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ABSTRACT

fAn attempt has been made to sugnest some estimators for

population mean in double sampling with two auxiliary

variables, altarnabtive to the usual regression
sztimator. When the sxperimenter has partial
information about the maan of the auxiliary

variable or variables, preliminary test estimators can
b2 wused. The biss, mean sguars SrTOr, ralative
efficiency and optimum allocation of sample sizes are

obtained for the sungestsd estimabors.
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1212 DAS AND BEZ

1. INTRODUCTION

It is a well known fact that for estimating
the population mean of the variable Y,the precision of
the astimator can be increased, when information on
an zuxiliary varizble ¥, highly correlated with ¥
i3 readily available [n1n} EY units of the
population, incorporating the knowledge of gx, the

population mean of X. When the relationship bebwsen Y

and X is found to be approximately linear, but the line

[

oes  not go through  the origin,linear regression
gstimate may be ussd. To uss the linear ragression
sstimator it is usually assumed that the population
mEan  u o 1% known.Howeaver in certain oractical
situstions # is not known a priori in which cass the
technigus of double zmampling is applied. Here ons L ESY
take a preliminary sample %o sstimate i%.

In certain situations the experimenter may have
partial information about Moo Han (1973} has suggested
the use of double sampling with partial information on
the auxiliary wvariable. In order to utilise the
partial information one can perform a preliminary  test
about the hypothesis that H; HoF M whers H is the
valus obtained from the partial information. Afizsr  the
preliminary sample is obtained, one can test Hﬁ: MKS po
against Hl: o = B, I HU is accepted, 5 will ba
uged in the rsgression estimators if H0 is rejsched,
the sample wmean bassd on  the araliminary zample
is wsed. This estimator is usually called the
preliminary test estimator (PTE).

In sstmating the population mean yy af the random
variable ¥, suppose that in addition to information on

an auxiliary variable X, information on vet another
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variable Z is asvailable. When yxis not known,  we  Can
take 2 preliminary sample to sstimate i%. Again  if gz
is also not known, assume that € is known over
anothar large sample. In such situations an estimator
using X and Z is being suggested by Mukerjes st a2l

(1987) .

Z.RTE WITH PARTIAL INFORMATION
ON ONE AUXILARY VARIABLE

Suppose, while considering regression estimators
with two  auxiliary variables in double sampling,
partial information about ong of the variables, say yz
is available. In order to utilise the partisl
information, one can perform a3 preliminary test about
the hypothesis that Hﬁspz = M
obtained from $he partial  inforeation. Aftsr the

wuhsre H, is the valus

preliminary sample is obtained, Hasyz = g, can be
tested against le B # M .If Ho is accepted, e, will
be usmed in  ths regression estimatory if He is
rejected, the sampls mean based on the preliminary
sample is used.

MNow we procsed to construct a preliminary  tast
gstimator in double sampling with P e auxiliary
variables, having partial information on only one
auxiliary wariable. Let {(X,¥,Z) havs & ‘itrivariate
normal distribution with mean (px ,gy = } o oand
covariance mateix £ in which the variances are denoted
by ﬁj ,ai and 32 and correlation coefficients by py%
pyz ang € .The variables X and Z can be raadily
observed, while 1t is more expensive %o observe the
triplet (X,¥,Z). The problem is to estimate py . Inm

practice oneg can obtain 3 sample of size n where both
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¥ and Z are measured, then a subsample of size n is

taken from the rv obssrvations and all thrse varizsbles
XY and Z are measured.

