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PRELIMINARY TEST ESTIMATORS IN 

UXILPARY VARS 

G. Das and K . Bez 
Centre far Applied Statistics, North-Easte~n 
Will i J n i v e r s i t y p  Shillong, India, 793003, 

an 
Gepar t rnen t  sf Economics, North-Eastern 
Hill Univsrsity, Shitlang, India, 793014, 

An attempt has acen  nude to suggest same estnnators 4sr 

population mean lrt daublr samplrng with t w o  auxrlrary 

v a r ~ a b l e s ,  ailernatrve to the usual regrassxan 

est~matar. When t h ~  experrmenter has part r a l  

1n4nrmatlan about the mean s T  the aux n l a ary 

varlable or variables, prellmrnary test e s t l m a t a v s  can 

be used, +he bxas, mean square error, relatlva 

efracnenry and aptxmum allacatron oP samale  srres are 

2 b t a l n e d  far the saqyested ast%mators, 

Copyright I995 hy Marcel Dekker. Inc 

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
B
a
n
a
r
a
s
 
H
i
n
d
u
 
U
n
i
v
e
r
s
i
t
y
]
 
A
t
:
 
0
7
:
0
4
 
2
6
 
S
e
p
t
e
m
b
e
r
 
2
0
0
9



DAS AND BEZ 

It : s  a well knnwn fact that fop estimating 

the pepuiatian mean of the variable Y,the precision of  

t k * e  estimator can O e  increased, when information an 

an auxiliary variable %, highly correlated with V 

:s readily availdale on a11 units o f  the 

oooulatxon, rneurooratlng the knowledge 0 4  p x ,  the 

wascilat~un mean af X ,  @hen the relatrenshle betls~een Y 

and Y r s  fauna to be apernx~mately lrnear, but the lrne 

does not 95 through the orlgln,llnear regression 

estimate may ae used. To usa the lanear regpessron 

e s t ~ r n s t n r  ~t r s  usually assumed that the paoulatlon 

mean v X  1% h ~ 0 4 1 ~ r . W a b i e ~ e ~  r n  eer taxn nkactlrak 

s x r u a t l n n z  p 15 not  rram-t a cit-lorr In whrrh case the 

tecnnrqus of doubie samplzng as apolied. Were one m a y  

t a k e  a preliminary sarnoie t n  estimate rt. 

In c e r t a x n  situatrans the e-zperzmenter m a y  have 

partial lnformatran abaut ux . Han (19731 has suggested 

kne use of double samrsllng wrdh aartxali ~nffa~rnat~on an 

the auxrilary varnable. In order to utrlrse t h e  

partraf anfarmatxon one ran perform a prellmrnarv test 

about the hypothesis that HU. pr= ues where u 1s the 
0 

galup obtarned from t h e  partial znformatran, A 

prel~mrnary sample as obtained, o n e  can teat W 

agarnst H I :  j t k  z . I f  tdcs an accepted, yo 

used ~n the regressran estrmator; z f  He e s  rejected, 

the sample mean based an the oretlmrnxry sample 

n s i  used. T h ~ s  ectzmator 1s usuallr called the 

prelzminary t e s t  e s t a m a k n r  ( P I E ) .  

in estrnatlng the oapulatxon mean p of the randem 
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DOUBLE SAMPLING WITH TWO AUXILIARY VARIABLES 1213 

variable Z is available, When y 1 5  not known, we can 
X 

take a oreliminary sample ta estimate it, Again if pz 

rs alsu not known, assume that Z is known over 

anathrr large sample. En such situations an estimator 

using X and Z is being suggested by Mukerjee et a1 

r 1987). 

Suppose, while cansidering regression estimators 

i t  two auxiI iary variabf r s  in double sarnp1 incj, 

partial informatian about one a f  the vasiables, say i-lz 

is available. I n  order to utillse the p a r t i a l  

inrermation, one ran perform a preliminary test about 

the Rypathesis that Wo:pZ = uo "heye yo is the value 

obtained from the pa~tiaP information, 

preliminary sample is obtained, Ho:pz = pa can be 

tested against H I :  gz * @, - 1 9  H, is accepta 

be used in the reg~ession estimator3 if % 1 s 

rejected, t h e  sample mean On the pr@ I iminary 

sarngie is used.  

