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Abstract. It is well known that Dold and Milnor manifolds give generators
for the unoriented bordism algebra 9. over Zs. The purpose of this paper is to
determine those Milnor manifolds which represent the same bordism classes in M.
as their Dold counterparts.

1. Introduction

A Dold manifold (see [2]) P(m,n) of dimension m + 2n is the quotient (S™
x CP")/ ~, where ~ is an equivalence relation given by (z, [z]) ~ (—z,[2]).
The ring structure of H*( P(m,n); Zz) is described as

H*(P(m,n); Zy) = [Zﬂc]] “ [ZQM] |

cmtl = dntl =0
and the total Stiefel-Whitney class of P(m,n) is given by

W(P(m,n)) = (1+¢)"(1+c+d)",
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182 A. K. DAS

where ¢ is the nonzero element of H'! (P(m, n); Zg) = Z5 and d is a suitable
nonzero element of H! (P(m, n); Z2) 7o D Zo.

On the other hand, a Milnor manifold H(m,n) (see [5]) is the m +n — 1
dimensional submanifold of RP™ x RP™ given by

min (m,n)

H(m,n) = {([xo,...,xm],[yo,...,yn]) e RP™" x RP": Z Ty = 0},
=0

In fact H(m,n) is the submanifold of RP™ x RP™ dual to (a +b); a and b
being the generators of H*(RP™;Zs) and H*(RP";Zs) respectively. Note
that o™t = b"*! =0, whereas a* and ¥ are non-zero for 0 < i < m and
0 £ j £ n. The total Stiefel-Whitney class W(H(m, n)) of H(m,n) is given
by the restriction to H(m,n) of the expression

(14 @)™+ (1 + b)"*!
(14+a+0)

(1.1)

and the Stiefel-Whitney number of H(m,n) corresponding to a partition
i1+i2+ - +ix=m-+n—1is given by

((a+b)W;, ...W;,,[RP™ x RP"]) € Zy

where W, is the sum of i;-dimensional terms in the expansion of the expres-
sion (1.1). Thus the partition i; +is + - + 45 = m +n — 1 corresponds to
a non-zero Stiefel-Whitney number of H(m,n) if and only if W; W;, ... W;
=amp" ! m=1pn - Since H(m,n) = H(n,m), we always assume that
m < n. Further, throughout this paper the symbol ( ) will stand for bino-
mial coefficient reduced modulo 2.

It is well known (see [2], [5]) that Dold as well as Milnor manifolds in-
dependently give generators for the unoriented bordism algebra i, over Zs.
Thus, in principle, every Milnor manifold is bordant to a union of products
of Dold manifolds. In this paper we investigate the question “which Milnor
manifolds are bordant to Dold manifolds?” and obtain definite answers in
most of the cases.

or a

2. Milnor manifolds which are bordant to Dold manifolds

We begin with the following trivial remark.
REMARK 2.1. H(0,n) 2 RP" '~ P(n—1,0)¥n > 1.
For non-trivial situations we have
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BORDISM BETWEEN DOLD AND MILNOR MANIFOLDS 183

PROPOSITION 2.2. H (2% —2,n) is bordant to P(n—2%*+1,2*-2)Va = 1
andVn=2%—1.

ProoF. The total Stiefel-Whitney class of P(n — 2%+ 1,2% — 2) is given
by
W(P)=1+c)" > 1+c+a)*

where ¢"72°12 =0 = d>*~1. On the other hand the total Stiefel-Whitney
class of H(2% — 2,n) is given by

(1+a)* 1+

W(H) = (1+a+b)

=1+ A+ T A+D)T A +a+ ) T A+ A+ b)),

=(1+ b)n_2a+1(1 +b+a®+ ab)2ail,

where ¢>* 7! =0 =b"! and 27 < n < 27+,
Consider a polynomial

W(wy) = (1+2)" (Lo +y)* ' € Zofa,y)
where (z,y) satisfies the following conditions:
(2.3) dimz =1, dimy=2, and > ~!'=0.