Z
If 5 is known, we may lst o = gy = =1
®
without loss of generality. The joint distribution af

(xﬁ + ¥ 22,0 18 normal with mean (H ¥ g and

covariance mabtrig

Whien yz is unknown and the expevrimenter has
partial informaztion about 1%, 2 preliminary test
Ho $op = 3 {letting My = 3, without loss of generalidy}
can be emploved, If Ha is accepted &, will be wussd in
the regression gstimatorg if %% is rejected the sample
mean z pased on $the preliminary sample consisting of
r indepedent observations of 7 is ussd. Since H is
totally wnknown, i% 15 gztimated from another
preliminary sample also of sizse . The suggested
preliminary test estimator in doubls saapling with two
auxiliary variables, having partial information on one

guxiliary variable is defined as

y_ +B_ (x -x =Bz if |z_| % z_ /m®"®
bl e [a T ) ¥E N i =}
g = - - - = - . - G5
4 v, +Byxfhﬁ> xm)+Byz(bﬁJ~;h) if };H; ,Za n
—~ {2.13
- = _ z
where Byx = (pyx pyz pxz ¥y /{1 pxz)
- . .z
and Byz = (pys . = yo/ 1 pk_)
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are population regression coefficients of Y on ¥ and 2
respectively, assumed to be known since £ is known.fAlso
Z; is the 100(fI — «/21% point of NG, 1}, o being the

level of opreliminary test.

Z.1 Bias of ¢
i

To evaluate the bias of t | we reguire ¢the joint

S0 A

3]

Y

distribution of (x 3 ¥ y
n’ N n n

,; 3. It ecan  be
easily verified that the joint distribution of thsse is

nothing but a2 multivariate normal with mean (yx W

M, sk oM } oand variancs covariance matrix
Y

i/ 17/nv FoR U o At & In
RE XE A4

17 i/n F-2 i Y & rn o fn
Rz HE V3

B - . B -~ ey

gxz!n pxzfn i/n i/n yyz,n

pxzfnJ pKzin i/ i/n pyzfﬁ
@yxfn pyx/ﬁ ﬁyzfn' pyz!m 1/n

Ect 3 = E(% i iz |5z /0" TPz |51, /n )
i i [l [ EN) A
PEG L IE >z, e %R AE o1
i el fe) om e
=+ Bias (%t 3 (2.2%
5 ‘ . Q.3
sihere Bias {ti) = Eyzx¢(ﬁ3 - H{BIY/
- B u_ (EilAY -~ B(BY) (2.3
v =3

where (.3 is the cumulative distribution function of
Hi{G, 13 and ¢{.3 is the density function and

6.5

& o= 2 kN s B = - I wyznp's
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As partial checks it can be seen that Bias iti)=—Byzyz
when & = O, i.28., when we alwavs accept Ha‘ flso
Bias(tl) = O when o = 1. Further, the value of
Bias(ti) is symmetrical with respect to e Hence we
need %o consider only the behaviour of Bias (ti) when
yzz D. In order to get an idea about the behaviour of
the bias with respect to H the valuss of Bias(ti) {in
absolute values) can be computed for 2 set of values of
e, <ty and Byz‘ ke notice that Bias{ti)=0 when pzﬂb.

fAlgo, when H increases Trom O, Bias{tib first
increases o & maximum, then decreases to  zero, The
bias is very close to zero at gzzl.The bias found
here is guite small almost in all cases. The general
hehaviour of Bias(tl) with respect to u is given

2
in Figure 1.

2.2 MSE and Relative Efficiency of ti

To obtain the mean sguare error (MBE) of ti§ we
notice that
MSE ¢t )=E (¢%1-(E (¢ )+ (Biascy »* (2.4}
By using multivariate normal distribution, E{tf} ig
found to be
ECtT)=(u +1/n)

i b4
+(1/ﬂ—1/nﬁ{E$X+B:z—ZByxpyx~28yzpyz#23yx8yzgxz}
+c§cé>~§(ﬂ)>csiz(pi+1zn>—zsyzﬁ“yyz+pyzfnq>

<1

2 o]
- — { - -3 y P
(¢ (A ¢KB}}(hByzyz hByz(uy+pyz#z);/n

-<a¢{93—3¢(5)><932 2B o ¥ /n (2.5)

