM1) f~1(M1) a
characteristic submanifoldf X.

As our first application we consider the following situation:

M is RP%+1 for some large value of. M1 is RP” x RP* such that- + s + rs <
4g + 1, r,s > 1. There is a standard embeddiR@” x RP* — RP*+1 given in terms
of the homogeneous coordinates of real projective space$hy .. ., y-1, [zo, ..., 2s]) =
[yjzel, j=0,1,2,...,r; k=0,1,2,...,s (see [10, pp. 80-81]).

As our second application we consider the following situation:

M is RP%+1 as earlier andy; is the real Milnor manifoldRH, ;, defined as the
codimension 1 submanifold ®P" x RP* given in terms of the homogeneous coordinates
of the real projective spaces as

def
RH, = {([ZO, 21, -5 2r)s [wo, wa, ..y ws]) |z0-wo+z1.wa+ -
+ Zmin{r,s}-Wmin{r,s} = 0}9

such that dinRH, ; =r +s — 1 satisfies +s +rs <4g + 1, r,s > 2.

Itis clear thatif we take&X to beM itself andf to be the identity map, then characteristic
submanifoldsf~1(i (RP" x RP*)), or f~1(RH, ) which are of homotopy types of
RP” x RP* or RH, ; respectively, obviously exist for everys with the given restrictions.
To state our theorems about applications we consider maps which are defined below:

Consider the identity mapglsg 1 : RP4+1 — Rp4+L,

Then for anyn = £3 (mod 8 define a normal mafg, c¢) , as above, with

g:nRPMTLY ((n —1)/2) 8% — RpYM T

and ¢ as defined earlier. Since the Wall surgery obstruction grbgp.-1(Z[Z/2]1) =
0, (g,¢) is normally cobordant to a mapF, &) with F: N’ — RP%**1 a homotopy
equivalence.

Theorem 1.3 (Main application 1) The manifoldV’ admits characteristic submanifold of
homotopy type dRP” x RP* withr +s+rs <4q + 1, r,s > 1if and only ifr ands are
not both even.

In other words splitting invariantsy, s (F,c), r +s +rs <4q +1, r,s > 1 (in the
notation of Wall[11]) are given by

- 1 if r, ands are even
Fay=|} e ’
So) (F. ©) 0 otherwise

Theorem 1.4 (Main application 2) The manifoldV’ admits characteristic submanifold of
homotopy type of real Milnor manifo® H, ; of dimensiornr +s — 1 withr +s +rs <
4g + 1, r > s > 2if and only ifr, s are not of the formr is odd ands is even.
In other words splitting invariant$, (F.,c),r +s+rs <4g +1, r >s > 2 (in the
notation of Wall[11]) are given by
R _ 1 ifrisodd, ands is even
Son (F, €)= {0 otherwise

The author would like to thank A.K. Das for some helpful discussion, and P.K. Saikia
for giving valuable suggestions about improving the presentation of the paper.
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2. Preparatory materials

Consider a degree 1 map: M'? — M?% (respectively, a double covgr: N4 —
M?9). Let £ be a vector bundle ove¥, and letb: vk, — £F cover f (respectively,
d= (dp)—lzrjgl — r&l cover p), herev andt denote the relevant normal and tangent
bundles, respectively. The pdif, b) (respectively, the paifp, d)) define, either by Hirsch
immersion theory, general position arguments, and Pontrjagin—Thom construction (as used
in Browder [2]), or using Spanier—Whitehead duality (as used in Browder [3], and [1]), a
mapn,: XXM, — kM (respectively, a map,: Z¥M, — T*N,), which we shall
continue to call thespectral orientation magwith a slight abuse of the terminology used
in [2]). If we compose this withZX £ (respectively, withT¥ p) then the homotopy class of
the composite map

he— 5k vk N ok Sk
r= fonpgmy 2 2Rml S sRmy

(respectively,

k . ok MW ok EP sk
h,,:E fOT)p.E M+—)E N+ — X M+)
will be called thespectral cobordism invariar{tvith a slight abuse of the terminology used
in [2]) of (f, b) (respectively, of p, d)).