Then, W(P) = W(c,d) and W (H) = W (b,a(a+b)). Clearly, both (c,d) and
(b,a(a+b)) satisfy the conditions in (2.3). Let W;(x,y) be the sum of -
dimensional terms in W (x,y), where ¢ > 0. Then

. = j—oa+1 a_
Wi(z,y) = DO,MSZ + Dl,ixl Qy 4+t D2a727ixz 2 +4y2 2

where Dj; € Z9,0= j £2*—2,and Dj; =0if i < 2j. Let w =141 + 42+ - - -
+ i = n + 2% — 3 be a partition of n + 2% — 3. Then,

202
Wo(z,y) = Wiy (z,y) ... Wi, (x,y) = ft(D)x"“‘Qa_S—?tyt
t=0

where

D)= > DjyuDjpiy---Djpiy € Lo,
Jite+ie=t
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184 A. K. DAS
Therefore, W, (c,d) = faa_o(D)c* 2"+1d2" =2, On the other hand

202
Wa(bala+b)) = > f(DWT" 7320k (a + b)".
t=0
Let X; = b7 2" 32l (g + b)t where 0 £ ¢ < 2% — 2. If t = 2% — 2, then

Xy = BB (g g )22 = g2

Ift <2971 —2 thenn+29—-3-2t2n+2%*—3—(2*—4)=n+1, and so
X; =0 (since "t = 0). So, let 2971 — 1 <t < 2% — 2. Then,

Xt — t a2a72bn71 + t a2°‘73bn
20 —2 —t¢ 20 —2—t—1
= Ay(@® 72" 4 a0,

where A; = 0 or 1; noting that

t t t+1
(20‘—2—t)+<20<—2—t—1> <2a—2—t> €%

Therefore,
W (b,ala+Db)) = foa_o(D)a® 72" 1 + A(a® 26" + a® ~3b")
where A = 0 or 1. Hence it follows that the Stiefel-Whitney number
(Wa(P),[P]) = (Wa(c,d), [P]) = foa—2(D)
= (Wa(b.ala+0b)), [H]) = (Wu(H),[H]). O

PROPOSITION 2.4. H(m,m+ 2“B) is bordant to P(2*B —1,m) ¥ m = 0,
VB21, and V « such that 2¢ 2 m + 1.

PROOF. The total Stiefel-Whitney class of P(2*B — 1,m) is given by
W(P) =1+ P L+ et )™,

where ¢2" = 0 = d™*!. On the other hand the total Stiefel-Whitney class
of H(m,m + 2“B) is given by
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BORDISM BETWEEN DOLD AND MILNOR MANIFOLDS 185

(1 +a)m+1(1 +b)m+2°‘B+1
(1+a+b)

W(H) =

=(1+at+b+ad)™" ' A+0)*PA+a+0)> 1+ (1+07)
=(14+a+b+ab)" 1 +a+b)> 11+ ED
=(Q+a+b+ab)" 1 +a+0b)*F,

where a1 = 0 = 2B+ and 27 <m + 2B < 27T since a?” )

=0
Let W(z,y) = (14 2)* P71 4+ 2 4 y)™" € Zo[z,y], where (z,y) satis-
fies the following conditions:

(2.5) dimz =1, dimy=2, and 22"+2°B ==y

Then W(P) = W(c,d), and W(H) = W{(a + b,ab). Clearly, the pairs (c,d)
and (a + b, ab) satisfy the conditions in (2.5).

Let W;(z,y) be the sum of i-dimensional terms in W (x,y), where ¢ > 0.
Then,

Wi(x,y) = Doa’ + Dyix' %y + -+ + Dy’ >"y™,
where D;; € ZoVj=0,1,...,m. Let w =141 +i2+---+ip =2m+2°B —1
be a partition of 2m + 2*B — 1. Then, using conditions in (2.5),

m

Woo(2,y) = Wi, (2,9) ... Wi, (z,9) = Y ft(Doy, - - D gy, a2 B71720y)1
t=0
where fi(Do, ...Dmi,) € Zzis a polynomialin D;; , 0= j<m,1<r S k.