Y2 VY2
Substituting (2.2), (2.3) and (2.5) in (2.4) ws obtain
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FIGURE 1.: Behaviour of Eiagiti) with respect o ® for
o= 80, P T 0.80 = G.7y pyz = G.8B.
camess & T O.05;] mmo—o s O T 0,.48] ey & T 0. 285.
MSE(ﬁi) = g hi (2.4}
where g = (1__2 Yo+ 2 Ay
kY Py.xz ﬁy.xz n
.2 2 z 2
= { L Pl s -
P na Pt —Pyx@yzﬁxz)fii GO

and h (2 (A3-8(B)1(B° W+ 1/ i~2B o /o)
" vz Tz yveyz

z 0.5
-{@{&r~ 2 - - :
@A~ {BY ¥ { Byzgz Lﬂyzpyzuz)in
~(AGLAI-Be (B (B ~2B o 1/t
vE YE YyE
The guantity giis the variance of the agtimator

tZ(Mukerjee et al: (198731, the linegar regression
estimator using two auxiliary variazbles in double
sampling, which under the assumption that T is known

z_ =z . .. )
and az=0y=&z=1 is defined as follows:
¥

ey + B (x_~— % )+B_{z_ - z } (2.7}
e "' n YK ial [ad vE (2l Eal
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The relative s¥ficiency of ti ta tzis defined as

= d + 1 2.
2, gif (gi hi) (2.8

The values of e1 can be e2asily computed for
differant valuss of Q;. We notice that eiis gymmetric
about gz=6,hence we nzed to consider  only yzz G in
order to get an idea about the behaviour of the
relative efficiency function with respect o g .8
can be computed for a sset aof wvalues of n,nv,a angd
Byznlt is found that in gensral e, has & maximum at
Moo= .65 M, increasss, %1 decreases o a wminimum  and
then increases to wunity. It is also found that ai is
very closes to 1 at By =1. In gensral,;the behaviour of
e, is given in Figurs 2.

2.3 Optimum allaocation

hMow we try to find out for a given cost funciion |

what is the optimum allocation of sample sizes o and
n? Lat the cost function be of the form
£ = noc + o +nc

1 z 8

whare ci, Cz gl T, are costs of observing ¥, ¥ and I
respectivaely. Or eguivalently
C = nc, + oo where o =g +¢ (2.9
i 4 + 2 3
The values of n and n are obtained by wminimising
MEE{t ¥ subisct to the cost constraing (2.9,
i

Following the derivation as in Harn {(1973),ws obtain the

optimum allocation when gzso as fTollows

n =0k % 7% e 0% Priee, 1% %) (2.10)

. B -
and n‘=C§<:‘0'5.!’{‘:;0'5({%@1)0 8+(k’c; RS (2.11)
and the optimum value of MSE(%I)as

- o5 . B8 2 - e
HSEO?t(ti)-({kci } +(kci 3 ) R (2.1
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FIBURE 2.: Behaviour of Relative Efficiency e1 with
respect o for n = 20, N = 10, g© = 0.6,
z Kz
;::yx = .7, ,oyz = .8

..... ; & T 0,08, ——=——, & = 4,10, s & = 0,25,
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. 2
wherae k = 1 ﬁy,xz

2 .2 - z _ =z 2 .z
and ko= (o pyz+(w+¢ga¢(za}){pyz ) o yi3fl cxz}

V. XZ Y. RZT KE
We may now compare MSEO t(tii with the minimum variance
P

of tz‘ the regression 2s8btimator with two auxiliary

varibles under doubie sampling without using
preliminary test. From (2.4}, the variance of tz is
gii.e,

2 2
! - — + o rv 2.13%
J{tz} {1 py'xz)/n py,xz n {

and the minimum variance subject to the cost consiraint
(2.%9)1is

Voot o= 29 % Nt - LA (2.14)
oPpt 2 4 Y. XE ES V. XZ

In order to compare {(2.13) and (2.14), we observe that
a+220®(2a} is a decreasing function of Zawith a maximum

sgual to unity at Za=ﬁ.Therafcré ws  conclude that

. . z . 2 2 ]

MSE (8 1z ¥ (¥ ) provided & = o & with
opt 4 opt z vE ¥, RE XZ

equality holding for =, which is the case whsn thes

z,
o
tw ezstimabtors coincide.