In a similar manner one can define spectral orientation magnd spectral cobordism
invarianti, of the normal magg, c) = n(f, b), n = 2s + 1 described in the introduction.
Now, we define the generalized Kervaire’s invariant (due to Browid@d)') (respectively,
k(N), andk(nM’ U —sN)) as the Arf invariant of the quadratic form defined on the
following subspace of19(M’; Z/2):

. k\14 . def +1 k k
w:[ker(ry o 2] = 2/2 w(x0) = [Sal5u., (FOI[FML],
where¢: M’ — K(Z/2, q) is the map such that* (1) = x, ¢ being the fundamental class

of K(Z/2,q), and Sqf’)+l is the functional Steenrod square (respectively, Arf invariant of
the quadratic form

w:[ker(n 0 £9]7 — /2 W) Esq%lL (ZR)]|[ZFML]s

(=t yon,
and of
def
v [ker(n; 0 )] > 2720 w0 €[S, (FH)][Z* ML),

However the generalized Kervaire’s invaridf\/’), for instance, is not always defined.
A necessary and sufficient condition under which it is defined is

W | f*HY(M:Z/2) N (kern’ o 2¥)7 =0.
We now state some results of Browder [2] as ready reference for our work:

Theorem 2.1 (Browder [2, (2.13)]).Suppose the Kervaire invariant is defined i
andMy, andh’}2 =00nH?(M; Z/2). Then the Kervaire invariant is defined faf; 4+ M,

andk (M}, + M) = k(M}) + k(M}).
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Remark 2.2. As spectral orientations and classifying maps 6t and —M’ differ by
automorphisms, definability conditions and values of the Kervaire invarianfoand
—M’ are same.

Theorem 2.3 (Browder [2, (2.14)]).Supposek(M;), k(M5), and k(M7 + M) are all
defined and suppose, = h%, on H9(M; Z/2). Thenk(M; + M3) = k(M) + k(M).

Proposition 2.4 (Browder [2, (2.16)])Letx € H*(M; Z/2). Thenh’}(x) =0if and only
if all characteristic numbers involving are zero.

Theorem 2.5 (Browder [2, (3.8)]) k(2M’) is defined if and only if /*y)2[M] = O for all
ye H1(M;Z/2).

Browder in [2, (4.6)] considered the following technical assumption:

Assumption 2.6. For the spectral cobordism invariang of N, assume that:
@) HIPH (25 M, ; 7/2) — HI (2 M 7,/2) be the zero map;
(b) k(N) be defined and(~N) = 0 (using the quadratic form defined above).

ForM, N, M’ etc. as above, he provedder the above Assumpti@rb, the following:

Theorem 2.7 (Browder [2, (4.8)]).

(a) If 2.6is satisfied and: is odd,k(nM’ U —sN) is defined anck(nM’ U —sN) =
k(nM'").

(b) If 2.6is satisfied and the Wu class &f satisfies(vq(M))Z[M] #0, then

k(M) forn=+1(mod 8§,

The above condition 2.6 and hence the above Theorem 2.7 are valid if we take
M =RP% N = 8% _(f, b)anynormal map oM’ into M, andp the double cover.

We want to investigate these results and their consequencesMiltie(i) a product of
real projective spaces, (ii) a real Milnor manifold withas any double cover over it.

3. Themain technical theorem and immediate consequences

Consider a double cover: N9 — M2 Let
np: Z*My — ZEN,
be the spectral orientation map defined(pyd) as above. Let
hp=(Z*p)on,: Z*My — ZF M,
be the spectral cobordism invariant.
We are now in a position to state and prove the main technical theorem which verifies

the condition 2.6 for any double cover over a manifold, and a fortiori helps in proving our
main Theorem 1.2 which strengthens Theorem 2.7 of Browder.
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Theorem 3.1 (Main technical theorem).

(@) ki, (H* (2 (M) 7,/2)) = 0.
(b) k(N), the Kervaire invariant ofV with respect to;,, is defined and is zero.