Therefore, W, (¢, d) = fm (Do, - - .Dmvik)CQQB_ldm, since ¢**B = 0. On the
other hand

m

Wa(a+b,ab) = fi( Doy, - - Dy )(a + b2 P12 ab),
t=0

Let X; = (a + b)*™ 2" B=1720(4p)! where 0 < ¢ < m. If t = m, then
X, = (a + b)?"‘B—l(ab)m _ ambm-‘rZO‘B—l’
and if ¢ < m, then

2m+ 2B —1— 2t
m—t

Xy = (a+b)*" P17 g = < >ambm+2o‘Bl
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(2m+2aB—1—2t
+
m—t—1

— (o3 « _ 7 o
>am 1bm+2 B :At(ambm+2 B 1+am 1bm+2 B)?

where A; = 0 or 1; noting that

<2m+2aB—1—2t> + <2m+2aB—1—2t>

m—t m—t—1

_ 2m + 29B — 2t
a m—t

>—O€Z2,

looking at the lowest power of 2 in (m — t). Thus,
Wala+b,ab) = fm(Doj, . .. Dy Ja™ b2 51
4 A(ambm+2aB—1 i am—lbm+2°‘B)
where A = 0 or 1. Hence, it follows that the Stiefel-Whitney number
(W, (P),[P]) = (Wy(c,d),[P]) = fm(Do, - D)

— (W(a+b,ab), [H]) = (W,(H),[H]). O

PROPOSITION 2.6. H(2%2%"'B) is bordant to P(2°T1B — 2% —1,2%)
Va=1landV B2 1.

PROOF. The total Stiefel-Whitney class of P(2°T1 B —2% —1,2%) is given
by

W(P) _ (1 +C)2a+1B_2a_1(1+C+d)2a+1,

where 2" B=2% = 0 = @2*+1. On the other hand the total Stiefel-Whitney
class of H(2%,2°t1B) is given by

(1 +a)20‘+1(1 +b)2°‘+1B+1
(1+a+b)

W(H) =
=14+ T+ B L a+ b)) (14 a2 + b2
1+ (14 bY)

_ (1+a)2a+1(1+b)2a+1(3—1)+1(1+a+b)2a71(1+a2a +b2a)
_ (1+a)2a+1(1+b)2a+1(3—1)+1(1+a+b)2a71(1+b2a)
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BORDISM BETWEEN DOLD AND MILNOR MANIFOLDS 187
(14 a)2 (14 p)2 T B 4 g g )2 g2
=14+a+b+ ab)QQH(l +a+ b)2a+1(3*1)(1 ta+ b)2a71
+(1+ b)2a+1(3—1)+1(1 5212
= (l+a+b+ab)> T Q+a+b)> B2 (145> B2

where a2°t1 =0 = p2*"'B+L and 27 < 2971 B < 271 gince a2” T = 0. Let

Wi(z,y)=(1+ x)QaHB_Qa_l(l +z+y)> T e Zylx,y], where (2,y) satisfies
the following conditions:

(27)  dimz=1, dimy=2 and ¥ P 0=yt
Then
W(P) = W(C, d) and W(H) e W((I _|_ b’ ab) + a20¢(1 + b)2a+1B_2a.

Clearly, the pairs (a + b, ab) and (c, d) satisfy the conditions in (2.7), noting

that the term a2"b2""' B may be omitted due to dimensional considerations.
Let W;(z,y) be the sum of i-dimensional terms in W (x,y), where i > 0.
Now,

W(z,y) = (1+2)% P 4 (142 Py 4 (142) 5722

Therefore, W;(z,y) = D;z* + E;z' 2y + Fiasi_wﬂy?a where

2a+lB 2a+lB -1 2a+1B _9a
Di: . ) E’L: . ) F’L: . )
i 1—2 i — 20+l

using the convention that (2) =0if s < 0or s > r. Let § be the exponent of
21in 2°t1B, ie. 29t B = 29 . odd. Clearly, § = o + 1. Now,

i(i—1)D; = (2°T'B + 1 —0)2*"'BE;.

So, it follows that if i = 27 - odd, with 3 = 1, then

b=0=D;,=FE—i, [<dé=D;=0, >6=FE—i=0.
Further note that D; = 0 = F; if ¢ is odd. Therefore,
E;x' %y, if 7 1is odd,
Eixi=2y + Fat=2"" 2%, if i=2%0dd, 1<3<36,
Di(zt + 2i72y) + Fa' =22 if i =20 odd,
Dzt + Fixi_2a+1y2a, if 1=2%.0dd, §>9.