Z.PTE WITH PARTIAL INFORMATION
oM THD AUXTILARY VARIABLES

Next, we procsed to construct a preliminary  test

sstimator in double sampling with Lo auxiliary
variaples having partial information on  both the
guxiliary variables. The assumption about the

distribution of {X,¥,4) is as in Section 2. The
2 2
=g =1.
b4 -4
when u ) are unknown and the esxperimenter
4 4

. . . 2
covariance matrix £ is known with < =¢r

has partizl information on  them, say . ard ®

respectively, he can emplov oprsliminary tests for
testing H : u =0 Ho: =3 {latting i = =0
2 Mgt # 7Y and H w1, =0 letting How Moz

without loss of generalityl). If H01 i accepted, By
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will be used in the regression estimator. However
if Hﬁiis rejected them the sample wmean iwis used.
Simitarly if H02 is accepted, pazwill ba used,
otherwise the sample mean z. is wused. PBased on the
above, the sugnpested preliminary test estimator is

given Dy

- - - - . - o.5
y =B w-B =z if |x | = 2 /; sz s I /e %
" YR NOYE D n' i L3 L S T f+3
- - - - ™ . .8 - G. 5
- (g ~x )= F4 3 > ’ z 1= ‘
. - A Byx Aﬁi<n) Eyz - 1f{<h;i Zafn Y| ol Zain
k] — e = - . (o G5, - . .8
y ~B x +B {(z -z } ifl{x_ [EZ /m Tz |2 s
2! v N VE e (5] ™ o ™ e d
— - - - - . - ) G, 5
y B Ux_ ~x 3B Az o~z ) if |w L /e R
™ 'R ™ ™ VE [ ™ " =3
- G. 8
lz |22 /»
- e &

%.1 Bias of tg

To evaluzte the pizs of ty the joint distribution

(SRl

at (¥ ax 4T

[ Eal n’ n s}

¥ ) is reguired, which is same as
2 and we obtain

dascribed in Section
. - N i 0.5 _
Blas(ts) Byx(w(a) F{bi¥/n Byxux(iia} E(b)}

6.5
- . - ; - 3 Z.2
+Byz(¢{A) FIBYY/n Byzuiii(ﬁ) &(B3? { 3

o. 5 G. 5

where a = Z — un
o %

and b =- Zﬁ“ LY
Ag partial checks it can be B8 en that
Bias(t )=-B u ~B u when a=0, that is when we always
8 YR R Yy Z
accent HOi and HOZ; and Bias(t9>=0 when a=1. The valusesm
of Eiag{ts) {in absolute values), computed for a set
values of nw, a, B and B show that RBias(t =0 whan
Y% VZ E
=3 ={3 3 - SN 3
ux gz and as (yx, gz) increases from (0,03, Bxas{ts)
increases to a3 maximum,; then decreases $o zero.Bias is

very close to zero when mx=uz=1, The general behaviour
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FIGBURE 3.: Behaviour of Biaaita} with respect to u  and
k4
u_o for o= 86, o = 0,05, O, = 0.8 pyx = 0.7,
= .8
YE

of Bias(tai with respect to M and o, is shown in

Figure I and is similar to that of Bias(ti},
3.2 MBE and Relative Efficiency of ts

The mean sguars srror of ta is found to be

BE({ = =N (T T
ﬁuEsts} 91+ hi (Z.51)
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where 9, is same in (2.4} and