Proof. Consider the Gysin sequence for (all cohomology groups will be with
7./ 2-coefficients):

oo BN S HO M) B HINY B HO(M) > - 1(7)

wherey (x) = w U x, w being the characteristic class of t&bundlep.
We first prove the following analogue of [3, (l11.4.1)].

Lemma3.2.nj o X* = X~ op*.

Proof. We first establish that
[M]N p*(x) = p«([N]Nx). 1)

Let M(p) be the mapping cylinder op. Let v € Hop 11(M(p), N) = Z/2 be the
generator. LetV € HYX(M(p), N) be the Thom class gf, then

MINp*(x)=0NU)Np*x)=vN (p*x)UU) =vN* (),

wheres* is given by the diagram:

*

H*(N) £ H*(M)

H*Y (M (p), N)

Now v N &*(x) =i, (dv Nx), wherei,: H.(N) - H.,(M(p)) anddv = [N].
In the diagram:

N —1= M(p)
:lj 2(ii)

Jj is a homotopy equivalence, therefore, we have
ix(dvNx) = p«([N]Nx).

So Eq. (1) is established.

Now, let the double covering:N — M be covered by a bundle map= (dp)~*:

w3t — ;5. The mapd induces on Thom spaces the mad): T(ty*) — T(t;,5),
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and its Spanier—-Whitehedg: + k + s)-dual mapn,, : ¥* M — XN, and we have the
homotopy commutative rectangle:

gmk+s 14 T(rﬁl) A DNy

y/l iT(d)/\l

1 s 1An, _1 s
Tt A ZMy % T(;) A TNy,

wherey, (i) NU, 1 NU = AN, andy/() NU, 1N U' = AIM], i € Hyipps (S"H5F;

7/2); U € H*(X*Ny;Z/2), U € H*(XM,;Z/2) are the Thom classes over the
respective trivial bundles, and, A’ are the respective diagonal maps. It follows from
[3, (1.4.15)] that

(@) /my(x UU) = T(d)«(ys i)/ (x UD)). (2)
But
(r()/(xU)) N U= (r(N Upa N U)/x = A«[N]/x =[N]Nx,
andasy_1=T(d)*U, -1, SO
N M

(T@x(re (/U )) NU, 1= pu(pai)/ U V) NU, 1) = pu(IN] ). (3)
In a similar manner ify,(x UU) = y U U’, it follows that

(vi@)/my(x U N U1 = (vi@/(yuuh)n Uia
= n@ONU_NU' )y =AM]/y=IMINy.  (4)
Hence from Egs. (2), (3), and (4) we get
[M10 (Z* o nf o £*(x)) = pu(IN1N ). (5)
Now combining Egs. (1) and (5) we get
(z* 1o 5o T¥(x)) = p*(x).

Thusnj, o X* = X% o p*, and Lemma 3.2 is established

From Lemma 3.2 it follows that k(aw;;*7 o X*) =kerp* and also that
h;=n;o(2kp)*=n;oE*op*oZ‘*_1=2*op*op*02*_1=0.
So Theorem 3.1(a) is proved.
We need to analyse(N), which is defined by the quadratic form:

w:lker(y o 2]~ z/2 w0 L [sqlid, ., (F40][E ML),

where¢* (1) = x, « being the fundamental class &f(Z/2, r), andSq(’)Jrl is the functional
Steenrod square. Now

[ker(n} o £*)]" = [kerp*]" =[Im p*]" = [Imi*]",
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where the first equality follows from the lemma and the last equality from 2(ii). On

the other handv <> M(p) is the Wur + 1)-boundary of M(p) (p being a double
cover), thereforel (Imi*) = 0 (see [1, (1.8)]). ThugZ(x) =0 Vx € [ker(n;‘7 o XMy,
Thereforek(N) is defined and is 0. This proves Theorem 3.1(b), completing the proof
of Theorem 3.1. O

Proof of the Main Theorem 1.2. The Main Theorem 1.2 follows from the Main
Technical Theorem 3.1 in exactly the same way as Theorem 2.7 follows from the
Assumption 2.6. O

We have, therefore strengthened the Browder’s Theorem 2.7.