Now we proceed to construct a preliminary t a s k  

estimator in double sampling with t w o  auxiliary 

variables, having  art is1 information an only ane 

auxiliary variable, Let t X , Y , Z )  have a trivariate 

narrnai distributian w i t h  mean ( p x  ?gY p 1 and 

covariance matrix E nn which the variances are denated 
2 2 

by ax ,u and o2 a d  carrelatnm coefficients by pyx ,  
Y 

P,, and pxZ  "The variables X and Z ran he readily 

observed, t ~ ~ i f e  xt 1 5  mare expensive ta observe the 

triplee (X ,Y ,Z) ,  The problem is to estimate p~ In 

oractice one can obtain a sample of size n* rrlhet-@ both 
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1214 DAS AND BEZ 

X and Z are measured, then a subsample of size n is 

t a k e n  f r o m  the n, o b s e r v a t i o n s  and all three va~iaolcrs 

X , Y  and Z a r e  measured .  

covariance r n a t r ~ x  

unknown and the experrmenter has 

partzal infarmstion about it, a preliminary t e s t  

He : pz = O (letting p = 0 ,  wntho 
0 

can be employed, If % is a c c e p t e  p ,  wilt be  used nn 

n estimatarg if Ho i s  rejected the sam 

sn the preliminary sample consisting of 

nA rndepedend observations of  Z is used. Since 

totally unkncsujn, i t  as estimated fra 

preliminary sample also of size n , ,  The 

preliminary teat estimator in double samplin 

auxrliary variables, having partial information on one 

auxiliary v a ~ i a  le i s  d e f i n e d  as 
. - 
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DOUBLE SAMPLING WITH TWO AUXILIARY VARIABLES 1215 

2.1 B i a s  of t 
i 

T o  evaluate the bias of t w e  require ?he joint 
- c5 - - 

d i s t r i b u t ~ o n  a f  ( x  , x  V Z - ,  3z y - I t  can be 
n '  n , /  $ 3  

easily verified that the jaint distribution sf these is 

nothsng but a multivariate n o r m a l  with mean ipx 

W z  q j i z  * i d y  ) ann varaance covarxance m a t i - I F  
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1216 DAS AND BEZ 

A s  p a r t r a l  c h e c k s  ~t c a n  b e  s e e n  t h a t  l a §  i tp!=-B p 
Y E  Z 

Mhen a = 0 ,  I . @ , ,  when we a l w a y s  a c c e p t  Also * 
B 1 3 5 f t p )  = 0 when a = 1. F u r t h e r ,  t h e  v a l u e  of  

B ~ a s ( t  ) la symmet rnea l  with r e s p e c t  t o  p Z .  Hence we 

need  t o  c o n s r d e r  o n l y  t h e  b e h a v r a u r  o f  B r a s  (ti) when 

pZ? (3. I n  o r d e r  t o  get an ~ d e a  a b o u t  t h e  b e h a v a a u r  of 

t h e  b r a s  w r t h  r e s p e c t  t o  pZ, t h e  v a l u e s  a f  B x a s t t  i r n  

a b s o l u t e  v a l u e s )  c a n  tie computed f a r  a set a f  v a l u e s  s f  

n , a ,  and B We n a t r c e  t h a t  Bmasf ts)=O when p =0. 
Y 2 a 

l a ,  when pZ n n e r e a s e s  t r a m  0 ,  % x a s r t l l  first 

i n c r e a s e r  t o  a maximum. t n e n  d e c ~ e a s e s  t o  z e r o ,  The 

bzas r s  v e ~ y  c l o s e  t o  z e r o  a t  +i -1.The b r a s  found  
2 

h e r e  1s q u i t e  s m a l l  a l m o s t  rn all eases. The g e n e r a l  

b e h a v l o u r s f  B ~ a s ( t ~ )  wrth r e s p e c t  t o  pz r s  given 

xn F r g u r e  2 .  

2.2 MSE and R e l a t i v e  E f f i c i e n c y  o f  t 
P 

Te o b t a i n  t h e  mean s q u a r e  e r r o r  (MS ti *  We 

n o t i c e  t h a t  

(2.41 

By u s i n g  m u l t i v a r i a t e  normal d i s t r i b u t i o n ,  ~ ! t r  1 is 

found  t o  be 

2 
~ ( t ~ j = i ~  + I j n j  

Y 

+ ( l l n - t 1 n . j  i ~ '  -8" -28 p -2B p =+28Yx8Yzpxz) 
Y X  Y Z  Y X  Y X  Y Z  Y Z  

-+(@ (&)4 t B >  fB2 ~ p ~ + l / n ~ ~ - 2 ~  (,u ,u *pYz/n,)) 
Y z Y Z  Y z 

) 1 (28' p -28 <pY+pvE,uz ) > /nJ0'  ' 
Y Z  n Y E  

-(&@(A)-B@(B) ) (B' -2N p ) / w  (2.5) 
Y Y Z  YZ 

S u b s t i t u t i n g  (2.2), (2.3) and (2.5) i n  (2.4) we a 
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DOUBLE S A M P I N G  WITH TWO AUXILIARY VARIABLES 

FIGURE I . :  Behavluur o f  B i a s C t  ) with r e s p e c t  to pz  far  

n- = 30. p X z  = O.btQyx = 0 . T 3  P Y z  = O.B. 