Wi(xa y) =
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Let w =iy +ig + - - - +1ip = 27 B +2% — 1 be a partition of 22 B +2% — 1.
Clearly, at least one i; must be odd. So, at least one W, (x,y) is a multiple
of y. Let i1,49,...,im be of type 2° - odd, with 0 < 3 < §. Then, m > 1. Let
Tm+1s bm42, - - - 5 bm4n be of type 29 . 0dd, and let Tmtn+l, bmtnt2s - - -, 4 be of
type 20 - odd, with 3 > §. Then, we have

Wz, y) = Wi (z,y) ... Wy, (x,y)

m m—+n k
= <H Eijxij2y> ( H D;; (z% + xij2y)> < H Dij:cij>
j=1

j=m+1 j=m+n+1

n
a+1 «__1_
— DEGt:L'Q B+2 1 2(m+t) ym-‘rt’

t=0
where D = H§=m+1 D, E = H;n:l Ei;, Gy = ("), 0 < ¢ < n. Thus,

DEGaa_pc2™ ' B=22=12% " if <20 — ;< n

0, otherwise.

On the other hand
Wala+b,ab) = > DEGy(a+ b)*"" B2 -1220mtt) (gpymtt,
t=0

Let X; = (a+ b)2a+lB+2a_1_2(m+t)(ab)m+t, where 0 =t <n. Clearly, if
m+t> 2% then X; = 0. If m +¢ = 2% then

Xy = (a+ b2 EE T ah)? = o252
If m+1t <2 then

X, — 20FIB 429 — 1 —2(m + t) 2B
29 — (m +t)

20F1B 429 — 1 —2(m +t) 20_1p20+1 B
a
29 —(m+1t)—1

[e% at+lp_ o a+1
= A (a2 ¥ TIB1 4 27127 By

where A; = 0 or 1; noting that

20FIB 4 29 1 —2(m +t) 20HIB 4 29 1 —2(m +t)
20 — (m+1t) 29 —(m+t)—1
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BORDISM BETWEEN DOLD AND MILNOR MANIFOLDS 189

B <2a+1B +29 —2(m +t)

=0¢€ Zo,
20 — (m +t) ) 2

looking at the lowest power of 2 in (m + ¢). Hence it follows that
Wy (a+ b, ab)

_ [DE(Gaeema® 0?7 B 4 Ag(a,b)), if 0Z2% —m <,
A'g(a,b), otherwise,

where g(a,b) = a2*p2* T B-1 a2a_1b2a+13, and A, A’ € Z5. Thus, we have

DEGaa_pm, if 0529 —m<n

0, otherwise.

(Wale,d), [P1) = (Wis(a + b,ab), [H]) = {

Now, W;(H) = W;(a + b.ab) + Nj(a,b), where

20T1B — 29N sa . ga
Ni(a,b) = 2y
@i = (" 007 )
Note that
(i) Ni(a,b)Nj(a,b) =0, Vi,j 21,
(ii) Ni(a,b)W. (a—i—bab)-O Vi =1, if j is odd, and
(iii) N;(a,b) =0, if 7 is odd.

Hence, it follows that
Wo(H)=W; (H)...W;, (H)

k
= Wo(a+b,ab) + > N, (a,b)Wi, (a+b,ab) ...
j=1

Wi, (a+ b,ab) ... Wy (a+ b,ab) = W,(a + b, ab),
since w has an odd summand. Thus, the Stiefel-Whitney number
(Wa(P), [P]) = (Wa(c,d), [P])
= (Wo(a+b,ab), [H]) = (W,(H),[H]). O

REsuLT 2.8. ), is a polynomial ring over Zy with independent genera-
tors RP? and H(2%,2t2%) where t,k > 1 (see [5]).
Therefore, in view of Remark 2.1 and Proposition 2.6 we have
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REMARK 2.9. The Milnor manifolds lying in the generating set of .
over Zo are all bordant to Dold manifolds.

The following proposition is not directly related to the question we are
investigating. However it has its own significance.

PROPOSITION 2.10. H(m,2% —1) is bordant to RP™ x RP* =2V m >0,
and ¥ « such that 2% > m + 1.

PROOF. The total Stiefel-Whitney class of H(m,2% — 1) is given by

(1+a)" (140>
(I1+a+b)

W(H) = =(1+a)" (1 +a+b>

where a”t! = 0 = b2”. On the other hand the total Stiefel - Whitney class of
the product M = RP™ x RP?"~2 is given by

W(M) = (1+uw)™ (1 +0)" 7

where v € H*(RP™; Zs), v € H*(RP?* 2, Z,) are the generators of the re-

spective cohomology rings. Let W(z,y) = (1+2)™™ (1 +4)*" ", where
(z,y) satisfies the following conditions:

(2.11) dimz = dimy =1, and 2™ =0.