4. Splitting invariantsalong embedded product of real projective spaces

Now, let f: N — RP%+1 4 sufficiently large, be a homotopy equivalence. Taking
gk = (fH*(vy) we may define a normal magy, b). Making f transverse regular on
i(RP" x RP%) C RP*+1 we get a normal mapf,., b.s) with

frs i (RPT x RPY)) — i (RP" x RPY),
andb, ; induced byb and f|(tubular neighbourhood of "L (RP" x RP%))in N).

Definition 4.1. Let ks (N) = k(£ =1 (RP" x RP*))) € Z/2.

The following results can be proved in the same way as [2, Theorems 4.12, 4.15 and
Corollary 4.16] once we appeal to our main technical Lemma 3.1 and Theorem 1.2.

Theorem 4.2. k, ; depends only on the piecewise lindtopologica) equivalence class
of N, in particular, it is independent of the choice of the homotopy equivalgrmeof the
bundle map.

Theorem 4.3. Suppose a matriX = ((k.s)),r, s even,r +s < 4qg + 1 — rs occurs as
kr.s = k,.s(N) for a smooth(pl. or top) homotopy projective spadé*+1. Then the matrix
K’ = ((krs + 1)) will also occur for some smoofpl. or top) manifoldN'.

Now we are in a position to prove Theorem 1.3 (main application 1).

Proof of Theorem 1.3. For eachr, s withr +s <4qg +1—rs, r,s > 1, we can define a
codimensions(> 3) surgery problem (see [8, Section 7]) with base map
(F,Fr5): (N, Np.y) — (RPYTLi{(RP" x RPY)),

whereF, as defined in the introduction, has been moved to become transver§aito x
RP*) andN,; = F~1(i(RP" x RP*)). SinceF is already a homotopy equivalence, the
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surgery obstruction of makingF, F;.;) normally cobordant t¢F, F..,) with both F and
F, s simultaneously homotopy equivalence is given by

MF, Fp5) = M(Fry) € Lr1s(ZIZ/2 x Z,/2])

(see [11, Section 11], or [8, Proposition 7.2.2]).

We computer(F; ;) for eachr, s withr +s <4g +1—rs, r,s > 1.

Casel. (r + s) is odd In this case either or s is even. Therefor® P" x RP* is
nonorientable, and by [12,,4+4(Z[Z/2 x Z/2]~) = 0. SOA(F, ) =0.

Case2.r +s =0 (mod 4, r,s odd In this caseRP” x RP* is orientable. So by [4,
Theorem A(a)]

A(Fr5) = Indexth) + «2(c.ARF2(h)).

Here and in what follows; represents the normal invariant corresponding to the relevant
normal maps (i.e., a map @/ TOPfrom the target manifold of the relevant normal map).
But from [4, p. 352] one notes thai > 2, Imk; is contained in the image of

H'"NZ/2; Ko(ZIZ/2 x 2/2))) — Lr4s (ZIZ/2 x Z/2]"),

which is zero sincd?o(Z[Z/Z x Z/2]) =0 (see [6, p. 76]). SA.(F, ) = Index(h), the
change in index of the surgery problem given®y;. By the normal cobordism invariance
of the index we have

Index(h) = IndeX(n(RP" x RP*) U (—(n —1)/2)M — RP" x RP*)
(this map being normally cobordant 1 ;). So
Indexh) = (n — 1)IndeRP" x RP*) + (—(n — 1)/2)Index M),

by additivity of the index. Therefore, Indg®¥ = 0+ 0 = 0. Here we have used the fact
that the middle dimensional integral homologyRoP” x RP*, r +s =0 (mod 4, r, s odd,
and its double coveM are torsion.

Case3d.r +s =2 (mod 4, r, s odd In this caseRP" x RP* is orientable. So by [4,
Theorem A(c)] we have

A(Fy5) = ARKh) + ¥ {c*<2sr (ARF2,+2(h))) }
r=0
By the same reasoning as in the last case this formula redu¢€#;tg) = ARH#). Note
first that the Kervaire invariat(R P x R P*) is defined using the identity normal map of
RP" xRP* and henceitis defined and is zero, and the same is trigfqiR P" x R P%)),
by Remark 2.2. Now, by Theorem 1.2(a) we get

k(n(RP" x RP*) U (—(n — 1)/2)M) =k(n(RP" x RP*)).