-- . .- ,  a = 0 . 0 5 ;  -----, cu = 0 . i o :  -------, cx = B . 2 S P  
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1218 DGS AND BEZ 

The  relative efficiency of t to t 15 defined as 
2 

The values; aP e can be easily eomauted P a r  
a 

different v a l u e s  of p . Me n o t i c e  that e 15 symmetric 

abaut p =O,hence we need to r o n s ~ d e r  only gZP Til I n  

order t a  get an idea about t h e  behavrour of tne 

relative efflriency function wlth respect to u .e 
r d  

can b e  computed for a set sf values a f  n,n,,a and 

B -1% is found that In general e has a maxnmum at 
)I 25 

;J_ = 0 . A s  p Z  xncrea5e5, @ decreases do a nlnlmum and - 
then rncrease s  to u n z t y ,  1 

v e ~ y  clase ta 1 at y = I .  In 

e 15 gaven in Fa 
i 

2 - 3  Optimum allocation 

NOW ~e t v y  to fxnd out f o p  a given cast functzon , 
w h a t  rs t h e  nptnmun allncatican o f  samDLe sizes nd and 

n3 b e t  t h e  cask function be of the form 

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
B
a
n
a
r
a
s
 
H
i
n
d
u
 
U
n
i
v
e
r
s
i
t
y
]
 
A
t
:
 
0
7
:
0
4
 
2
6
 
S
e
p
t
e
m
b
e
r
 
2
0
0
9



DOUBLE SAMPLING WITH TWO AUXILIARY VARIABLES 

FIGURE 2.: Behavbour OF Relative Efficiency e with 
P 

respect; tn pz for nd = 30, n = '0' P,, = 0.6, 

= I s . ? ,  P Y z  = 0.(9. 
, . , . . a = o. os, ----- a = o , lo, ------- a = c s .  as .  
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1220 DAS AND BEZ 

Me may now compare MSE ( t  ) w i t h  t h e  minimum vai-rance 
opt r 

o f  t z ,  t h e  r e g r e s - , i o n  e s k i m a t o ~  w i t h  two a u x i l i a r y  

v a r - l b l e s  u n d e r  double s a m e l i n g  without u s i n g  

p r e l i m i n a r y  t e s t .  From ( 2 . 6 ) ,  t h e  v a r i a n c e  af t 1s 

g i i . e ,  

and t h e  minimum v a r i a n c e  s u b j e c t  ta t h e  cast c o n s t r a i n t  

(2 .9 )  is 

a r e  (2,12) and 12.14>, w e  o b s e r v e  t h a t  

a+2Z & i Z  ) 1s a d e c f e a s i n g  f u n c t i o n  o? Z w i t h  a maximum 
O! Q a 

e q u a l  t n  u n i t y  a t  Z =O.There fore  we c a n c l u  
0. 

MSE ( t i  ) 3  Vop t  (t > p r o v i d e d  2 pa 
2 

w i t h  
O P  L Y a y ,  x z  P x z  

e s u a l i t y  h a l d x n p  f o r  Z =i3, erhieh is t h e  r a s e  when t h e  
r)i 

S.PTZ WITH FAWTIf4L INFORMATION 

BN TWO AUXILARY VARIABLES 

Neut ,  w e  p r o c e e d  t o  c o n s t r u c t  a p r e i r m z n a r y  t e s t  

e s t r m a t o r  rn d ~ u b l e  s3mpl lng w l t h  t w o  auxs l xasy 

v a r l x b l e s  h a v r n g  p a r t r a i  z n f a r m a t r o n  a n  hots t h e  

a v x r l r a r y  variables. The assumotnan  a b o u t  t h e  

G l s t r l b u t s o n  uf O , Y , Z )  1s a 5  la S e c t i o n  9 ,  The 

c a v a r r a n e e  m a t r l x  E r s  bnown with c+: =oZ =02 =1. 
Y Z  

W e n  l ix ' ~ 1 ~  a r e  unknown and t h e  experimenter 

h a 5  p a r t r % P  z n f s r a a t l a n  on them, say pox and z  

r e s p e r t r v e l y ,  h e  c a n  emoloy o r e l l m i n a r y  t e s t s  f a r  

t e s t r n q  PL : pX  =O and H . g Z  =O ( l e t t i n g  ~1 - =O 
is i aa' O X  - PO, 

w i t h o u t  less o f  g e n e r a l i  I f  HOi is a c c e p t e d ,  yo x 
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DOUBLE SAMPLING WITH TWO AUXILIARY VARIABLES 127-1 