- . 2

= { — % ; Ly y e . iy
ht.@(a) §(n3}5yx(8yx(gx+1,n; hpYK/n+Byz(yxpz+ﬁxz/n))
_ _ - = ) . . . G5

{glal qf;ib))ByX(h‘uxByX ~yxpyx+Byzigz+yngx))fﬂ

-~ {ar-bg (b IB { -2 +B Yy
{ag{a @ { y Byx hpyx o f

® Y& XZ
2 -
+{E( - Sy B ; .
(g (A @(B))Byz(gyz(gz+i/n, py2!n+ny(uxyz+pxz!n})
; . - - ©.5
- (Ay— } {2 -2 D+ ‘
{gilhr—¢ (B )Byz\ szyz pzpyz Byx(yx+pxzyz})!n

- ~Be it -2 + .
AP(AI-BPIBIIB (B -2p +B o )/n

The relative sfficiency of ts to t2 iz defined as:

= [ -+ ’ =
92 g1 A 9, hl) (Z.4)

The valus of ezcan be easily compubted for different
values of n, 0, & Byk, and Byz. In general 2, has a
maximum at px=yz= . It decreasss to a minimum and then
increases to unity as | ENEN y increases fram (0,00
1t is also found that e, is verv close o 1 at Moo=
= 1.The general behaviour of 2, with raspect fo . and
M iz represented in Figurse 4.

fAagain  following the same derivation as in

Han (19737 we obtain the optimum allocation when u =

yz = 3 azs follows

noe k™% o reel o {K51)0'5+(K1i IR (%.5)
and n= oK% /0 c;““s { <&c1)°'5+<ﬂm§ % %y (3.8)
and the optimum value of NSE{t3? as
MSE, (b} = ((Kc1)°'5 +<mc;>°‘5 Y20 (3.7
where K = 1 - pj’xz

. z
- - 2
and Kem {a Za <:,"1(20l ))py.xz
In order to compare MBE {(t_ ) and V (t ) we observe
opt 3 opt 2
{2.14) and (3.7} and notice that since & +22a¢{2a> is a

decreasing function of Za with a maximum egual fto unity
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FISURE 4.: Benaviour of relative efficiency ez with
raspect to u  and K for v = 80, n = 30, o = .05,
b4 =z
L= 0.8, o T 0.7, O = 0,8,
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at Z = 0O, the V¥ {t ¥ is at least as large as that of
= cpt 2

MSE (t ). Thus we conclude that
oet L]

% W 3.
MSEopL{ s) Gpt{t2> {(T.8}

with eguality holding for Za = O, which is the Case
when the two estimators coincide.

Zimilarly romparision can also be made between
MSE (ts) and HSEopt(tx)' One can esasily observe from

opt

{(2.12) and (3.7} that since o + 2 Za ¢(ZQ H is =&

decreasing function of Za with & maximum egual to unity
z
o

at £ =0  and p2 =
vz Y. XE

“ 3 therefore,

MGE {(t 3} £ MEE {(t 3 (2.9
opt 8 spt Ed

4, CONCLUSION

We have shown in Section 2 that wunder certain

condition PTE in double sampling with two auxiliary
variables having partial information on only one

auxiliary variable is more efficient than regression
estimators in double sampling with two auxiliary
variables. In Sesction 3 we =2iso proved that under
the optimum condition MSBE of PTE in double sampling

with two auxiliary variables is less than the MSE

of wusual regression  estimator in double sampling
with two auxiliary wvariablss. Lastly from (3.9} we
find  that the PTE in double sampling with Lo

auxiliary variablss having partial information on Doth
the auxiliary varisbles is better than the PTE in
dounle zampling with  two  auwiliary varizbles having
partial information on only ons  auxiliary wvariable.
Henoe from the proceedings of the previous two ssctions
we may conclude that under the stated assumptions PTE
iz proved to be more efficient  than the usual

regression sstimator.
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