Orientability of RP” x RP* gives thatv;(RP" x RP*) =0 Vi odd (see [9]), and in
particular, v, 15 2(RP"” x RP*) = 0. This shows that the square of any element of
HUD)2RPT x RP%; 7,/2) is zero. SA(c*())2 =0, Vy e HI'HI/2RP" x RP%; Z,/2),
where ¢ def 1rprxrps. Hence by Theorem 2.52(RP" x RP¥)) is defined, and by
Theorem 2. (2(RP" x RP¥)) = 2k(RP" x RP*) = 0. As h3. = 2h} =0, by repeated
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application of the Theorem 2.1 we conclude th&2n(RP" x RP*)), n > 2 are all
defined and are zero. Combining this fact with Theorem 2.1 taking one of the factors as
—(RP" x RP*) we getthakt(n(RP" x RP*)) =0, Vn > 1. Hence

k(n(RP" x RP*) U (—(n — 1)/2)M) = k(n(RP" x RP*)) =0.
Also sinceF; s : Ny  — RP" x RP* is normally cobordant to

n(RP’ X ]RPS) U (—(n — 1)/2)M — RP" xRP*,

we get thatARFA) =k, 5(N') = 0. Thereforer(F, ;) =0.
Cased. r, s are both evenThe surgery obstruction for this case is given by the Kervaire
invariantk, ;(N'), because the Wall surgery obstruction group

LevedZ/2 % 2/27) = Liye 2/27) = 1/2,
(see [6, Ch. 1 Sec. 2]) and the surgey obstruction is detected by the Arf invariant (see

also [11, 13 B.]). As(v(zr+s)/2(RP’ x RPS)[RP" x RP*]# 0 from Theorem 1.2 we get

thatk, ;(N’) = 1 for the normal map having base ma&p So F cannot be made normally
cobordant to any map for which. ; is a homotopy equivalence (see [3]).

Thus we have calculated the splitting invariants)(F, ¢) in all possible cases.

The proof of Theorem 1.3 (Main application 1) will thus be completed by successively
performing surgeries mods to make F,; homotopy equivalences for everys with
r+s<4q+1—rs; r,s >1andnotboth, s even. O

5. Splitting invariants along embedded real Milnor manifolds RH,. ¢
_ Let(f,b) be a normal map int& P4 t1, 4 sufficiently large, as in the last section. Let
i :RH, ; — RP%+1 be the composite of the following embeddings:

RH,; < RP" x RP* — RP%*,

which were defined in the introduction. Making transverse regular oWRH, ;) C
R P%*1 we get a normal mapy, ;. b,.;) with

ﬁ’s : f_l(;(RH”’S)) - 2:(]RI_Ir,s)7
andb,., induced byb and f |(tubular neighbourhood of ~1(i (RH,.,)) in N).

Definition 5.1. Let ks (N) & k(£ LG (RH,,))) € Z/2.

The following results can be proved in the same way as [2, Theorems 4.12, 4.15 and
Corollary 4.16] once we appeal to our Main Technical Theorem 3.1 and the Theorem 1.2.

Theorem 5.2. IQM depends only on the piecewise lindégpologica) equivalence class
of N, in particular, it is independent of the choice of the homotopy equival¢grmeof the
bundle map.
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Theorem 5.3. Suppose a matrik = ((k”)) >s>2, rodd s even r +s <
4g +1—rs occurs askm = km(N) fora smootr(pl. or top) homotopy projective space
N%+1 Then the matrixk’ = ((k.s + 1)) will also occur for some smootfpl. or top)
manifoldN’.

Now we are in a position to prove the Theorem 1.4 (main application 2).