1 i i l P 1  be used  pn the r e q ~ e 8 5 1 8 n  estimator. However 

i f  Hails rejected t h e n  the sample mean is US@ 

SamllarPy r f  WO2 2 5  a c c e o t e d ,  I be used, 
- 

o t h e r w i s e  the sample mean + as used, Based on t h e  
n' 

a b o v e ,  the s u g ~ e s t e d  orelzmrnarv test e s t r m a t o ~  zs 

y i v e n  ay 

To evaluate the a i a s  of t S h e  j a i n t  distribution 
9) - - - 

a f  ( 2 ,x r r n f , s n  P y n  ) 1 5  required, w h i s h  is same as 
TI .  n 

d e s c ~ i b e d  i n  S e c t i e n  2 and w e  a 

ias(tB I=-- y z g z  when a=O, that is when we always 

accent W and Ho2"nd B&sas<t  ? = O w  en a=S.  The values 
U .i a 

salute vabuesf, computed l o p  a set 

vaPues of r ia, a4 and show that Baasft i = 0  when 
Y z 3 

p = p  ='3 and as (px, p 1 Increases from 10,O). Brasft ) 
X 2 9 

I n c r e a s e s  ta a maxrmum, then  deereasier  %a zero .  

very close to zero when p = p Z = I .  The q e n e r a l  behavraur 
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DAS AND BEZ 

ehaviour o f  B i a s ( t  ) with respect ta y and 
9 X 

pig f a r m =  30, = 0 . 0 5 ,  = 0.6: = 0.7, 
@ x  z 

P Y Z  = O , B .  

of Bnas(tg i with respect t o  I-ix and pa is shown i n  

Figure 3 and i s  similar t o  t h a t  a P  Biastt ) .  

3.2 MSE and R e l a t i v e  Efficiency o f  t 
3 

The mean square e r ro r  nf t rs found ta be 
3 

MSE < kS  f = gl+ h; 
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DOUBLE SAMPLING WITH TWO AUXILIARY VARIABLES 1223 

@there g p  is same in f3.6) and 

Yke relative efficiency of t to t2 is defined as: 

e a =  gi I ( g + h a )  (3.4) 
i 1 

The value a? e can be easily computed far different 
2 

va'hlues BP rtl n.? etr 
By% 

and B . In general e has a 
Y * 

m a x i m u m  a t  g =g,= 0 ,  It decreases t a minimum and then 
r: 

Increases ta unity as ( gx ,  yz ) increases from t0,o) 

It is alsa found tha t  ez is very close ta 1 at p x  = pa 

= 1.The general behaviour o f  e 2 with respect ta p and 

and the o p t i m u m  value sf M S E l t  ) a5 
3 
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DOUBLE SAMPLING WITH TWO AUXILIARY VARIABLES 1225 

at Za = 0 ,  the V It ) is at least as large as that of 
o p t  r 

HSEopt(t3). Thus W @  conclude that 

MSEopt < t S )  I V (t,) (3.8) 
t 

with equality holding for Za = 0, which is the case 

&ien the two estimators eaincide, 

Similarly camparisian can also be made between 

MSE i t s )  and H5E Iti). One can easily observe f r o m  
OP t O P  L 

(2.12) and (3 .7 )  that since a + 2 Z #(Za f is a 

decreasing function a f  Zg w i t h  a maximum equal to unity 

at Za =O and Z s ? .  
PY z 

therefape, 
P y .  x z  

MSEopL(ts) 5 MSE iti) (3.9) 
OP 

4 .  CONCLUSION 

e have shown in Section 2 that under certain 

condition PTE in dou le sampling with t w o  auxiliary 

variables having partial information on only one 

auxiliary variable Pa more efficient than reyresaian 

estimatars in double sampling with two auxiliary 

variables. In Sertian 3 we also proved that under 

the optimum condition MSE sf PTE in double sampling 

w ~ t h  two aux~liary val-iahles iis less than the MSE 

of usuai regressian est   ma tar zn douh le nampl nng 

8~1th two su!<l?lar:~, v a r ~ a b i e s .  Lastly from (3.9) we 

f lnxj that t h e  FTE 13 double samollng with tun 

3%.:-illiity v a r r a i 3 ; e s  navir-,g 3artl.31 ~nformatnnn an ~ o t h  

the auxiliary variables is better than the PTE I n  

I G u o L e  .Sam?il l7ig &#It5 two aurlli ary varrabjes fis3d;ng 

partial information on only  one auxiliary variaole. 

% - l e ~ r e  frum the proceedings of the previous two sections 

we may conclude that under  the stated asnumations PTE 

z r  p r o v e d  to b e  mare ~ f f ~ c i e n t  t h a n  the usual 

regression estimator, 
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