Then
W(H)=W(a,a+b) and W(M)=W(u,v).

Clearly, the pairs (a,a + b) and (u,v) satisfy the conditions in (2.11). Let
Wi(z,y) be the sum of i-dimensional terms in W (x,y), where ¢ > 0. Then,
W;(x,y) is a homogeneous polynomial in z,y of dimension i. Let w = i1 + i
+ -+ 4ip = m+ 2% — 2 be a partition of m + 2% — 2. Then, using conditions
in (2.11),

Wolz,y) = Wi (z,y) ... Wi, (x,y) = Z Djym 2" 2=
7=0
where D; € Zo V j =0,1,...,m. Therefore,
W (M) = W, (u,v) = Dpu™v*" 72,
On the other hand,
Wu(H) = Wy(a,a+b) = Em: Djal (a4 b)™ 27270,
=0

Acta Mathematica Hungarica 111, 2006



BORDISM BETWEEN DOLD AND MILNOR MANIFOLDS 191

Let Xy = a’(a + b)m+2a_2_j where 0 £ j < m. Then X,, = a™b*>" 2, and if
J<m,

X, = <m+ 2% =2 j>amb2a2 n (er 2% =2 j>amlb2°‘1

m—j m—7—1
:Aj(amb2a_2+am_1bga_1),

where A; = 0 or 1; noting that

2¢ —2—3j 2¢ —2—j4 2¢ —1 —J
m—j m—j5—1 m—j

looking at the lowest power of 2 in (m — j). Thus,
Wo(H) = Dpa™b* 72 4+ A(a™b* 7% + o™ 10> 1),
where A = 0 or 1. Hence, it follows that the Stiefel-Whitney number

(Wo,(H),[H]) = Dpy = (Wo(M), [ RP™ x RP*7?]). O

3. Milnor manifolds which are not bordant to Dold manifolds

First of all note that the Milnor manifolds, which are boundaries, are
trivially bordant to Dold manifolds which are also boundaries (of course of
the same dimensions) and in that context we have the following results from
[4] and [3].

Resurt 3.1. A Milnor manifold H(m,n), with m < n, bounds if and
only if at least one of the following conditions holds:

(a) m =,

(b) m =1,

(¢) mn=1 (mod 2),

(d) n=2 (mod 4) and m + 1 < 2¥("+2) where v(n + 2) is the largest in-
teger such that 2V("+2) | (n + 2).

REsurLT 3.2. A Dold manifold P(m,n) bounds if and only if one of the
following conditions holds:

(a) n is odd,

(b) n is even, m is odd, m > n and 2V("~"=1) > p,

The class of Milnor manifolds which are not bordant to Dold manifolds

is much bigger than the class of Milnor manifolds which are actually bordant
to Dold manifolds, and it is quite evident from the following proposition.
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PROPOSITION 3.3. Let m be odd, and n be even such that m < n. Then
H(m,n) is not bordant to a Dold manifold unless H(m,n) itself is a bound-
ary.

PROOF. Assume that H(m,n) is not a boundary. We know (see [5]) that
H(m,n) fibres over RP™ with fibre RP"~!. Therefore, the mod 2 Euler
characteristic x (H(m,n)) = x(RP™)x(RP™ ') =0.

Let d = dim (H(m,n)) = m+n —1. Clearly d is even and so the non-
bounding Dold manifolds of dimension d are of the type P(r,s) where both
r and s are even (by Result 3.2) and r + 2s = d. Since (see [1]) P(r,s) fibres
over RP" with fibre CP?, it follows that the mod 2 Euler characteristic

X(P(r;5)) = x(RP")x(CP*) # 0.

Thus, H(m,n) is not bordant to a Dold manifold. O

At this moment we can not say much about the remaining Milnor mani-
folds; however Results 3.1 and 3.2 together with some computer calculations
suggest us to make the following conjecture:

CONJECTURE 3.4. The non-bounding Milnor manifolds which are not
considered in Propositions 2.2, 2.4, 2.6, 2.10 and 3.3, are not bordant to
Dold manifolds.
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