Proof of Theorem 1.4. For eachr, s withr +s5 <49 +1—rs, r > s > 2, we can define
a codimensioms + 1(> 3) surgery problem (see [8, Section 7]) with base map

(F,F):(N',N,.5) — (RPYFLI(RH,)),

whereF, as defined in the introduction, has been moved to become transvé@lﬁlpY
and N, s = F1G (RH,y)). Since F is already a homotopy equivalence, the surgery
obstruction of making F, F”) normally cobordant ta F, ”) with both F and Frs
simultaneously homotopy equivalence is given by

ME, Fr) = M(Fps) € Lyys-1(ZIZ/2 x Z/2)*)

(see [11, Section 11], or [8, Proposition 7.2.2]).

We computer(F,.,) for eachr, s with r +s <4g +1—rs, r >s > 2.

Recall [7, Section 1] that the real Milnor manifold defined in the introducti®H;.
with » > s, can be written as the total space of a fibre bundle

1 |nc| proj

RP"™ — RH,; — RP?

with fibre R P"~1. Hence using the product formula for the mod 2 Euler characteristics we

get that
1 ifsiseven, and is odd
0 otherwise

Moreover the top Stiefel-Whitney clags,_1(RH, ) # 0 if and only if x (RH, ;) #
0, so we get that

X (RH, ;) = x (RP" )y (RP*) =

1 if siseven, and is od
w’“‘l(RH”S):{O otilerwise ‘

So, forr +s —1=0(mod 2

U(2r+s_1)/2(RHr,s) = wr4s-1(RH, )
_ { 1 ifsiseven,and is odd
0 otherwise

We recall some more propertiesR#H, ;.
From the universal coefficient theorem and the mod 2 Leray—Hirsch theorem we get

HYRH,;7/2) = 7,/2® 7,/2= Hom(H1(RH,.5), Z/2).
So, this fact and the homotopy exact sequence of the fibre bundle

1 incl proj

RP"™ — RH,; — RP?
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gives that the fundamental growp(RH, ) =Z/2 ® Z/2, providedr > 2, s > 2, which
are satisfied in our case. Also note that (see [10, pp. 79-80])

wi(RH, ) = (r + Drfa+ (s + Drsb + o1(D),

wherer; :RP™ x RP2 — RP’i is the projection to théth factor,i =1, 2, and
o) ©nta + nib.

Hence
wi1(RH,s) =rrnfa+snsb=r(a®1) +s(1Qb),

wherea € HY{(RP";Z/2), andb € HY(RP*; 7,/2) are the generators. Thus

0 if s andr are both even
wi(RHys) = { #0 otherwise
Therefore,
orientable ifs andr are both even
RH, . .
’ nonorientable otherwise

Now we consider the following cases. We will always take s > 2.

Casel. dim(RH, ) =r +s —1=1(mod 4. In this case the Wall surgery obstruction
groups are given by
Lris_1(Z(Z)2 x Z)2)T) if r ands are even} _

Lr — RHr s = I
+s-1(T(RH5), w) {Lrﬂ_l(Z(Z/Z x Z/2)7) if r ands are odd

(see [5, p. 472]). So the surgery obstructic(@s) =0.
Case2. dm(RH, ) =r+s—1=0(mod 2, r is odd, ands is evenIn this caseR H;
is nonorientable, and

Lr+s—1(7Tl(RHr,s)v w)

Lys-a(Z(Z/2 x Z/2)")
Lr+s—1(Z(Z/2_)) =17Z/2,

12

(see [5]), and the surgery obstructimnl?r,s) is detected by the Kervaire (Arf) invariant
(see[11, 13 B], [6, Chapter 1, Section 2]). Now, as in the given case

Vo ss_1y2(RH. ) [RH, 510,
it follows from Theorem 1.2 that the surgery obstruction
MFr ) =kps(N') = 1.

Case3. dim(RH, ) =r+s—1=0(mod 2, r is even, and is odd Surgery obstruction
groups are same as the last case and surgery obstruction is detected by Kervaire (Arf)
invariant as in the last case. Now, as in the given case

U(2r+x_1)/2(RHr,s)[RHr,s] =0,

it follows using exactly similar arguments as in the proof of theorem ((1.3); case 3) of the
last section that the surgery obstruction

AMFp) =k s(N')=0.
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Cased. dmRH, s )=r+s—1=3(mod 4, r > s > 2.
In this case the Wall surgery obstruction groups are given by

Lr+s—1(7Tl(RHr,s)v w)

| Lyys—1(Z(Z)2 x Z/2)T) if r ands are even

"\ Lrys—1(Z(Z/2 x Z/2)7) if r ands are odd

_ { Z/]2®7/2® 72 if r ands are even

0 if r ands are odd
(See [5, p. 472].)
So0,A(F.s) =0 if r ands are odd.
Therefore, we have only to consider the case whemds are even (and of course
r+s—1=3(mod %).

Let us reconsider the fibre bundle

rp—t M py P pps,

Consider the restriction of this fibre bundleRa*~1 C RP*, that is

incl proj

RP 5 (prop t@®PH =S RPL

By definition (proj) *(RP*~1) = RH,; 1 C RH,,, and dimRH,; 1 =r +s — 2=
2 (mod 4. Moreover,RPS = Rps—1 Uy D* as an attaching space, wheress—1 —
RP*~1is the quotient (identification) map, so the fibre bundle

rRp-1 0 gy PR ps

is obtained as the fibre-wise identification:

RP Y RH, = RH,, 1Uge1 (D° x RPTY) 2L Rps—1y, ps =R P,

LetU be atubular neighbourhoodB&fH, ;_1 in RH, ;. Then(U, dU) isan(r +s —1)-
dimensional manifold with boundary containedR#, s, and(RH, (\U, d(RH, ;\U)) is
homotopy equivalenttoD® x RP"~1, 3(D* x RP"~1)), and

RHr,s =U U‘()U:B(D‘XRP’—l) D* x Rpr_l.

Now F|,_ 1w ,auy F~Y(G(U,aU)) — i(U,dU) is homotopy equivalence if and only
if F|N N, s—1 —> z(]RH, s—1) IS homotopy equivalence. But by the last case 3 we

haveA(F|N )= A(F,5—1) = 0, so we can choos€ such thatF, , 1 = Flg, . ,isa
homotopy equwalence and therefaFe,, - can be assumed to be a homotopy
equivalence.

Note also that by [4, Theorem A]

MF =16 (ps xrpr-1yy)) = ARFR) + "4{"* D s (ARFyi2(h)) }

t>0

Liw,ov))

Now Imk4 = 0 by the reason given in the proof of case 2 of Theorem 1.3 of the last section,
and

ARF(h) = (V3 po g prty UR*(0)) N[3(D* x RP"1)] =0,
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because
vaz(szRP,_l) Uh*(k)=0e H™*2(s* 1 x RP12/2),
asr > s > 2, and the contribution of both the characteristic clagsﬁgwm,_l) andh* (k)

are zero inH*~1($*~1; Z/2). Therefore,

)‘(F|F*1(§(6(DS><]RP’*1)))) =0
So we can assume that|,_
homotopy equivalence.

Next appealing again to [4, Theorem A] we get that

LG a(Ds xRPT-1))) is ambiently normally cobordant to a

)‘(F|F—l(i(DfoPr—l,a(DfxRPr—l)))) = k1(c+ARFL(D)),

where

ARFL(h) = (VB pprs UK (K))
N[D* xRP ™1 3(D° x RP™Y)] e Hy(D* x RP™YZ/2).
But
VE, mpr1Uh (k) e H72(D' x RP™™1,2/2) =0,
because > s > 2. Therefore ARF(h) = 0, and hence
MEl p-1G(ps xrpr-1,0(Ds xRP-1))) = 0.

Now we can appeal to the addition theorem of surgery obstructions (see [3, (11.1.4)])
(we have verified all the hypothese of the theorem) to get

)‘(EJ) = )‘(E’S|F—1G(U,6U))) + )‘(ﬁr’s|F—1(1A'(D“xRP"l,Z)(D“xRP’—l))))
=0+0=0,

by our above calculations.

Thus we have obtained the splitting invariafis,) (F, ¢) in all possible cases.

The proof of Theorem 1.4 (main application 2) will thus be completed by successively
performing surgeries mo@s + 1) to makeF, , homotopy equivalences for everys with
r+s<4q+1—rs; r >s > 2 exceptforthose, s which satisfyr odd, s even 0O
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